VECTOR-VALUED KAHANE-SALEM-ZYGMUND INEQUALITIES WITH
ASYMPTOTICALLY BOUNDED CONSTANTS

ANSELMO RAPOSO JR. AND KATIUSCIA B. TEIXEIRA

ABsTRACT. We establish new vector-valued Kahane-Salem—Zygmund inequalities, with asymptoti-
cally bounded constants, on spaces with unconditional Schauder basis.

1. INTRODUCTION

Multilinear forms or polynomials with +1 coefficients and small norms play key roles in several
fields of mathematics and its applications, viz. (3, 4, 8, 9, 11]. To some extend, they should be
thought as extrema of some sort of optimization problems. For instance, the classical Littlewood’s
4/3 inequality yields

3/4
(.Zl |T<ei,ej>|4/3> < VZsup{|T (2,9)| : o]l < 1 and [}y <1},
INES

for all bilinear forms T': co x ¢g — R. The exponent 4/3 and the constant /2 are optimal and the
optimality of such parameters are attained by suitable bilinear forms with coefficients 4-1.

Similarly, Bohnenblust and Hille [8] constructed an m-linear form A, : €3 x --- x £Z, — C with
complex coefficients with modulus 1 satisfying

HAnH < n(m+1)/2

and they showed that the exponent (m + 1) /2 is optimal, i.e., it cannot be replaced by a smaller
one. This result plays a fundamental role in the investigation of the famous Bohr radius problem.
In the 1970’s and 1980’s, similar inequalities were investigated in [4, 6, 7, 10, 14| using probabilistic
techniques and their statements can be summarized as follows. If we denote K = R or C and represent
K™ endowed with the £;,-norm by £}, for all positive integers m,n and p1,...,pm € [1, 00|, there exists
an m-linear form A, : £ x---x£; ~— K of the type

m

Az, 2y = 3 s s
i1=1 im=1

such that
HAn” < Cmnmin{max{Q,pT}l,m,max{Q,p;*n}}+Z£n:1 max{%—i,

for a certain constant C),. Above and henceforth, as usual, we consider 1/00 = 0, the conjugate of p
is denoted by p*, i.e., p* =p/(p—1).

Inequalities of that type are called nowadays called Kahane-Salem—Zygmund inequalities (KSZ
for short). In the case of bilinear forms, Bennett’s approach |5, Proposition 3.2| is more general,
allowing different dimensions at the domain of the bilinear forms. More precisely, Bennett’s inequality
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claims that, for all p;,p2 € [1,00] and all positive integers mj,ng, there exists a bilinear form
Anynyt Lyl X €32 — R with coefficients &1 satisfying

1 1 1 1
1/px maxqs—-—,0 1/p* maxqs—--,0
(1.1) HATL1,TL2” < C’max{nZ/pQTLl {2 P1 }’nl/Pln2 {2 P2 } ,
where C' is a constant depending only on p; and pe. The KSZ inequality (following Bennett’s style)
was recently extended to m-linear forms (|2, 13]) as follows: let m,nq,...,n,, be positive integers and
D1+ Pm € [1,00]. There exist a constant Cy, and an m-linear form Ay, p,,: £5L X - x£ym — K
of the type
(1) m) = $ .82 4, m)
Anl,...,nm 2Ny, 2 _Z Z :|:Zl-1 TR
i1=1  im=1
such that
min{max * : max * m max l7L7O
(1'2) HAm,..-,an < Cp, HllaXm {nk fmet2ei e {2,pm}}} an {2 "
=1,..., k=1

A simple calculation shows that when m = 2 and p1,pa2 € [2, 00|, the inequality (1.2) recovers (1.1).
It turns out that, while powerful, the probabilistic approach generates very large bounding constants,
viz. Cp, > Vml.

