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- &mrlec‘ —the German Mathematician
Seld it *followmg

““JJE SREATED THE NATURAL NUMBERS,
= _EL JREST ARE MAN'S HANDIWORK”™

~% Natural numbers are the counting

. —

g

_’ ‘numbers:



NOWITNG BECOMES -a-l\slmfgﬁe?"

SNVBSHeF US think of zero by itself as
IOIING.

SMiS story began in Mesopotamia, the

= mdle of civilization.

__-__._,_ —
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_-The Babylonians had developed a place-

> value system for written numbers using
two wedge-shaped symbols and base 60.

* \We count a minute as sixty seconds and
an hour as 60 minutes.



SOy OfiZErO (contd)

SRSOImELimesteieenwo0 andi800BG they
11l rch ced a . (dot) as a place holder.

JJrrléa nath. historians say that zero began
,b ,Iace holder.

:;3 2 present decimal representation of
f"thdmber uses digits 1 to 9 and 0 was the
~ contribution of Indian mathematicians and

astronomers.

® The Arab merchants learned it and shared
It with others.
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imagine life withoutZeoms
_
o \Wa \)\)ﬂ@
183 =1 10+8
1 )3 — 1 X100+2X10+8

T,}_ = as made life much simpler because of

764@Ia(:e values being powers of 10 which

= essentlally adds zeros to 1.

~ Also fractions could be represented as
decimals.

Imagine writing numbers In base 60.
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SIPiCkeany three digit number with different
;__‘_j-ones and hundreds place.

R m"? Se the order of the digits

_ ?@T example 182 becomes 281)

—= °'Subtract the smaller number from the
Iarger number (281-182 = 099)

® Reverse the order of digits of the
difference: (It becomes 990)

e Always the sum is 1089:(099+990 =1089)



— g t;i!vij':y 2-"3"

o [alka "f,f year when you were born.

SNIGNEIS dd the year of an important event
liTyeu ur: Ilfe

‘ _gf_- =—tfh|s sum add the age you will be at the

o -

e

_- “end of 2018.

—

=== Flnally add to this sum the number of
years ago that important event took place.

* The answer will always be.........
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= Figurate Nu mbgrgh
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SINIMLETS can get their connotations from
JJrférr)_r rgeometrlc figures like triangles,
J]th 8s, pentagons etc..

~e numbers have many interesting
= e repertles

—z__—-—

s \\/e begin with a point and then the three
vertices of a triangle.
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A ¢ })f]ff e nUMmber is a natural number
grester than 1 whose only divisors (or
mﬂrc -57 are 1 and itself.

SEATRnatural number which is not a prime is a
fcﬁmp03|te number.

©2 3 5, 7,11, 13, 17, 19, 23 are examples
of prime numbers.

4,66, 10, 12, 21, 25 are examples of
composite numbers.

=
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SNHETSeguence begins with one. Each
STI9SE! j ent AuUmber Is the sum of the two
r),réc 1ng AUMMers.

-.ﬂ) = Fib(n-1) + Fib(n-2)



Polygonal, Prime and Perfect
Numbers

o Greeks tried to transfer geometric ideas to number
theory. One of such attempts led to the appearance of
polygonal numbers

triangular ;} E\’ ?\}
square 4 ZI 5’:? 11 E

16

%

entagonal ° /} {//c;y
pentagonal * i Y

12 ’ 29



General formula:
Let X, , denote m™" n-agonal number. Then
X om = M[1+ (n-2)(m-1)/2]

Every positive integer is the sum of four integer squares
(Lagrange’s Four-Square Theorem, 1770)

Generalization (conjectured by Fermat in 1670): every
positive integer is the sum of n n-agonal numbers (proved
by Cauchy in 1813)

Euler’'s pentagonal theorem (1750):

o0

H (1— )(n) —1+ Z.O: (_1)k (X(3k2_k)/2 n X(3k2+k)/2)
k=1

n=1



Prime numbers
* An (Integer) number Is called

prime if it has NO rectangular
representation

« Equivalently, a number p is called prime if it has
no divisors distinct from 1 and itself

e There are infinitely many primes. Proof (Euclid,
“Elements”)



Perfect numbers

e Definition (Pythagoreans): A number
IS called perfect if it is equal to the
sum of its divisors (including 1 but
not including itself)

e Examples: 6=1+2+3,
28=1+2+4+7+14




Triangular numbers

b

T,=1T,=3 T,=6 T,=10 T, =15

1; 142=3 1+2+3=6 1+2+3+4=10 1+2+3+4+5=15



Let’s Build
the 9th
Triangular
Number

1+2+3+4+5+6+7+8+9



D

T,=1T,=3 T,=6 T,=10 T, =15
T, =45

Q: Is there some easy way to get these numbers?

A: Yes, take two copies of any triangular
number and put them together.....with multi-link
cubes.




Ox10 =90
Take half.

Each
Triangle
has 45.

9+1=10 Tg =45



n(n+1)
Take half.

Each
Triangle
has
n(n+1)/2

n(n+1)

2



n(n+1)
Take half.

