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Energy of a point configuration

Let w = (x1,...,Xn) be a tuple of N > 2 points in R”. With |x; — x;| denoting the
Euclidean distance between x; and x;:

The logarithmic energy of w is

w)—ZIg Zlog

- XJ
i#f i<j
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The logarithmic energy of w is

w)—ZIg Zlog _Xj
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For a parameter s > 0, the Riesz s-energy of w is

1
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Energy of a point configuration

Let w = (x1,...,Xn) be a tuple of N > 2 points in R”. With |x; — x;| denoting the
Euclidean distance between x; and x;:

The logarithmic energy of w is

w)—ZIg Zlog —X,

i i<j

For a parameter s > 0, the Riesz s-energy of w is

1
e [Xi —XIIS 2 X = x1°

i#
For a parameter A > 0, the A-energy of w is

Ha(w) ==Y Ixi—xt =2 [xi—x*

i# i<j
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Optimal energy configurations

Let K C RP be a compact set, not finite. Throughout the talk, K satisfies these
conditions.

The energy functionals E, and Es, s > 0, are lower semicontinuous functions of
(x1,...,xn), S0 they attain their minimum value on KV = K x --- x K. That s, for each
N > 2, there exists wy,s € K™, in general not unique, such that

Es(wn,s) = min Es(w).
wekN
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(x1,...,Xn), SO they attain their minimum value on KN =K x --- x K. That is, for each
N > 2, there exists wn,s € K", in general not unique, such that

Es(wn,s) = min Es(w).
wekN

In the logarithmic case (s = 0), and for K C C, the configurations wy, are called
Fekete sets on K. In general, the configurations wy,s are called N-point minimal
s-energy configurations on K.
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Optimal energy configurations

Let K C RP be a compact set, not finite. Throughout the talk, K satisfies these
conditions.

The energy functionals E, and Es, s > 0, are lower semicontinuous functions of
(x1,...,Xn), SO they attain their minimum value on KN =K x --- x K. That is, for each
N > 2, there exists wn,s € K", in general not unique, such that

Es(wn,s) = min Es(w).

wekN

In the logarithmic case (s = 0), and for K C C, the configurations wy, are called
Fekete sets on K. In general, the configurations wy,s are called N-point minimal
s-energy configurations on K.

Clearly, for each A > 0 and N > 2, there exists wn,» € K"V, in general not unique, such
that
Hx(wn,a) = max Hi(w).

wekN

wp,x is an N-point maximal A\-energy configuration on K.
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Logarithmic energy in the plane
Let P(K) be the space of all Borel probability measures on K. Assume K C C. For
u € P(K),

() = [ [ 1o 12 dn(x) ).
U"(z2) .= /Iog

B du(t).

Let

Wo(K) = MeigEK) o () (Robin constant of K)

Co(K) := e (Logarithmic capacity of K)
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Logarithmic energy in the plane
Let P(K) be the space of all Borel probability measures on K. Assume K C C. For
u € P(K),

() = [ [ 1o 12 dn(x) ).
U"(z2) .= /Iog

B du(t).

Let
Wo(K) = Mé;\)}iK) o () (Robin constant of K)

Co(K) := e (Logarithmic capacity of K)

Theorem (Fekete-Szeg0)

If (wn,0)n>2 IS @ sequence of Fekete sets on K, then (ﬁ‘,’((ﬁf '10)))N>2 is monotonically

increasing and its limit is Wy (K).

’ " . _
If Co(K) > 0, then 5 erw,\,,o d0x — pk, where p is the equilibrium measure for K.



Edrei-Leja sequences

In a 1939 work, A. Edrei introduced the following inductive construction of a sequence
(an)s2, on a compact set K C C:

1) Pick ap € K arbitrarily. Let ay be the first selected point of the sequence.

2) For each n> 1, assuming that ay, . . ., a,—1 have been selected, pick the next
point of the sequence a, € K so that

n—1 n—1
H|anfa,-\:r;1€a’z<n|zfa,-\. (1)
i=0 i=0

The sequence (an)n, is an Edrei-Leja sequence on K.
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Edrei-Leja sequences

In a 1939 work, A. Edrei introduced the following inductive construction of a sequence
(an)s2, on a compact set K C C:

1) Pick ap € K arbitrarily. Let ay be the first selected point of the sequence.