The program to obtain improved (smaller) constants for these inequalities has become an important
tread of research. For instance, in [12], the original KSZ inequality was investigated by means of
deterministic methods that allowed to show that in some cases the constants are asymptotically
dominated by 1. Here is the precise statement:

Theorem 1.1. (|12, Corollary 1.2|) Let a positive integer m and € > 0 be given. There exists a
positive integer N such that, for alln > N, there exists an m-linear form Ay: €3 x --- x {2 — K
of the type

n n
1
FIECISCEIN SN SR C BN D)
=1 im=1
such that
m+1
[Anll < (1 +&)n 2",

The main goal of this current paper is to generalize Theorem 1.1 in several ways. Initially we are
interested in inequalities over more general Banach spaces. This will be attained by replacing the
02 space by n-dimensional subspaces of a Banach space with unconditional Schauder basis. Next we
extend the role of /7 in the original inequality to allow n-dimensional subspaces of a Banach space of
cotype s, with unconditional Schauder basis.

Before we can state our main result, let’s denote the infimum of the cotypes assumed by a Banach
space E by cot(E). The cotype g constant of E will be represented hereafter by Cy(E). Here is the
main theorem of this paper:

Theorem 1.2. Let a positive integer m and e > 0 be given and EY) ... E(™) be infinite-dimensional
oo o0

Banach spaces with normalized unconditional Schauder basis <zj(-l)) e <z§m)) - and constants
j= J=

Ky, ..., K,,, respectively. Let also F be Banach space with cotype q = cot (F') and normalized

oo
unconditional Schauder basis (z](-mﬂ)) with constant Ky,41. Let us denote
i=1

E,(:) = span{zgi), Cee z,(j)}
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foralli=1,...,m. Then, there exists a positive integer N such that, for all n > N, there exists an
m-linear form A, : Er(bl) X oo X E}lm) — F* with
1 +1
An(z( ), . ,zj(-:?)) (ZJ(':H )) = +1,
forall ji,...,9m,Jm+1 € {1,...,n}, satisfying

m+2 1

[An]] < (K- K1 Cg(F) +e)n 2 .

t mTJrQ — % 18 optimal, in the sense that it cannot be improved by a smaller one

keeping the generality of the statement.

Moreover, the exponen

When F* = £, and E0V) = ... = E(™) = ¢4, we recover [1, Lemma 6.2]; however with a much more
precise constant as the original estimate in [1] yields Cp, > v/m!.

The second main result we will proof in this article generalizes Bennett’s inequality (1.1) for
P1,p2 € [2,00] and n; = ng as follows:

Theorem 1.3. Let ¢ > 0 and q1,q2 € [2,00]. For k = 1,2, let E®) be a Banach space of cotype

oo
qr = cot (E(k)) and normalized unconditional Schauder basis (zj(k)) ) with constant K. There
j:
exists a positive integer N such that, whenever n > N, there is a bilinear form A: E,gl) X E,(f) — K
of the type

such that

4]l < (K1 KaCy (BD)Cyy (BP) + ) n~an

The rest of the paper is organized as follows: in Section 2 we establish the proof of Theorem 1.2.
In fact we shall establish a slightly more general result. In section 3, we will discuss the proof of
Theorem 1.3.

2. PROOF OF THEOREM 1.2

This section is devoted to the proof of Theorem 1.2. However, for the sake of completeness, we will
actually establish a more general result, of whom Theorem 1.2 is a direct consequence. The precise
statement of the result to be proven in this section is as follows:

