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Abstract
Neutral models in landscape ecology that have been used as a framework to analyze actual landscapes have been largely
planar. However, the natural world is greater than two dimensions; hence, many ecological structures, e.g., forest canopies
or coral reefs, are better represented by topographies or tomographies. Because pattern and process or structure and function
are intertwined, it becomes necessary to develop methods to quantify these complex architectures. With the advent of remote
sensing technologies such as lidars and sonars, that permit structural mapping of some of these systems, volumetric data are
becoming more prevalent. In this study, we developed a suite of binary voxel-based neutral models that possessed random,
anisotropic, and hierarchical properties. We then evaluated the extent to which fractal-derived measurements, i.e., lacunarity,
the simple fractal dimension, and multifractal spectra, were able to discern among the constructed model types at two different
densities (p = 0.02 and p = 0.05). Multifractal analysis, where spectra were defined by three parameters, was shown to be the
most sensitive to the differences among the neutral structures. Lacunarity, defined by a single parameter, was shown to be fairly
useful in discerning the structures. The simple fractal dimension was found to have limited capability. To more fully assess the
ability of these and additional pattern recognition methods, better representations of natural morphologies need to be developed
and analyzed.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction
The role of neutral models, like that of the null hypothesis, has been to provide a standard by which to
compare observations (Caswell, 1976; Taylor, 1979;
Thomas and Foin, 1982; Gotelli and Graves, 1996). In
the field of landscape ecology, the neutral landscape
model (NLM), void of all biotic and abiotic factors
thought to contribute to the landscape structure, de-
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fines an assumed or predicted pattern that functions as
a baseline for studying real landscape data (Gardner
et al., 1987; Turner et al., 1989; Milne, 1992; With
and Crist, 1995; With and king, 1997; Hargrove et al.,
2002). Thus far, neutral models in landscape ecology
have mostly consisted of randomly or systematically
generated fractal planes, i.e., structures between one
and two dimensions (Gardner et al., 1987; O’Neill et
al., 1988; Turner et al., 1989; Gardner and O’Neill,
1991). These grid-based maps often derived from percolation theory (Stauffer, 1985; Gardner et al., 1987)
are compatible for comparison to landscape data found
on raster maps generated by geographical information
systems (GIS) (With et al., 1997). Neutral to the ecological processes that affect the patterns of real landscapes,
two-dimensional NLMs simulate fully random distributions of habitat (e.g., Gardner et al., 1987; Wiens et
al., 1997) or by using more sophisticated algorithms,
mimic more spatially explicit structural patterns such
as those found in gradient (Keitt and Johnson, 1995;
Milne et al., 1996), hierarchical (O’Neill et al., 1992;
Lavorel et al., 1993; Gardner et al., 1993; Pearson et al.,
1996) and fractal (Palmer, 1992; Moloney and Levin,
1996; With et al., 1997) landscapes.
However, many landscape structures, as well as
other natural systems in and out of the field of ecology,
are better represented by fractal surfaces or volumes,
i.e., structures between two and three dimensions.
Coral reefs (Basillais, 1998), soil pedons (Rappoldt
and Crawford, 1999), plankton distributions (Gallager
et al., 1996), root system architecture (Fitter and Strickland, 1992), fracture networks in rock (PyrakNolte
et al., 1997), and the microarchitecture of bone
(Dougherty and Henebry, 2002) are a few examples of
such volumetric structures that can be depicted as fractal sponges with occupied and empty spaces (Moffett,
2001). Additionally, simulations of the geometry of
insect movements influenced by plant canopy architecture (Casas and Aluja, 1997; Skirvin, 2004), bacterial
aggregation (Dechesne et al., 2003), earthworm burrows (Capowiez et al., 2001), and grouping behaviors
such as bees swarming or fish schooling (Parrish
and Hamner, 1997) require a three-dimensional
framework.
To fully address questions of how structure relates
to function, it is necessary to accurately quantify the
structure of a system. For instance, forest canopy architecture has been deemed the key to forest ecosystem
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processes (Spies, 1998) and the master regulator of the
forest (Hallé et al., 1978). The volumetric distribution
of leaves, branches, twigs, etc. influences the canopy
environment, tree physiology, atmospheric exchange,
and biotic habitat (Nadkarni et al., 1996). Though tropical rain forest canopies are considered to be the most
biodiverse and architecturally complex ecosystems,
we do not understand how or to what extent species
richness relates to structure. Thus, we do not know
how disturbances, such as selective logging, which
alter canopy structure in turn affect species diversity.
However, along these lines, spatially explicit forest
models have been used to simulate disturbances to
create volumetric patterns of light availability (Chave,
1999; Dubé et al., 2005) to address structure–function
relationships.
Volumetric mapping of some of these threedimensional systems has become available by
way of recent technology. Positron emission tomography (PET), ultrasonography (US), real-time
three-dimensional ultrasound (RT3D), and magnetic
resonance imaging (MRI) produce volumetric images
allowing for measurements and comparative study in
diagnostic medicine (Sisodiya et al., 1996; Downey
et al., 2000; Stetten and Tamburo, 2001; Aykac et
al., 2002). X-ray computerized tomographic (CT)
imaging is used for quantifying three-dimensional
interconnected fracture networks in opaque rock
samples (PyrakNolte et al., 1997). Improved acoustic
sampling techniques used in fishery research are used
to estimate the volumetric density and spatial structure
of animal distributions over a range of scales (Hewitt
and Demer, 2000). In studies of forested systems, lidar
remote sensing acquires data enabling the rendering of
volumetric canopy structure (see Fig. 1; Weishampel et
al., 2000; Lefsky et al., 2002). This revolutionary ability to envision the distribution of canopy components
(i.e., leaves, branches, trunks, epiphytes, etc.) in threedimensional space (Turner et al., 2003; Gillespie et al.,
2004; Parker et al., 2004) requires volumetric versions
of the neutral landscape model for comparison.
As landscape ecology focuses on the causes and
consequences of spatial heterogeneity across a range
of scales (Turner et al., 2001), numerous pattern
analysis techniques and indices have been developed
for quantifying spatial variations of ecosystems using
planar maps (Li and Reynolds, 1994; Gustafson,
1998). How these methods respond to variations in
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Fig. 1. Volumetric rendering of 25 ha of primary rainforest from Barro Colorado Island, Panama based on returns (left) from the Lidar Vegetation
Imaging Sensor (see Weishampel et al., 2000). Yellow-brown-beige regions represent areas with higher returns that correspond to higher densities
of reflecting components. The corresponding upper 2% of ∼1 m vertical returns within each ∼10 × 10 m interpolated area is shown by the binary
transformation (right). The vertical axis is exaggerated. (For interpretation of the references to colour in this figure legend, the reader is referred
to the web version of the article.)

