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Multiorthogonal polynomials

Multiorthogonal polynomials are polynomials of a single complex variable that satisfy
orthogonality conditions with respect to a collection of p > 2 measures.
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Multiorthogonal polynomials

Multiorthogonal polynomials are polynomials of a single complex variable that satisfy
orthogonality conditions with respect to a collection of p > 2 measures.

s = (So,...,Sp—1): system of p complex measures with compact support.
n=(no,...,Np—1): multi-index with n; € Z>o forall0 <j < p—1.

Pn(z) is multiorthogonal with respect to s and n if it is a non-zero polynomial of degree
at most |[n| = ng + - - - 4+ np_1, satisfying

/P,.(z)zfdso(z) =0, 0<j<ny—1,

/Pn(z) Zdsy 1(z)=0, 0<j<n,q—1.
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Multiorthogonal polynomials

Multiorthogonal polynomials are polynomials of a single complex variable that satisfy
orthogonality conditions with respect to a collection of p > 2 measures.

s = (So,...,Sp—1): system of p complex measures with compact support.
n=(no,...,Np—1): multi-index with n; € Z>o forall0 <j < p—1.

Pn(z) is multiorthogonal with respect to s and n if it is a non-zero polynomial of degree
at most |[n| = ng + - - - 4+ np_1, satisfying

/P,.(z)zfdso(z) =0, 0<j<ny—1,

/Pn(z) Zdsy 1(z)=0, 0<j<n,q—1.

Finding Pn amounts to solve a homogeneous linear system of |n| equations with |n| + 1
unknowns (the coefficients of Pn), so a solution always exists.

If deg(Pn) = |n| for any solution, then n is called normal. In this case, the subspace of
solutions has dimension 1.
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Nikishin systems on star-like sets

Nikishin systems of measures on the real line where introduced by E.M. Nikishin in
1980. In this talk we consider Nikishin systems on a star.
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Nikishin systems on star-like sets

Nikishin systems of measures on the real line where introduced by E.M. Nikishin in
1980. In this talk we consider Nikishin systems on a star.

Letp > 1, and let
S; ={zeC:2""" €[0,+0)}.

A Nikishin system s = (so, ..., Sp—1) on S, is a system of complex measures with
common support on S;, constructed as follows.
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Nikishin systems on star-like sets (cont.)

Let (F'o,T41,...,Tp—1) be a system of sets given by
M=T7T7"4), j=0,..,p-1,

where T(z) = z°*" and (Ao, A1, ..., Ap_1) are compact intervals such that
P

[0, +00) if jis even,
A C
(—o00,0] ifjisodd.

We also assume that A; N Ajy =@ forallj=0,...,p—2.

N
\
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Nikishin systems on star-like sets (cont.)

Let (o9, ...,0p—1) be a system of measures supported on (I, ...,[p_1), respectively,
such that each o; is positive, rotationally invariant, with infinitely many points in its
support.
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Nikishin systems on star-like sets (cont.)

Let (o9, ...,0p—1) be a system of measures supported on (I, ...,[p_1), respectively,
such that each o; is positive, rotationally invariant, with infinitely many points in its
support.

Let
ar(t)

T(2) = P

denote the Stieltjes transform of a measure 7.
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Nikishin systems on star-like sets (cont.)

Let (o9, ...,0p—1) be a system of measures supported on (I, ...,[p_1), respectively,
such that each o; is positive, rotationally invariant, with infinitely many points in its
support.

Let
ar(t)

M@=z

denote the Stieltjes transform of a measure 7.

Suppose that 71, 72, . . . , 7« are arbitrary complex measures with compact support, such
that supp(7;) Nsupp(7j1) =0 forallj=1,...,k—1.
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Nikishin systems on star-like sets (cont.)

Let (o9, ...,0p—1) be a system of measures supported on (I, ...,[p_1), respectively,
such that each o; is positive, rotationally invariant, with infinitely many points in its
support.

Let
ar(t)

T(2) = P

denote the Stieltjes transform of a measure 7.

Suppose that 71, 72, . . . , 7« are arbitrary complex measures with compact support, such
that supp(7;) Nsupp(7j1) =0 forallj=1,...,k—1.

Inductively, one defines:

-

() =7
<T1,T2> = ?27‘1
(1, T2, 13) := {71, (T2, 73))

<T1,T2,...,Tk> = <T1,<T2,...,Tk>>
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Nikishin systems on star-like sets (cont.)

