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On the unit circle and notation

Let S' c C denote the unit circle.
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On the unit circle and notation

Let S' ¢ C denote the unit circle.

Let s € R be fixed. We say that (a,)>, C S' is a greedy s-energy sequence
if for every n > 1,

n—1 1 n—1 1
> _ Iy -, ifs>0,
= lan — aj|s  zes' = |z — aj
Slo ! —mingl ! ifs=0
= g lan — aj|  zes = € |z—aj’ ’
n—1 n—1
dlan—alt=max} |zl ifs<0.
j=0 j=0
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Ifw=1{z,...,zy} C S'is a multiset of N > 2 points on the unit circle and
s € R, the Riesz s-energy of w is by defnition

25,1z~ 7= ifs#0,

Es(w) =
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Ifw={z,...,zy} C S'is a multiset of N > 2 points on the unit circle and
s € R, the Riesz s-energy of w is by defnition

22i</.|z,-—zj\—5 if s£0,
Es(w) = 1 .

So greedy sequences (a,)°, C S are equivalently defined as those
satisfying that for every n > 1,
Es({ao,...,an}) = Zn;usq Es({ao,...,an-1,2}) ifs>0,

ES({aO, cey an}) = ;nez.]S>1( ES({aOa cey arl—hz}) if s <0.

Let
aNg = {ao,...,aN,1}, N>1.
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The case s < —2 is degenerate: If s < —2, greedy sequences are
concentrated on antipodal points:

{an};lo C {a0, a1}, a; = —ayp.

If s = —2, greedy sequences are characterized as those satisfying
aok1 = —aok for each k > 0.
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The case s < —2 is degenerate: If s < —2, greedy sequences are
concentrated on antipodal points:

{an};lo C {a0, a1}, a; = —ayp.

If s = —2, greedy sequences are characterized as those satisfying
aok+1 = —aok for each k > 0.

Soif s < -2, then

21-5? N = 2n,

E =
s(aN,S) {21—3(,«]2 + n)’ N =2n + 1.

So the behavior of Eg(an,s) is trivial if s < —2.
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The case s < —2 is degenerate: If s < —2, greedy sequences are
concentrated on antipodal points:

{an};lo C {a0, a1}, a; = —ayp.

If s = —2, greedy sequences are characterized as those satisfying
aok+1 = —aok for each k > 0.

Soif s < -2, then

21-sp2, N =2n,

E =
s(aN,S) {21—5(,«]2 + n)’ N =2n + 1.

So the behavior of Eg(an,s) is trivial if s < —2.

The interesting case to analyze is when s > —2, which we assume to hold in
the rest of this talk.
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In a work studying the Lagrange interpolation properties of Leja sequences on
the unit circle, Bialas-Ciez and Calvi showed that such sequences are
intimately related to the binary decomposition of natural numbers.

Theorem (Calvi and Van Manh, 2011)

Suppose that (an)>2, C S' is a Leja sequence on the unit circle (i.e., greedy
sequence fors = 0). Let N > 1 be an integer, and let

N=2"+2% +...+2%  m>m>-.->n>0.
Then
N—1
H |aN—ak|:2p,
k=0
equivalently

zrglquIog Z g ] = —plog2.
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Geometry

Let '
wN = {eQW’k/N 1<k <N}
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Geometry

Let ‘
WN = {ezmk/N 1<k <N}

Bialas-Ciez and Calvi showed that if (a,)>°, C S' is a Leja sequence with
ap = 1 and

N=2m_42% 4 ...4 2% n>n>--->n,>0,
then the set
an,o =1{a0;.--,an-1}

is the union of p disjoint configurations which are rotated copies of the sets
Won; .
an,0 = wan U prwore U prpzwon U=+ U (p1 -+ pp) ware

where p; are 2"-th roots of —1.
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Geometry

Let ‘
WN = {ez’”k/N 1<k <N}

Bialas-Ciez and Calvi showed that if (a,)32, C S is a Leja sequence with
ap = 1 and

N=2M_42m...42% n>m>--->n>0,
then the set
an,o =1{a0;.--,an-1}
is the union of p disjoint configurations which are rotated copies of the sets
Won; .
an, = wan U pyware U prpawans U+ U (p1 -+ pp) wam
where p; are 2"i-th roots of —1.