spatial heterogeneity of volumetric structures has not
been explored. To address this issue, we developed
binary cubic counterparts (minimum unit = voxel) to
the flat crossword puzzle-like (minimum unit = pixel)
neutral models based on percolation and fractal
theory. Three pattern analysis techniques based on
fractal (Mandelbrot, 1983) measures were selected for
their ready adaptability to three-dimensional pattern
analysis. Here, we report the extent to which these
techniques were able to discern differences among the
volumetric neutral models.

fractal (see Sugihara and May, 1990), and multifractal
spectra (see Scheuring and Riedi, 1994), were used to
quantify the 120 binary structures. For each density, an
ANOVA approach was used to assess the capability of
each technique to detect pattern differences among the
models in a manner comparable to Li and Reynolds
(1994).
2.1. Construction of neutral models
Algorithms for each binary volumetric model type
(Fig. 2) were written according to the following percolation rules:

2. Methods
Neutral percolation models were constructed on a
50 × 50 × 50 cubic lattice framework. These dimensions roughly correspond to those used to bin lidar returns in forest canopy studies (Weishampel et al., 2000;
Parker et al., 2004). Models were built with p = 0.02
(low) and p = 0.05 (high) overall concentrations of occupied cells. The six model types consisted of occupied
and unoccupied cubic spaces (Fig. 2) that were spatially
random or organized following gradient or hierarchical
rules. Each of the model types for high and low density conditions was replicated 10 times. Three pattern
analysis techniques, lacunarity (see Dale, 2000), simple