(S0,---,8p-1) = N(o0,...,0p—1) is the Nikishin system generated by (oo, . ..,0p—1), if

sj=(o0,...,0)), foral0<j<p—1.
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Nikishin systems on star-like sets (cont.)

(S0,---,8p-1) = N(o0,...,0p—1) is the Nikishin system generated by (oo, . ..,0p—1), if
sj = (00,...,07), forall0<j<p—1.
Let o/ be the push-forward of the measure o; on I'; under the transformation

T(z) = z°*", that is, o is the measure on A; such that

o/ (E)=0;({z€C:T(2) € E}), E C A,
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Let (so,

Multiorthogonal polynomials and functions of the second kind
.,Sp_1) =N(0’o, ..,a'p_1).

=} 5 = = A
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Multiorthogonal polynomials and functions of the second kind
Let (So,...,Sp71) :N(O'o,...,(fp,ﬂ.

Definition of multiple orthogonal polynomials

Let (Qn)p2, be the sequence of monic polynomials of lowest degree that satisfy the
multiple orthogonality conditions

i
Qn(2) Z' dsi(z) = 0, I=0,..., L,
| a2 as(e) ==

foreachj=0,...,p—1.

In terms of the notation used before, we are considering here multi-indices
n=(ng,...,Np—1) such that

No>m>np>--->nNp_1>n—1,

so we identify n with |n| and write Q) instead of Q.
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Multiorthogonal polynomials and functions of the second kind
Let (So,...,Sp71) :N(O'o,...,dp,ﬂ.

Definition of multiple orthogonal polynomials

Let (Qn)p2, be the sequence of monic polynomials of lowest degree that satisfy the
multiple orthogonality conditions

i
Qn(2) Z' dsi(z) = 0, I=0,..., L,
| a2 as(e) ==

foreachj=0,...,p—1.

In terms of the notation used before, we are considering here multi-indices
n=(ng,...,Np—1) such that

No>m>np>--->nNp_1>n—1,

so we identify n with |n| and write Q) instead of Q.

Definition of functions of the second kind
Set W, 0 := Qp, and let
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Algebraic properties

Theorem (Lopez-Garcia, Mifia-Diaz)
We have
1) Qn has maximal degree n.

2) Ifn=¢ mod (p+1),0 < ¢ <p, then Qn(2) = z°qn(2"*"), and qn has exactly o=
simple zeros in the interior of Ay.

3) The zeros of g, and qn.1 interlace on A,.

4) The sequences (Qn(2));2o, (Wnk(2))izo, 1 < k < p, satisfy a linear difference
equation of the form
Yn1 = ZYn — @nYn—p; n=p, (1)
where a, > 0 for all n > p. These p + 1 sequences form a basis for the space of
solutions of (1).
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Ratio asymptotics

From now on, we assume that the Nikishin system satisfies the following property (P):

For each 0 <j < p — 1, the measure o; has positive Radon-Nikodym derivative
a.e. on Aj.
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Ratio asymptotics

From now on, we assume that the Nikishin system satisfies the following property (P):
For each 0 <j < p — 1, the measure o; has positive Radon-Nikodym derivative
a.e. on Aj.

Assuming (P), in a joint work with G. Lépez Lagomasino, the following was proved:

1) For each fixed 0 < p < p(p+ 1) — 1, the following limits hold, uniformly on
compact subsets of the indicated regions:

. an(p+1)+p+1 (Z)
lim ————————— zeC\ (FTou{o0}),
n— oo an(p+1)+p(2) \( 0 { })

v z
lim Yooy p11.4(2) zeC\(Tk1UTxU{O}), 1<k<p,
n—oo Wop(pi1)4p,k(2)

where ', = 0.
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Ratio asymptotics

From now on, we assume that the Nikishin system satisfies the following property (P):

For each 0 <j < p — 1, the measure o; has positive Radon-Nikodym derivative
a.e. on Aj.

Assuming (P), in a joint work with G. Lépez Lagomasino, the following was proved:

1) For each fixed 0 < p < p(p+ 1) — 1, the following limits hold, uniformly on
compact subsets of the indicated regions:

an (p+1)+p+1 (Z)
lim ————————— zeC\ (FTou{o0}),
N> 00 an(p+1 +p(Z) \ ( 0 { })

Yooty p1.k(2)
lim —PeTet bS] S e o\ (Mo UT( U {0}), 1<k <p,
A Vgt ey (2) \ (M1 {0})
where ', = 0.

2) Foranyfixed0<p<p(p+1) -1,

p)
nILm anp(p+1)+p = =a”.

