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Some history of the subject

Suppose K ¢ C is an infinite compact set. For each n > 2, let

va(K)=sup{ [[ lz—2zl:2.....20€ K}. (1)

1<i<j<n

The value §,(K) = v,(K)?/""=1) is called the nth diameter of K. A classical
theorem of Fekete (1923) and Polya-Szegd (1931) asserts that

lim 3,(K) = cap(K).
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Some history of the subject

Suppose K ¢ C is an infinite compact set. For each n > 2, let

va(K)=sup{ [[ lz—2zl:2.....20€ K}. (1)

1<i<j<n

The value 5,(K) = v,(K)?>/""=1) is called the nth diameter of K. A classical
theorem of Fekete (1923) and Polya-Szegd (1931) asserts that

lim d,(K) = cap(K).
n—oo
The limit is also given by
cap(K) = e~ %K)
where

Eo(K) = inf //KXKIoglzlt'du(z)du(t). @)

HEP(K)

A. Lépez-Garcia (U. Central Florida) 05/20/2025 3/28



Some history of the subject

Suppose K ¢ C is an infinite compact set. For each n > 2, let

va(K)=sup{ [[ lz—2zl:2.....20€ K}. (1)

1<i<j<n

The value 5,(K) = v,(K)?>/""=1) is called the nth diameter of K. A classical
theorem of Fekete (1923) and Polya-Szegd (1931) asserts that

lim d,(K) = cap(K).

n—oo

The limit is also given by
cap(K) = e~ %K)

where

Eo(K) = inf //KXKIog|Z1_t|du(z)du(t). @)

HEP(K)

If cap(K) > 0, there is a unique minimizer p for (2), and if (z1.5,...,2Znn) € K"
is optimal for (1) for each n, then %2221 Oz — HK-
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In a work of A. Edrei from 1939 it was shown that there is a much simpler
construction to approximate cap(K):

Algorithm:
1) Take an arbitrary ap € K.
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In a work of A. Edrei from 1939 it was shown that there is a much simpler
construction to approximate cap(K):

Algorithm:

1) Take an arbitrary ap € K.
2) Take ay so that |a; — ag| = maxzex |Z — ap|-
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In a work of A. Edrei from 1939 it was shown that there is a much simpler
construction to approximate cap(K):
Algorithm:

1) Take an arbitrary ap € K.
2) Take ay so that |a; — ag| = maxzex |Z — ap|-
3) Take ap so that |(ax — ap)(a@2 — a1)| = maxzek |[(Z — @)(z — a1)|.
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In a work of A. Edrei from 1939 it was shown that there is a much simpler
construction to approximate cap(K):

Algorithm:

1) Take an arbitrary ay € K.

2) Take ay so that |a; — ap| = maxzek |Z — ap|-

3) Take ap so that |(ax — ap)(a@2 — a1)| = maxzek |[(Z — @)(z — a1)|.
)

4) In general, take a, € K such that HF;J lan — aj| = maxzek Hj’-’;01 1z — gl
The condition is equivalent to

Zlog ' rznel}rgZIOg \z—a|

A. Lépez-Garcia (U. Central Florida) 05/20/2025 4/23



In a work of A. Edrei from 1939 it was shown that there is a much simpler
construction to approximate cap(K):

Algorithm:

1) Take an arbitrary ay € K.

2) Take ay so that |a; — ap| = maxzek |Z — ap|-

3) Take a» so that [(a2 — ap)(a2 — a1)| = maxzek |(Zz — @) (2 — a1)|-
)

4) In general, take a, € K such that HF;J lan — aj| = maxzek ]'[j’-’;()1 1z — gl
The condition is equivalent to

Zlog ' rznel}rgZIOg \z—a|

Edrei proved that for any infinite sequence (as)5°, C K constructed this way,

lim H \a; — a|?/""=") = cap(K).

n— oo 4
0<i<j<n—1
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F. Leja (1957), not aware of the work of Edrei, introduced the same
construction and proved that if cap(K) > 0, then

Jlim [ Pall)¢" = cap(K)

where Pn(2) = [1}, (2 — &). Equivalently, 1 37 log ;-5 converges to
&o(K).
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F. Leja (1957), not aware of the work of Edrei, introduced the same
construction and proved that if cap(K) > 0, then

Jlim [ Pall)¢" = cap(K)
where Py(z) = [ ~ (z — a)). Equivalently, ‘52 o log 7t Tag] converges to
&(K).

