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1 Introduction

We present here a construction of a complete measure space. We do not follow
the standard Carathéodory construction. The approach used here is based
on [1]. The integral with respect to a measure is defined as a Daniell integral.
The proofs of the Radon-Nikodym Theorem and the Lebesgue Decomposition
Theorem follow the ideas of von Neumann. The proof of Fubini’s Theorem
is based on [2], where it is presented for the Lebesgue measure in RN .

2 Measure spaces

Let X be a nonempty set.

Definition 2.1. A collection R of subsets of X is called a ring of subsets of
X if

A,B ∈ R implies A ∪B,A \B ∈ R.

Definition 2.2. A map µ : R → [0,∞) is called σ-additive if for any se-
quence of disjoint sets A1, A2, · · · ∈ R such that ∪∞n=1An ∈ R we have

µ

(
∞⋃
n=1

An

)
=
∞∑
n=1

µ(An).

Note that σ-additivity implies finite additivity.
In this note we use the same symbol to denote a subset of X and the

characteristic function of that set, that is, if A ⊂ X we will write

A(x) =

{
1 if x ∈ A
0 otherwise

.
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Definition 2.3. A set S ⊂ X is called summable if there are A1, A2, · · · ∈ R
and α1, α2, · · · ∈ {−1, 1} such that

I
∑∞

n=1 µ(An) <∞

II S(x) =
∑∞

n=1 αnAn(x) for every x ∈ X for which
∑∞

n=1An(x) <∞

If conditions I and II are satisfied, we write S '
∑∞

n=1 αnAn.

Definition 2.4. A function f : X → Z is called a simple function if

f(x) = α1A1(x) + · · ·+ αnAn(x) (1)

for some A1, . . . , An ∈ R and α1, . . . αn ∈ Z. For the simple function (1) we
define

I(f) = α1µ(A1) + · · ·+ αnµ(An).

Exercise 2.5. Show that I is a well-defined additive functional on the space
of simple functions.

Lemma 2.6. If (fn) is a non-increasing sequence of simple functions con-
vergent to 0 at every point of X, then limn→∞ I(fn) = 0.

Proof. Let An = suppfn = {x ∈ X : fn(x) 6= 0}, n ∈ N. Since (fn) is a
non-increasing sequence, we have A1 ⊃ A2 ⊃ . . . . Define Bn = An \ An+1.
Since limn→∞ fn(x) = 0 for all x ∈ X, we have A1 = ∪∞n=1Bn. Then µ(A1) =∑∞

n=1 µ(Bn), by σ-additivity of µ on R. Hence
∑∞

k=n µ(Bk)→ 0 as n→∞
and consequently

I(fn) ≤ max |f1|µ(An) = max |f1|
∞∑
k=n

µ(Bk)→ 0

as n→∞.

Lemma 2.7. Let (gn) and (hn) be non-decreasing sequences of simple func-
tions such that

lim
n→∞

hn(x) ≤ lim
n→∞

gn(x)

for every x ∈ X. Then

lim
n→∞

I(hn) ≤ lim
n→∞

I(gn).

(In both inequalities we allow ∞.)
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Proof. Fix k ∈ N and define

fn = hk −min(hk, gn).

Note that (fn) is a non-increasing sequence convergent to 0 at every x ∈ X.
By Lemma 2.6,

lim
n→∞

I(fn) = lim
n→∞

I(hk −min(hk, gn)) = 0.

Hence
I(hk) = lim

n→∞
I(min(hk, gn)) ≤ lim

n→∞
I(gn).

We finish the proof by letting k →∞.

Lemma 2.8. If U '
∑∞

n=1 αnAn, then
∑∞

n=1 αnµ(An) ≥ 0.

Proof. Let ε > 0. The
∑∞

n=n0+1 µ(An) < ε for some n0 ∈ N. Define

gn = α1A1 + · · ·+ αn0An0 + An0+1 + An0+2 + . . .

and
hn = max(gn, 0).

Note that (gn) and (hn) satisfy the assumptions of Lemma 2.7. Hence

0 ≤ lim
n→∞

I(hn) ≤ lim
n→∞

I(gn)

and consequently

0 ≤ α1µ(A1) + · · ·+ αn0µ(An0) + µ(An0+1) + µ(An0+2) + . . .