(a) Fully random (RND): Each cell was randomly designated as occupied or unoccupied.
(b) Gradient (GRD): The cells within each layer of the
lattice were randomly occupied with linearly increasing probability, the bottom layer having the
lowest probability of occupancy and the top layer,
the highest (sparse: from p = 0 to 0.03; dense: from
p = 0 to 0.09).
(c) Split gradient (SGD): Similar to the gradient rules,
the lower half of the structure was generated
with a linearly increasing probability of occupation (sparse: from p = 0.002 to 0.04; dense: from
p = 0.004 to 0.10), the upper half with linearly de-
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Fig. 2. Examples of the volumetric neutral models with p = 0.02.

creasing probability (sparse: from p = 0.04 to 0.002;
dense: from p = 0.10 to 0.004). Thus, the occupied
voxels were concentrated in the middle of the volume.
(d) Inverse split gradient (ISG): The upper half of the
volume was generated with a linearly decreasing
proportion of occupied cells (sparse: from p = 0.04
to 0.002; dense: from p = 0.10 to 0.004), which was
mirrored by the lower half. Thus, the occupied voxels were concentrated at two opposite faces of the
volume.
(e) Hierarchical small (HSM): Curdling methods
(Mandelbrot, 1983; Lavorel et al., 1993) were used
to simulate a two-level (broad and fine scale) fragmented hierarchical landscape with small gaps and
clusters. At the first level (broad scale), 5 × 5 × 5
cubic clusters were randomly removed from a fully
occupied cubic matrix with p1 = 0.2 for sparse models and p1 = 0.5 for dense models. At the second
level (fine scale), 1 × 1 × 1 unit cells were removed
from the remaining occupied sites with p2 = 0.1 for
both sparse and dense models.
(f) Hierarchical large (HLG): In a fashion similar to
the HSM methods, 10 × 10 × 10 blocks were removed followed by the removal of 2 × 2 × 2 blocks

to mimic a hierarchical landscape with large gaps
and clusters. The same probabilities used to generate HSM models determined the number of occupied sites at each level of the HLG models.
2.2. Structural analysis techniques
2.2.1. Lacunarity
The first technique tested for its ability to discern
volumetric patterns was lacunarity, a measure of pattern texture. Lacunarity (Λ), the word derived from
“lacuna” meaning “gap” or “missing section,” in this
context refers to the distribution of gap sizes within the
binary structures. Gefen et al. (1983) defined lacunarity
as a measure of the deviation of an object from translational invariance or homogeneity. Objects with a wide
range of gap sizes (heterogeneous) have higher lacunarity measures than objects with similar sized gaps
(homogeneous). However, the same object may be heterogeneous at small scales (high lacunarity) but be homogeneous at broad scales (low lacunarity) (Gefen et
al., 1983).
In addition to being scale-dependent, Plotnick et
al. (1993) point out that lacunarity is also a function
of density and pattern. Maps with similar geometric
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shapes, for example a fully random map, with fewer
occupied sites will tend to be gappier than denser maps
and, thus, will have higher lacunarity. If occupied sites
tend to clump together in one map, but in contrast are
randomly situated in another map of equal density, the
former will tend to have higher lacunarity than the latter. The more regular the pattern, the less variance there
will be between box masses. In a perfect checkerboard
pattern, for instance, no variance will exist. In such a
case, Λ = 1 (Plotnick et al., 1993).
To find the lacunarity measures of the volumetric
models, a three-dimensional version of the ‘gliding
box’ algorithm developed by Allan and Cloitre (1991)
was applied to each model. The lacunarity, Λ(rxyz ),
was calculated at a range of scales. Beginning at (1,
1, 1), a box of size rxyz = 1 was placed over the first
voxel. If the site was occupied, its box mass, S, was
1. The box was advanced one unit at a time through
the cubic lattice and each box mass was calculated.
The procedure was repeated for rxyz = 2 through 25,
counting the box mass, or number of occupied sites,
within each box size. From the first and second
statistical moments, Z(1) and Z(2) , of the probability
distribution, Q(S,rxyz ), the lacunarity was calculated
as
Λ(rxyz ) =

Z(2)
2

(1)

SQ(S, rxyz )

(2)

S 2 Q(S, rxyz )

(3)

(Z(1) )

where
r2

Z

(1)

=

xyz


S=0
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r2

Z

(2)