J. Gérski (1957) considered a similar construction for the Newtonian potential
in RS:
Z |a,, — aj XEKZ |x —aj|

Another well known property: If K C C satisfies cap(K) > 0, then

1 n—1

n Z Oa; — JIK
j=0

where pk is the unique probability measure on K that minimizes the
continuous logarithmic energy.
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Notation and some more history

Suppose K C C is an infinite compact. For s > 0, a sequence (an);2, C K is
called a greedy s-energy sequence if for all n > 1,

n—1 1 n—1 1
——— = inf _—
é lan — axl|s zng |z — ak|®

and (an);2, C K is an Edrei-Leja sequence if foralln > 1,

1
I f log ——.
Z og ak| in ; og Z = a]
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Notation and some more history

Suppose K C C is an infinite compact. For s > 0, a sequence (a)y2, C K is
called a greedy s-energy sequence if for all n > 1,

n—1 1
Z |a,, - ak|S ZEKZ |z — ak|®

and (an);2, C K is an Edrei-Leja sequence if forall n > 1,

n—1 1
lo nf log ——.
Z g ak| zng g|z—ak|

The Riesz s-potential generated by ay, . .., an—1 is denoted

Zk 1 EE) s> Oa
Uns(2) = 0 le=af zeC.
k:0 |Og m, S = O7
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So the condition is

Uns(an) = z'g( Uns(2), N>1.
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So the condition is

UN,S(aN) = 2'2}(( UN,S(Z), N>1.

If u € P(K), the Riesz s-energy of 1 is denoted

Is(1) = JI FZmdu@)dut), >0,
RV log 171 du(2)dp(t), s =0.
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So the condition is

UN,s(aN) = zlgf( U/\/,S(Z)7 N> 1.

If 1 € P(K), the Riesz s-energy of 1 is denoted

Io(u) = [ Zgdu(2)du(t),  s>0,
S JJ log Frgdu(2)dp(t), s=0.

Theorem (J. Siciak 1970)

Suppose that the compact K c C has positive Hausdorff dimension dim K and
0 <s<dimK. If(an);2, C K is a greedy s-energy sequence on K, then

o UN,s(aN)
NN

= &(K),

where

&s(K) = il Is(1)-

4
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On the unit circle
From now on we restrict ourselves to the unit circle K = S' ¢ C.
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On the unit circle
From now on we restrict ourselves to the unit circle K = S' c C.

In a work studying the Lagrange interpolation properties of Edrei-Leja
sequences on the unit circle, Bialas-Ciez and Calvi showed that such
sequences are intimately related to the binary decomposition of natural
numbers:

Theorem (Calvi and Van Manh, 2011)

Suppose that (ap)e2, C S' is an Edrei-Leja sequence on the unit circle. Let
N > 1 be an integer, and let

N:2”1+2”2+...+2np, n1>n2>~~>np20-

Then
N—1

I lav — a| = 27,
k=0

equivalently, Uy o(an) = —plog2.

vy
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The goal is to describe the asymptotic behavior of the sequence

UN,s(aN)

for all values of s > 0.

Let

Z wi/N _ 27rki/N s’ S>0’
e g2/ N|

be the minimum value of the Riesz potential on the unit circle generated by
the N-th roots of unity.
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The goal is to describe the asymptotic behavior of the sequence

UN,s(aN)

for all values of s > 0.

Let

Z |em/N _ eZﬂ-k//N|s’ s> 0’

be the minimum value of the Riesz potential on the unit circle generated by
the N-th roots of unity.

In joint work with Ryan McCleary we showed that

Rl

UN s(an) Z 2nk

k=1

ifN=2"4+...4+2% n >--->n, >0.
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Different asymptotic regimes
The study of the asymptotics of Uy s(an) is subdivided into three cases:

0<s<A, s=1, s> 1.