Since
∑∞

n=n0
µ(An) < ε, we must have

−2ε <
∞∑
n=1

αnµ(An),

which shows that 0 ≤
∑∞

n=1 αnµ(An), because ε is an arbitrary positive
number.

Lemma 2.9. If S '
∑∞

n=1 αnAn and S '
∑∞

n=1 βnBn, then
∑∞

n=1 αnµ(An) =∑∞
n=1 βnµ(Bn).
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Proof. Note that

∅ ' α1A1 − β1B1 + α2A2 − β2B2 + . . .

By Lemma 2.8

0 ≤ α1µ(A1)− β1µ(B1) + α2µ(A2)− β2µ(B2) + . . .

and consequently
∞∑
n=1

βnµ(Bn) ≤
∞∑
n=1

αnµ(An).

By switching the two representations of S, we obtain the inequality in the
opposite directions.

The above lemma allows us to define the measure of a summable set.

Definition 2.10. Let S be a summable set and let S '
∑∞

n=1 αnAn. By the
measure of S we mean the number

µ(S) =
∞∑
n=1

αnµ(An).

Definition 2.11. A set U ⊂ X is called measurable if U ∩ S is summable
for all S ∈ R. If U is measurable but not summable, we define µ(U) = ∞.
The collection of all measurable subsets of X will be denoted by Σ.

Lemma 2.12. If S ⊂ X is summable, then for every ε > 0 there is a
representation S '

∑∞
n=1 αnAn such that

∞∑
n=1

µ(An) ≤ µ(S) + ε.

Proof. Let S '
∑∞

n=1 βnBn be an arbitrary representation of S. There is
n0 ∈ N such that

∞∑
n=n0+1

µ(Bn) <
1

4
ε.

Let C1, . . . , Cn1 , D1, . . . , Dn2 ∈ R be such that Cj ∩ Dk = ∅ for all j and k
and such that

β1B1 + · · ·+ βn0Bn0 = C1 + · · ·+ Cn1 −D1 − · · · −Dn2 .
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Note that

S ' C1 + · · ·+ Cn1 −D1 − · · · −Dn2 + βn0+1Bn0+1 + βn0+2Bn0+2 + . . .

Let V = supp (D1 ∪ · · · ∪Dn2). Then

S ∩ V ' −D1 − · · · −Dn2 + βn0+1(Bn0+1 ∩ V ) + βn0+2(Bn0+2 ∩ V ) + . . .

and hence, by Lemma 2.8,

0 ≤ −µ(D1)− · · · − µ(Dn2) + βn0+1µ(Bn0+1 ∩ V ) + βn0+2µ(Bn0+2 ∩ V ) + . . .

< −µ(D1)− · · · − µ(Dn2) +
1

4
ε.

Consequently µ(D1) + · · ·+ µ(Dn2) <
1
4
ε. Since

n1∑
n=1

µ(Cn)−
n2∑
n=1

µ(Dn)−
∞∑

n=n0+1

µ(Bn) ≤ µ(S) ≤
n1∑
n=1

µ(Cn)+

n2∑
n=1

µ(Dn)+
∞∑

n=n0+1

µ(Bn)

and(
n1∑
n=1

µ(Cn) +

n2∑
n=1

µ(Dn) +
∞∑

n=n0+1

µ(Bn)

)
−

(
n1∑
n=1

µ(Cn)−
n2∑
n=1

µ(Dn)−
∞∑

n=n0+1

µ(Bn)

)
< ε,

we conclude

n1∑
n=1

µ(Cn) +

n2∑
n=1

µ(Dn) +
∞∑

n=n0+1

µ(Bn) < µ(S) + ε.

Now we extend the use of the symbol ' to series of summable sets.

Definition 2.13. If U ⊂ X and there are summable sets S1, S2, · · · ⊂ X and
α1, α2, · · · ∈ {−1, 1} such that

I
∞∑
n=1

µ(Sn) <∞ and

II U(x) =
∞∑
n=1

αnSn(x) for every x ∈ X for which
∞∑
n=1

Sn(x) <∞,
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then we write U '
∑∞

n=1 αnSn.

Lemma 2.14. If U '
∑∞

n=1 αnSn and S1, S2, . . . are summable sets, then U
is summable and µ(U) =

∑∞
n=1 αnµ(Sn).