=

xyz


S=0

(Gefen et al., 1983; Plotnick et al., 1993, 1996; Cheng,
1997a,b; Dale, 2000; Weishampel et al., 1998, 2001).
Each curve from the log–log plots of lacunarity versus
box size for each replicate were fit to an exponential
decay function,
Λ(rxyz ) = ae−br

(4)

where a and b are constants. The value of a represents
Λ(1), and is a function of the probability of occupancy
Λ(1) = 1/p. Consequently, for p = 0.02, Λ(1) = 50 and

for p = 0.05, Λ(1) = 20. The constant b characterizes
the rate of decay and the shape of the best-fit curve
and is, thus, the parameter used for comparing the
lacunarity of the structural patterns.
2.2.2. Simple fractal dimension
The second measure studied for its capability in
discerning volumetric patterns was the fractal or fractional dimension, Df . The fractal dimension is “a way
to measure how rough fractal curves [or surfaces] are”
(Green, 1995). Another definition for fractal dimension to which Green (1995) alluded is how well a
curve or surface fills space. For example, a very rough
curve (e.g., a rocky coastline) with many jagged corners might come close to filling a surface, in which
case the curve would come closer to having a dimension of 2 rather than 1. Similarly, a rough surface (e.g.,
a rugged mountain range) would have somewhere between two and three dimensions. Fractal dimensions
can be any real number within the intervals [0,1],
[1,2] or [2,3] and, like lacunarity measures, are scaledependent, capturing changes in a pattern over many
resolutions.
The fractal dimensions of the 120 neutral structures
were calculated by using a voxel-counting algorithm
for three-dimensional space following:


log N(εxyz )
Df = − lim
(5)
εxyz →0
log εxyz
where N(εxyz ) is the total number of boxes containing
at least one occupied cell at each box size whose length
(εxyz ) equaled 1 through 25. A regression line was fit to
the log–log plot of N(εxyz ) versus εxyz for each model
replicate. The slopes were calculated to find Df , the second parameter to be assessed for its capability of detecting differences in the volumetric patterns (Mandelbrot,
1983; Sugihara and May, 1990; Zeide, 1991; Mladenoff et al., 1993; Wiens et al., 1995; Bérubé and Jébrak,
1999; Kostylev and Erlandsson, 2001).
2.2.3. Multifractal spectra
Lastly, spectra generated from multifractal analyses
were examined for their sensitivity to volumetric pattern variation. Though the fractal dimension exponent
can better characterize a fractal object than an integer
dimension, the box-counting algorithm described earlier gives equal weight to a box that proportionately
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contains less of the object than another box. In other
words, the varying mass measures of the subsets are
not taken into account in the calculation of the fractal
dimension, and thus information is lost. When studying
the patterns of structures or systems in nature that are
inextricably tied to the underlying processes that create
them, the unknown details may be important to the understanding of causal factors (Mandelbrot, 1983; Drake
and Weishampel, 2000, 2001). Particularly in complex
systems, where local conditions can have profound influence on higher level processes, fine-scale observations are critical.
Considering the importance of information over
many scales, complex fractal structures are more
accurately expressed as “multifractal sets,” fractals
that require an infinite number of exponents for their
description (Stanley, 1991). To characterize spatial
patterns of these fractals within fractals, multifractal
techniques have been used to find measures over
multiple scaling regions such as are found in many
natural systems (Scheuring and Riedi, 1994; Cheng
and Agterberg, 1995; Solé and Manrubia, 1995;
Cheng, 1997a,b; Drake, 1998; Drake and Weishampel,
2000, 2001; Panahi and Cheng, 2004). To quantify
the embedded fractals at varying scales and locations,
Falconer (1990) suggests including a scaling exponent,
q, that can range from +∞ to −∞, which provides
observations of embedded pattern from coarse to fine
scales much like changing the zoom of a microscope
to change the field of view (Appleby, 1996). The
box-counting algorithm of Eq. (5) used to calculate the
simple fractal dimension is modified in multifractal
analysis to incorporate this approach such that

