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Abstract

We prove the relative asymptotic behavior for the ratio of two sequences of multiple orthogonal
polynomials with respect to the Nikishin systems of measures. The first Nikishin system N (o7, ..., op) is
such that for each k, oy has a constant sign on its compact support supp(ox) C R consisting of an interval
Ak, on which |ak| > 0 almost everywhere, and a discrete set without accumulation points in R \ Ak If
Co(supp(ox)) = A denotes the smallest interval containing supp(oy), we assume that Ay N Ay = 0,
k=1,...,m — 1. The second Nikishin system N'(rjo1, ..., Fnop) is a perturbation of the first by means
of rational functions r¢, k = 1, ..., m, whose zeros and poles lie in C \ Ule Ap.
© 2009 Published by Elsevier Inc.

Keywords: Multiple orthogonal polynomials; Nikishin systems; Relative asymptotic

1. Introduction

Let 01, 07 be two finite Borel measures, whose supports supp(o1), supp(o2) are compact sets
contained in non intersecting intervals Ay, A, respectively, of the real line R. Set

d
d(o1. 02)(x) = / x”(”

do (x) = 02(x)do (x).

This expression defines a new measure whose support coincides with that of 1. Whenever we
find it convenient, we use the differential notation of a measure.
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Let X' = (o1, ..., 04) be a system of finite Borel measures on the real line with compact
support. A denotes the smallest interval containing the support of oy. Assume that Ay N Agy; =
@, k=1,...,m — 1. By definition, S = (s1, ..., s,) = N(X) is called the Nikishin system

generated by V' if
§1 =01, S2=<O—1702>7"'5 Sm:(017<U2’~~-,0m>>=<0—170'2,~-',0—m>~

Such systems were introduced by Nikishin in [1]. Here, we use the notation presented in [2]
which is compact and clarifying.

In the sequel, (o1, ...,0,) will always denote a system of measures such that for each
k = 1,...,m, o has a constant sign on its compact support (the sign may depend on k). We
will write (s1, ..., Sp) =~N*(01, ...,0m), if additionally foreach k = 1, ..., m, supp(ox) C R
consists of an interval Ay, on which |o}| > 0 almost everywhere, and a discrete set without
accumulation points in R \ Ay Finally, (51, ...,5n) = N(p101, ..., Pmonm), denotes a Nikishin
system where the px, k = 1, ..., m, are monic polynomials with complex coefficients whose
zeros liein C\ Uy Ag.

Let (s1,...,5n) = N(o1,...,0n) and Qy (resp. én) be the monic polynomial of smallest
degree (not identically equal to zero) such that

0=/x”Qn(x)dsk(x), v=0,....,nr—Lk=1,...,m, (1

0=/x”§n(x)d§k(x), v=0,....nx— 1, k=1,...,m, )

wheren = (ny,...,n,) € Z. Set n| = ny + - -+ + nyy.

In the general theory of orthogonal polynomials, E.A. Rakhmanov’s theorem on ratio
asymptotic behavior occupies a significant place (see [3,4], and for a simplified proof [5]) as
well as its extension given by Denisov in [6]. In [7] (see also [8]), we studied the ratio asymptotic
behavior of sequences of multiple orthogonal polynomials with respect to a Nikishin system of
measures with a constant sign extending to this setting the Rakhmanov—Denisov theorem (see
Proposition 3.2). In this paper, we find the relative asymptotic behavior of sequences formed by
quotients of the form Qn/QOn.

The subject of relative asymptotic behavior of sequences of orthogonal polynomials begins
with [9] by A. A. Gonchar in which he establishes the relative asymptotic behavior of the
denominators of diagonal Padé approximants associated with functions of the form [(z —
x)"!do (x) + r(z) and the orthogonal polynomials of the measure o which is assumed to be
supported on an interval A of the real line on which o’ > 0 almost everywhere. Here, r denotes
a rational function with complex coefficients whose zeros and poles lie in C \ A. This turns out
to be a key ingredient in his proof of the convergence of the sequence of Padé approximants
to such meromorphic Markov type functions. In a series of papers [10-12], Maté—Nevai—Totik
extended Szegd’s theory of orthogonal polynomials, comparing the asymptotic behavior of two
sequences of orthogonal polynomials corresponding to two measures — o and gdo — under
appropriate assumptions on the measure o and the weight g (see also [5,13]). A typical example
of the application of this type of result in the present context is Corollary 4.2, where we extend
the Rakhmanov-Denisov theorem given in [7] to the case of Nikishin systems generated by
measures perturbed by rational weights with complex coefficients.

Given the collection of polynomials (p1, ..., p»), we define

ZT_(@;pl,...,pm)Z{HEZT:j<k=>nk+deg(pj+1-~-pk)fnj-i—l}.
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In particular,
Zi(@ =MmelZl:j<k=n<n;+1}.

A point zg € C is said to be a 1 attraction point of zeros of a sequence of functions {¢p}, n €
A C Z7, if for each sufficiently small ¢ > O there exists N such that foralln € A, |n| > N, the
number of zeros (counting multiplicity) of ¢y in {z : |z — zo| < €} is 1. A set E is an attractor
of the zeros of {¢n}, n € A, if for each ¢ > 0 there exists Ny such that [n| > Ny, n € A, implies
that all the zeros of ¢y, lie in the & neighborhood of E. Our main result states:

Theorem 1.1. Let S = N*(o1, ..., 0m) and A C ZI(®; p1, ..., pm) be a sequence of distinct
multi-indices such that for all n € A, ny—n, <C, where C is a constant. Then

i On@)
im

ne/d On(2)
uniformly on each compact subset K of C\ supp(01), where F is analytic and never vanishes in

C\ Al For all sufficiently large In|,n € A, deg On = [n|, supp(o1) is an attractor of the zeros
of {Qn} n € /A, and each point in supp(o1) \ 4 is a 1 attraction point of zeros of {Qn} ne A

=F(Z Pl - Pm)s K c C\ supp(oy), A3)

When the coefficients of the polynomials px,k = 1, ..., m, are real, the statements remain valid
for A C Z(®).
An expression for F(z; p1, ..., pm) 18 given in (42) at the end of the proof of Theorem 1.1

in Section 4. In the sequel, any limit following the notation used in (3) stands for uniform
convergence on each compact subset of the indicated region.

This paper is organized as follows. Sections 2 and 3 contain auxiliary results needed for the
proof of Theorem 1.1. Section 4 is dedicated to its proof and deriving several consequences.
For example, we show that the same result is valid if we modify the measures in the initial
system by rational functions instead of polynomials. These results allow us_to extend the
Rakhmanov—Denisov theorem on ratio asymptotic behavior to the sequence {Qn},n € A. In
Sections 5 and 6 we study the relative asymptotic behavior of an associated system of second
type functions and their zeros.

2. Some lemmas

Obviously, ZT_(@; Pls--vs Pm) C Z7 T®).Ifn € 7" 2 (®), it is well known that there exists
a unique polynomial Qy of degree < |n| satisfying the orthogonallty relations expressed in (1).
Moreover, Qy, has exactly |n| simple zeros which lie in the interior of A (for Example, see [2]).

Let us express the orthogonality relations (2) satisfied by the polynomials Qy in terms of the
measures in the initial system.

Lemma 2.1. Foreachk =1, ..., m, we have
Sk = pilk,ist + pipaleaso + -+ (pre - prOlkokSks 4)

where Iy is a polynomial of degree degly ; < deg(pjt1---px) —1,j <k, andlyy = 1. In
particular, if n € Z8(®; p1, ..., pm), then

0= /x”én(x)(pl-~-pk)(x)dsk(x), v=0,...,np—Lk=1,...,m. 5)
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Proof. To prove (4), we proceed by induction on m, the number of measures which generate
the system. For m = 1, (4) is trivial, since 5 = p1o; = pi1s1. Assume that (4) is true for any
Nikishin system with m — 1 > 1 generating measures and let us prove it when the number of
generating measures is m.