Proof. Let Bk,n ∈ R and βk,n ∈ {−1, 1}, for k, n ∈ N, be such that

Sk '
∞∑
n=1

βk,nBk,n and
∞∑
n=1

µ(Bk,n) < µ(Sk) + 2−k

for all k ∈ N. Let
∑∞

n=1 γnAn be a series arranged from all series
∑∞

n=1 αkβk,nBk,n,
k ∈ N. It is easy to verify that U '

∑∞
n=1 γnAn. Consequently, U is

summable and

µ(U) =
∞∑
n=1

γnµ(An) =
∞∑
n=1

αnµ(Sn).

Theorem 2.15. Σ is a σ-ring.

Proof. Let U, V ∈ Σ and let S ∈ R. If

U ∩ S '
∞∑
n=1

αnAn and V ∩ S '
∞∑
n=1

βnBn,

then

(U \ V ) ∩ S '
∞∑
n=1

αnAn −

(
∞∑
n=1

αnAn

)(
∞∑
n=1

βnBn

)
and

(U ∪ V ) ∩ S '
∞∑
n=1

αnAn +
∞∑
n=1

βnBn −

(
∞∑
n=1

αnAn

)(
∞∑
n=1

βnBn

)
.

If U1, U2, · · · ∈ Σ, then the sets

V1 = U1, Vn = Un \ (U1 ∪ · · · ∪ Un−1) for n > 1

are measurable in view of the above. If S ∈ R, then(
∞⋃
n=1

Un

)
∩ S =

(
∞⋃
n=1

Vn

)
∩ S '

∞∑
n=1

(Vn ∩ S)

and thus
⋃∞

n=1 Un ∈ Σ.
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Theorem 2.16. µ is a measure on Σ.

Proof. If U1, U2, · · · ∈ Σ are disjoint and
⋃∞

n=1 µ(Un) < ∞, then
⋃∞

n=1 Un '∑∞
n=1 Un and hence µ (

⋃∞
n=1 Un) =

∑∞
n=1 µ(Un). If U1, U2, · · · ∈ Σ are disjoint

and
⋃∞

n=1 µ(Un) =∞, then it is easy to see that µ (
⋃∞

n=1 Un) =∞.

Theorem 2.17. µ is complete.

Proof. If µ(U) = 0 and V ⊂ U , then V ' U + U + . . . and thus V ∈ Σ and
µ(V ) = µ(U) + µ(U) + · · · = 0.
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3 Regularity of the Lebesgue measure in RN

Theorem 3.1. Let S ⊂ RN be a summable set and let ε > 0. Then there
exist an open set U and a compact set K such that

(a) K ⊂ S ⊂ U ,

(b) µ(U \ S) < ε,

(c) µ(S \K) < ε.

Proof. If S ⊂ RN is summable and ε > 0, then by Lemma 2.12 there is a
representation

S '
∞∑
n=1

αnAn

where An ∈ R and
∞∑
n=1

µ(An) ≤ µ(S) +
ε

2
.

Let U1, U2, · · · ⊂ RN be open sets such that An ⊂ Un for every n ∈ N and

∞∑
n=1

µ(Un) <
∞∑
n=1

µ(An) +
ε

2
.

If we define U = ∪∞n=1Un, then U is an open set such that S ⊂ U and

µ(U \ S) = µ(U)− µ(S)

≤
∞∑
n=1

µ(Un)− µ(S)

<

∞∑
n=1

µ(An) +
ε

2
− µ(S)

≤ µ(S) +
ε

2
+
ε

2
− µ(S) = ε.

Now let A ∈ R be a closed set such that

µ(S) ≤ µ(S ∩ A) +
ε

2
,
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so that we have
µ(S \ A) ≤ ε

2
.

Since A \ S is summable, by the first part of the proof, there exists an open
set V such that A \ S ⊂ V and

µ(V \ (A \ S)) <
ε

2
.

If we define K = A \ V , then K is a compact set and we have

K = A \ V ⊂ A \ (A \ S) = S.