2) For each n> 1, assuming that ay, . . ., a,—1 have been selected, pick the next
point of the sequence a, € K so that

n—1 n—1
H|anfa,-\:r;1€a’z<n|zfa,-\. (1)
i=0 i=0

The sequence (an)n, is an Edrei-Leja sequence on K.

(1) is equivalent to

= inf I
Zlog n — ajl z're]KZOg\z—a,

or

Eo((ao, ...,an-1, an)) = zlglF( Eo((ao, ...,dan-1, Z))
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In his work, Edrei showed that for the configurations an := (ao, .. ., an—1), we have

lim L/(vazN )

N— oo

= Wo(K). ()
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In his work, Edrei showed that for the configurations an := (ao, .. ., an—1), we have

Jim EO,(\,agN) = Wo(K). @)

The proof is short: For every N > 2, Eg(an) > Eo(wn o), SO by Fekete-Szegb,

E =)
R )]

N— oo

liminf
N— oo
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In his work, Edrei showed that for the configurations an := (ao, .. ., an—1), we have

lim E"I(Va“’)

N— oo

Wo(K). @)

The proof is short: For every N > 2, Eg(an) > Eo(wn o), SO by Fekete-Szegb,

|iminf7E°(°‘2N) > lim L(ﬁgvo)

N— oo N— oo

= Wo(K).

If Wo(K) = 400, we are done. Suppose Wp(K) < 400 (or Co(K) > 0).

Eo(aN)—ZZZIog ZZZbg . VzZeK.

i=1 j<i i=1 j<i
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In his work, Edrei showed that for the configurations ay := (ao, . .., an—1), we have

lim E"(C;N)

N— oo

= Wo(K).

The proof is short: For every N > 2, Eg(an) > Eo(wn o), SO by Fekete-Szegb,

.. Eo(an) . Eo(wn,0)
Ly o

If Wo(K) = 400, we are done. Suppose Wy(K) < +oo (or Co(K) > 0).
Eo(aN)—2ZZIog ZZZbg .,  Vzek.
i=1 j<i i=1 j<i
Integrating this inequality with respect to duk(z),
N—-1 N—1
Eo(on) <23 > U (a) <23 ) Wo(K) = N(N — 1) Wo(K).
i=1 j<i i=1 j<i

and the result follows. Q.E.D.
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In his work, Edrei showed that for the configurations ay := (ao, . .., an—1), we have

lim E"(C;N)

N— oo

= Wo(K).

The proof is short: For every N > 2, Eg(an) > Eo(wn o), SO by Fekete-Szegb,

.. Eo(an) . Eo(wn,0)
Ly o

If Wo(K) = 400, we are done. Suppose Wy(K) < +oo (or Co(K) > 0).

Eo(aN)—2ZZIog ZZZbg . VzeK.

i=1 j<i i=1 j<i

Integrating this inequality with respect to duk(z),

N—1 N—1
Eo(on) <23 > U (a) <23 ) Wo(K) = N(N — 1) Wo(K).

i=1 j<i i=1 j<i
and the result follows. Q.E.D.
If Co(K) > 0, then (2) implies + Z, o 0o — pik.

A. Lépez-Garcia (University of Central Florida) 9/7/2020
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On the unit circle S!

On the unit circle S', N-point Fekete sets are the configurations formed by N equally
spaced points, such as the set of all Nth roots of unity. Also, Eq(wn,0) = —Nlog N, for
all N > 2.
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all N > 2.

For an Edrei-Leja sequence (a,)32, on S', what is the behavior of Ey(a),
aN = (ao,...,aN,1), asN— o0 ?
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On the unit circle S!

On the unit circle S', N-point Fekete sets are the configurations formed by N equally
spaced points, such as the set of all Nth roots of unity. Also, Eq(wn,0) = —Nlog N, for
all N > 2.

For an Edrei-Leja sequence (a,)32, on S', what is the behavior of Ey(a),
aN = (ao,...,aN,1), asN— o0 ?

Edrei’s result shows that Ey(om)
. 0\ON 1
im e 0= (S

Is Eo(an) ~ —Nlog N?
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On the unit circle S!