Fix k € {1, ..., m}. By definition,

Sk = (p101, ..., prox) = (p101, (P202, . .., PkO¥)).
Consider the Nikishin system A (p;07, ..., pxox) which has at most m — 1 generating measures.

By the induction hypothesis, there exist polynomials h, ..., hy,degh; < deg(pj+1---pr) —
1, hy = 1, such that
(p202, ..., pkok) = p2h2o2 + -+ + (p2- -+ p)hi(o2, ..., Ok).

Inserting this relation above, we have

~

x = (p101, p2h202) + - -+ (p1o1, (p2-- - p)hi (o2, ..., 0k)). (6)
Given two measures 0y, 0g, and a polynomial /, notice that

d(oy, hop)(x) = / (h() :Fxhgci)daﬁ(t)

= h*(x)dog (x) + h(x)d{ow, o) (x),
where deg h* = deg h — 1. Making use of this property in each term of (6), it follows that

dog (x)

Sk = pil(p2h2)* + -+ (p2 - prhi)*lor + (p1p2)ha(or, 02) + - -
+(p1--- phrlor, ..., 0k),

which establishes (4). ~
Using (4) and the orthogonality relations (2) satisfied by Qp, it follows that for each k €
{1,...,m}andv =0, ...,n — 1,

k
0= / O () = Y f V1 () On () (p1 -+ p) ()ds; (2). @)
j=1
In the rest of the proof we assume that n € Z%(®; p1, ..., py). When k = 1 the last formula

reduces to (5). Suppose that (5) holdsuptok — 1,1 <k — 1 < m — 1, and let us show that it is
also satisfied for k.
Letje{l,...,k—1}and 0 < v < ny — 1, then

v+degly ; <ng—1+deg(pjy1---px) —1=<n;—1.

Therefore, according to the induction hypothesis

[ %150 8atorpr - pi s ) =0
and (7) reduces to (5) for the index k. With this we conclude the proof. [

Lemma 2.2. Letn € Z}(®; p1, ..., pm). Then, foreachk =1, ..., m,

0= /xvén(X)(m cpm)(0)dse(x), v =0,...,ng —deg(prt1-- pm) — 1. ®)
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Proof. In place of x” we can put in (5) any polynomial of degree < ny — 1. So, replacing x” by
xV(Pka1 -+ pm) we obtain (8). [

Our next objective is to express the multiple orthogonal polynomials of the perturbed system
in terms of multiple orthogonal polynomials of the initial system.
Letn € Z"(®; p1, ..., pm) and consider the multi-indices

n; = (n; —deg(pz--- pm) + j,n2 —deg(p3--- pm),....nm), Jj=0.
It is easy to verify that
nj € Z(®), j=0.

Therefore, deg On; = |n;| and all its |n;| simple zeros lie on A;. Moreover, for each j > 0 and
k=1,...,m,

0= [ " 0n (000, v =0, = deg(pron - ) — 1. ©)
Lemma 2.3. Let n € Z7}(®; p1,..., pm) and set Ry = énpl -+ pm- There exist unique
constants hn,j, j =0, ..., N, such that
N
Ra=Y njOn;. N =deg(pip; - pj). (10)
=0

If j' is such that deg Ry = deg an/ then dn.j = land hn j =0, j'+1 < j < N. In particular,
Ann = 1 ifand only if deg Op = |n|.

Proof. Since deg Rn < In|+deg(p1--- pm),and {Qn;}, j =0, ..., N, has representatives of all
degrees from |n| — deg(p2p§ - p™1yupto [n] + deg(p; - - - pm), there exists a unique system
of constants An j, j =0..., N, such that

N
deg (Rn -~ an,an_,) < In| — deg(p2p3 - P — 1.
j=0

From (8) and (9) it follows that
N
Rn — Z)\n,anj =0,
i=0
which is (10). The rest of the statements follow because Ry is monic. [
Letn € Z(®; p1, ..., pm). Define recursively the functions
R k—1(x)
Ry,0(z2) = Ru(2), Ry 1 (2) = ZTdO’k(X), k=1,...,m. (11D

In deriving (8), we lost some orthogonality relations. We will recover them in the form of analytic
properties of the functions Ry, k =0,...,m — 1.
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Lemma 2.4. Fixn € Z(®; p1, ..., pm). The following relations take place:
If z1 is a zero of p1 - - - pm of multiplicity Ty, then
‘ Ry \ @
ﬁlﬁ”m):( ) @) =0, i=0,...,1—1 (12)
On,
If zr is a zero of pr--- pm, k =2, ..., m, of multiplicity ty, then
RV @) =0, i=0,... 5%-1 (13)

Proof. The zeros of p; - - - p,, liein C\ Ay, and those of Qy, in Aj. Therefore, {2, has a zero at
z1 of multiplicity greater or equal to 71 which implies (12).
For simplicity, first we will prove (13) for k = 2. By definition

Rn,l(z)=/ Z“( 2 o1 (x).

Therefore, for eachi > 0,

R, (2) = (= 1)i v/( Ra () doi(x), zeC\ A

)1+1

If z; is a zero of p; - - - p;, of multiplicity 72, using (5) with £ = 1 we have that

m (—D'RY (22)
(02 P 5 py )iy (1) = ) T G2
(z2 —x)!

which is (13) for k = 2. The proof of the general case uses basically the same arguments.
Consider the functions

¢n,k(z)=/ Zn( )d r(x), k=1,...,m.

Notice that ¢, | = Rp,1. Foreachi > 0,

80, 2) = (- 1)"/( “()3+]dsk(x>, k=1.....m.

0= , 1=0,...,o—1,

i!

It is easy to verify that foreachk =2, ..., m,
Rn(x1)(x1 — x¢)doy(x1) - - - dog (xx)
Bar () + (~1F Ruy(2) = / . / n .
(z —xp)(x1 —x2) -+ (%=1 — Xi) (2 — Xk)

Taking x1 — xx = x1 —x2 + -+ - + Xk—1 — X, it follows that

k—1 m
Rok(@) = (=D '8 (@) + Y (=194 (@) Pas(2), z€C\ (U m) : (14)
=1 =1
where U1y = (ok, Ok—1,...,0141). If zx is a zero of pi - -- pp, of multiplicity 7 (< -1 <
- < 13), using (5) we obtain that foreach!/ =2,..., kandi =0,..., % — 1,
(P Pm)(x) ~ (DI o) e

0= On(x)(p1 -+ pr-1)@)ds;_1 (x) = 15)

(zx — x)z+1 i
Now, (13) is a consequence of (14) (with k replaced by k — 1), and (15). With this we conclude

the proof. [
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3. Known asymptotic properties

For each n € Z! (®), define recursively the functions

lApn,kfl (x)

Vn0(2) = On(2), xvn,k(z>=/ dor(x). k=1.....m. 16)

In Proposition 1 of [2] it was proved that for eachm = (ny,...,n,) € Z(®),k =1,...,m,
andk <k+r <m,

/ Unk—1(@) t'd{ok, ..., Okgr) (@) =0, v=0,..., 004, — 1.