We describe these limits in terms of certain algebraic functions defined on a Riemann
surface.
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Riemann surface of genus zero and conformal mappings
Let R denote the compact Riemann surface

P
R=J R«
k=0
formed by the p + 1 consecutively "glued" sheets

RO::E\AO, RkZZ@\(Ak_1UAk), k=1,...,p—1, RpZZE\Ap_h

where the upper and lower banks of the common slits of two neighboring sheets are
identified. This surface has genus zero.
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Riemann surface of genus zero and conformal mappings
Let R denote the compact Riemann surface

P
R =|J R«
k=0
formed by the p + 1 consecutively "glued" sheets
RoZIE\Ao, Rk:=6\(Ak_1UAk), k=1,...,p—1, RPZZE\Ap_h

where the upper and lower banks of the common slits of two neighboring sheets are
identified. This surface has genus zero.

Given /€ {1,...,p}, let o) : R — T denote a conformal mapping whose divisor
consists of a simple zero at the point co(® € R, and a simple pole at the point
oo’ € R;. Foreachk=0,...,p, let

I !
oV = i,

We normalize ¢ so that

P
(N — — (!
ggak =41, wy = zlLrT;o Zpy’(2) > 0.

A. Lépez-Garcia (University of Central Florida) 07/25/2019 10/20



Asymptotic formulae

Theorem (Lopez-Garcia, Lépez Lagomasino)

Assume that (P) holds. The following formulas hold, uniformly on compact subsets of
the indicated regions:

1) Foreach fixed0 < p < p(p+1) — 1,

i Qup(p+1)+p+1 (2) _ Zz
oo Q (2) =1 o0 (zp+1)’
=00 Whnp(p+1)+p 1+ alv) w; g (2PHT)

zeC\ (fhu{o}),

where | = I(p) is the integer satisfying the conditions1 < I <pand/—1=p
mod p. Convergence takes place inC\ T ifp £ p mod (p+1).
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Asymptotic formulae

Theorem (Lopez-Garcia, Lépez Lagomasino)

Assume that (P) holds. The following formulas hold, uniformly on compact subsets of
the indicated regions:

1) Foreach fixed0 < p<p(p+1)—1,

i Qrp(p+1)+p+1(2) z
nie Q (z) =T 0 goe1)’
no(p+1)+p 1+ al W @, (zp+ )

zeC\ (fhu{o}),
where | = I(p) is the integer satisfying the conditions1 </ <pand/—1=p
mod p. Convergence takes place inC\ T ifp £ p mod (p+1).

2) Foreachfixed0 < p<p(p+1)—1and1 <k <p,

o Vap(ptytpot1,6(2) _ z
n~o0 Wip(or1)+p,k(2) 1+ a0 w ' o (zr+1)’

zeC\ (Tk—1 UTLU{0}),

with | = I(p) asin 1), and T, = 0.

We extend the sequence (a<p>)';<£;‘>—1, periodically in Z with period p(p + 1), so that

al?) = getPPH)) - forall p € Z.
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The asymptotic values a(”)

Theorem (Lopez-Garcia, Lépez Lagomasino)

The following properties stated in 1)—4) below hold foreach0 < p < p(p+1) — 1:
1) a” > 0.
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The asymptotic values a(”)
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The asymptotic values a(”)

Theorem (Lopez-Garcia, Lépez Lagomasino)

The following properties stated in 1)—4) below hold foreach0 < p < p(p+1) — 1:
1) &® > 0.
2) The set of p values {a\"+™P*}P— 1 js formed by distinct quantities.
3) The following relation holds:

p+p—1 . p+2p
L I
i=p i=p+p+1
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The asymptotic values a(*)

Theorem (Lopez-Garcia, Lépez Lagomasino)

The following properties stated in 1)—4) below hold foreach0 < p < p(p+1) — 1:
1) &a® > 0.
2) The set of p values {a\"*™PTV1P—1 s formed by distinct quantities.
3) The following relation holds:

p+p—1 . p+2p ;
Sod0= 3 an
i=p i=p+p+1
4) We have
(p) _ “
ar =———— 2)
)
i (0)

where (k, 1) = (k(p), I(p)) is the unique pair of integers satisfying the conditions
0<k<p,p=k—1 mod(p+1),and1<I<p,p=/—1 mod p.

v
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The asymptotic values a(*)

Theorem (Lopez-Garcia, Lépez Lagomasino)
The following properties stated in 1)—4) below hold foreach0 < p < p(p+1) — 1:

1) &a® > 0.
2) The set of p values {a\"*™PTV1P—1 s formed by distinct quantities.