Each case requires different normalizations.
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Different asymptotic regimes
The study of the asymptotics of Uy s(an) is subdivided into three cases:

O0<s<, s=1, s> 1.
Each case requires different normalizations.

Theorem (with R. McCleary)

Lets > 0 and (a,) C S' be a greedy s-energy sequence. Then the following
sequences are bounded and divergent:

UN,s(aN) - N IS(U)

N , 0<s<,
Un1(an) — 7 "Nlog N
: , s=1,
N
UN,s(aN)
T, S>1,

where o is the normalized arclength measure on S'.
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Figure: Plot of the sequence (W) for s =0.001, 1 < N < 2048
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Figure: Plot of the sequence (W) fors =05
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Arithmetic functions
For N € N, let (N) denote the vector

om on 20

iftN=2"4...4+2%,ny >-.->np, >0. So note that

n(N) = n(2N), N eN.
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Arithmetic functions
For N € N, let (N) denote the vector

2”1 2”2 2np

iftN=2"4...4+2%,ny >-.->np, >0. So note that

n(N) =n(2N),  NeN.
For a vector 6 = (61, .. . ,6,) with positive entries, let
N r
G(f,s)=> 0%,
k=1

r
NB) = Ok log bx.
k=1

The sequences G(n(N), s) and A(n(N)) play an essential role in the
description of the asymptotics of Uy s(an).
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Soforall N e N
G(n(N),s) = G(n(2N),s),  An(N)) = A(n(2N)).

The sequences (A(n(N)))nen and (G(n(N), s))nen are bounded for any s > 0.
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Soforall N e N
G(n(N),s) = G(n(2N),s),  An(N)) = A(n(2N)).

The sequences (A(n(N)))nen and (G(n(N), s))nen are bounded for any s > 0.

Let U NI
N,s(aNKI: s(U)’ 0<s<1,
1
FN,s — J Una(aw) I:Ir NlogN’ s=1,
—U’V’,i,(sa”), s> 1.
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Soforall Ne N
G(n(N),s) = G(n(2N),s),  An(N)) = A(n(2N)).

The sequences (A(n(N)))nen and (G(n(N), s))nen are bounded for any s > 0.

Let U N
N,s(aN,{I: s(‘T)7 0<s< 1’
I
Fns:= Un,1(an) ,:Ir NlogN’ s=1,
L*,ﬁ,(f”), s> 1.

In joint work with Mifna-Diaz we showed that the following asymptotics holds
as N - oo: If s > 0 and s # 1, then

2¢(s)
(2m)*

where ((s) is the Riemann zeta function. If s = 1, then

Fns=(2°=1) G(n(N); s) + o(1),

Fni= ! (v + log(8/7) + A(n(N))) + O(N~).

™

A. Lépez-Garcia (U. Central Florida) 05/20/2025 16/23



Limsup, liminf, and density
If s =1, then

Fiut = (1 + log(8/) + AGI(N))) + O(N )

where + is the Euler-Mascheroni constant v = limp_oc (3 4_;  — log n).
In particular, for all s > 0 we have

lim (FZN’S — FN,s) =0.
N—oo
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Limsup, liminf, and density
If s =1, then

Fit = (7 +log(8/m) + A(n(M))) + O(N")

where + is the Euler-Mascheroni constant v = limp_oc (X p_ &

— log n).
In particular, for all s > 0 we have

lim (F2N,s — FN,s) =0.
N— oo

(25 — 1)&) §>0,8#1,
limsup Fn s = (@m)
N=ro0 T (v +log(8/m), s=1,

2
MU $>0, 541,
liminf Fy s =
N—oo %(’y—l—log(Z/ﬂ')), s=1.
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Limsup, liminf, and density
If s =1, then

Fit = ~(3 -+ log(8/7) + A(n(N))) + O(N"")

where + is the Euler-Mascheroni constant v = limp_oc (3 4_;  — log n).
In particular, for all s > 0 we have

Iim (FZN’S — FN,s) = O.
N—oo

(25—1)f§7§§2, $>0, S#1,
limsup Fn s =
N=ro0 1(y+log(8/7)), s=1,
N fgfj), $>0, s#1,
imint /Ny s =
N (v +log(2/m)), s=1.