Df = lim

ε→0

1
q−1



log

N(ε)

q

pi (ε)
log(ε)
i=1

(6)

where N(ε) is the number of boxes of size ε needed
to cover the area, pi (ε) is the box mass of the ith
box and, as already discussed, q is the scaling, or
filtering, exponent. The single power-law relationship
of the simple fractal dimension (q = 0) is expanded to
include multiple power-law relationships between the
local mass measures and the scalar resolutions at each
statistical moment q.
To generate multifractal spectra for all 120 volumetric neutral models, an analysis program developed for
planar maps by Drake and Weishampel (2000) from the
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fixed-size, box-counting algorithm of Mach and Mas
(1995, 1997) was modified to accommodate distributions in three-dimensional spatial maps. Twenty-seven
spatial resolutions (ε) were selected between 1 and
50 and scaling exponents ranged from −5 ≤ q ≤ 10.
Regressions were performed on the output values versus the logarithmic value of the box sizes.
Slopes of the fitted lines were calculated to produce the desired multifractal indices, τ(q), α(q) and
f(α):
• τ(q): The slopes are equivalent to the fractal dimensions of the embedded fractal at each mass measure
at each successive spatial resolution corresponding
to each filtering exponent or q-value. This spectrum
of power-law relationships is τ(q), referred to as the
cumulative generating function.
• α(q): α(q), the derivative of τ(q), shows the divergence of the pattern from exact self-similarity and
can be plotted against q to reveal how the multifractal pattern changes over a range of filters.
• f(α): f(α), a Legendre transform of α such that
f(α) = qα − τ, is the set of multifractal measures referred to as the multifractal spectrum of the fractal
set.
To prepare to test the sensitivity of multifractal analysis to discern volumetric structural patterns, nonlinear regression techniques were employed to find the
best quadratic fits for f(α) versus α, the multifractal
measures versus the divergence exponents. The fitted
parabolas are the multifractal spectra. The maximum
points of the concave down parabolas roughly correspond to Df , the simple fractal dimensions (Solé and
Manrubia, 1995). The parameters y0 ,c1 , and c2 from
the best quadratic fits to
y = y0 + c1 x + c2 x2

(7)

were each studied for their ability to distinguish among
the three-dimensional patterns.
2.3. Assessment of structural analysis techniques
Using the regression function from SigmaPlot
v. 4.0 (SPSS, 1997), best-fit relationships were
determined for the output from each technique. Plots
representing multiple spatial scales that correspond
to each technique are displayed in Fig. 3 Figs. 3,
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Fig. 3. Exponential decay fits to average lacunarity curves.

5, and 7. To determine whether a pattern analysis
technique found significant differences among the
different neutral model types for a given occupancy
probability, parameter means of b (lacunarity), Df
(mono-fractal), c1 (multifractal), c2 (multifractal), and
y0 (multifractal) were compared using an ANOVA
approach. Kolmogorov–Smirnov (K–S) tests were
performed and normal probability plots (NPP) were
evaluated to check for violations of normality.
Levene’s F-test (L) was used to check for possible
heteroscadasticity. Extreme values were checked
using Dixon’s rankings to detect significant outlier
points. A significance level of α = 0.05 was the cutoff
for all statistical assessments. Post hoc comparisons
were done using Tukey–Kramer (T–K) procedures.
Nonparametric equivalents to the ANOVA, i.e., Mood
Median and Kruskal–Wallis, and Tukey–Kramer, i.e.,
Mann–Whitney, procedures were used when violations
of normality or homogeneity could not be corrected by
data transformations. These procedures were also used
to validate ANOVA results when assumptions were
violated.

3. Results
3.1. Lacunarity
The exponential decay fits on the average lacunarity
curves on log–log plots of lacunarity as a function of
box size are presented in Fig. 3. R2 values are shown in
Table 1. All curves were nonlinear, indicating that the
patterns deviate from self-similarity. If patterns were
self-similar fractals, the plots would be linear indicating no change of texture with box size. Deviations from
linearity on lacunarity plots also give a clue to the presence of multifractal structure. As expected, lacunarity
of the sparse models was higher than the lacunarity of
the dense models, indicating more gap variation in the
sparse models, especially at finer scales (smaller box
sizes).
In both plots, the lacunarity of HLG was much
higher than the lacunarity of the other models especially RND, indicating less similarity among different locations within the hierarchical structure. Because
the HLG had a wider range of gap sizes, it exhibited

Table 1
Mean R2 values for best-fit equations to the lacunarity, mono-fractal, and multifractal curves for each model type at each occupancy probability
Lacunarity