From here, the authors deduce that ¥y 41,k = 1,...,m, has exactly Nnx = ng + -+ + np
zeros in C \ Ag_1, that they are all simple, and lie in the interior of Ag. Let Qp x be the monic
polynomial of degree Ny« whose simple zeros are located at the points where ¥y x—; vanishes
on Ay and let Qpn m+1 = 1. In Proposition 2 (see also Proposition 3) of [2] the authors show that

v doy (x)
X' Unk—1x)=————=0, v=0,...,Npx—Lk=1,...,m. a7
On,k+1(x)
Set
On k—1(2) Ynk—1(2)
Qn,k(Z)
(Hn,1(z) = 1). It is well known (see (50) in [14]) and easy to verify that

Hy 1 (2) = , k=1,....m+1,

07 x()  Hpj(x)dog (x)
2—x Oni—1(x)Onis1(x)’

From (17), we have that for each multi-index n = (ny,...,n,) € ZY(®) there exists an
associated system of polynomials

Huk+1(2) :/ k=1,...,m. (18)

m
{Qn,k}lel, deg Qn,k = Zna = Nn,kv Qn,O = Qn,m+l

= 1.
a=k
Foreach k = 1, ..., m, they satisfy the full system of orthogonality relations
H, d
/X”Qn,k(x) )y o, N — 1, (19)
Onk—1(X) On k+1(x)

with respect to varying measures. Notice that Hy x and On r—10On k+1 have a constant sign on
Ap.

Let en x be the sign of the measure Hp (x)dok(x)/On k—1(x) On k+1(x) on supp(ox). For
eachk=1,...,m,set

—1,2
Kop = ) en,k Hn 1 (x)dog (x) ) ‘ 0
* (/ ) G () O (0 (20)

Take

Kn,():ls Knk = y k=1,...,m.

Kn k-1
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Define
2
Gn.k = Knk On, ks hnk = Kn,k_lHn,k, k=1,...,m. 2D

From (19)

h d
/X”Qn,km Enkltn koK) o N k=1,
Onk—1(x) On k+1(x)

and, with the notation introduced above, it follows that g, ; is orthonormal with respect to the
varying measure

En,khn,k (x)dog (x)

On.k—1(x) On,k+1(x)
In Lemma 3.3 of [7] (see also Corollary 3 in [13]) we proved

= dpn,k (x).

Proposition 3.1. Let S = N*(o1, ..., 0p) and A C 7} (®) be a sequence of multi-indices such
that for allm € A,ny — n,, < C, where C is a constant. Then, for each fixed k = 1, ..., m, we
have

1
C—bGz—a)’

where [ay, by] = Zk. The square root is taken so that \/(z — bx)(z — ax) > 0 for z = x > by.
supp(oy) is an attractor of the zeros of {On.k},n € A, and each point of supp(oy) \ Ax is a1
attraction point of zeros of {QOn.x}, n € A

K c C\ supp(op), (22)

lim ey ghnky1(z) =
ne/

In the proof of our main result, we use the asymptotic behavior of the polynomials Qp ¢, k =
1,...,m,and the functions ¥y, k = 1, ..., m, when nruns through a sequence of multi-indices
A C 71 (®). In order to describe these asymptotic formulas we need to introduce some notions.

Consider the (m + 1)-sheeted Riemann surface

m
R =R
k=0
formed by the consecutively “glued” sheets
Ro:=C\4A;, Re=C\{MUZA}, k=1,....m—1, R,u=C\ A,

where the upper and lower banks of the slits of two neighboring sheets are identified. Fix
lefl,....,m}.Letw® [ =1,..., m,be asingle valued rational function on R whose divisor
consists of a simple zero at the point 0c0® € R and a simple pole at the point co®) € R;.
Therefore,

vO@) =Ci/z+001/2%), z— 09, yD@)=Crz4+001), z— 00,

where C; and C, are constants different from zero. Since the genus of R equals zero, such
a single valued function on R exists and it is uniquely determined except for a multiplicative
constant. We denote the branches of the algebraic function (), corresponding to the different
sheets k =0, ..., m of R by

l
v =Y.
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We normalize ¥ so that
= l
[Twlear=1. ¢ eRr\o). (23)
k=0

Certainly, there are two ¥ ) verifying this normalization.
Since the product of all the branches [[;_, w,sl) is a single valued analytic function in C
without singularities, by Liouville’s Theorem, it is constant, and because of the normalization

introduced above, this constant is either 1 or —1. Since ¥ ) is such that C; € R \ {0}, then
v =y0@), zeR.

In fact, let ¢ (z) := YD (Z). ¢ and ¥ ® have the same divisor; consequently, there exists a constant
C such that ¢ = Cy?). Comparing the leading coefficients of the Laurent expansion of these
functions at c0®, we conclude that C = 1.

Given an arbitrary function F(z) which has, in a neighborhood of infinity, a Laurent expansion
of the form F(z) = Cz¥ + O(zF~1), C # 0, and k € Z, we denote

F:=F/C.

(For simplicity in writing, we write F, k(l) instead of the more appropriate Fk(l).) C is called the
leading coefficient of F'. When C € R\ {0}, sg(F (c0)) represents the sign of C.

In terms of the branches of ), the symmetry formula above means that for each k =
0,1,...,m

y R\ (AU d) — R (24)

(Zo = Zm—H = (); therefore, the coefficients (in particular, the leading one) of the Laurent
expansion at oo of these branches are real numbers and sg(g[x,ﬁl) (00)) is defined. It also expresses
that

i I i ~
v ) = v ap) = v ). x € A
For any fixed multi-index n = (ny, ..., n,), set
n’ =, .o+ Ly, o ).

In [7] (see also [8]) the authors prove

Proposition 3.2. Ler S = N*(o1,...,04) and A C 7 (®) be a sequence of multi-indices
such that for all n € A and some fixed | € {1,...,m}, we have that n' € 7l (®) and
ny —ny < C, where C is a constant. Let {qni = knkQnklj_;.M € A, be the system of
orthonormal polynomials defined in (21) and {Ky};'_;, n € A, the values given by (20). Then,
foreach fixed k = 1, ..., m, we have

Kyl
lim 2K — ), (25)
ned Knk

K
lim —2E — DD, (26)

neA Kn i



A. Lopez Garcia, G. Lopez Lagomasino / Journal of Approximation Theory 158 (2009) 214-241 223

and
b4
lim Dk @) _ kP"FP ), K c C\supplow), 27)
neA qn, k(Z)
where
0} /
O 0 :%f)))’(oo), k=11, 08)
Ky = ’ kK
(OIS O)] F; 7 (00), k=I1+1,....,m
k2141 e (%)
I 1
(c(()) = C;(n)+1 = 1) and
(l) = 8t 1_[ I/I(l) (29)
with 8.1 = sg (T i (09) ).
4. Proof of Theorem 1.1
When [ = 1, it is possible to find an algebraic function ¥ (1 satisfying
m 1
[Tvi’e=1.  cier\ (o} (30)

k=0

Let (a,b)i denote the interval (a,b) on the sheet Ry. We distinguish two cases. Suppose
that A, = [a1,b1] is to the left of Ay = [an, by]. Take ¥V verifying (23) with C; =
lim,_, 5 zwél)(z) > 0. Because of (24), the restriction of ¢(1) to (—oo,ailp U (—o0, arl;
establishes a bicontinuous bijection onto the interval (—oo, 0) of the real line. It follows that
Ipl(l)(x) — —00, x = —00, x € R, which means that C, > 0, and 1//,51)(00) >0,k=2,...,m.
Therefore, [ [, w,gl)(oo) > 0.If Zl is to the right of Zz, take ¢ (1 satisfying (23) with C; < 0.
Now, the restriction of w(l) to [b1, +00)o U [b1, +00) establishes a bicontinuous bijection onto
(—00, 0). It follows that Ipl(l)(x) — —00,x — +00,x € R, which means that C, < 0, and
YV (00) > 0,k =2,...,m. Again, [[i ¥ (00) > 0.