Theorem 2.1. Let a positive integer m and € > 0 be given and E® .. E™) be Banach spaces
(o] (o]

with normalized unconditional Schauder basis <z§1)> PREEEE (z](m)) - and constants Ki,..., Ky,
j= Jj=

respectively. Let also F' be an infinite-dimensional Banach space of cotype q and unconditional

oo
Schauder basis (z§m+1)> with constant Ky, 11. Then, there exists a positive integer N such that,

j=1
for allny,...,nym > N, there exists an m-linear operator Ay, . n,,: E,(lll) X oo X Eq(q,nn:) — F™* with
1 +1
A 51 (720) = 1,

forall jr € {1,...,nk} and 7 € {1,...,min{nq,...,ny}}, satisfying

1_1 m
N Any, o |l < (K71 -+ K1 Cg(F) + €) min{nq, ..., ny, 2 e max{n,... Y2 njl./z.
i=l
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Let X1,...,Xm,Y be Banach spaces. We recall the following isometric isomorphism between the
space L (X1,...,Xm;Y™) of all continuous m-linear operators from X; x --- x X,,, to Y* and the
space L (Y, X1,..., X;n;K) of all (m 4+ 1)-linear forms from ¥ x X; x -+ x X, to K.

U: LY, X1,...,X;m; K) — L(Xq,..., Xm; Y
U (A) (21, 2m) (y) = Ay, 21, ..., Ty -

In view of such an isometric isomorphism, it suffices to prove the following:
If EM is an infinite-dimensional Banach space of cotype ¢ and unconditional Schauder basis

o0
(zj(l)) - with constant K7 and E@, ..., E(™ are infinite-dimensional Banach spaces with uncondi-
‘7:
o0 o0
tional Schauder basis <z§2)) IR (z](-m)) and constants Ko, ..., Ky, respectively, then, there
._ i1

exists a positive integer N with the following property:
e For all ng,...,ny, > N and n; = min{ng,...,n,}, there exists an m-linear form
Any oo E1(111) X - X Efﬂ) — K of the type

1

Angyom (20, 20y = §5 0 58 o0,
i1=1 im=1 "
satisfying
1_1 m
(2.1) | S (Koo KonCy(BW) +e) g~ a1 Ty
]:

We then proceed to prove the existence of a constant A, ., satisfying (2.1). Since E® has
cotype ¢, the identity id: E(Y — E() is absolutely (¢; 1)-summing with constant Cq(E(l)):

" 1/q n
(£mr) "= (Bl ) " < e

o
Since K is the constant of the unconditional basis (%1)) , we have
j=1

n
a2
2 Eja;%;
J=1

n
sup Zsjaj < K Zaj (1)
Sj::tl ]
Therefore,
1/q 1/2
a2 ™ [, |7 ) SIPRE 1)y 3~3
2oz || S 1= X laj] < KiCGg(EY) = | X oy < KiCy(EY)n? a.
j=1 j=1 j=1
We also know that
<1l= \a]\ < Kk
forallk=2,...,m
With no loss of generality, we can assume
ng <o < Ny
Let us first suppose that for each k = 2, ..., m, there is a Hadamard matrix H,,, with order ny.

For k=2,...,m, let ugk), it =1,...,n, be the rows of H,, ; hence

(2.2) <u§k), u(.k)> = n0ij.
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Let us consider the square matrices of order n,, defined by

R { H, Onix (=)

T XN O(nm—nk)xnk O(nm—nk)x(nm—nk)

for each k = 2,...,m. Consider the m-linear form A: E,gll) X - X E,(L?z) — K defined by

(e, am) = 5 R A o),
=1 im=1
where
ng
k) _ Zaz§-k)z(k)
j=1
ng
Forall k=1,...,m, given k) = Zx k) §k) in the unit ball of E®), let us denote
7j=1

B = 5200
j=1

with yj(k) =0 forall j =ng+1,...,ny and ygk) = xg-k)

inequality,
(S ()
Z (thr 1%) (Hyls )
1yeeytm=1 \r=2 s=1

for all j = 1,...,nk. Then, by the Holder

‘A (x(l), e ,x(m)>‘ =

N Nom m)
S Z . Z (thr llr> ( H y ) ylm ’
im=1 |11, tmm—1=1 \r=2
1/2 . . 2\ 1/2
s<2|y |> AN (thfu,>(ny,5)
im=1 dm=1 |1,sim_1=1 \r=