In a work on interpolatory properties of Edrei-Leja sequences on the unit circle, J-P.
Calvi and P. Van Manh proved the following identity:

Theorem (Calvi, Van Manh, 2011)

Let (an)22, be an Edrei-Leja sequence on S'. Foralln > 1,

n—1
[T1an—al=2""
i=0

where 7(n) is the number of 1'’s in the binary representation of n.
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Calvi and P. Van Manh proved the following identity:

Theorem (Calvi, Van Manh, 2011)

Let (an)22, be an Edrei-Leja sequence on S'. Foralln > 1,

n—1
[Tl —al=27"
=0

where 7(n) is the number of 1'’s in the binary representation of n.

Bialas-Ciez and Calvi (2012) also showed how to describe geometrically the
configuration an = (&, . .., av—1) in terms of the binary representation of N.
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On the unit circle S!

In a work on interpolatory properties of Edrei-Leja sequences on the unit circle, J-P.
Calvi and P. Van Manh proved the following identity:

Theorem (Calvi, Van Manh, 2011)

Let (an)2, be an Edrei-Leja sequence on S'. Foralln > 1,

n—1
[Tl —al=27"
=0

where 7(n) is the number of 1'’s in the binary representation of n.

Bialas-Ciez and Calvi (2012) also showed how to describe geometrically the
configuration an = (&, . .., av—1) in terms of the binary representation of N.

In particular, for every k > 1, the first 2% points of an Edrei-Leja sequence are equally
spaced on S'.
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On the unit circle S!

Using the identity of Calvi and Van Manh, it was shown by Lépez and Wagner (2015)

that
EQ(OZN) _
N—oo NlogN —
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On the unit circle S!

Using the identity of Calvi and Van Manh, it was shown by Lépez and Wagner (2015)

that
Eo(aN) _
N—oo NlogN —

In view of this, it’s natural to study the sequence (Eo(an) + Nlog N)n (second-order
asymptotics).

Theorem (Lopez, Wagner, 2015)

Forevery N > 2,
0< Eo(an) + Nlog N

< N < log(4/3).
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On the unit circle S!

Using the identity of Calvi and Van Manh, it was shown by Lépez and Wagner (2015)
that
Eo(aN) _

N—oo NlogN —

In view of this, it's natural to study the sequence (Eq(an) + Nlog N)y (second-order
asymptotics).

Theorem (Lopez, Wagner, 2015)

Forevery N > 2,

0< %NN'%N < log(4/3).

The lower bound is attained iff N = 2%, k > 1, and

lim sup Eo(an) + NlogN log(4/3).
N— oo N

A. Lépez-Garcia (University of Central Florida) 9/7/2020 9/33




On the unit circle S!

Using the identity of Calvi and Van Manh, it was shown by Lépez and Wagner (2015)
that
Eo(aN) _

N—oo NlogN —

In view of this, it's natural to study the sequence (Eq(an) + Nlog N)y (second-order
asymptotics).

Theorem (Lopez, Wagner, 2015)

For every N > 2,
0< %NNI%N < log(4/3).
The lower bound is attained iff N = 2%, k > 1, and

lim sup Eo(an) + NlogN log(4/3).
N— oo N

So the sequence (4, converges, but the sequence £l NN giverges!
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The sequence folan)tNleeN

e

EETTRTL R IEL XL

....—...—.4-"'"3'.—*_
S . -

SemRIVIEL

| S | S P N
1000 2000 3000 4000

Figure: The first 4200 points of the sequence M,T,N"’g”. The limsup is log(4/3) ~ 0.2876.

We have a doubling periodicity property: Forall N > 2,

Eo(an) + Nlog N Eg(azn) + 2N log(2N)
N N 2N ’
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What can be said about the behavior of [ |a, — ai| = 27("? How should this
sequence be normalized?
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What can be said about the behavior of [ |a, — ai| = 27("? How should this
sequence be normalized?

General result: Suppose K C C is compact, Co(K) > 0, (an)il, is an Edrei-Leja
sequence on K, and let

N—1

Pn(z) =[] (z - an),
n=0

([ Pwllx := sup [Pn(2)].
zeK

Leja and Gérski proved
Jim [[Py]N = Co(K). 3)
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What can be said about the behavior of [ |a, — ai| = 27("? How should this
sequence be normalized?

General result: Suppose K C C is compact, Co(K) > 0, (an)no is an Edrei-Leja
sequence on K, and let

N—-1
Z) = H(Z - an),
n=0
([Pl := sup [Pn(2)].
zeK
Leja and Gérski proved

Jim [[Py]N = Co(K).

