Measures

Piotr Mikusinski
University of Central Florida, Orlando, Florida

1 Introduction

We present here a construction of a complete measure space. We do not follow
the standard Carathéodory construction. The approach used here is based
on [1]. The integral with respect to a measure is defined as a Daniell integral.
The proofs of the Radon-Nikodym Theorem and the Lebesgue Decomposition
Theorem follow the ideas of von Neumann. The proof of Fubini’s Theorem
is based on [2], where it is presented for the Lebesgue measure in RY.

2 Measure spaces

Let X be a nonempty set.
Definition 2.1. A collection R of subsets of X is called a ring of subsets of
X if

A,B € R implies AUB, A\ B € R.

Definition 2.2. A map p : R — [0,00) is called o-additive if for any se-
quence of disjoint sets A;, Ay, -+ € R such that U2, A,, € R we have

H <[j An) = iM(An>‘

Note that o-additivity implies finite additivity.
In this note we use the same symbol to denote a subset of X and the
characteristic function of that set, that is, if A C X we will write

A(x):{ 1 ifreA

0 otherwise °



Definition 2.3. A set S C X is called summable if there are A;, Ay,--- € R
and oy, ag,--- € {—1,1} such that

II S(x)=>", a,A,(x) for every x € X for which > 7 A, (z) < 00
If conditions I and II are satisfied, we write S ~ Zzozl anA,.

Definition 2.4. A function f : X — Z is called a simple function if
flz) =a1A1(x) + - + a, An(x) (1)

for some Ay,..., A, € R and ay,...q, € Z. For the simple function (1) we
define

I(f) = cap(Ar) + -+ anpi(Ay).

Exercise 2.5. Show that [ is a well-defined additive functional on the space
of simple functions.

Lemma 2.6. If (f,) is a non-increasing sequence of simple functions con-
vergent to 0 at every point of X, then lim, . I(f,) = 0.

Proof. Let A, = suppf, = {x € X : fu.(z) # 0}, n € N. Since (f,) is a
non-increasing sequence, we have A; D Ay D .... Define B, = A, \ A,11.
Since lim,, o fn(z) = 0 for all x € X, we have A; = U, B,,. Then u(A;) =

> o> 1(By), by o-additivity of p on R. Hence Y ;- pu(Bg) — 0 as n — 00
and consequently

I(fn) < max |filp(A,) = max | fi] Y p(Bg) =0
k=n

as n — oo. O

Lemma 2.7. Let (g,) and (h,) be non-decreasing sequences of simple func-
tions such that
lim h,(z) < lim g,(z)

n—oo n—oo

for every x € X. Then

lim I(h,) < lim I(g,).

n—o0 n—oo

(In both inequalities we allow co.)



Proof. Fix k € N and define
fn - hk - mln(hk:gn)

Note that (f,) is a non-increasing sequence convergent to 0 at every z € X.
By Lemma 2.6,

lim I(f,) = hm I(hy, — min(hg, gn)) = 0.

n—oo
Hence
_ : <1
I(hy) = lim I(min(hy, g,)) < Tim I(gy).
We finish the proof by letting £ — oc. m

Lemma 2.8. If U ~ > o, A,, then Y " anu(A,) > 0.
Proof. Let € > 0. The 377 u(A,) < ¢ for some ny € N. Define

9n = O41A41 +-+ anoAno + An0+1 + Ang—i—? + ...

and
h,, = max(gy, 0).

Note that (g,) and (h,) satisfy the assumptions of Lemma 2.7. Hence

0 < lim I(hy,) < lim I(gy)

n—oo n—oo

and consequently
0< CVl,u(fll) +oeee ano:u(Ano) + M(AnoJrl) + :U(AnOJr?) +.

Since )

n) < &, we must have

—2e < i anu(A
n=1

which shows that 0 < > a,u(A,), because € is an arbitrary positive
number. ]

nno(

Lemma 2.9. If S ~ > o, A, and S =Y " B,B,, theny " anu(Ay) =
220:1 Bupt(By).