RND
GRD
SGD
ISG
HSM
HLG

Mono-fractal

Multifractal

p = 0.02

p = 0.05

p = 0.02

p = 0.05

p = 0.02

p = 0.05

0.98
0.99
0.99
0.99
0.97
0.89

0.99
1.00
1.00
0.99
0.99
0.94

0.91
0.91
0.91
0.91
0.93
0.94

0.94
0.95
0.95
0.95
0.95
0.95

1.00
0.99
0.99
0.99
0.98
0.99

0.99
0.97
0.97
0.96
0.97
0.97
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greater aggregation of occupied sites. The sparse gradient models were more homogeneous than the hierarchical models and have only slightly higher lacunarity
than RND. Higher lacunarity was found in HSM than
for other sparse models. But among the dense models,
HSM curves were not distinguishable from GRD and
SGD and only slightly distinguishable from ISG. This
would suggest that with greater density the distribution
of gap sizes becomes more similar among these models.
RND had the lowest lacunarity, which was not surprising because the gap distributions were more regular in
RND when compared to the other models.
Distributions of the parameter data from both the
sparse and dense models are displayed in Fig. 4.
Though the formal test results indicated no significant deviation from normality (K–S: p = 0.18) for the
sparse models, the subjective tests showed conflicting
evidence (NPP: sigmoidal shape). The test for constant variance across sparse model types gave a strong
indication of heteroscedasticity. No outliers were detected. Transforming the data by squaring the parameters normalized the data (K–S: p = 0.20; NPP: approximately linear) and corrected for heteroscedasticity (L:
p = 0.119). The results of the ANOVA performed on the
transformed data (p < 0.001) indicated that at least two
of the parameter means differed between model types.
Post hoc comparisons of the squared means showed
that each model type sufficiently differed from every
other model type with the exception of GRD and SGD
(T–K: p = 0.074).
Transformation of the data (b3 ) was once again required to correct for heteroscadasticity (L: p = 0.117)
among the dense models. Normality was preserved
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in the transformed data (NPP: approximately linear;
K–S: p = 0.20). The ANOVA results were significant
(p < 0.001), indicating at least two parameter means
were discernible. Fig. 4 shows the post hoc comparisons indicating that only GRD and HSM were not
sufficiently distinguishable among the denser models
(T–K: p = 0.998).
3.2. Mono-fractal dimension
Fig. 5 displays log–log graphs of the linear fits on
the mono-fractal plots of box number versus box size.
R2 values are shown in Table 1. Steeper slopes indicate
higher mono-fractal dimension, Df . Values of Df approaching the integer dimension of 3.0 correspond to
volumetric structures with greater space-filling capability and more connectivity than those with Df closer
to 2.0. Hence, fractal dimensions of the dense models
were higher than those of sparse models. As was the
case with lacunarity, slopes of both HLG lines were
clearly lower and, thus, have Df values closer to 2.0 than
to 3.0. Distinctions between the other models were not
obvious from the graphs and require reliance on formal
tests to reveal whether they have distinct Df measures.
A scatter plot of the Df values is displayed in
Fig. 6. Heteroscedasticity was detected among the
sparse models (L: p < 0.001), but NPP plots looked
approximately linear and formal tests did not indicate significant deviation from normality (K–S:
p = 0.91). Transforming the data as Df4 corrected for
heteroscedasticity (L: p = 0.127). The ANOVA on Df4
showed significance (p < 0.001). The fractal dimensions for the RND and GRD models were not shown

Fig. 4. Distribution of b parameters from best-fit exponential decay relationship to lacunarity results. Superscripts indicate significant differences
among volumetric neutral models for a given occupancy probability.
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Fig. 5. Linear fits to average mono-fractal plots.