In the case of the unit circle K = S', Cy(S') = 1, so (3) implies

i 80P _ T8RN _

N—oco N— oo

So log || Pn||gt = o(N).
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Theorem (L6pez, McCleary)
On the unit circle, for all N > 1,

log || P ||t
— 2 1,
log(N+1) — 1

The upper bound is attained iff N = 2 — 1, k > 1. Also,

0<

. log || Prllst
Bt g (N 1)
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Theorem (L6pez, McCleary)
On the unit circle, for all N > 1,

log || P ||t
= 9 1,
0< log(N + 1) =1
The upper bound is attained iff N = 2K _ 1,k > 1. Also,

.. log||Pn||gt
| f—=———2 =
Nos Tog(N + 1)

Proof.

By Calvi-Van Manh, ||Py||s1 = 2"™. The 7 function has the property
N>27™ 1 N>1,

with equality iff N = 2% — 1 for some k > 1. We have

log ||Pnllst Iog(ZT(N)) log(N + 1)

log(N+1)  log(N+1) ~ log(N+1) 1

Also, log || Pn||gt > 0 since ||Pnl||g1 > 2.
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Theorem (L6pez, McCleary)
On the unit circle, for all N > 1,

log || P ||t
= 9 1,
0< log(N + 1) =1
The upper bound is attained iff N = 2K _ 1,k > 1. Also,

.. log||Pn||gt
| f—=———2 =
Nos Tog(N + 1)

Proof.
By Calvi-Van Manh, ||Py||s1 = 2"™. The 7 function has the property

N>27™ 1 N>1,
with equality iff N = 2% — 1 for some k > 1. We have

log ||Pnllst Iog(ZT(N)) log(N+1)
log(N+1)  log(N+1) ~ log(N+1)

Also, log || Pn||s1 > 0 since ||Pn||g1 > 2. Taking N = 2%, we have ||Py||g1 = 2, 80
log || Pok || g1 / log(2% + 1) — 0 as k — .
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The sequence

We have 7(N) = 7(2N) for all N, so for each m > 1, the subsequence

log || Pw |l g1

log(N+1)
1o - -
. Al ‘\ - . h -
084 .t Tw Tl T
2 : \\ S - e - .
N ﬁ“- .\\ b - e -
0.6 4 ‘\ — — o
‘x\ \\\., - e
.M S -
T T e
0.2 ) o
0 200 4(;0 600 800 10‘00
. ) ) . log || Pyl g1
Figure: The first 1000 points of the sequence Tog(NF1) -

log || Pox(om_1)l st
log(2k(2m — 1) +1) /o

decreases from 1 to 0 (the numerator is the constant).
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A-energy on the unit sphere S¢

Let A > 0.

For configurations w = (x4, ..., xy) on the unit sphere S¢ ¢ R%*" we consider the

A-energy
Ha(w) :=> I —x* =23 |x— x|

i# i<j
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A-energy on the unit sphere S¢

Let A > 0.
For configurations w = (x4, ..., xy) on the unit sphere S¢ ¢ R%*" we consider the
A-energy
Ha(w) =D I —x1* =23 % — x|™.
i# i<j

For u € P(SY), let
00 = [ [ 1x = y1dut) din(y).
We say that o is a maximal distribution if

(o) = sup I(n).
neP(s9)

Let o4 denote the normalized uniform (Lebesgue) measure on S°.
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For the continuous energy problem we have:

Theorem (G. Bjorck, 1956)

For0 < X < 2, the measure o4 is the unique maximal distribution in P(S%). For A = 2,
a distribution o € P(S%) is maximal if and only if its center of mass is at the origin. For
X\ > 2, adistribution o € P(S?) is maximal if and only if it is of the form o = 3(6a+0-a)

for some a € S°.
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For the continuous energy problem we have:

Theorem (G. Bjorck, 1956)

For0 < X < 2, the measure o4 is the unique maximal distribution in P(S%). For A = 2,

a distribution o € P(S%) is maximal if and only if its center of mass is at the origin. For

X > 2, adistribution o € P(S?) is maximal if and only if it is of the form o = }(a + 6_a)
for some a € S°.

So the most interesting range for the A-energy problem on S%is 0 < A < 2,
independently of d.
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For the continuous energy problem we have:

Theorem (G. Bjorck, 1956)

For0 < X < 2, the measure o4 is the unique maximal distribution in P(S%). For A = 2,

a distribution o € P(S%) is maximal if and only if its center of mass is at the origin. For

X\ > 2, adistribution o € P(S?) is maximal if and only if it is of the form o = 3(6a+d-a)
for some a € S°.