Proof. Note that
0~ a1 Ay — B1B1 + agAy — o By + ...
By Lemma 2.8

0 < aypu(Ar) — fip(Br) 4+ agp(Az) — Bopu(Bs) + . ...

and consequently
> But(B) < cnpul(Ay).
n=1 n=1

By switching the two representations of S, we obtain the inequality in the
opposite directions. O

The above lemma allows us to define the measure of a summable set.

Definition 2.10. Let S be a summable set and let S ~ 220:1 a,A,. By the
measure of S we mean the number

plS) = 3 anp(An).

Definition 2.11. A set U C X is called measurable if U NS is summable
for all S € R. If U is measurable but not summable, we define p(U) = oc.
The collection of all measurable subsets of X will be denoted by ..

Lemma 2.12. If S C X is summable, then for every ¢ > 0 there is a
representation S ~ Y a, A, such that

S lA) < (S) +e

Proof. Let S ~ > | B,B, be an arbitrary representation of S. There is
no € N such that

> u(By) < }15.

n=ng+1

Let Cy,...,Cp, Dy,...,D,, € R be such that C; N Dy =  for all j and k
and such that

BB+t BugBug = Co 4 Gy = Dy — - = D,

4



Note that

Sx~Ci+---+Ch —D1— -+ — Dy, + Bng+1Bno+1 + Bng+2Bng+2 + - -
Let V =supp (D, U---UD,,). Then

SNV~ =Dy == Dpy + Brogt1(Brg+1 N V) + Brgr2(Brgs2 N V) + ...

and hence, by Lemma 2.8,

0< _M(D1> - N(DTQ) + 6n0+1ﬂ<Bn0+1 N V) + ﬁnoJrQN(BnoJrQ N V) +...
1
< _M(Dl) - M(Dnz) + 15'

Consequently p(Dy) + -+ + p(D,,) < ie. Since

ni; u(On)—nf:l M(Dn)—ng:Hu(Bn) < u(S) < ni; M(Cn)+§:1 M(Dang:HM(Bn)
o oo
(i 1(Cr) + HZQI 1(Dy) + iﬂu(&)) - (i 1(Cp) — i (D) — iﬂ M(gﬂ)) <e,
we conclude 7 B 7 : -

iu@n) + iu(Dn) - i 1u(Bn> < u(S) +e.

n= - St ]

Now we extend the use of the symbol =~ to series of summable sets.

Definition 2.13. If U C X and there are summable sets S7, Ss,--- C X and
aq,ag, -+ € {—1,1} such that

I Z,u(Sn) < 00 and
n=1

II Ux) = Z a, Sy (z) for every x € X for which Z Sn(z) < 00,
n=1

n=1



then we write U o~ Y~ | a,5,.

Lemma 2.14. If U ~ Zf;l a,S, and S1,Ss, ... are summable sets, then U
is summable and p(U) =37 anpu(Sy).

Proof. Let By, € R and By, € {—1,1}, for k,n € N, be such that

Sk~ Y BinBin and Y p(Brn) < p(Sk) +27

n=1 n=1

forall k € N. Let Y >° | 7, A, be aseries arranged from all series Y | o550 B,
k € N. It is easy to verify that U ~ > > ~,A,. Consequently, U is
summable and

N(U> = Z ’Yn,u(An> = Z anN(Sn>-

m
Theorem 2.15. X is a o-ring.
Proof. Let U,V € ¥ and let S € R. If
UNS~Y a,A, and VNS~ BB,
n=1 n=1
then
(U \ V) NS ~ ZanAn - (Z OénAn> (Z 5an>
n=1 n=1 n=1
and
UUV)NS =Y andn+ Y BuBa— (Z anAn> (Z 5an> .
n=1 n=1 n=1 n=1
If Uy,U,,--- € X, then the sets
Vi=U,V,=U,\(UyU---UU,_4) forn>1
are measurable in view of the above. If S € R, then
(U Un> ns= (U Vn) NS~ (V,NS)
n=1 n=1 n=1
and thus | J 2, U, € X. O



Theorem 2.16. y is a measure on X.