Moreover, since

S \K = S \ (A \ V ) = (S \ A) ∪ (S ∩ A ∩ V )

and
S ∩ A ∩ V ⊂ V \ (A \ S),

we have
µ(S \K) = µ(S \ A) + µ(V \ (A \ S)) < ε.
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4 Integration on measure spaces

Let (X,Σ, µ) be a measure space. A function f : X → R is called a simple
function if it has the form

f = α1A1 + · · ·+ αnAn

where n ∈ N, A1, . . . , An ∈ Σ, and α1, . . . , αn ∈ R. The space of all simple
function on the measure space (X,Σ, µ) will be denoted by S(X,Σ, µ). On
S(X,Σ, µ) we define a functional

∫
:∫

X

f dµ =

∫
X

(α1A1 + · · ·+ αnAn)dµ = α1µ(A1) + · · ·+ αnµ(An).

Exercise 4.1. Show that the integral of a simple function is well defined.

Theorem 4.2.
(
X,S(X,Σ, µ),

∫ )
is a Daniell space satisfying the Stone

condition.

Proof. We will only prove that limn→∞
∫
X
fn dµ = 0 for any non-increasing

sequence of simple functions (fn) convergent to 0 at every point of X.
Let (fn) be a non-increasing sequence of simple functions convergent to

0 at every point of X and let ε > 0. Let

An =

{
x ∈ X : fn(x) >

ε

2µ(suppf1)

}
.

Then An ∈ Σ and, since (fn) is a non-increasing sequence, we have A1 ⊃
A2 ⊃ . . . . Define Bn = An \An+1. Since limn→∞ fn(x) = 0 for all x ∈ X, we
have A1 = ∪∞n=1Bn. Then µ(A1) =

∑∞
n=1 µ(Bn), by σ-additivity of µ. Hence∑∞

k=n µ(Bk)→ 0 as n→∞. Let n0 ∈ N be such that

µ(An) =
∞∑
k=n

µ(Bk) <
ε

2‖f1‖∞

for all n > n0. Then, for n > n0, we have∫
X

fn dµ =

∫
An

fn dµ+

∫
X\An

fn dµ

≤ ‖fn‖∞µ(An) +
ε

2µ(suppf1)
µ(suppfn) < ε.

Corollary 4.3. L1(X,Σ, µ) can be defined as the Daniell extension of
(
X,S(X,Σ, µ),

∫ )
.
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5 The Radon-Nikodym Theorem and

the Lebesgue Decomposition Theorem

Definition 5.1 (Absolute continuity of measures). Let µ and ν be two mea-
sures on (X,Σ). We say that ν is absolutely continuous with respect to µ,
denoted by ν � µ, if µ(A) = 0 implies ν(A) = 0 for all A ∈ Σ.

Exercise 5.2. Let µ and ν be two measures on (X,Σ). If ν is finite, then
ν � µ if and only if for every ε > 0 there exists a δ > 0 such that µ(A) < δ
implies ν(A) < ε for every A ∈ Σ.

Exercise 5.3. Let µ be a measures on (X,Σ) and let h ∈ L1(X,µ) be a
non-negative function. Then

ν(A) =

∫
A

hdµ

defines a measure on (X,Σ) and ν � µ.

Definition 5.4 (Measure support). Let µ be a measures on (X,Σ). We say
that µ is supported on S ∈ Σ if µ(A) = µ(A ∩ S) for all A ∈ Σ.

Definition 5.5 (Singularity of measures). Let µ and ν be two measures on
(X,Σ). We say that ν is singular with respect to µ, denoted by ν ⊥ µ, if
there is A ∈ Σ such that ν is supported on A and µ(A) = 0. We say that ν
and µ are mutually singular, denoted by ν ⊥ µ, if there are disjoint A,B ∈ Σ
such that ν is supported on A and µ is supported on B.

Exercise 5.6. Let µ and ν be two measures on (X,Σ). Show that ν is
singular with respect to µ if and only if ν and µ are mutually singular.

Theorem 5.7. If µ and ν are two finite measures on (X,Σ), then there
exists a non-negative measurable function g : X → R and B ∈ Σ such that
µ(B) = 0 and

ν(A) =

∫
A

gdµ+ ν(A ∩B)

for all A ∈ Σ.