Throughout the rest of the paper, when Ay is to the left of As, we will select ¥ so that
sg(wlgl)(oo)) =1,forallk =0,...,m.If Zl is to the right of Zz, we will take w(” so that
sg( " (00)) = sg(w{” (00)) = —1 and sg(y (00)) = 1, forall k =2, ..., m

In general, forany [ € {1, ..., m} and 1//(’) verifying (23), we know that

[Tv 0 (=1, 1.

v=0
Let A C Z7(®; p1,..., pm) be an infinite sequence of distinct multi-indices such that
ny —ny, < C,n € A. According to (25)—(29), for each fixed j > 0,
(D
o (z ~ S
lim M = F](l)(z) M ©v0(2), K c C\ supp(oy). (3D
ned On,@ Ty

(Notice that (30) implies that []"_, v\" (z) = 1.)
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Using (10),

4 —Z)\n] N=deg(P1P§"‘pi)~
Qn() _0 Qll()

At least one of the numbers in the sum is 1 so A}, is finite. Define

Set

N Qn- N
A:QH=ZA* = Z|x;’j|=1. (32)
j Jj=0

n,j
—0 On,

Because of (31) and (32), the family {A}{2,},n € A, is normal in C \ supp(oy), and any
convergent subsequence {1} (2}, n € A" C A, converges to

lim 25.0n(2) = pa (90(2)) = ZM% @), K CC\supp(o).
j=0

That s, p o/(w) is a polynomial of degree < N, not identically equal to zero since Z;V:o [Ajl =1
We will show that p 4/ does not depend on the subsequence taken. This implies the existence of
limit along all A. To this aim, we will uniquely determine N zeros of p 4.
Let z1 be one of the zeros of p; - - - p,,, and 17 its multiplicity. Using (12) and the Weierstrass
theorem, it follows that
(prow)?@)=0, i=0,....1 -1

Since ¢ is one to one in C \ Zl, we conclude that p 4/ (w) is divisible by
(w —@o(z1)™.

We will detect the rest of the zeros of p 4/ (w) in virtue of (13). Consider the sequence
{AkRnk—1},m € A'. From (10), (11) and (16)

N
MaRoi1R) =) o ¥n; i-1(2)
j=0

Multiplying this equation by 8n0,k—1K§0 4—19no.k—1/Ono.k and using the definition of /i,
we obtain

hnng k-1 Ko 1 (Ong k—1 Rn k—1)(2)
Qno k(2)
Z)\ no k=1 Ong,k—1(2) an,k(Z) Eng,k—1

anz 1 On; k—1(2) Ongk(2) €n; k-1
jok—1 J J

énj k—1hn; k (2).
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From (25)-(27), foreach j > Oandk =2,...,m

2 ~
i Kt One1@ Onpk@ FP @
ned K'211+1 i—1 90y k=12 Onjk(2) (Kfl) . (1) )2F(1)1(z)

uniformly on compact subsets of C \ (supp(ox—1) U supp(ox)). On account of (28) and the
expression of the functions F, (]),

F @) _ e o0) o, o)
= = Pk—1
W kP2 FEN @ e

Let us consider the ratios 8nj+],k/8n_,.,k,k =1,...,m — 1, j > 0. Recall that g, is, by
definition, the sign of the measure Hpy i (x)dog (x)/(On k—10On.k+1)(x) on Ag. Notice that for
each fixed k = 2, ..., m the polynomials Oy I have the same degree for all j > 0; therefore,
they all have the same sign on any interval disjoint from Ag. On the other hand, the polynomials
Qn_,~,1 have degrees that increase one by one with j. Hence, if A; is to the left of Ay, all the
polynomials On; 1 have the same sign on A, whereas, if A is to the right of Ay, the sign of these
polynomials alternates on A, as j increases one by one. Taking these facts into consideration,
it is easy to see that for all j > 0, the measures Hnj,l(x)dal (x)/ang(x) = do (x)/an,z(x),
have the same sign; therefore, for all j > 0, en;,,,1/¢n;,1 = 1 and the functions Hy, > have
the same sign on A, (see (18)). Hence, the measures Hnjyz(x)doz(x)/(an,l an,3)(x) have the
same sign if Aj is to the left of A, and an alternate sign as j increases when A is to the right of
Ay. Thus, forall j > 0, €n;,1,2/€n;,2 = 1 when A is to the left of A, and €nj,2/6n;2 = —1
when A is to the right of A,. By the same token (see (18)), for all j > 0 the functions Hy; 3
have the same sign on Az when A is to the left of A, and an alternate sign when A is to the

right of Aj;. From now on the situation repeats and for each fixed k = 2,...,m — 1, and all
J =0, én;,, k/¢n;k = 1 when A is to the left of A, while €nj,1k/€n; k = —1 when Aq is to
the right of A,.

Let§ = 1 when A is to the left of Ay and § = —1if A is to the right of A,. Using (25)—(28),
it follows that

Ony,k—1(2)Rnk—1(2)

hm Ax néng,k— 1K

ng,k—1 Qno’k(z)
1 .
0l (2, .
_ (Z_bl)(z—al)]Z:: j#1 (@)
- 1

ZA Gor_1) (), k=3,....m,

V@ = bz —ar-1) 42

1
pa(91(2), k=2,
— \/(Z_bl)(f_al) (34)

paBor—1(2)), k=3,...,m,

V@ = bi—)(z — ar—1)

uniformly on each compact subset K of C \ (supp(ox—1) U supp(ox)).
Let z; be one of the zeros of py - -- pm, k =2, ..., m, and 1} its multiplicity. Using (34) and
(13), and the Weierstrass theorem, it follows that

(propN(z) =0, i=0,....,00—1,
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and
(par oG- D @) =0,i=0,....5—1, k=3,....m.
Since @i _1 is one to one in C \ (Zk_l U Zk), we conclude that p 4/ (w) is divisible by

(w — ¢1(22))7,
and
(w —8gk—1(z))™, k=3,....,m.
Therefore, the following sets are formed by zeros of p 4:

Zo = {po(z1) : z1isazeroof py - -+ pp},
21 ={p1(z2) : zzisazeroof ps - - - p},
Zy = {8k (zk+1) @ zk+1i18azeroof pyyq1 -+ pm}, 2 <k <m—1.

Assume, first, that § = 1. Recall that in this case we selected w(l) so that sg(l//lgl)(oo)) =1
for all 0 < k < m. Therefore the functions ¢y, ¢1, 8¢k, 2 < k < m — 1, are the first m branches
of l/cil)w(l). If § = —1, since (1 was chosen so that sg(wél)(oo)) = sg(wfl)(oo)) = —1 and
sg(lﬂlgl)(oo)) = 1,2 < k < m, the functions ¢g, ¢1, §¢x,2 < k < m — 1, are now the first m
branches of —1/051)1#(1). In any case, since (1 : R — C is bijective, it follows that the zero
sets Zi, 0 < k < m—1 are pairwise disjoint. Therefore, we have detected N = deg(p; p% Sy

zeros (counting multiplicities) of the polynomial p 4 and their location does not depend on the
subsequence A’ C A.

Let
3
(- pm)@ =[] = 2™,
v=1
where {zx 1, ..., 2k, } are the distinct zeros of py - - - p;,. Then
2 I m I
paw)=c[[[]w—a1Ge)™ [T —ser—1 (i)™,
k=1v=1 k=3 v=1

where c is uniquely defined by the conditions that it is a positive constant such that the sum of
the moduli of the coefficients of p 4/ equals one; moreover,

0 <c=IlimA; < oo.
neA

Consequently, uniformly on each compact subset K C C \ supp(oy),
Rn(2)
im ———
neA Ony(2)

2 I m Iy
=[[]Tw@ = ex1@on™ [][[@o(@ — 8e—1(zxn)™". (35)
k=1v=1 k=3v=1
From (25) and (27), it follows that
lim 22Q) () () o) (FOD) () deaom) 36)

ned Ony(2)
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Combining (35) and (36), we get
. On(@)
lim
ne/d On(z)
=(1
where (¢0(z) = F{"(2))

) _ TLv I .0
F(Z plye.s Pm) = l_[ (—(pO(Z) (pO(Zl’”)) H (1 - <p1(zz,,,)>
v=1

el Z— 21 po(z)

ﬁ l—[ ((00(2) - 5<pk1(Zk,u)>rk'v

Fl(k D)