For any s > —2, greedy s-energy sequences on S' have the same geometric
structure present in the case s = 0, so in what follows we will write ay s = an.
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The goal is to describe the asymptotic behavior of the sequence
Es(an), ay ={ap,...,an-1},
for all values of s > —2.
Let wy = {€¥7*/N .1 < k < N}, and
Ls(N) = Eg(wn).

Then N .
2-SNY N1 (sin&m)™° | s =0,
Lo(N) = >kt (sin ) 7
—NlogN, s=0.
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The goal is to describe the asymptotic behavior of the sequence
Es(an), ay ={ap,...,an-1},
for all values of s > —2.
Let wy = {€¥7*/N .1 < k < N}, and
Ls(N) := Es(wn).

Then N .
2-SNY N1 (sin&m) 7% s 0,
ey {2 N )
—Nlog N, s=0.

In joint works with Ryan McCleary and Douglas Wagner we showed that

—1
p i on— nkﬁ 2nk+1 + Z <1 _ i 2nj—nk+1)£S(2nk)
k=1 j=k+1 k=1 j=k+1

ifN=2"4...42%,n >--->n, > 0.



Different asymptotic regimes
The study of the asymptotics of Eg(ay) is subdivided into six cases:

—2<s<-1, s=-1, —-1<s<1,8#0, s=0, s=1, s>1.

Each case requires different normalizations.
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Different asymptotic regimes

The study of the asymptotics of Eg(ay) is subdivided into six cases:
—2<s<-1, s=-1, —-1<s<1,8#0, s=0, s=1, s>1.

Each case requires different normalizations.
In the logarithmic case s = 0, a result of Albert Edrei implies that

. Eo(OzN) . 2 1
lim —— = lim — E log =0.
2 _ 4
N 0<i<j<N—1 |ai — gl
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Different asymptotic regimes

The study of the asymptotics of Eg(ay) is subdivided into six cases:
—2<s<-1, s=-1, —-1<s<1,8#0, s=0, s=1, s>1.

Each case requires different normalizations.

In the logarithmic case s = 0, a result of Albert Edrei implies that

0.

. Eo(aN) . 2 1

| — = | — E I =

NI—>moo N2 Ninoo N2 = g |aj — a/|
0<i<j<N-1

We know that Ep(an) > Lo(N) = —Nlog N. In joint work with Wagner (2015)
we showed that
Eo(an)

|- =
N Nlog N

In fact we proved that

0< Eo(an) + Nlog N
- N

< log(4/3), N>2.
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Figure: Plot of the sequence emiNleeN 5 < < 4200

This sequence has the doubling periodicity property

Eo(aon) +2Nlog(2N)  Eo(an) + Nlog N
2N B

> 1.

N ’ Nz
We can show now that the set of all limit points of the sequence
(Eo(an) + Nlog N)/N fills out the interval [0, log(4/3)].
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Using essentially the same argument of Edrei, it can be shown that for any
—2<s<1,s#0,we have

jim  Es(an) :IS(J)://S‘XS1 X — y|7° do(x) do(y),

N—oo N2

where o is the normalized Lebesgue measure on S' (o(S') = 1). In joint work
with E. Saff we proved that in the case s = 1 we have

o B 1
N—oo N2logN 7
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Using essentially the same argument of Edrei, it can be shown that for any
—2<s<1,s#0,we have

. ES(aN)
N TNE

~10)= [ /S | x=yEda do(y).

where o is the normalized Lebesgue measure on S' (o(S') = 1). In joint work
with E. Saff we proved that in the case s = 1 we have

o B 1
N—oo N2logN 7

Somewhat surprisingly, in the same work it was shown that the sequence

Es(aN)
Ni+s ’

s>1,

is bounded but divergent!
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Theorem (with E. Saff, D. Wagner, and R. McCleary)