Proof. If Uy, Us, - -- € ¥ are disjoint and |-, u(U,) < oo, then |, U, =~
Yoo Uy and hence p (U2 Uy) = >0 w(Uy). If UL, Uy, - - - € X are disjoint
and (J>7, u(U,) = oo, then it is easy to see that p (|U,—, U,) = oo. O

Theorem 2.17. p is complete.

Proof. It p(U) =0and V C U, then V. ~U + U + ... and thus V € ¥ and
u(V) = p(U) +pU) +---=0. O



3 Regularity of the Lebesgue measure in R

Theorem 3.1. Let S C RY be a summable set and let € > 0. Then there
exist an open set U and a compact set K such that

(a) KCScCU,
(b) WU\ S5) <e,
(¢) W(S\K) <e.

Proof. If S ¢ RY is summable and ¢ > 0, then by Lemma 2.12 there is a

representation
[ee]
S ~ E an A,
n=1

where A,, € R and
€
S (A < ul(S) + 5
n=1

Let Uy, Us, --- C RY be open sets such that A, C U, for every n € N and

o0 o0 c
ST U < 3 (A + 5.
n=1 n=1
If we define U = U;2,U,,, then U is an open set such that S C U and
p(UN\S) = p(U) = u(S)

S ZM(Un) - M(S)

<D nlA) + 5 = u(S)

< u(S)+ 5+ —nlS) =<

Now let A € R be a closed set such that

p(S) < (SN A)+ =,



so that we have

pS\A) <

DO ™

Since A\ S is summable, by the first part of the proof, there exists an open
set V such that A\ S C V and

p(VA (AN S)) <

DO ™

If we define K = A\ V, then K is a compact set and we have
K=A\VCA\(A\S)=5.
Moreover, since
S\K=S\(A\V)=(S\AU(SNANYV)

and
SNANV CcV\(A4\S),

we have

pS\EK) = p(S\A) +u(V\ (AN S)) <e.



4 Integration on measure spaces

Let (X,3, 1) be a measure space. A function f : X — R is called a simple
function if it has the form

f:alA1+"'+anAn

where n € N, Ay,..., A, € X, and a,...,a, € R. The space of all simple
function on the measure space (X, ¥, ) will be denoted by S(X, %, 1). On
S(X, %, u) we define a functional |:

/ fdu= / (A + -+ anAn)dp = ajpu(Ay) + - + anu(A4,).

X X

Exercise 4.1. Show that the integral of a simple function is well defined.
Theorem 4.2. (X,S(X,E,p),f) is a Daniell space satisfying the Stone
condition.

Proof. We will only prove that lim, . [ « fndp = 0 for any non-increasing
sequence of simple functions (f,) convergent to 0 at every point of X.

Let (f,) be a non-increasing sequence of simple functions convergent to
0 at every point of X and let ¢ > 0. Let

A, =%z Dl ;}
{ € Xl )>2M(Suppf1)

Then A, € ¥ and, since (f,,) is a non-increasing sequence, we have A; D
Ay D .... Define B, = A, \ A,11. Since lim,, o, fn(x) =0 for all z € X, we
have A; = U2, B,,. Then pu(A;) =3 2, pu(B,), by o-additivity of u. Hence
Sore, w(Br) — 0 as n — co. Let ng € N be such that

9

2[| f1lloo

u(Ay) =Y u(By) <
k=n

for all n > ng. Then, for n > ngy, we have

/nw: nw+/ fodn
X A, X\A,

< || falloopt(An) + >u(suppfn) <e

24(supp f1
O

Corollary 4.3. LY(X, X, ) can be defined as the Daniell extension of (X, S(X, X, ), f)

10



5 The Radon-Nikodym Theorem and
the Lebesgue Decomposition Theorem

Definition 5.1 (Absolute continuity of measures). Let p and v be two mea-
sures on (X,X). We say that v is absolutely continuous with respect to p,
denoted by v < p, if u(A) = 0 implies v(A) =0 for all A € .

Exercise 5.2. Let p and v be two measures on (X, ). If v is finite, then
v < p if and only if for every € > 0 there exists a § > 0 such that u(A) < ¢
implies v(A) < € for every A € ¥.