So the most interesting range for the A-energy problem on S%is 0 < \ < 2,
independently of d.

On S, for 0 < X\ < 2, the N-point configurations wy, » that satisfy

Hx(wn,») = M, Hx(w)

are the configurations formed by N equally spaced points.
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Greedy \-energy sequences

Given A > 0, a sequence (an)3, C SY is a greedy \-energy sequence on S if for
everyn>1,

n—1 n—1
Z lan — ak|* = maﬁz [x — ax|>.
k=0 xeS
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Greedy \-energy sequences

Given A > 0, a sequence (an)3, C SY is a greedy \-energy sequence on S if for
everyn>1,

n—1 n—1
Z lan — ak|* = maﬁz [x — ax|>.
k=0 xeS
Notation:
anx = (&,...,an-1)
1 N—1
ON,\ = N Z(;ak
k=0
N—1
UN7,\(X) = |X — ak|*
k=0
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Distribution

The following properties are valid in any dimension d > 1.

1) Symmetry property: Let A > 0 be arbitrary. For every k > 0,
k41 = —azk.

More precisely, after ay, . . ., ax« have been selected, there is a unique possible choice
of ack41, which is —daok.
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1) Symmetry property: Let A > 0 be arbitrary. For every k > 0,
k41 = —azk.

More precisely, after ay, . . ., ax« have been selected, there is a unique possible choice
of ack41, which is —daok.

2) Uniform distribution: For 0 < \ < 2, we have oy » — 04, as N — oc.
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Distribution

The following properties are valid in any dimension d > 1.

1) Symmetry property: Let A > 0 be arbitrary. For every k > 0,
Qo1 = —azk.

More precisely, after ay, . . ., ax« have been selected, there is a unique possible choice
of ack41, which is —ao.

2) Uniform distribution: For 0 < X < 2, we have oy » — g4, as N — co.

3) If A > 2, the greedy A-energy sequence (an)ic, concentrates on the opposite points
dp, —do.

{ack, @ok+1} = {@0, —ao}, forall k > 0.
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Distribution

The following properties are valid in any dimension d > 1.

1) Symmetry property: Let A > 0 be arbitrary. For every k > 0,

Qo1 = —azk.
More precisely, after ay, . . ., ax« have been selected, there is a unique possible choice
of ack41, which is —daok.

2) Uniform distribution: For 0 < X < 2, we have oy » — g4, as N — co.

3) If A > 2, the greedy A-energy sequence (an)ic, concentrates on the opposite points
dp, —do.
{ack, @ok+1} = {@0, —ao}, forall k > 0.

4) If A = 2, the sequence (on,2) may be divergent, but any convergent subsequence
converges to a measure o with center of mass at the origin.
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First order asymptotics

From now on we assume 0 < \ < 2.

=] 5 = E DA
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First order asymptotics

From now on we assume 0 < X\ < 2.

Using classical arguments, one can prove: For any greedy A-energy sequence
(an)2o C 7,

. H

lim M = I\(0q), anx = (a,---,an-1),
N— oo

. Unax(a
L&W — I(09), Una(x) = §:|x a.
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First order asymptotics

From now on we assume 0 < X\ < 2.

Using classical arguments, one can prove: For any greedy A-energy sequence
(an)2o C 7,

. H

IJI_T)O % = I(oq), anx = (&, ..., an—1),
. Una(a

nlﬂow — I(09), Una(x) = §:|x a.

These limits suggest the analysis of the sequences (Ha(an,x) — h(oq)N?) and
(Un,x(an) — Ix(o4)N). We have analyzed these sequences in the case d = 1 (the unit
circle).
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Binary representation of energy and potential in the case d = 1
Let’s define

INWEEY 1% — "W > (x-energy of the N-th roots of unity)
0<kAL<N—1
Net , .
Ur(N):=>"|e’™ —eW¥|[*  (potential of the N-th roots of unity at )
k=0
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Binary representation of energy and potential in the case d = 1
Let’s define

INWEEY 1% — "W > (x-energy of the N-th roots of unity)
0<kAL<N—1
N1 i ‘ '
Ur(N):=>"|e’™ —eW¥|[*  (potential of the N-th roots of unity at )
k=0

Lemma (Lépez, McCleary)
Suppose that N > 2 has the binary representation

N=2"42%4...42%  m>m>--->n>0.