Lets > —2 and (ap) C S' be a greedy s-energy sequence. Then the following
sequences are bounded and divergent:

Eo(an) + N log N Es(an) — N?Is(o)

s=0,

—1<s<1, s#0,

N ’ N1+s ’
Ei(an) — 7 "N2log N Es(an)
N2 , s=1, NiTs s>1,
E,1 (aN) — L1 (O')N2
E — N2 -2 —1 - _
s(an) s(o), <s< -1, log N , S 1,

where o is the normalized Lebesgue measure on S'.
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Figure: Plot in the case s = —0.1 of the sequence %j@“’”’z 2 < N < 8000
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Figure: Plot in the case s = —0.9 of the sequence %j@("”’z 2 < N < 8000
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Figure: Plot of the sequence L'N‘”)N 2 < N <4000
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Figure: Plot of the sequence %W’ 2 < N < 4200
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Figure: Plot in the case s = 2 of the sequence Efvﬂ‘i’;’), 2 < N <4200
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Arithmetic functions
For N € N, let n(N) denote the vector

2m 2n 2"
U(N)= (W’W""’W)

ifN=2"4...42%, ny >--->np, > 0. So note that n(N) = n(2N) for all
N e N.
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Arithmetic functions
For N € N, let n(N) denote the vector

om 2 2m

ifN=2"4...42%, ny >--->np, > 0. So note that n(N) = n(2N) for all
N € N.

For a vector § = (01, ... ,6,) with positive entries, let

p p
H@.s) =Y 65 (22" =1 ( Y 6) + 6.
k=1

j=k+1
p—1

K() =1lo +Zez|og Ok/4) +2) Z 0 0x log b,
k=1 j=k+1

p
== (log(4)(k — 1) + log 0k) bk
k=1

The sequences H(n(N), s), K(n(N)), R(n(N)) play an essential role in the
description of the asymptotics of Eg(ay).
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It can be proved that the sequences K(n(N)), R(n(N)) are bounded and
divergent, and for any s > —1, the sequence H(n(N), s) is also bounded and
divergent.

In the case s < —1, the sequence H(n(N), s) is unbounded, and we have
H(n(N),—1) = O(log N) and H(n(N), s) = O(N—(t1) for s < —1.
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It can be proved that the sequences K(n(N)), R(n(N)) are bounded and
divergent, and for any s > —1, the sequence H(n(N), s) is also bounded and
divergent.

In the case s < —1, the sequence H(n(N), s) is unbounded, and we have
H(n(N),—1) = O(log N) and H(n(N), s) = O(N—(t1) for s < —1.

For any N € N, the function s — H(n(N), s) is convex on the whole real line,
and we have H(n(N),0) = H(n(N),1) = 1.
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It can be proved that the sequences K(n(N)), R(n(N)) are bounded and
divergent, and for any s > —1, the sequence H(n(N), s) is also bounded and
divergent.

In the case s < —1, the sequence H(n(N), s) is unbounded, and we have
H(n(N),—1) = O(log N) and H(n(N),s) = O(N-(+t1)) for s < —1.

For any N € N, the function s — H(n(N), s) is convex on the whole real line,
and we have H(n(N),0) = H(n(N),1) = 1.

Let

Es(an) — N?Is(o), —2<s< —1,
Bl ) 5oy,
Eo(an)+Nlog N _

s 1= o nhin) 31 O
e —1<s<1, s#0,
E1(aN)77,l;I;1N2 IogN’ s=1,
%, s> 1.
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Theorem (with Mifia-Diaz)

The following asymptotic formulae hold true as N — oc: If s > —1 and
s# 0,1, then

O(N=1=9), —1<s<1, s#£0,
2¢(s) O(N'=9), 1<85<3, s#£2,
Tns = H(n(N
N.s = (2m)s (n(N), 8) + O(N~2), s=2, ors>3,
O(N~2logN), s=3,

where ((S) is the classical Riemann zeta function, or its analytic continuation.
Ifs=1, then

Ei(an) — 7 '"N?log N 1

Tt = =

(v + log(2/7) + K(n(N))) + O(N~2).

where ~ is the Euler constant. If s = —1, then

(0% — 2_ o m _
Tn—1= E-af Nl)ogl<IV La(o) =—3H(n|(ol\gl)l’v1)+0((logN)_1).