Each
Triangle
has
n(n+1)/2

n(n+1)

2



Another Cool Thing about
Triangular Numbers

Put any triangular number together with the
next bigger (or next smaller).

And you get a Square!
T, +T,=9°=81

T  +T =n°




Another Cool Thing about
Triangular Numbers

e First + Second - 1+43 =4=22
e Second +Third = 346 =9 = 32

e Third + Forth 2 6 +10 =16 = 44

2
T.,+T =n



Interesting facts about Triangular Numbers

e The Triangular
Numbers are the
Handshake
Numbers

 Which are the
number of sides
and diagonals of
an n-gon.

Number of Number of
People inthe | Handshakes
Room

2 1

3 3

4 6

5 10

6 15




Number of Handshakes

= Number of sides and diagonals of an n-gon.

A




Why are the handshake numbers Triangular?

Let’'s say we have 5 people: A, B, C, D, E.
Here are the handshakes:
A-B A-C A-D A-E
B-C B-D B-E
C-D C-E
D-E

It's a Triangle !



PASCAL TRIANGLE

The first diagonal are
the “stick” numbers.

...boring, but a lead-in
to...



Triangle Numbers in Pascal Triangle

The second diagonal
are the triangular
numbers.

Why?

Because we use the Hockey Stic
to sum up stick numbers.

>

Principle



TETRAHEDRAL NUMBERS

The third diagonal are
the tetrahedral
numbers.

Why?
Because we use the Hockey Stic
to sum up triangular numbers.

>
o

rinciple



Triangular and Hexagonal Numbers

Relationships between T riangular and
Hexagonal Numbers....decompose
a hexagonal number into 4
triangular numbers.

Notation

T, = nth Triangular number

H, = nth Hexagonal number



Decompose a hexagonal number into 4 triangular numbers.
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H =1+5+..+(4n-3)
T =1+2+..4+n
H =T +3T
Hn :T2n—1
H =n(2n-1)



A Neat Method to Find Any
Figurate Number

Number example:
Let’s find the 61 pentagonal number.



The 61 Pentagonal Number is:

* Polygonal numbers always
begin with 1.

* Now look at the “Sticks.”
— There are 4 sticks
— and they are 5 long.
 Now look at the triangles!
— There are 3 triangles.
— and they are 4 high.

1+5x4 +T1,xX3 1+20+30 = 51




The k' n-gonal Number is:

* Polygonal numbers always
begin with 1.

* Now look at the “Sticks.”
— There are n-1 sticks
— and they are k-1 long.
 Now look at the triangles!
— There are n-2 triangles.
— and they are k-2 high.

1+ (k-1)x(n-1) + T, x(n-2)




Who Was Fibonacci?
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~ Born In Pisa, Italy in 1175 AD
~ Full name was Leonardo Pisano
~ Grew up with a North African education under the Moors

~ Traveled extensively around the Mediterranean coast

~ Met with many merchants and learned their systems of arithmetic
~ Realized the advantages of the Hindu-Arabic system




Fibonacci’s Mathematical
Contributions

~ Introduced the Hindu-Arabic number system into Europe

~ Based on ten digits and a decimal point

~ Europe previously used the Roman number system

~ Consisted of Roman numerals

~ Persuaded mathematicians to use the Hindu-Arabic number system

1234567890



The Fibonacct Numbers

~ Were introduced in the book Liber Abaci

~ Series begins with 1 and 1

~ Next number Is found by adding the two preceding numbers together
~ Number obtained as the sum Is the next number In the sequence

~ Pattern Is repeated over and over

1,1, 2,3, 5,8, 13, 21, 34, 55, 89, 144, 233, 377, 610, 987, ...

F(n+2)=F(n +1)+F(n)



HIbONAacCi& the Rabbits ™=

SIhilERACC applied IS 'segquence to a problem
YeIVing| the breeding of rabbits.
SREivEnIcertain starting conditions, he mapped out
siesiamily tree of a group of rabbits that initially
EStalted with only two members.

£ SiThe number of rabbits at any given time was
= always a Fibonacci number.

- = Unfortunately, his application had little practical
bearing to nature, since incest and immortality
was required among the rabbits to complete his
problem.




Aoolieat *s«-@-_fﬂb.eﬁae@i _

AIENRIO! 1accl seguence has far more
r\r)r)JJLs;] jons than immortal rabbits.

_)J acci numbers have numerous

e :uraﬂy -oceurring applications, ranging
= “from the very basic to the complex

== geometrlc

—

S
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e
Eilbonacct N_}Zr-nbers '
Nature

2 MEny rbr)ér
flet ure e ‘rouped In
HURCHES: ﬁUahng
Fldenacei numbers.
= <ol a-a'rriple the
: ~ number of petals on a
_ --"ﬂjvyer tend to be a
- Fibonacci number.