3) The following relation holds:

p+p—1 i p+2p ;
S 3
i=p i=p+p+1
4) We have
() _ _ Wi @)
- )
i (0)

where (k, 1) = (k(p), I(p)) is the unique pair of integers satisfying the conditions
0<k<p,p=k—1 mod(p+1),and1<I<p,p=/—1 mod p.

5) Assume that0 € Ay forsome 0 < k <p—1. Then, forany0 < p<p(p+1)—1
suchthatp =k —1 mod (p+ 1), we have a*=P = al”). If0 ¢ Ay for all
0<k<p-—1,thenforany0 < p<p(p+1)—1, the set of p+ 1 values
{alPtmPP s formed by distinct quantities.

v
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A conformal mapping

The function n'?) : R — C defined by

1
14 g w,z;) @) (2)

n(2) =

is conformal since it is the composition of ¢! with the Mébius transformation
we— (1+a?ww)
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A conformal mapping

The function n'?) : R — C defined by

1
14 g w,z;) @) (2)

n(P)(Z) —

is conformal since it is the composition of ¢! with the Mébius transformation
we— (1+a?ww)

As a consequence of (2) and the definition of (") the function 5 R —> Cis
characterized as the unique conformal mapplng with a simple zero at co(")), a simple
pole at 0 € Ry(,), and satisfying nt (oo ) =1.
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A conformal mapping

The function n'?) : R — C defined by

1
1 4 gl») w,(;) UP)(2)

77(”)(2) —

is conformal since it is the composition of x!(*)) with the Mébius transformation
w (1+a% w,?1) w)™!

As a consequence of (2) and the definition of ¢! the function n(® R —> Cis
characterized as the unique conformal mapplng with a simple zero at co!®))| a simple
pole at 0 € Ry(,), and satisfying nt (oo ) 1.

Then, the asymptotic formulas take the simpler form
lim Steitei1(2) o) goit)
oo Qup(p+1)+p(2)

v z
lim M — an(p)(zp+1), 1 < k < P,
oo Wipoi1)4p,k(2)

where 7\

= n(p)|73k'
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Main ideas in the proof

The proof is based on the simultaneous analysis of p sequences of ratios

Pri1 k(Z)}oo
Prr1.4(2) k=0 .p-1,
{Pn,k(z) P

constructed out of the polynomials @, and the functions of the second kind W, «.

A. Lépez-Garcia (University of Central Florida) 07/25/2019 14/20



Main ideas in the proof

The proof is based on the simultaneous analysis of p sequences of ratios

Pri1 k(Z)}OO
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Main ideas in the proof

The proof is based on the simultaneous analysis of p sequences of ratios

Pn+1 k(Z)}OO
“ritkae) k=0,...,p—1,
{sz) P

constructed out of the polynomials @, and the functions of the second kind W, «.
By definition, P, o = g» is the monic polynomial in the relation

Qn(z) = Z'qn(Z°""),  n=¢ mod (p+1), 0<i<p.

Foreach 1 < k < p — 1, by definition P, x is the monic polynomial whose zeros are the
zeros in int(Ag) of the function ¢, x € H(C \ Ax—1) given by the relation

W, k(2) = 2 K nr(2P).
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In a previous work, we proved under the hypothesis (P) the existence of the following
limits, for each fixed0 < p<p(p+1)—1and0< k<p-—1,

P. z ~
lim Prpp+1)+p+1.4(2) = F¥)(2), z€C\ Ax,
A=o0 Pap(ptt)pk(2)

where F\”) and 1/F) are analytic in C \ Ay.
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In a previous work, we proved under the hypothesis (P) the existence of the following
limits, for each fixed0 < p<p(p+1)—1and0< k<p-—1,

P 7)) =
iim Deesneotk2) _Fog) oo a,,
r=o0 Pipipt1)+p.k(2)

where F\”) and 1/F) are analytic in C \ A.

Key fact: ¢, « satisfies the following orthogonality conditions with respect to varying
measures:

If K > ¢, then
doj (1)
Ot kL —0,  [=0,...,deg(Pnk) — 1,
N qpn,k( ) Pn,k+1(t) eg( nyk)
and if k < £, then
Pnk(t) t’M =0, I=0,...,deg(Pnk)—1,
A Pr+1(1)

where n=+¢ mod (p+1),0<¢<p.
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Key fact: Let 0 < p < p(p+ 1) — 1 be fixed, and let 0 < ¢ < p be the remainder in the
division of p by p + 1. There exist positive constants c,(f) so that the collection of
functions F,EP)(z) = c,(f)F,f")(z), 0 < k < p — 1 satisfies a system of boundary value

equations:
1) If0<¢<p-—1,thesystemis

FO0P
|FE, ()| [FE, (x)|
F(P) 2
|FE, ()| FE, (x)]
IR ()P
IXIIFL, (OIIFE (x))
(The last equation is dropped if ¢ = p —1.)