=-7:(Z1 ply-“spm)» KCC\Supp(Ul)’

Let us simplify the expression above. From the definition of the functions ¢, and taking into
account that § = sg(l//é])(oo)), it follows that

oG %

w@ gD
It is easy to see that for / > 2 the following equation holds:
1 1 _ooq? -
YO Dl — chyu-n()’
where
v V@) =c/z+001/2%), 7 000,
v V) =V z+001/D, 2 0.
0
For k > 3 (recall that []"_, %" (c0) € {1, 1} when [ > 2), we have that
k_
~k—1), Sg(% D) (00)
0= a5
9] ¥ (2)
Thus
k—1 k—1 1
w0@ —dp1y) _ vy V@) (seWoo) 8 s
=k—1) (1) *—1) D D (38)
F (2) sg(¥y (00)) Yo (2) Y1 (k)
From (37), it follows that
(k—1)
’ e o) ol
0 0
Therefore,
(k=1) (k—1) (k—1)
w(k_w(z)( 1 5 )_ C +(w0 @ 8y (z)) 9
0 - .
@ v @) cg 00 v @)
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It is straightforward to check that

k—1 k—1 k—1
VeV sey Vo))

= . (40)
T o)
Evaluating (37) at zi,, we obtain
1 1 cdv
(41)

v e v 000 D @
Assume that A is to the left of A, then § = sg(y" (00)) = 1. From (38)~(41), we find that

00D = o1 @) _ Vg @)
A e

If A is to the right of Ay, then § = sg(wo(l)(oo)) = —1. Applying (38)—(41), we obtain again

W@ —dp1Gey) _ Y @

F*Yo v @
Therefore,
L T, m (k—1) Tk,v
(@) — po(z1,v) 1// (2)
f(z;pl,...,pm>=]"[<w> HH( W L @)
v=1 27 2y 2 =1 (2k,v)

(We did not substitute ¢q in terms of 1//(51) (see (31)) in the first group of products for simplicity
in the final expression.)

We have proved (3) on compact subsets of C \ supp(oy). Using the maximum principle, it
follows that the same is true on compact subsets of C \ supp(o1). Notice that F is analytic
and has no zero in C \ Al For all n € A, degQn = [n|, supp(oy) is an attractor of the
zeros of {Qn},n € A, and each point in supp(oy) \ A 1_is a 1 attraction point of zeros of
{On},n € A; therefore, the statements concerning deg QO and the asymptotic behavior of
the zeros of these polynomials follow from (3), on account of the argument principle and the
corresponding behavior of the zeros of the polynomials O, described in Proposition 3.1.

In order to prove the last statement, let us assume that the polynomials pi, k =1, ..., m, have
real coefficients and A C Z} (®). Notice that, in this case, the polynomials Qy are the multiple
orthogonal polynomials with respect to the Nikishin system N (pio1, ..., pmom) generated by
real measures with a constant sign. Thus, Proposition 3.2 can be applied to them. Given A we
construct the auxiliary sequence A(¢) as follows. To each n = (ny,...,n,) € A we associate
n, = (n1,np —deg(pa), ..., ny, — deg(pz -+ pm)) (we disregard those multi-indices in A for
which a component of n, would turn out to be negative which, according to the assumptions on A
there can be, at most, a finite number of such n). Itis easy to see that A(¢) C ZY(®; p1, ..., Pm)-

Choose consecutive multi-indices running from n, to n so that each one of them belongs to
7 (®). We can write Qpn/Qn, as the product of quotients of the corresponding monic multiple
orthogonal polynomials. The same can be done with én / éno. According to (25) and (27), there
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exists an analytic function G(z) in C \ Zl, which is never zero, such that

On( _ . On(®
im = lim =——
ned On, (2) ned Qp. (2)
Since
On(2) _ On(@) On,(2) On,(2)
On(@)  On,(2) On,(2) On(2)"
using Theorem 1.1 on the ratio in the middle and the previous limits on the other two ratios, the
last statement readily follows. [

We can easily extend the main result to the more general case when the perturbation on the
initial system is carried out by rational functions.

=G(2), K c C\ supp(oy).

Corollary 4.1. Let S = N*(o1,...,04). Consider the perturbed Nikishin system
N (p Lop,oon, g’" om), where py,qx denote relatively prime polynomials whose zeros lie in
C\ Uk 1 Ap. Let A C 77 Y(®; p1q1, - .., Pmgm) be a sequence of distinct multi-indices such

that foralln € A, n; —n,, < C, where C is a constant. Let Qy, be the monic multiple orthogonal

polynomial of smallest degree relative to the Nikishin system N (%01, ey %O’m) and n. Then
F(z; p1y .-, —
Qn(z) (z; 1 pm)’ K T\ supp(oy). 43)
ned On(2) F@ziqi, -\ qm)

For all sufficiently large In|,m € A, deg Qn = |n|, supp(o1) is an atiractor of the zeros of
{Qn} n € A, and each point in supp(oy) \ Al is a 1 attraction point of zeros of {Qn} ne A
When the polynomials py, qr, k = 1, ..., m, have real coefficients, the statements remain valid
for A C 7 (®).
Proof. Notice that N(%al, e %am) = N(%al, e i’;q"” om), where g, denotes the

polynomial obtained conjugating the coefficients of gi. Let Qn be the nth monic multiple

orthogonal polynomial with respect to the Nikishin system A (-Z> n ‘2, ceey ‘q"—’”lz) generated by

measures with constant sign.
Using Theorem 1.1,

_ On(@ _ _ —
lim = F(z; R , KccC
lim 0:2) (z3 P191 Pmm) \ supp(o1)
and, considering the last remark of the same theorem, we also have
. On(2) — _ -
lim —= = F(z; e, , K cC\s .
N o) (z5 919, mGm) \ supp(o1)
On the other hand,
F(@ p1q1, - Pmdm) _ F @ P15 Pm)

F@ 1 qm@m)  F@ G qm)
because, in the products defining the functions on the left hand side, all the factors connected with
the zeros of the g, cancel out. Consequently, (43) takes place. The rest of the statements of the

corollary are proved, following arguments similar to those employed in the proof of Theorem 1.1.
O
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The previous results allow us to derive ratio asymptotic behavior for the multiple orthogonal
polynomials of our perturbed Nikishin systems.

Corollary 4.2. Let S = N*(o1,...,0,) Consider the perturbed Nikishin system
N (%01, ey p—;:am), where pi, qr denote relatively prime polynomials whose zeros lie in
C\ U, Ax. Let A C Z"H(®; p1q1, - - ., Pmqm) be a sequence of distinct multi-indices such
that for all n € A and some fixedl € {1, ..., 21}, we have that n! € ZN(®; p1g1s - - - > Pmm)
and n1 — ny, < C, where C is a constant. Let Qy be the monic multiple orthogonal polynomial
of smallest degree with respect to the Nikishin system N (%01, R f; " o) and n. Then

i Q@ O
im = = lim
ned Qn(2) ned On(2)

= fl([) (2), K c C\ supp(oy).

Proof. Since
On () _ Quw(@) On (@) On(2)
On(z) On(2) On(2) On(z) '
the result follows immediately applying Proposition 3.2 and Corollary 4.1. [

5. Relative asymptotic behavior of second type functions

Let én be the monic polynomial of smallest degree satisfying (2). Set
7,,0(2) = On(2),

~ Uy j1 (x (44)
e :=/’Z’+‘x()pk<x>dok(x>, 1 <k<m
Lemma 5.1. If nj = deg(pjs1--pm) J = 1,....m —~1, then Rni(z) =
(Prt1 - Pm) (@) ¥nk(2), z € C\ supp(op), k =0, 1,...,m, (Rn,m = Yn,m)-

Proof. We proceed by induction on k. The case k = 0 is trivial since by definition, Rn 0(z) =
(p1 -+ Pm)(2) On(z). Assume that the result holds for kK — 1, and let us prove it for k. We have

Rux(z) = / an'k%l)fx)dak(x) =/ Un,k—1(x)(px - "pm)(X)dak(x)

Z—X

= (Phtt - Pm) @) Un i (2) + / U 4—1 (01 (x) pr (x)do (x),

where [(x) is a polynomial of degree deg(pi+1 - - - pm)—1. Now, for k < k+r < m, the functions
Un « satisfy the orthogonality relations (see in [2] that the proof presented there is also valid for
complex measures)

/ Un k1 (D1 d(Pk0ks - - ., Prar0kar)) =0, v=0,... mgpr — L.