to be distinct (T–K: p = 0.799). A similar result was
found for the SGD and ISG models (p = 1.00). Tests
for homogeneity showed that the variances were not
constant across the dense models (L: p = 0.009), though
normality assumptions were not violated (NPP: approximately linear; K–S: p = 0.084). Transformations
failed to correct for heteroscedasticity, so nonparametric equivalents to the ANOVA were used. Both
Kruskal–Wallis and Mood Median analysis showed a
difference in at least two medians (p < 0.001 for both
procedures). At α = 0.05, multiple Mann–Whitney
post hoc comparisons did not show a significant
distinction among the GRD, SGD and ISG models.
3.3. Multifractal spectra
Quadratic fits of the average multifractal spectra,
f(α) versus α, are displayed in Fig. 7. R2 values are
shown in Table 1. Spectra of multifractal structures

typically resemble a parabolic curve, as was the case
with spectra calculated from the volumetric models.
The graphs show how f(α) varies over a range of diverging exponents, α. The maxima of the concave parabolas are equivalent to the mono-fractal dimensions of
the volumetric patterns but differ from the parameters
calculated from the earlier box-counting method because box sizes differed from those used in calculating
the multifractal indices. If any of the patterns resembled an exact mono-fractal (perfect self-similarity), the
spectrum would collapse into a single point, Df (Solé
and Manrubia, 1995; Drake and Weishampel, 2000).
Because all measures of f(α) have a unique scaling
exponent, α, the volumetric patterns can more accurately be characterized as multifractals, i.e., fine-scale
patterns, each possessing their own fractal dimension,
embedded within coarse-scale patterns.
As with plots resulting from both lacunarity and
mono-fractal analyses, the HLG parabola was clearly

Fig. 6. Distribution of Df parameters from best-fit linear relationship to box-counting fractal results. Superscripts indicate significant differences
among volumetric neutral models for a given occupancy probability.
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Fig. 7. Quadratic fits to average multifractal spectra.

set apart from the others for both densities with respect
to apex location on both the f(α) and α axes. Though
the location of the HSM parabola differed markedly
from the other sparse models, it overlapped with RND
and all three gradient parabolas derived from the dense
models. The shapes were consistent within each density and the widths of the parabola spans appeared to be
similar for all models. By inspection, only small variations in the apex location on the α axis can be detected
of the RND and the three gradient models.
A distribution plot of the c1 parameters, which define the apex location on the α axis and, in part, the
f(α) axis, is shown in Fig. 8. Tests indicated no violations of normality or homogeneity of variance across
sparse model types, and the ANOVA was significant
(p < 0.001). Mean comparisons showed SGD versus
ISG (T–K: p = 0.073) and HSM versus HLG (T–K:
p = 0.432) as not sufficiently distinguishable by the c1
parameters. As with the sparse models, the ANOVA of
the c1 parameters of the dense models was significant

(p < 0.001) with tests of assumptions showing no deviations from normality or homogeneity. Pairwise comparisons showed that the means of the GRD and SGD
models were not sufficiently distinct (T–K: p = 0.823)
with similar results found between the ISG and HLG
models (T–K: p = 0.338).
The second multifractal parameter, c2 , defines the
width of the parabola. Similar to the findings for the
c1 parameters, the results of the ANOVAs performed
on the c2 parameters of the 2% and 5% models (see
Fig. 9) were significant (p < 0.001) and no assumptions were violated. Pair-wise comparisons showed no
significant difference among the 2% parameter means
of the SGD, ISG, and HLG models (SGD versus
ISG: p = 0.751; SGD versus HLG: p = 1.00; ISG versus HLG: p = 0.889). All 5% models were discernible
except for the GRD and HLG models (T–K: p = 0.431).
The analysis of the last parameter, y0 , relating to the
location on the f(α) axis, (Fig. 10), revealed a significant difference among the response means (p < 0.001)

Fig. 8. Distribution of c1 parameters from best-fit quadratic relationship to multifractal spectra. Superscripts indicate significant differences
among volumetric neutral models for a given occupancy probability.
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Fig. 9. Distribution of c2 parameters from best-fit quadratic relationship to multifractal spectra. Superscripts indicate significant differences
among volumetric neutral models for a given occupancy probability.

Fig. 10. Distribution of y0 parameters from best-fit quadratic relationship to multifractal spectra. Superscripts indicate significant differences
among volumetric neutral models for a given occupancy probability.

and no assumption violations for both sets of models. The y0 parameter differed among all the sparse
models. Among the dense models, only the GRD and
SGD models were indistinguishable from each other
(p = 0.960).