XEA, 0<k<p—1, k#6,(+1,

)

=1, xeA\{0}, k=~(+1.

)
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Key fact: Let 0 < p < p(p+ 1) — 1 be fixed, and let 0 < ¢ < p be the remainder in the

division of p by p + 1. There exist positive constants c,(f) so that the collection of
functions FK(P)(z) = c,(f)F,f")(z), 0 < k < p — 1 satisfies a system of boundary value

equations:
1) If0<¢<p-—1,thesystemis

AP (x)P
A2 (IR (0
AP ()P Ix]
IR (IR (0
AP (x)P
IXIFE, (R ()

(The last equation is dropped if ¢ = p —1.)
2) For ¢ = p, the system is

RSP (x))?
|x||F{”(x)]

IFP (X))
IEEL CONFY, (x)]

In the above equations we use the convention F(_”1) = Fé") =1.

=1, x€ly, 0<k<p—1, k#0,0+1,

)

=1, xe€\{0}, k=1t

)

=1, xeA\{0}, k=~(+1.

)

=1, x e Ao\ {0},

=1, xelAy, 1<k<p-1.

I

07/25/2019

A. Lépez-Garcia (University of Central Florida)

16/20



We consider the products
(P) H F ()

Then
1) \f,ﬁ”’| has continuous and non-vanishing boundary values on A and

()P
2 Ol (X))
so the possible singularities at 0 present in the system of boundary value

equations are now eliminated.
2) fl—1=p modp,1</<p,then

f(P)(Z_ Cpz+0O(1), 0<k</-1,
KA T Ve, +0(z7Y), I<k<p-1,

=1 forall x € Ag, 0<k<p-—1,

)

where ¢k, > 0forall0 < k< p—1.
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We consider the products

P
H p+/
j=0
Then

1) \f,ﬁ”’| has continuous and non-vanishing boundary values on A and
7 ()
2 COlIRZ (0

so the possible singularities at 0 present in the system of boundary value
equations are now eliminated.

2) fl—1=p modp,1</<p,then
(2 _{ck,p2+0(1), 0<k<I—1,
)(2) =

=1, for all x € Ag, 0<k<p-—1,

Ck,p+o(zi1)7 ISkSp_17

where ¢k, > 0forall0 < k< p—1.

This implies by a result of Aptekarev-Lépez-Rocha the fundamental relation

14 p p
=11 = (1T #00) T o

j=0 v=k+1 v=k+1
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In particular,

f[SP) _

fIEP‘FP)

for any p.

=} 5 = = A
A. Lépez-Garcia (University of Central Florida)
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In particular,
£ = f#P) for any p. 3)

Since

FO)(2) = 1-a?z7"+0(z7?), ifp£p mod (p+1)
0 lz-a” 4+ 0z, fp=p mod (p+1),

equation (3) for k = 0 immediately gives

p+p—1 pt+2p

S = S A,

i=p i=p+p+1
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We have

i) if 0<k<k
(p)(Z) = lim Pip(o+1)+o+1,k(2) {H/ ~o7(2), < k< klp),

A—>oo Pappi1)+0.k(2) k %p)(z) if k(p)<k<p-1,

where

(P)(z) _ 1
1+ a0 wl of(2)
?;f” is the normalization at oo of n(") and (k(p), I(p)) is the pair of integers satisfying

k(p)=1=p modp, 0<k(p)<p, lp)—1=p mod(p+1), 1=<I(p)<p.
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Proof of

R = g
forp=p mod (p+1).

1+ g wl_1 (pg(ﬂ))(z)

=} 5 = = A
A. Lépez-Garcia (University of Central Florida)



Proof of

=(p)
Fo (Z) 14 a (/(p))(z)

forp=p mod (p+1).
The recurrence relation gives

a0 = (2~ B T B

i=p—p
SO _ B
Wy a0, AR _, aRE)
e, F) 7o F(2) 1(2)
therefore 5 5

F(P)( )

14 a"’( 5 Titang 20D (2)
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