For each integer N > 2 we have Ty o = 2nliNIsN — g, (ny).




Finite asymptotic expansion

As a corollary of the previous result, for every s > —1 we have the asymptotic
doubling periodicity property

||m (T2N’s - TN7s) = O.
N— o0
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Finite asymptotic expansion

As a corollary of the previous result, for every s > —1 we have the asymptotic
doubling periodicity property

||m (T2N’s - TN73) = O.
N— o0

The Riesz s-energy Is(o) of the normalized Lebesgue measure has the
analytic continuation

seC\{1,8,5,...}.
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Finite asymptotic expansion

As a corollary of the previous result, for every s > —1 we have the asymptotic
doubling periodicity property

||m (T2N’s - TN73) = 0.
N— o0

The Riesz s-energy Is(o) of the normalized Lebesgue measure has the
analytic continuation

seC\{1,8,5,...}.
For the sinc function sinc z = S12Z  |et

o0
sinc” %z = Z Bn(8)Z%", |z| <1,
n=0

with Bo(s) =
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Theorem (with Mifa-Diaz)
For every s > —1 such that s # 0 and s is not a positive odd integer, we have

L(s+1)/2]
Es(on) = vsN? + @ S Bi(s)i(s — 2j)H(n(N), s — 2/ )N+ 1 O4(1).
j=0

In the special case when s is a positive even integer, vs = 0 and Os(1) = 0 for
allN > 1.
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Theorem (with Mifa-Diaz)
For every s > —1 such that s # 0 and s is not a positive odd integer, we have

L(s+1)/2]

Es(an) = vsN? e > Bi(s)S(s — 2))H(n(N), s — 2))NS=*T 1+ O4(1).
j=0

In the special case when s is a positive even integer, vs = 0 and Os(1) = 0 for
allN > 1.

Ifs=2M+1, M > 0 integer,

1 1
Ex(om) = (ZQLMI N2logN-+ M — log() + G + K(n(N)))N2

¢(s = 2))H(n(N), s = 2))N°*~#*1 4 Ou(1),

where Cy, is a constant and (-), denotes the Pochhammer symbol.

Cu= VL) Ly 1) - LM+ 1/2), w=TT

=4 , = .
Bu(M +1) " 2 2
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Theorem (with Mifna-Diaz)

Forany s > —1, the set of all limit points of the sequence (Tn s)n forms a
compact interval.
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Theorem (with Mifa-Diaz)

For any s > —1, the set of all limit points of the sequence (T s)n forms a
compact interval.

As mentioned earlier, this interval equals [0, log(4/3)] in the case s = 0.

The theorem follows from the fact that the set of all limit points of the
sequences H(n(N),s), s > —1, K(n(N)), R(n(N)) form an interval.

In the case of the function H, the interval is of the form

[ds, 1], if0<s<1,
[1,ds], if —1<s<0 or s>1.

We have estimates for ds but we don’t know its value.
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Theorem (with Mifa-Diaz)

For any s > —1, the set of all limit points of the sequence (T s)n forms a
compact interval.

As mentioned earlier, this interval equals [0, log(4/3)] in the case s = 0.

The theorem follows from the fact that the set of all limit points of the
sequences H(n(N),s), s > —1, K(n(N)), R(n(N)) form an interval.

In the case of the function H, the interval is of the form

[ds, 1], if0<s<1,
[1,ds], if —1<s<0 or s>1.

We have estimates for ds but we don’t know its value.

In the case of the function K the interval is of the form [0, x|, for some x > 0.
We don’t know the value of «.
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Thank you!
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