In particular, f 5n,k,1(t)t"pk (t)dox(t) = 0if v < ng — 1. Thus, since we are assuming that
ng > deg(pi+1--- pm), we get that

/ Tt (OL() pi (6)do (x) = 0

and the result follows. [
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Remark 5.1. The condition ny > deg(pr+1--- pm), k =1, ..., m—1,is automatically satisfied
by the components of multi-indices n with norm sufficiently large that belong to a sequence
A C Z(®; p1, ..., pm) such that foralln € A, ny —n, < C, where C is a constant. In fact, it
is satisfied for all n € Z"!(®; p1, ..., p) such that n, > 1.

Now, we need to introduce some notations. Let

5 1, if Ay is to the left of Agyq,
k=11, if Agis to the right of Agy;.

For k > 2, set
Ak’[ = 5k_1, ifl {k — l,k},
1, ifl <k-—2.
Ifk=1,
1, ifl =1,
Av=Cs e >0,

Lemma 5.2. For anyn,n' € Z"(®)

8n1,k

En,k

k
[ (45)
=1

i=

Hp i (x)doy (x)
On k—1(X) On k+1(x)
denote by sign (f, A) the sign of a function f on the interval A. Thus

e H _
'k _ sign ( 'k On k-1 On.kh1 , Ak) ) (46)
Enk Hy ik Oyl -1 Ol k41

If I > k — 1, since deg(Qy s—1) = 1 + deg(Qn k—1), we have that

Proof. By definition, &y is the sign of the measure on supp(ox). We will

sign (Onk—1/ 0wl 41> Ak) = Sk—1, 47)
and if I < k — 2, since deg(Qy r—1) = deg(Qy y—1), We obtain

sign (Qn,kfl/in,k71 , Ak) =1. (48)
By similar arguments, we know that for/ > k + 1,

sign (Onk+1/Onl ka1 Ak) = =k, (49)
and if [ <k,

sign (Onkt1/Onl jr1> Ak) = 1. (50)

Finally, from (18) it follows that

Q% O Hy,_ (Ddoy_i (1)

Hn’,k(x)_fAk—l x—=1 Oy 00y (O

Hor(x) / 02 1) Hyyy(0)doy (1)
A1 x—t Oni—2)Oni (@)
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Therefore,

[ k—
sign (Hy 1/ Hn s Ar) = Fulkol (51)
Enk—1
From (46)—(51) we conclude that

Enl k Ar Enl k—1

En,k ’ En,k—1 ’

Since Hy | = Hn1 = Oy o = Ono = 1, we have that gy | is the sign of the measure %
s s n' .2
on Ay, and &y 1 is the sign of the measure g”‘ (EC)) on Aj. Therefore, we have (45). [
Definition 5.1. We define the following functions
)
; sg(¥ 1 (00)) ,
(p,E]_)l(Z) = W’ 1<j<m-1. (52)
o ¥l (@)

Notice that (pk | = ¥k—1, where @1 was previously defined in (33).
Theorem 5.1. Let S = N*(o1,...,0,) and A C Zh(®; p1s - - ., Pm) be a sequence of distinct

multi-indices such that for allm € A,ny —n, < C, where C is a constant. Then, for each

kelo,1,...,m),

U 1 (2) _ —
im = Gi(z; p15- -+ 5 Pm), K C C\ (supp(ox) U supp(0k+1)), (53)
ne/ Wn,k(z)
where Gy is analytic and never vanishes in the indicated region. For each k = {0, ..., m — 1}

and all sufficiently large |n|,n € A, J/ k has exactly Ny, ktl = N4l + -+ + Ny zeros in
C \ supp(ox), supp(ck,1) is_an attractor of the zeros of {¥nx},m € A, in thls region, and
each point in supp(ox+1) \ Ak+1 is a 1 attraction point of zeros of {Wn,k} n € A. When the
coefficients of the polynomials py,k = 1, ..., m, are real, all the statements above remain valid
for A C ZB (®). An expression for Gy is given in (56)-(57).

Proof. For k = 0, (53) is (3) since Wn,o = Qn and ¥y 0 = QOn; therefore,
Go(z: p1y-oos pm) = F(Z5 P1s - Pm)-
By (34), we know that
lim )‘:;Eno,k—lKﬁo,k_l(Qno,k—lRn,k—l)(Z)
ne/ On,k(2)

k=2,

1
= bl)(f = al)I’A(‘Pl (@),
pAGBwk—1(2), k=3,...,m,

V@ = b)) (@ — ar—1)
uniformly on compact subsets of C \ (supp(ox—1) U supp(oy)). Also, see (22),
1

. KcC N
\/(Z_bk—l)(z_llk_l) C \supp(ak ])

lim eng k—1hng k(2) =
ne/d
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Thus, since limpe 4 A} = ¢, we conclude that

lim Rnik—1(z) i K2 (Ong k-1 Rnk-1)(2)
ned Unok—1(z)  ned "F (hp i Ong ) (2)

z{pr@»k, k=2,
pPAGwk—1(2))/c, k=3,....m

uniformly on compact subsets of C \ (supp(ox—1) U supp(oy)).
Recall that n; = (n; — deg(pz -« pm) + j,n2 — deg(p3 -+ pm), ..., ny). It is easy to see
that

(54)

2
Ung k-1 Ongk On; k-1 €ng k—1hng k €n;j k-1 Kn, k—1
an,k—l Qn]k Qngk 1 &njk— lhn]kgnok 1 K?

l‘l()k]

From this expression, applying Proposition 3.2 and (45), we obtain that the following limit holds
uniformly on compact subsets of C \ (supp(ox—1) U supp(ox))

=) J
- Wi 1(2) [ Femr @
lim Zm k1R (Ag—1.1--- A1) ~k(1)l (#; .. (1) )21
neA Epnj,k_l(Z) F (2)

Now, from (28) and (29), we have

=) (1)
@) e
"]f(nl <k1) se(W ) (o)) (2),
F@ a

and from (28)

D
ON M2 _ D Ck—1
(k) "y L))" = (1).
Ck

Thus,

. Wngk—1(2)
lim AL A A0 s v 0.
l‘lj, -
Set
Eii= (Aprn - A ) 3Pz (Ap gy e A yg) e8P, (55)

Using the same arguments employed above, on an appropriate consecutive collection of multi-
indices, one proves that

Unok—1(2) 1—[
ned Unio1(2) iz (@ (Z))deg(mﬂ om)”

uniformly on compact subsets of C \ (supp(ox—1) U supp(oy)). Therefore, writing

Runk—1(2) _ Rnx—1(2) Wngk—1(2)
Uni-1(2)  ¥ngk—1(2) Tni—1(2)’

using the expression of p 4, applying (54), and Lemma 5.1, for k = 2 we get
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C Uaix) 12< 1 <p1<z>—¢1<zm>’2~v
1 - = = _ v T 5
im 5@ 2 [ @1 — o(zi) 1:[1 o@D =7

v=1
HH(‘PI(Z) 5¢j—1(Zj,v)) ’ (56)

1
i oV ()

uniformly on compact subsets of C \ (supp(co1) U supp(02)), and for k > 3 we obtain

d LS 1(2) — 1 (z20) \ ™
=& [[6e1() - D] -
kv:l( ©k—1(2) — @o(z1,v)) ( 1@ >

v=1

b (50 1(2) — 1)\ 2 i (Sok1(@) — 8ei 1z
XH( k<k11 — H n = 1), - (57
] :

v=1 Pr— 1)(2)(Z—Zk,v) =3, j#k P (@)

li ?ﬁn,k—l(Z)
m ————-
ned ¥y r—1(2)

uniformly on compact subsets of @\ (supp(ok—1) U supp(ox)). Therefore, (53) is proved.