4. Discussion
The fits of the lacunarity results and the multifractal
spectra to the exponential decay and parabolic models
were very good for most models at both the low and
high densities (Table 1). The exception was for the low
density HLG model for lacunarity. These fits on average were better than the fits of the mono-fractal patterns
to the linear model. Among the six volumetric neutral
model types, the RND and HLM models were generally discernible from all other types regardless of density or the technique used. These models represent the
most widely distributed, lowest density and the most

concentrated, highest density models, respectively. At
least one of the three gradient structures, GRD, SGD,
and ISG, was not distinct from one or both of the others
by four of the five parameters within both 2% (sparse)
and 5% (dense) occupied models.
The density of the model did not seem to be a significant factor in each technique’s capability of discerning pattern as results were similar between sparse and
dense models. Within both density groups, the lacunarity measure was able to discern five models; simple
fractal, four models. Parameters c1 and c2 , which determine the location of the parabola apex on the α(q)
axis as well as its width, were different among the four
sparse models. Their sensitivity varied slightly with the
dense models; c1 discerned four models while c2 was
able to distinguish five. Only the multifractal parameter, y0 , relating to the parabola’s intercept on the f(α)
axis, was successful in distinguishing between all three
sparse gradient models as well as the random and hierarchical models. It was also among the most sensitive
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measures of the dense models, discriminating among
five of the models. This result was somewhat unexpected because the apex of the parabola, q = 0, corresponds to the mono-fractal dimension. It is suspected
that the wider range of box sizes used in the multifractal
algorithm yielded a more accurate, and more sensitive,
fractal dimension. Also, the R2 values of the quadratic
fits of the multifractal spectra were higher than those
for the mono-fractal linear fits, so results may have been
more distorted as some box sizes did not fully represent
the structure.
Among these techniques, the three parameters characterizing the multifractal spectra clearly were more
sensitive to the pattern differences among the generated structures. However, lacunarity analysis was also
useful as the lacunarity plots showed that volumetric
patterns deviated from self-similarity, indicating multifractal structure, reinforcing similar information provided by the multifractal spectra. The single fractal dimension, the weakest index of this study, is of limited
use in distinguishing between volumetric multifractal
objects and will fall short of characterizing volumetric
spatial patterns. A further limitation of the mono-fractal
dimension is that patterns with the same fractal dimension may have very different appearances as shown,
for example, by the results for RND and GRD models. Because box-counting for the fractal dimension
gives equal weight to boxes with unequal mass measure, the simple fractal dimension ignores potentially
valuable information regarding underlying pattern generating processes.
This comparative neutral model approach established a statistical benchmark for the use of lacunarity,
simple fractal dimension, and multifractal spectra for
volumetric pattern analysis. However, further analyses
are necessary to better mimic the much more subtle
differences found in natural structures, e.g., canopy or
coral reef architecture. For example, numerous variants
using hierarchical clumping should be investigated as
well as fractal (midpoint displacement) structural models or Lindenmayer systems (Sievanen et al., 2000)
that depict realistic biological architectures. For forest
canopies, three-dimensional, spatially explicit models
could be used (Chave, 1999; Dubé et al., in press). Models with higher overall probabilities of occupied sites
should be used to determine how density affects the
sensitivity of the techniques. Techniques that calculate
and compare autocorrelation among occupied voxels
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oriented to each other in specific directions (Gustafson,
1998) should be assessed for their sensitivity in detecting anisotropy, or directional orientation of pattern, in
volumetric structures. Using the techniques from this
study, anisotropy could also be studied by rotating the
volumes and reanalyzing the structures from different
orientations. Point pattern analysis techniques, such as
nearest neighbor or trend surface analyses, and other
methods used for quantifying spatial structure should
also be adapted for three-dimensional analysis and similarly assessed for their capability in discriminating volumetric spatial patterns. Also, techniques used across
disciplines to quantify random heterogeneous materials should be included (Torquato, 2002).
In summary, volumetric imaging and data mapping
provides new opportunities to assess the relationship of
pattern and process on ecological systems that are best
described as between two and three dimensions. The
neutral landscape model can continue to be a useful
basis for comparison to volumetric renderings of morphological or structural data in ecological systems by
generating cubic versions of the familiar planar maps.
Though this study showed the multifractal approach to
be best able to distinguish among the model examples,
more extensive experimentation is needed to assess
the behavior of additional pattern analysis techniques on a larger variety of three-dimensional data
structures.
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