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Abstract

Bistable differential-difference equations with inhomogeneous diffusion are considered using Steady-state solutions satisfy the linear difference equation . o m=02 . . ®=5
McKean’s caricature of the cubic. Front solutions are constructed for essentially arbitrary § § e
inhomogeneous discrete diffusion and these solutions correspond, in the case of homogeneous ap(Opa1 — Op) +ap_1(Op—1 — Op) — O = —h.  Vk € Z. (6) 0.8}
diffusion, to monotone traveling front solutions, or stationary front solutions in the case of — 1|
propagation failure. Explicit conditions reveal relationships between zero wave speed and where hy, := h(k — £¥). Using Jacobi operator theory, the general solution is 061 ‘ 061
defects in the medium, and changes in wave speed and shape are analyzed as fronts propagate. ) ° °
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geneous Diffusion, STAM Journal of Applied Mathematics, 71(4):1374-1400, 2011. e B o,
for all |£*| = k* € Z, where p and o denote the fundamental solutions, and satisfy 3 3
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We seek solutions of wu,(t) = Lu;(t) — f(u;(t)). o o
¢+ and @« are determined using the boundary conditions (5). Bz
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w;(t) maps R+ U{0} = R, j € Z indicates an clement of a one-dimensional lattice, i — % | Varying £* allows consideration of fronts at different positions in the media. By (2)-(3) T _ -
o cl <= k¥ =& implies a = ¢ with hy = |0, 1]. < o 05|
k k
Luj(t) = ovjluj1(t) — wji(t)] + atluj—1(t) —u;(t)], of ¢ 7 = k*<& <k*+1impliesa € (G, dpeyq) with hge = 0. I I L
and using a; € R* and m,n € {0} UZ™, the inhomogeneous medium is defined by This provides necessary and sufficient conditions on front position £*, detuning paramter a, e e ; i
/ | | and diffusion coefficients «; that guarantee stationary fronts. 088y
aj=a for j<—morj>n and a; #a for —m<j<n. e B R 08 > o ; ; ; ;
Theorem for one defect: If a € (0, 1) yields a traveling front when o = «, then there &
f : R — R is the derivative of a double-well potential. We use a piecewise linear f known as are no corresponding stationary fronts for g < a and £* ¢ (0,1), nor for oy > « and | o | |
» o McKeans caricature of the cubic £* € (0,1). Still, there exist a € (0,1) which vield traveling fronts for ay = «, but vield FIGURI; .3: Fronts fail to propagate for values of a inside the black lines, depending on
aj: ‘ S stationary fronts for ag < a and £* € (0,1) or for ag > v and £* ¢ (0,1). (See Fig. 3.) the position of the front relative to the defect. (Top plots: o = 1.)
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where h i1s the Heaviside function
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FIGURE 1: Blue: Cubic f() = u(u — 1)(u — a), v Solutions with Non-Zero Wave Speeds
Red: McKean f(u) =u — h(u — a). with h(u) = |0, 1] for u = 0.
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Problem Set-Up for Propagating Fronts —d;¢'(§5) = aj(p(€541) — () +aj1(p€-1) — w(&)) — (&) +h(& =€), (8) e | R SR SR

with d;(t) = ¢;(t), we obtain the solution
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Make the traveling wave ansatz D(E:E5) = (€ %) + x(E: €. (9) 08| u O EE IR
uj(t) = (&3 &), & =J —¢j(t). (1) ® )(&; ) is the solution in the case a; = a Vj, given by N =07 | T ooy
[ | | | 1 1 [ A(s)sin(s(& — &) c [ cos(s(§& —&Y)) U o
1 > N et W _ _
| " 7 We choose a particular wave form by setting V(&) = 9 * T /O s (A(3)2 + 0232) ds + . /O A(s)2 + 252 ds (10)
odl \ | . FIGURE 4: Left: Approximated variable wave speed as fonts propagate through a defect.
- aas | a=p(E587), (2) where A(s) =1+ 2a(1 — cos(s)), and ¢ is the wave speed in homogeneous media. Right: Filon quadrature approx. of (11) and (9) compared to RK approx. of u;(t).
2 * so that £ is the spatial location at which ¢ takes o X(& ") is the perturbation from ¢ when a; 7# a. Defining f; = d% —land vy =a;—a,
0 * the value a, and we seck solutions that satisty Tty VB 20810 o= 0y = 112,22 0809
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FIGURE 2: Assume the solution p(2:7) <a for w < (3) JER JES JE€T “ .

o(x; ") >a for x> (11)

crosses the value of a only once V7.
y / where R={j€Z:cj(t)£ct}, S={j€Z:jeR, orj+1€R}, T={j€Z: a;+#a},

Thus, the nonlinearity may be written as a linear inhomogeneous term

Bi(&*) = a;o(§1:€") — (L +aj+aj-1) 0(§:§7) +ajm10(§-1:§%) +h(& — €),  Di(€") = o(§r1:€) — 9(&:€7),

flp(z;:€7)) = p(z:€7) — h(z — &), (4) CHE) = (€1 €) — P& + LE) + (& 1:6) — ol& — 1:€7), Fi() = 1 fpo Aot it g) g
which is independent of a, and it is natural to impose the boundary conditions e The position of the front in the media is changed by changing £*, similar to the way ct
translates a front defined by (5 — ct). Each £* directly corresponds to ¢;(t) and d;(?),
ngfoo p(z;€7) =0, xlgﬂoo p(x;£7) = 1. () which are estimated based on the position of the front relative to the defect. (See Fig. 4.)

FIGURE 5: Left: Propagation through the defect. Right: Propagation failure at defect.