If Ts = [liminf Fy g, limsup Fp s], then for every s > 0, T coincides with the set
of all limit points of the sequence (Fp s).
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Inequalities

Forall N € N,
1
1 gG(n(N),s)<ﬁ7 0<s<1, (3)
1
ﬁ<G(U(N),S)§1, s>1, (4)
—2log2 < A(n(N)) <0, ®)

and the set of limit points of the sequences G(n(N), s) and A(n(N)) above are
the intervals

[1,(2°5- 1)1, 0<s<1,
[(2371)7171]7 S>15
[—2log2,0].

We used Karamata’s inequality to obtain the upper bound in (3) and the lower
bounds in (4) and (5).
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Finite asymptotic expansion
Using asymptotic formulas for the Riesz s-energy L¢(N) of the Nth roots of

unity by Brauchart, Hardin, and Saff, we can give a finite expansion for
UN,s(aN)-

PN — ﬁsz(lzvN) =)

UN s aN Z Vs(znf
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Finite asymptotic expansion
Using asymptotic formulas for the Riesz s-energy L¢(N) of the Nth roots of

unity by Brauchart, Hardin, and Saff, we can give a finite expansion for
UN,s(aN)-

PN — Lsz(lzvN) )

UN s aN Z Vs(zn/

The Riesz s-energy Is(o) of the normalized arclength measure has the
analytic continuation

N

~—

—s [‘(1;5
R

Vs = r(f)’ seC\{1,3,5,...}.

5

Nln
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Finite asymptotic expansion
Using asymptotic formulas for the Riesz s-energy L¢(N) of the Nth roots of

unity by Brauchart, Hardin, and Saff, we can give a finite expansion for
UN,s(aN)-

PN — Lsz(lzvN) )

UN s aN Z Vs(zn/

The Riesz s-energy Is(o) of the normalized arclength measure has the
analytic continuation

)
Vs = \fr(1 %) seC\{1,8,5,...}.

For the sinc function sinc z = S22 |et

o0
sinc” %z = Z an(8)Z?", |z| < 1.
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Theorem (with Mifia-Diaz)
For every s > 0, s not an odd integer,

Ls/2]

Uns(an) = vsNt+5 53 > ai(8)¢(s-2))(2° T =1)G(n(N); s—2/)N*F+Hy;s
j=0

where the sequence (Hn,s)f7_ is uniformly bounded in N. In the special case
when s is a positive even integer, vs = 0 and Hy s = 0 forall N > 1.
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Theorem (with Mifia-Diaz)
For every s > 0, s not an odd integer,
Ls/2]

Uns(an) = vsN+5 53 > aj(8)¢(s—2))(2° ¥ =1)G(n(N); s—2))N°Z+Hy.s
j=0

where the sequence (Hn,s)f7_ is uniformly bounded in N. In the special case
when s is a positive even integer, vs = 0 and Hy s = 0 forall N > 1.

Ifs=2M+1, M > 0 integer,
(2)m (2)m

Un,s(an) = —2yiNlog N+ — B2 (o + log(4/m) + Cu + A((N))N
M—1
i (272T)s S ay(s)¢(s — 2))(2°7F — 1)G(n(N); s — 2))N"2 + Hy .
j=0

where the sequence (Hn s)x._¢ is uniformly bounded in N, Cy is a constant,
(-)n denotes the Pochhammer symbol.
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Logarithmic case s =0
If
N=2"m42m% 4 ...4 2%, n>ny>--->n,>0,

we write
7(N) = p.
This arithmetic function has the doubling periodicity

7(2N) = 1(N).
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Logarithmic case s =0

If
N=2Mm42M . ...42% n1>n2>--->np20,

we write
7(N) = p.
This arithmetic function has the doubling periodicity

7(2N) = (N).

By Calvi and Van Manh we have

Uno(an) = —log(2)7(N).

The following holds:

Uno(an)
0 L .
Iog(N+1)_1’ forall Ne N

The set of limit points of this sequence is the interval [0, 1].
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Figure: Plot of the sequence — fi’;’ ‘,’V(i’;’) for 1 < N <5000.
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