Abstract: Conformal conservation laws are defined and derived for multi-
symplectic equations with added dissipation. In particular, the conservation
laws of symplecticity, energy and momentum are considered, along with
others that arise from linear symmetries. Numerical methods that preserve
these conformal conservation laws are presented. The nonlinear Schrodinger
equation and semi-linear wave equation with added dissipation are used to

demonstrate the results. This poster summarizes two research articles:

(1) B.E. Moore, Conformal Multi-Symplectic Integration Methods for Forced-Damped
Semi-Linear Wave Equations, Math. Comput. Simulat. 80:20-28, 2009.

(2) B.E. Moore, L. Noreiia, and C. Schober, Conformal Conservation Laws and
Geometric Integration for Hamiltonian PDE with Added Dissipation, preprint, 2010.

Conformal Conservation Laws and Geometric Integration
for Hamiltonian PDE with Added Dissipation

Brian E. Moore, Laura Norena , and Constance Schober Py

Department of Mathematics, University of Central Florida

Numerical Preservation of Conformal Properties

Background

A multi-symplectic partial differential equation has the form

Kz + Lz, =V.5(2)
where K and L are constant skew-symmetric matrices and S Is smooth.
Many conservative PDE may be written this way, including
 Boussinesqg Equations » Korteweg-de Vries Equations

* Dirac Equations * Nonlinear Wave Equations
 Schrodinger Equations  Shallow-Water Equations

Many conservation laws are derived directly from the equation, including
« Multi-symplectic conservation law: Wy + Ky = U

where w = dz N Kdz and k = dz A Ldz.
Local energy conservation law: o E + O F = 1)
where E =5z |+E v, L2 and F

*Local momentum conservation Iaw: 8,G + 3,1 =0

where G = Sz + % 2, W) and [ = % Kz

*Conservation laws arising from linear symmetries:
Oz, KBz) + 0x(2,LBz) =0,

If the system Is Invariant under a transformation B
For NLS, for example, this corresponds to rotational invariance.

In most applications the constant b Is set to zero. K + Lz, — V.S(2) — f_;h
A general form for a conformal conservation law is HP + 0,0 = —aP i
Integration over x with appropriate boundary conditions implies
P = —aP or equivalently P(t) = exp(—at) P(0) for P = [Pdr
Thus, we say a numerical method preserves this conformal property If it satisfies
Pl = exp(—aAt) P for P = S P A

Methods satisfying this condition can be constructed by solving the conservative part of the equation with a
conservative method, and the dissipative part of the equation exactly.

The exact flow map for =, = D=z IS &,(z) = exp(Dt)-
Theorem If the numerical scheme for solving a Hamiltonian equation (ODE or PDE) has a flow map Y a

which preserves the conservation property 4,P = o, then the numerical scheme with flow map ®x; o T a,
for solving the conformal Hamiltonian system preserves the conformal conservation property &P = —aP .

Numerical Methods and Solution Behavior

Conformal Conservation Laws

Conformal Multi-Symplectic PDE (multi-symplectic PDE with dissipation)

Kz + Lz = V.5() + Dz where  D— K- L

Conformal multi-symplectic conservation law: & + d.x = —aw — bs

Conformal energy conservation law (iffa=0): &E 4 dpl = —bF

» Conformal momentum conservation law (iff b =0): 8.7 + 4. = —al

-Linear symmetries: Oe(z, KBz) 4+ 0y(2,LB2) = —a(z, KB2) — b(2, LBz

Define 2™ & z(x,.t;)  such that tiy1 =t; + Al and Tp1 = Ip + A
i i+l —la/2)At _nga n+li _—(b/2)Ax _ni
Difference Operators: Des = = f-;w - and  Db» =2 ”i -
) _nit1 —la/2)At _n.i n+1.1 —b/ AT _nd
Averaging Operators: Are =2 T - and  Abo=2 T -

Standard Methods:

* Preissman Box Scheme (implicit midpoint rule applied to space and time) !
KD} Az + LDJAY> = V.S(AVAL2) + DAJAY- /
* Euler Box Scheme (symplectic Euler applied in space and time) i o

K.D;24+K_D{24L,D: +L_D;>=V.5(z)+D-=

matrices A+ are defined by the conditions
A=A, +A_ AT = —A_
D, ; are standard backward difference operators.

These methods satisfy discrete versions of the conformal
conservation laws, but do NOT preserve any conformal .
properties exactly. Yet, for small dissipation coefficients, g ¥
they often perform better than their conservative counterparts. “

Splitting Methods:

Using the Preissman scheme for the conservative part
and the exact flow map of the dissipative part, gives

KDfA%> + LDYAY: = V,S5(A2Ab2)

Methods of this type preserve conformal properties, but |
may introduce artificial rates of dissipation to other aspects s |
of the solution behavior. ;B T

Semi-Linear Wave Equation wu..= u.,— au, — f'(u)

Written in conformal multi-symplectic form

0 =1 07 [ w | 00 —-177 ] - f(u) +§v ] o0 —1 07 [ u’
1 0 0 B 0 0 1 e v+ Su 1 0 1 R
a 0 0 wy 1 0 0 ! ) 0 0 0 n
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Conformal momentum conservation law: O (vw) + 3y ( flu) — = — ) = —afvw)

2 2

Conformal multi-symplectic conservation law:  di{du A dv) + Oz(du A dw) = —afdu A dv)

Euler-B Scheme
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Splitting Scheme
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energy residual

nwiuhk LI, "
_E;-ca-:u d Order Runge—-Kutta S -:h=-l ) Experi ments: Ugr + At = Ugy + Diby — _,*“'“[ )+ glax, t)
EEEN Left: «=b=1 and Azr=o001

Right: o =150, b= 50, Az = 0.01,
and At = 0.0008
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Nonlinear Schrodinger — w:+ .+ viyiy + 5y =0

Define ) = v +iw Solution behavior with a = 0.01
and v. = p + 1g

Written in conformal
multi-symplectic form

= [v,w,p,ql"

-1

0 0 —I
H:h; u] Lz[f u]
S(z) = L(p*+ ¢ + V(v + w?))
Residual in total conformal probability
The Preissman box scheme is 210
used for simulations, showing

conformal properties are very
nearly conserved for small a.

Conformal probability conservation law: &, (w? + v*) + 20 (vw, — wv,) = —a(w?® + v*)
The discrete form of this property obtained through the Preissman discretization is
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