Then,

p
Un,a(an) = Z Ux(2™),
k=1
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Binary representation of energy and potential in the case d = 1
Let’s define

INWEEY | W — &
0<kAL<N—1

(A-energy of the N-th roots of unity)

N—1 ) ) .
Un(N) == "% —e¥|*  (potential of the N-th roots of unity at e )
k=0

Lemma (Lépez, McCleary)
Suppose that N > 2 has the binary representation

N=2"42%4...42%  m>m>--->n>0.
Then,

p
Un,a(an) = Z Ux(2™),
k=1

p—1 P P 4
H)\(OCN,)\) _ (Z 2n,-nk) C}\(anﬂ)_i_z (1 _ Z 2njnk+1> [:)\(znk)~

k=1 \j=k+1 k=1 j=k+1
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The sequence (Un (an) — I(o1)N)
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Figure: The first 2000 points of the sequence (Un,x(an) — Ix(o1)N) for A = 0.01
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The sequence (Un (an) — I(o1)N)

0.5 A

0 250 500 750 1000 1250 1500 1750 2000

Figure: The first 2000 points of the sequence (Un,x(an) — Ix(o1)N) for A = 0.1

Lépez-Garcia (University of Central Florida) 9/7/2020 21/33




The sequence (Un (an) — I(o1)N)
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Figure: The first 2000 points of the sequence (U, x(an) — Ix(o1)N) for A = 0.7
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The sequence (Un (an) — I(o1)N)
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Figure: The first 2000 points of the sequence (U, x(an) — Ix(o1)N) for A =1
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The sequence (Un (an) — I(o1)N)
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Figure: The first 2000 points of the sequence (U, x(an) — Ix(o1)N) for A = 1.3
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The sequence (Un (an) — I(o1)N)

Theorem (Lopez, McCleary)

Let0 < X < 2, and let (an)32, C S' be a greedy \-energy sequence. Then, the
sequence (Un x(an) — I(a1)N)R2, is bounded and divergent. For every N > 1,

0 < Unx(an) — (o1)N < Ix(oy)
and we have
I;Vm inf (Un,x(anv) — Ih(o1)N) =0,

“,T_,S;p(UN’A(aN) = I>\(O'1)N) = I)\(0'1).
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The sequence (Ha(an,x) — h(o1)N?)
Let

N'= 0<A< T,
Eax(N)=(logN X=1,
1

1<a<2

=} 5 = = A
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The sequence (Ha(an,x) — h(o1)N?)

Let
N'= 0<A< T,
Eax(N)=(logN X=1,
1 1<Aa<2

Forany 0 < A < 2, the sequence

( H/\(aM;)A(_NI;(m - ) :102

is bounded and divergent.
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The sequence (Ha(an,x) — h(o1)N?)

Let
N'= 0< A<,
Eax(N)=(logN X=1,
1 1<A<2

Forany 0 < A < 2, the sequence

(HA(OéN,;)A(—N/;(m )N ) :2

is bounded and divergent.

In contrast, for the N-th roots of unity, its energy £ (N) satisfies, forall 0 < A < 2,

_ LA(N) = I(o)N? N
Jim === = (@m) 7 20(=A),

as shown by Brauchart-Hardin-Saff, where ¢(s) is the Riemann zeta function.

A. Lépez-Garcia (University of Central Florida) 9/7/2020

26/33



The sequence

<H)\(05N7)\) — I)\(O'1 )N2>oo
N1=2X
N=2

is bounded and divergent.
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0 1000 2000 3000 4000 5000 6000 7000 8000

o . , Ha(an,x) = (o1)N? _
Figure: The first 8000 points of the sequence e for A =0.1
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Figure: The first 8000 points of the sequence B v > for A =0.3
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Figure: The first 8000 points of the sequence R for A =0.7

ez-Garcia (University of Central Florida) 9/7/2020 29/33



~1.04
~1.54 _ .
—2.0
—2.54
—3.01

~3.5

0 1000 2000 3000 4000 5000 6000 7000 8000

o , . Ha(an,2) =l (o1)N? _
Figure: The first 8000 points of the sequence R for A =10.9
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The sequence (HX(O‘N*?V)QIQ(”‘)M) for0 <\ <1