1/2

S Kmn’}T{Q Z Z <H hlr 1 Jr 1]T> < H yls y]s >

im=1i1,...,im—1=1

.717 :.77n 1=1
Thus
1/2
‘A (m(l),...,x(m)>‘ < Kpnk/? D> 1 ( I1 hZT " ;:) m) <H Yy yjs ) Z lm . g:)”m
Vlyeeslm—1=— :
j17"'7jm—1:1
1/2
=il | 8 (T ) (T (22,
i1yeeeytm—1=1 \7=2
jla“'vjm—l:l
and, by (2.2), we have
1/2
m (S b r r s) (s m—1)|2
(A(:);(”,...,x( >)( < Kpnl? | 35 x ( I hjjm B UT) <H y23>ygs> S0
tm—1=171,...,2m—2= r=2

J1yerjm—2=1
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1/2

(S mE () (), () (m—1)
S Kmilenm Z H hir—lirhjr—ljr H y y]s Z hlm 27/m 1h]m 2%m—1
i1yeeeyim—o=1 \7r=2 s=1 Im—1=1
jl?"'7.jm72:1
1/2
e m—2 -1 -1
= Km1Kmnm > ( 11 a0, nl” UT) < I1 4y ) < (m— )7u§,::_2)>
iyeim_n=1 \ r=2
jl?"'?jm—2:1
Since
1/2
n.
5 (r) (r (m-1)  (m—1)
. Z (H hlr 1%p Jr l]r> (H yls y]s >< 7"m72 7ujm72 >
i1yeeeytm—2=1 r=2
jlamyjmfZ:l
1/2
_a2 R SR NG
=Ny Z Z H zr 1%r ]r 1jr H yzs y]s
tm—2=1i1,...,tm—3=1 s=1
]11 )]m 3= 1
1/2
1/2 Ym o (m=2)2 &
_nm—l ) Z | zm 2 | Z H h'LT 19 ]r 1Jr H y]s )
im—2=1 11,0ytm—3=1 = s=1

we have

A (x®, et < <ﬁ

j=m—2

K

Jise-

j) nmn

Jm—3=1

1/2

1/2 g g T r
77{_1 X Z Z < H hgr)llr ;r) l]r> < H yls y]s )

J1yerdm—3=1

and, repeating this procedure, we finally obtain

’A (x(l),...

)

IN

Let us deal with the general case.
Recall that a set of positive integers A is said to be asymptotically dense in N if for all € > 0, there

exists a positive integer n. such that for all m > n. there is n € A satisfying

1
el

im—2=111,....i;m—3=1 \7=2
1/2
m
1/2 1/2
[TKG | ng' ™ -npy = nm Z
j=2 i1=1

1 1 m
(j KJ) S S (U

s

1

m<n<m(l+e).

The next result is folklore, but we present a proof for the sake of completeness.

Lemma 2.2. The set of orders of Hadamard matrices is asymptotically dense in N.

Proof. Since for all i,j there are Hadamard matrices of order 4127, it suffices to show that

A = {4112 :4,5€{0,1,2,3,...

}} is

asymptotically dense in N. An immediate consequence of

the classical Dirichlet’s approximation theorem on Diophantine approximation says that, fixed an
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irrational number a > 0 and given an arbitrary € > 0, there exists a positive integer n. € N such

that, for all x > n., we can find a,b € {0,1,2,3,...} satisfying
O<a+4+ba—z<e.