Exercise 5.3. Let p be a measures on (X,Y) and let h € L'(X, ) be a
non-negative function. Then

V(A) = /A hdy

defines a measure on (X, ) and v < p.

Definition 5.4 (Measure support). Let p be a measures on (X, ). We say
that p is supported on S € ¥ if u(A) = u(ANS) for all A € 3.

Definition 5.5 (Singularity of measures). Let p and v be two measures on
(X,%). We say that v is singular with respect to p, denoted by v L p, if
there is A € ¥ such that v is supported on A and u(A) = 0. We say that v
and p are mutually singular, denoted by v L pu, if there are disjoint A, B € ¥
such that v is supported on A and p is supported on B.

Exercise 5.6. Let p and v be two measures on (X,Y). Show that v is
singular with respect to u if and only if v and p are mutually singular.

Theorem 5.7. If 1 and v are two finite measures on (X,X), then there
exists a non-negative measurable function g : X — R and B € ¥ such that
w(B) =0 and

v(A) = / gdu+v(ANB)
A
for all A € 3.

Proof. The functional

M) = [ s
11



is a bounded linear functional on the Hilbert space L?*(X,u + v). By the
Riesz representation theorem there exists h € L*(X, u + v) such that

/fdu—/fhdquz/ /fhdqu/fhdy

for all f € L*(X,pu+v). Let

N ={xe€ X : h(x) <0},
M={xe X:0<h(z) <1},
B={xe€ X :h(x)>1}.

Since

0> / hd(p+v) = /th(,u+u) = /Ndu =v(N),
N
we have v(N) = 0. On the other hand,

O:V(N):/th(u—ku):/thu—l—/thy,

so u(N) = 0. Moreover, since

:/de:/Bhdqu/BhduzI/(B)Jru(B),

we have p(B) = 0.
For n € N we define

1
Mn:{xGX:OSh(x)Sl——}.

n
[ = [ 0~ wyv

for any f € L*(X,u + v). Hence, for any A € %3, we have

Note that

V(AN M,) = /A f‘f"h( mav = |

—h

By the monotone convergence theorem we obtain

V(AN M) = /—hdu =
anm 1=

12



But u(N) =0 and u(B) =0, so

h h
AN M) = g [
vanin= [ = [

Consequently
vV(A)=v(ANN)+v(ANM)+v(ANB) = / gdu+v(ANB),
A

where g = % O

Corollary 5.8. If u and v are two o-finite measures on (X,3), then there
exists a non-negative measurable function g : X — R and B € X such that
u(B) =0 and

V(A):/gdu—l—y(AﬂB)
A
for all A € 3.

Corollary 5.9 (Radon-Nikodym Theorem). If i and v are two o-finite mea-
sures on (X,X) and v < p, then there exists a non-negative measurable
function g : X — R such that

(4) = [ gdu
A
for all A € 3.

Corollary 5.10 (Lebesgue Decomposition Theorem). If p and v are two o-
finite measures on (X, ), then there exist two measures v, and vs on (X, )
such that v = v, + vs, v, < i, and v L p.

Proof. Define

l/a(A):/Agd,u and vs(A) =v(ANB).

13



6 Product measures and Fubini’s Theorem

Let (X, %, 1) and (Y, =, v) be measure spaces. We are interested in construc-
tion of a measure v on X x Y such that

(A x B) = p(A)v(B)

forall A€ XY and B € =.
First we note that the set

©p={AxB:Ae¥ and Be =}

is not a o-ring. Let ©; be the ring of generated by Oy, that is, the smallest
ring containing ©(. Note that

@1:{A1XBlLJ"'UAnXBnZAjEE,BjGE,jzl,...,n,RGN}

and that we can always assume that the sets A; x By,..., A, x B, disjoint.
We define

V(A1 x BiU---UA, x By) = p(A)v(Bi) + - + u(A,)v(Bn)
whenever A; x By,..., A, x B, are disjoint.

Lemma 6.1. 7 is a o-additive measure on ©.

Proof. Tt suffices to show that | J 7, A, x B,, = A X B € Oy for some disjoint
Al X Bl,AQ X BQ, ce- € ("‘)0 1mphes

> w(A)r(By) = p(A)v(B).