Class of functions G(0, \):
Given an odd integer M = 2% + 22 ... 4 21 41, ty > b > - > t,_1 > 0, we
construct the vector
0—*_ 9—* . 211 212 2[,,,1 1
M= W’W”"’T’ﬁ)‘
Let © be the collection of all such vectors (of any length).
Given § = (61, ...,6) € ©, let

p p
GO N =Y 6227 — 1)( 3 9,) + Ok).
k=1

j=k+1
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The sequence (HX(“N*?V)Q’Q(”‘)N2> for0 <\ <1

Class of functions G(0, \):
Given anodd integer M =2 +-22 + ... 4+ 21 4 1, i > > -+ > b, > 0, we
construct the vector
0—*_ 9—* N 211 212 2tp’1 1
“w=\ww M M)
Let © be the collection of all such vectors (of any length).
Given § = (61, ...,6) € ©, let

p p
GO N =Y 6227 — 1)( 3 9,) + Ok).
k=1

j=k+1

ForO < A< 1,let .
g(A) :=sup G(0, \).
fco

This function takes values > 1.
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The sequence (HX(O‘N*?V)QIQ(”‘)M) for0 <\ <1

Theorem

Let0 < A < 1, and let ()2, C S' be a greedy A-energy sequence. Then, the

sequence
(HA(C%N’)\) — /)\(0'1)N2)
N1=2X
N=2

is bounded and divergent, and we have

(4)

H)\(CMN,)\) - I)\(O'1 )N2

lim sup NT = (2m)* 2((-N),
len in H*(a”‘*,ip_f( IV 900 (2r) 2¢(- ).
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The sequence (HX(“N*?V)Q’Q(”‘)N2> for0 <\ <1

Theorem
Let0 < A < 1, and let ()2, C S' be a greedy A-energy sequence. Then, the

sequence
<H>\(04N,)\) — />\(0'1)N2)
N1=2X
N=2

is bounded and divergent, and we have

H)\(CMN,)\) — I)\(O'1 )N2

Ii’:In_;s:op NI = (27‘"))\ 2¢(—N),
len in ”*(“%_i“ IV 900 (2r) 2¢(- ).

For every § € ©, the value G(6, \)(2r)* 2¢(—)) is a limit point of (4).

(4)
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Ha(an,x)=h(o1)N?
NI

The sequence ( ) for0O <A <1
Theorem
Let0 < X < 1, and let (an)32, C S' be a greedy \-energy sequence. Then, the
sequence
<H)\(04N,)\) — /)\(0'1)N2>
N1—>\ o
is bounded and divergent, and we have

H)\(CMN,,\) — I)\(0'1 )N

2
Iin:s:op NTA = (2“'))\ 2¢(=A),
H — I(o1)N?
liv"lillf /\(aNVAIzF—)‘/\( 1) =9g(\) (271'))‘ 2¢(=N).

For every 0 € ©, the value G(0, \)(27) 2¢(—) is a limit point of (4).

Note that for 0 < A < 1, we have ¢(—)\) < 0 and g(A) > 1, so indeed liminf < limsup.
We don’t have an explicit expression for g(\).

A. Lépez-Garcia (University of Central Florida) 9/7/2020 32/33




References

1) G. Bjorck, Distributions of positive mass, which maximize a certain generalized
energy integral, Ark. Mat. 3 (1956), 255—-269.

2) J.S. Brauchart, D.P. Hardin, and E.B. Saff, The Riesz energy of the N-th roots of
unity: an asymptotic expansion for large N, Bull. London Math. Soc. 41 (2009),
621-633.

3) A. Edrei, Sur les déterminants récurrents et les singularités d’'une fonction donnée
par son développement de Taylor, Compositio Math. 7 (1939), 20—88.

4) F. Leja, Sur certaines suites liées aux ensembles plans et leur application a la
représentation conforme, Ann. Polon. Math. 4 (1957), 8—13.

5) A. Lépez-Garcia and R.E. McCleary, Asymptotics of greedy energy sequences on
the unit circle and the sphere, preprint arXiv:2007.06109.

6) A. Lopez-Garcia and D.A. Wagner, Asymptotics of the energy of sections of greedy
energy sequences on the unit circle, and some conjectures for general sequences,
Comput. Methods Funct. Theory 15 (2015), 721-750.

A. Lépez-Garcia (University of Central Florida) 9/7/2020 33/33