It is easy to check that log, 3 is irrational, for all k. So, geting o = 1 4 log, 3, given 0 < ¢ < 1, there
is a sufficiently large positive integer n. such that, if N. > 4™ then, whenever m > N., there are

i,7 €{0,1,2,3,...} such that
0<i+j(1+logs3)—logym <log,(1l+¢)

or, equivalently,
log,m <i+j(14logy3) <log, ((1+¢)
i+j(1+log,3) =log, (4)' (12)7,

Since
there are 4,5 € {0,1,2,3,...} such that
logy m < log, (4)° (12)? < log, (1 +2)m),
whenever m > N, which yields the thesis of the Lemma. O
By the previous lemma, for each
—1 L—&-;ll,l
m 2 q
6= 1+e((HKj> Cq(E<1>)> —-1>0,
j=1
there is a positive integer N such that, for each kK = 1,...,m, whenever ny > N is an integer, there
exists a Hadamard matrix of order ¢, satisfying
ng <t < (1 —|—5)nk

Notice that, without loss of generality, we can assume t; < --- < t,,. Thus, there is an m-linear form

Ag: E®) x ... x Etm) — K with coefficients +1 such that
m l_% moo g
| Ao| < (HIK]'> Cy(EW)t? t%QkHth/ .
J: =

If ny, = t;, for each £, it is sufficient to make A,, ., = Ao. Otherwise, let us consider the m-linear

form
Angro: ED x oo x B 5 K
defined by
n T t tm
A [ B0 S atmm ) gy ($, 000§ )
j=1 j=1 j=1 j=1
where a§k) =0forall k=ni+1,...,t. Then, given
SR (k) (k) _
]glaj Z; EBET(lz),k'—l,. ., m,
we have
ni 1 1 MmN (m m 1 1 m 9
Anyoon, (zjlag )zj(. ) Zlag. >z§. >> < |l Aol < (HlKJ) Co(EW)2 141/2 ijl'/
J= J= j= j=
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Ll NI
Q=
~

.
s
S
-
=
N

and this completes the proof. [J
3. PROOF OF THEOREM 1.3

As in the proof of the previous result, for &k = 1,2, we have

1/qk 1/2

n n 11

| < 1= (Z \aj\q’“> < KiCq, (EW) = (Z ;1 ) < KiCoy (EW)n?" .

j=1 Jj=1
Let [hy;] be a Hadamard matrix of order n. It is easy to see that the bilinear form Ag: E,(Ll) X
Ey(f) — K given by
(3.1) Ag(zW, 2@y = S % h”a(l)a@)

i=1j=1

where

k) _ s~ (k) _(k)
X = a. "zZ. .
]gl J J

has norm

4ol < K1KrCyy (ED)Cyp (E@)n? a1 5.

n
In fact, if ) = > a(k)zj(k) € BE(k), k =1,2, from the Cauchy-Schwarz inequality, we have

j=1
.2 < £ S
7=1li=1
n n | n 2\ /2
1
< (x| ) '(Z > hija;” >
j=1 J=1li=1
1_1 n n 1/2
< KoCy (EP)n2 " 2 Zl'kzlhmhkjaz(l)al(clv
J=11,k=

3.1 1
< KiK3Cy, (E(l))Cq2 (E(Q))”Q a9,
We shall show that, for other values of n, we have the same inequality, with the addition of the

“asymptotic factor” (1 + ¢).
Given d > 0, there is a positive integer N such that, whenever n > N, there exists a Hadamard

order t that complies
(3.2) n<t<n(l+9).
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Let )
5= (1 + e(KlKgcql(E<1>)cq2(E<2>)*1> Fhm 10,

Now, let us consider some Hadamard matrix [hsj],, , of order ¢t. Let Ag: Et(l) X Et(Z) — K be as in

(3.1). Hence,

txt

3_1_1
HAOH < K1K2qu(E(1))Cq2(E(2))t2 Pl P2,
If n =t, we make A = Ag. If n < t, we define
A: Er(Ll) X Eff) — K,
taking

n
where agk) =0forall k=n+1,...,t. Therefore, given 2% = Ea(-l)zj(l) € B, by (3.2), we have

‘A (x(1)7 x@))‘ < || Ao

< K1 KoCy (EMW)Cy, (EP)t2 01 b2

3 1 1

= K1 K>Cy, (E(l))CqQ(E(Q)) (1+e)n? » »2,
as desired. The proof of Theorem 1.3 is complete. [
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