White Calla Lily



Presenter
Presentation Notes
white calla lily


euphorbia



Trilllum



Columbine




Bloodroot



Black-eyed Susan
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EXEples of Rlower P@ﬁ@i&

s —

tals:lilies
J - ‘buttercups, roses

St delphinium

e

>3
> 5

;
2 e r) j el
==Lk f’p';é“ als: marigolds
~ =21 petals: black-eyed susans
- ® 34 petals: pyrethrum

® 55/89 petals: daisies

—
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‘eavesand Pl ants’

SHIIEEVES are also found
1] _JJ‘JJC of Filbonacci
rumr'

S 3 el chlng plants

Ways pranch off into

g.-‘“-" "’fgroups of Fibonacci
~~ numbers.




Diagrams of Leat;
ranNgements

Ar




giRksabout yourself.  © 2 sections per leg
Y ol JfUJT have: * 2 sections per arm
Jgr"‘“s ) each

el nd ;::

S5 toes on each foot

e e

= =F

== ‘15_11me E
= 2legs
- e 2eyes

® 2 ears



ahilbonaceinumoers
EVE geometric
applications in nature
aswell.

e — T
T

SSTihe most prominent

~ of these is the

—— . .
- Fibonacci spiral.

S
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AmENbenacel spiralis
,JfJJrr,Js,zé“ by
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~ ~side erﬁgths equaling
: J Jbonacu numbers
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> A ggirelie ‘nr} en e
cleanyn) s r.-n* from
HE LJIT]""O “the first
rgr‘mgu} of side

__ .“all the way
"_'fhe corner of the
:_‘*‘ H-FE‘ctangIe of side

- length 13.
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pllcatl NS toMMUSIC.

e

SHVIISIC mvoelves several

;lpp]]cJ tions of
F199] 'acu AUMBETrS.
_ _ﬂ__uil ectave IS
1—'-?"‘ somposed of 13 total “R-Al =R~
== ‘musical tones, 8 of
~— which make up the

actual musical octave.
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Fibonacci Ratio

171
2/1
2/3
2/5

372
3/5
g 3/8
5/2

5/3
5/8

8/3
8/5

Calculated

Frequency

440
880
293.33
176

660

264

165
1,100.00

733.33
275

1173.33
704

Tempered Note in Scale
Frequency
440.00 A
880.00 A
293.66 D
174.62 F
659.26 E
261.63 C
164.82 E
1108.72 C#
740 F#
277.18 C#
1174.64 D
698.46 F

Musical
Relationship

Root
Octave
Fourth

Aug Fifth
Fifth
Minor Third
Fifth
Third

Sixth
Third

Fourth

Aug. Fifth
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JONE of the ' most significant applications of
ire EL)J aCCI sequence Is a number that
flal ,z }9 at|C|ans refer to as Phi (D).

= _J_L ers to a very important number that
| *R‘ 0wn as the golden ratio.
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What iStPhis2ass g
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= = numberis equal to:

Or approximately
1.618034.
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o il cal be derlved by the eguation:

® W]“r"- fancy factoring and division,
Yo —get

—"

\ "'.l

x—lz}é
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L
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o ThIS Implies that Phi’s reciprocal i1s smaller
than 1. Itis .618034, also known as phi

(9).
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iré i the golden ratio is
= yeferred to as a golden
fectangle.

—% \When a golden rectangle

IS squared, the remaining
area forms another
golden rectangle!
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SAVihout @, 1n ‘order to find any Fibonacci
Jm_)sr you would need to know Its two
r)rér‘ae ing Fibonacci numbers.

= %Nlth @ at your service, you can find

p—t

= any Fibonacci number knowing only its

-—=.£‘ﬁace in the sequence!
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Reimember how flowers have leaves and
r)amj rranged In sets of Fibonacci
rumr g ;s?

- T_'J:} *=ensures that there are @ leaves and
" etals per turn of the stem, which allows

— Tfar maximum exposure to sunlight, rain,
- and insects.
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SAHENR USed In dlmensmnlng objects It has
alwr\yJ peen thought that @ produces the
maw isually appealing results.

SEVIEny marketers have used @ in their
":.'ﬂ ducts over the years to make them
~ more attractive to you.

-

i

o
"
e

“® An extremely basic example: 3 x 5
greeting cards.



re are numerous other applications

~-F|bonaCC| seguence, Fibonacci

bers and @ that were not covered

hls presentation—simply because

'ﬁere are far too many to list. Feel free

_'" to research on your own if you found
any of this interesting.
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_I MBHEmBatics through ages agentle

SL0f /f@ teachers by William Berlinghoff
Fernando Gouvea, Oxton house
ers 2004

—= The I\/Iaglc of Mathematics by Theoni
'-Pappas Wide world publishing

3. The magic of NUMBERS, by Robert
Tocquet, A primear book, 1957
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v A, ﬁ]_)c"' Numbers by N. N. Vorobyyov,
r]e n and Company, 1963

. | (Fabulos) FIBONACCI Numbers by
--_-..H,-. jed Pesamentier and Ingmar Lehmann,
= mmetheus Books, 2007

'; 6F Fibonaccl and the Lucas Numbers and
the Golden Section, S. Vajda, John Wiley
and Sons, 1989
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