Since A; X By, Ay X Bs, ... are disjoint,
3 A () Buly) = A)B(y).
n=1
For a fixed z € X, the monotone convergence theorem on Y gives us
i A, (x)v(B,) = A(x)v(B).
n=1

14



Now, the monotone convergence theorem on X gives us

Z 1(An)v(By) = p(A)v(B).

]

The ring ©; can be extended to a o-ring © and v can be extended to a
complete o-additive measure on ©. Clearly, v(A x B) = u(A)v(B) for all
AeXY and B € =.

For the rest of this section we adopt the following notation: if f : X xYV —
R, then for x € X by f, we mean the function f, : ¥ — R defined by
fz(y) = f(z,y) and for y € Y by f, we mean the function f, : X — R

defined by f,(z) = f(z,y).

Lemma 6.2. Let (X, %, 1) and (Y,Z,v) be measure spaces and let f: X X
Y SR If

f:ZakAk ><B]C

k=1
where Ay, € X and By, € =, then

k=1
except possibly for a set of x of p-measure zero and
fy =) anBi(y) Ay
k=1

except possibly for a set of y of v-measure zero.

Proof. In view of full symmetry, we will only prove the part about f,. Let

n

ha(x) = ) law] Aw(a)v(By)

k=1

for n € N. Since the sequence (h,,) is monotone and
‘/ . d,u‘ < Jaklp(Ar)v(By) < oo,
X k=1

15



we can apply the monotone convergence theorem and conclude that there is
h € L'(X, %, i) such that h, — h a.e. and

[ b= loslu Ao

Forp =1,2,3,... and ¢ € R let

p
qu:{xeX: Z‘Oék’Ak v(By) EC]}

k=1
Zq:{xGX: Z|Ozk]Ak >q}
k=1
and
= { Z Oék|Ak OO}
We see that

:ﬂ(U ) and Z = (2,
=1 q=1
Notice that Z,,, Z,, Z € X for all p and ¢. For ¢ > 0 since

_Joifx ¢ Z,
qu(m)_{q ifZL‘EZq’

we see that ¢Z, < h p-a.e.. Thus qu(Z,) < fx hdp. Since Z C Z,, we see
that p(Z) < %fx hdyu for all ¢ > 0. Hence Z is a null set.
We now want to show that for all = ¢ Z we have

k=1

Choose = ¢ Z. We see that

(e} o0

Z || Ag () /Y Bydy = Z lag| A (2)v(By) < 0.

k=1 k=1

16



If y € Y is such that

> k| Ax(z) Bi(y) < oo,

then
Z|Oék| (Ag x By)(z,9) Z|%|Ak (y) <
and hence
> apAp(@)Bily) = oA x By)(x,y) = f(z,y) = fo(y),
k=1 k=1
which completes the proof. O

Theorem 6.3 (Fubini’s theorem). If f € L'(X x Y, 0,) is integrable, then

(o [ v ([ )

Proof. We prove only the first equality. If

f’iZOzkAk XBk

k=1

where A, € ¥ and B, € =, then

fo2 > apAn(z)By
k=1

for all x € X except possibly a set Z of y-measure zero. Then

/Y fodv =" o Ap(z)v(By)

whenever x ¢ Z. Set

hn = Z Oékl/(Bk)Ak
k=1

17



and

> hey v (Br) A(z) it Y07 Janlv(Br) Ar(r) < oo
h(x) =
0 otherwise

Each h, is integrable and h, — h p-a.e.. In the proof of Lemma 6.2 we
showed that

> " lowlv(Br) A
k=1

is integrable, and clearly
Bl < Jak|v(By) A
k=1

for each n, so the Lebesgue dominated convergence theorem implies that A
is integrable over X and that

But this amounts to

() f 1o

References

[1] P. Mikusinski, On the completion of measures, Arch. Math. (Basel) 50
(1988), 259-263.

[2] P. Mikusiriski and M. D. Taylor, An Introduction to Multivariable Anal-
ysis: From Vector to Manifold, Birkhauser, 2001. ISBN: 0-8176-4234-X

18