From the expression of the limit functions one sees that G does not vanish in C\ (supp(ox) U
supp(ok+1)). The statements concerning the number of zeros of ¥y fork € {0,...,m — 1}
and their limit behavior follows at once from (53), on account of the argument principle and
the corresponding behavior of the zeros of the polynomials Oy x+1 described in Proposition 3.1.
Recall that the zeros of Qp 41 are those of ¥y in C \ supp(o%)-

Now, let us assume that the coefficients of the polynomials py are real and A C Z% (®). Since

2
Uikt _ Ok Oni—1 Enl k1l k Enk1 L
Wn,k—l On,k ink 1 Enk—1hnk Enl k— 1K

s

n! k-1
applying (26), (27), (22) and (45), we conclude that

Py 1)

) KccC U ’
ned Unro1(2) C C\ (supp(ok—1) U supp(ox))

holds and the limit does not vanish in the indicated region.

_ Since each measure py oy is real with a constant sign, we can define the polynomials
Onk,1 < k < m, as the monic polynomials of gegree Na k whose simple zeros are located
at the points where ¥, ;_1 vanishes on Ag. Let Ono = QOnm+1 = 1. We also introduce the
associated notions

ﬁn,k:zw, k=1,....m+1, (58)
Qn,k
ok as the sign of Hp ¢ (x) pr(x)dog (x)/ On —1(x) On.x+1(x) on supp(ay), and
1/2
~ Enk Hn 4 (¥) i (x)doy (x)
Kn = . 59
! </Q N NTESY; TS ) 7

The formulas (26), (27), (22), and (45) are independent of the orthogonality measures, hence
U@ U @)
hm —_ = im —

ned Wpgo1(z)  ned Yni-1(2)
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Applying the same argument used in the last two paragraphs, of the proof of Theorem 1.1, we
conclude that (53) is valid for A C Z"} (®).

The rest of the statements regarding the zeros of @n, x and their limit behavior follows, as in
the case of polynomials with complex coefficients. [

Corollary 5.1. Let S = N*Goi,...,04). Consider the perturbed Nikishin system
J\/(plol, s g Lmg.), where py,qi denote relatively prime polynomials whose zeros lie in
C\ Uk | Ak Let A C Z1(®; p1q1, - - -, Pmqm) be a sequence of cilstmct multi-indices such
that for allm € A, ny — n, < C, where C is a constant. Let Qy be the monic multiple

orthogonal polynomial of smallest degree relative to the Nikishin system N (%01, . f; ™ m)

and n, whereas @n,k, 0 < k < m, denote the second type functions defined in (44), with pi
replaced by pi/qk. Then, for each k € {0, ..., m},

o i@ _ Ge@ i pm)
nEA Wn,k(z) Gk(Z qls MR C]m) '

K c C\ (supp(ox) U supp(ox+1))- (60)

For each k = A{0, ..., m — 1} and all sufficiently large |n|, n € 4, Wn k has exactly Ny k1 zeros
in C \ supp(oy), supp(akﬂ) is an attractor of the zeros of {Wn Kk}, € A, in this region, and
each point in supp(ok+1) \ Ak+1 is a 1 attraction point of zeros of {Wn,k} n € A. When the
polynomials py, qr, k = 1, ..., m, have real coefficients, all the statements remain valid when
A CZ(®).

Proof. We consider the auxiliary Nikishin system

a1 Om
S = N (— )
lg112" " lgm|?

and define the related second type functions

Uy 0(2) = Qq(2),
!p*
7 2) :/ k=1 () doy (x) l<k<m.

z—x @@ T~

where Qj, denotes the multiple orthogonal polynomial associated to S; and n.

Notice that if we perturb the generator of system S; multiplying the k-th measure by the
real polynomial |gx|> we get the generator of the original Nikishin system S. Thus, applying
Theorem 5.1, we obtain that for all k € {0, ..., m}

Wn,k(z)
1m
ne/ W:’k(z)

=G g1 ... lgml®), K C C\ (supp(ox) U supp(ox+1))-

Pm 5 ) can be written as

The perturbed system S := (p Loy, ..., L

_ 0] —_ O
Sz :N(plql—z,,pmqm—m2> .
lq1] |gm]

Therefore, employing the same argument

n k(2)
m
ne/ W*k( )

= Gi(z; p1q1s -+ Pmdy), K C C\ (supp(ox) U supp(ay+1)).
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We conclude that

wﬂ,k(z) _ Gk(Z; p]qla LX) pmqrn) _ Gk(z; pl’ LI pm)
HEA Wﬂ,k(z) Gk(Z, 41517 L) qum) Gk(Z, QL ] C]m) '

uniformly on compact subsets of C \ (supp(ox) U supp(ox+1)). The statements concerning the
zeros can be proved as in the case of polynomial perturbation.

When the polynomials pg,qr,k = 1,...,m, have real coefficients, it follows from
Theorem 5.1 that (60) remains valid for A C Z ! (®). The statements concerning the zeros are
derived immediately. [J

6. Relative asymptotic behavior for the polynomials Q,, i

In this section, we will restrict our attention to the case when the polynomials py, gk, k =
1,...,m, have real coefficients (and of course their zeros lie in C \ U]_; Ay). Accordingly, we

use the objects Qn ks Hn ks K,[1 &> and &y , introduced at the end of the proof of Theorem 5.1 (see
(58) and (59)). Here, we study the relative asymptotic behavior of the ratios Qn,k /On.k-

Lemma 6.1. For any n € 7! (®)

k
]_[ sign (pi, supp(a)) - ©61)

“’31
|»

Proof. By definition ep  is the sign of Hp x(x)dok(x)/Onk—1(x)On k+1(x) on supp(oy) and
En.k is the sign of Hy i (x) px(x)dog(x)/ Onk—1(x) On k+1(x) on supp(ok). If Kk = 1 these
measures reduce, respectively, to doj(x)/Qn2(x) and p;(x)doi(x)/On2(x). Since Qyn 2 and
Qn 2 are monic polynomials of the same degree and their zeros are located in A,, which is
disjoint with supp(o1), it follows that Oy 2 and Qn 2 have the same sign on supp(oq). Therefore,

™
—_

n,

ZI

= sign (p1, supp(a1)) .

n,l

To conclude the proof we show that

En,k . Enk—1
~— = sign (pk, supp(ox)) = :
En,k Enk—1

Notice that Oy x—1 and én, k—1 have the same sign on supp(ox) by an argument similar to the
one explained above. The same holds for Oy x+1 and Qp k1. Therefore

)
o

nk __sign (Hn, supp(or))
nk  sign (prHnk. supp(ox))

By (18), we know that

1

™

H (x)_/ len,k—l(t) Hy -1 (t)dog_1(1)
R PV T NN T IO B

and

A e (o) =/ élzl,kfl(t) ﬁn,k;l(t)pk—lg)do’k—l(t)
" o1 XL Onk—2() Onk (1) -
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Consequently,

sign (Hn &, supp(0x))  eni—1

sign (ﬁn,k, supp(cx)) " Fnke1

and the claim follows. [

We are ready to state and prove

237

Theorem 6.1. Let S = N*(o1,...,0,) and A C 7'} (®) be a sequence of distinct multi-indices
such that for allm € A,ny —n, < C, where C is a constant. Assume that the polynomials

pr.k =1,...,m, have real coefficients. For each k € {1, ..., m},

On i (2)
m
ne/ Qn,k (2)

where Fi(z; p1, - .., Pm) IS analytic and never vanishes in C \ supp(ox) and

= Fi(z p1s---ypm), K C C\ supp(ox),

k
g2 [ 1 sign (pi, supp(o;))
li nk _ i=l

im = :
ned K2, Gi(00; pi, ..., Pm)

Forke{l,...,m—1}and z € C\ (supp(ox) U supp(ci+1))

k

Gi(z; p1, ..y Pm)
F/ﬁLl(Z;plv""p): )
" ll:([)Gi(oo; Pls---» Pm)

where Gi(z; p1, ..., Pm) IS the function given in (53).
Proof. If A C Z'}(®; p1, ..., pm), from (34) and Lemma 5.1, we have that

Ong k—1@)(Pk - -+ Pm)(2) L~Vn,k71(z)
Qno,k(z)

: * 2
lim )"ngnoyk—lKno,kf]
ne/

1
G —) bl)(f = al)PA(<P1 (2)),
pAGB@k—1(2), k=3,...,m.

k=2,

V@ = bz —ar—1)
By Proposition 3.1, we know that
1
VE=b)@—a))’

where [ay, by] = Ax. Formula (58) implies

lim B ¢ K2 An g1 (2) = K c T\ supp(oy).
ne

hnng k-1 Ko 1| Ong k=1 (Pk -+ Pm) () ¥ k-1 (2)

Enk—1 Kﬁ,k_l Hy 1 (2) Ong.k (2)

2 ~
_ o Emok-t Ko k=1 Ongk—1(2) Oni(2)
i -

Enk—1 K2, | Oni-1() Qnok(2)

(Pk -+ pm)(2).

(62)

(63)

(64)

(65)

(66)

(67)
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Using (65), (66), and (67), we obtain

2 ~
h )\'*gnok 1 nok lQl'lok l(z) Ql‘l (Z)
ned  Enk—1 Knk | Oni—1(2) Ongi(2)

(P - -+ pm)(2)

pA91(2)), k=2,
= 68
{m(awk_l(z», k=3,....m (68)
Using the results on ratio asymptotic for the constants Kp g, ﬁn,k and the polynomials
On.ks Qll &, it follows that (68) is also valid for A C Z”! (®).
Since

€ng,k—1 _ €ng,k—1 €nk—1

gn,k—l Enk—1 gn,k—l ’
applying Lemma 6.1, (45), and (55), we obtain

k—1
Eng,k—1 - .
20— = 5 [ sien (pi, supp(00) - (69)
En,k—l i=1
We have
2 2 2
Kno k—1 Kno,kfl Kn,k—l (70)
=2 - 2 =2 ’
Knk 1 Kn,k—l Kn,kfl
and by (26)
lim —Mo-k=1 nok 1 _ @ @O y=2deg(pis1-pm) 71
ne/ K H(K ke ) b
Write

Onp k—1(2)  Ongk—1(2) Oni—1(2)

= = = , (72)
Onk—1(2) Onk-1(2) Oni-1(2)

and
Oni(2) _ Oni(2) Oni(2) )
Onpk(2)  Oni(2) Ongk (@)’

Notice that
. Qnok 1(2) (1) —deg( )
1 Z2(Pi+1"Pm 74
ned Onio1(@) H( 1@ Y
m On i (2) _ 1:[(fk(i)(z))deg(piﬁ»l“-pm)‘ (75)

ne/ Qno,k(z) i=1

From (29) and (28)it follows that
FP@ o) se (00))
2@ & y® @

(K(l) . (1) )2 —
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Therefore, using (52), we get

0]

F (@)
=t = @ (76)
Fe2 @y g 2y)

Taking into consideration (69)—(76), we conclude that

2 ~
Eng,k—1 nok 1 Ongk—1(2) Oni(2)

lim )L* — “ Dm
DIEA 8nk 1 K k—1 Qn —1(2) Qno k(2) (Pk P )@
—cuk]"[slgn (i, supp(01)) H(w‘” (o)) eEtrietn) lin g:i 18
. 1 ~nk 1 Oni(2) 77
X(pr -+ pm)(2) m k 0k’ (77

provided that the limits on the right hand side exist.
In Theorem 1.1 we proved (62) for k = 1. Assume that k = 2. Eq. (68) and (77) yield

im nl Qn 2(2)
ned K | @n2(2)

pA@1(2))F(Z; p1s -y Pm)

)

¢ Zysign (p1. supp(01)) (p2 -+ pm)(2) H(so“(z))degw )

i=1
uniformly on compact subsets of C \ supp(o2). Using (56), we have

PA(e1(z)

m—1 .
¢S (prpm)@ [ (9P (2))deetpizi-=pm)
i=1

=G1(Z; p1s--+s Pm)-

Consequently,
)~
; Kp1 On2(2) _ F@ pty - Pm) G1(Z DLy -+ -5 Pm)
ned K2 | On2(2) sign (p1, supp(a1))
Evaluating at infinity, we obtain (F(c0; p1, ..., pm) = 1)

2
lim Kot _ Gi(o0: p1y ..o o)
ned K2, sign(p1.supp(o1)) -
Therefore, (63) and (64) are satisfied for k = 1, since Gy = F.
Define the functions

fk(Z; p],.._,pm) _nEA gniii;

provided the limit exists. From (57) it follows that for any k > 3,
PA(&Pk 1(2))

¢ S (Pk- - P (2) H ((p(’) (2))dee(pis1-pm)

=Gr-1(z; p1y -+ -5 Pm)-
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As a consequence, using (77), we obtain that for any k > 3,

) ~
lim Kik—1 Onx(@)  Fi1(z pio...s pm) Gio1(Z: pis ...\ pm)

eA EZ k(z - =
n nk—1 Onk(2) [T sign (p;, supp(o;))
i=1

Therefore, using an induction process, one proves (62)—(64). [

Corollary 6.1. Let S = N*(o1,...,0m). Consider the perturbed Nikishin system
N (%01, ceey Z—:ﬂ"om), where py, qr denote relatively prime polynomials with real coefficients
whose zeros lie in C\ Uy Ay. Let A C Z1(®) be a sequence of distinct multi-indices such
that for allm € A, ny — n, < C, where C is a constant. Let én,k, 1 <k< m, be the monic
polynomials of degree Ny x whose simple zeros are located at the points where W, y_| vanishes
on Ay, where Wy, 0 < k < m, denote the second type functions defined in (44), with py
replaced by pi/qk. Let Knx, 1 < k < m be the constants defined in (59), with py replaced by
DPk/qk. Then, for each k € {1, ..., m},

él‘l,k(z) _ fk(zs pls IO ) pm)

im = , K c C \ supp(op), (78)
ned Oni@)  Fe(@ qrr - qm) PP
and
EZ k(OO' qi, ... Qm)
lim —= sign , supp(o, AL . 79
lim K2 H &N (pi/qi. Supp(oV)) e = (79)

Proof. By Oy, denote polynomials associated with the auxiliary Nikishin system
N(o1/q1, ..., 0m/qm), corresponding to the indices n, k. On account of Theorem 6.1, we have
that

én,k(Z)
1m
ne/ Q;kl,k (Z)

sz(zs p13’pm)» KC@\supp(Uk)

and

. Qn,k(Z)

lim
ne/ Q:‘l,k(z)
Therefore, (78) is obtained. Using the same idea, (79) follows from (63). O

=F(zq1, .- qm), K C C\ supp(op).

Remark 6.1. Theorem 5.1 and Corollary 5.1 allow us to define polynomials @n, Lk=1,...,m,
in the case when py, gk have complex coefficients as those monic polynomials which carry
the zeros of Wy x—1 lying in C \ Ai_;. For such polynomials Qy , results analogous to those
expressed in Theorem 6.1 and Corollary 6.1 can be proved.
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