Proof. The functional

Λ(f) =

∫
fdν
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is a bounded linear functional on the Hilbert space L2(X,µ + ν). By the
Riesz representation theorem there exists h ∈ L2(X,µ+ ν) such that

Λ(f) =

∫
fdν =

∫
fhd(µ+ ν) =

∫
fhdµ+

∫
fhdν

for all f ∈ L2(X,µ+ ν). Let

N = {x ∈ X : h(x) < 0},
M = {x ∈ X : 0 ≤ h(x) < 1},
B = {x ∈ X : h(x) ≥ 1}.

Since

0 ≥
∫
N

hd(µ+ ν) =

∫
Nhd(µ+ ν) =

∫
Ndν = ν(N),

we have ν(N) = 0. On the other hand,

0 = ν(N) =

∫
N

hd(µ+ ν) =

∫
N

hdµ+

∫
N

hdν,

so µ(N) = 0. Moreover, since

ν(B) =

∫
Bdν =

∫
B

hdµ+

∫
B

hdν ≥ ν(B) + µ(B),

we have µ(B) = 0.
For n ∈ N we define

Mn =

{
x ∈ X : 0 ≤ h(x) ≤ 1− 1

n

}
.

Note that ∫
fhdµ =

∫
f(1− h)dν

for any f ∈ L2(X,µ+ ν). Hence, for any A ∈ Σ, we have

ν(A ∩Mn) =

∫
A

Mn

1− h
(1− h)dν =

∫
A

Mn

1− h
hdµ.

By the monotone convergence theorem we obtain

ν(A ∩M) =

∫
A

M

1− h
hdµ =

∫
A∩M

h

1− h
dµ.
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But µ(N) = 0 and µ(B) = 0, so

ν(A ∩M) =

∫
A∩M

h

1− h
dµ =

∫
A

h

1− h
dµ.

Consequently

ν(A) = ν(A ∩N) + ν(A ∩M) + ν(A ∩B) =

∫
A

gdµ+ ν(A ∩B),

where g =
h

1− h
.

Corollary 5.8. If µ and ν are two σ-finite measures on (X,Σ), then there
exists a non-negative measurable function g : X → R and B ∈ Σ such that
µ(B) = 0 and

ν(A) =

∫
A

gdµ+ ν(A ∩B)

for all A ∈ Σ.

Corollary 5.9 (Radon-Nikodym Theorem). If µ and ν are two σ-finite mea-
sures on (X,Σ) and ν � µ, then there exists a non-negative measurable
function g : X → R such that

ν(A) =

∫
A

gdµ

for all A ∈ Σ.

Corollary 5.10 (Lebesgue Decomposition Theorem). If µ and ν are two σ-
finite measures on (X,Σ), then there exist two measures νa and νs on (X,Σ)
such that ν = νa + νs, νa � µ, and νs ⊥ µ.

Proof. Define

νa(A) =

∫
A

gdµ and νs(A) = ν(A ∩B).
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6 Product measures and Fubini’s Theorem

Let (X,Σ, µ) and (Y,Ξ, ν) be measure spaces. We are interested in construc-
tion of a measure γ on X × Y such that

γ(A×B) = µ(A)ν(B)

for all A ∈ Σ and B ∈ Ξ.
First we note that the set

Θ0 = {A×B : A ∈ Σ and B ∈ Ξ}

is not a σ-ring. Let Θ1 be the ring of generated by Θ0, that is, the smallest
ring containing Θ0. Note that

Θ1 = {A1 ×B1 ∪ · · · ∪ An ×Bn : Aj ∈ Σ, Bj ∈ Ξ, j = 1, . . . , n, n ∈ N}

and that we can always assume that the sets A1 ×B1, . . . , An ×Bn disjoint.
We define

γ(A1 ×B1 ∪ · · · ∪ An ×Bn) = µ(A1)ν(B1) + · · ·+ µ(An)ν(Bn)

whenever A1 ×B1, . . . , An ×Bn are disjoint.

Lemma 6.1. γ is a σ-additive measure on Θ1.

Proof. It suffices to show that
⋃∞

n=1An×Bn = A×B ∈ Θ0 for some disjoint
A1 ×B1, A2 ×B2, · · · ∈ Θ0 implies

∞∑
n=1

µ(An)ν(Bn) = µ(A)ν(B).

Since A1 ×B1, A2 ×B2, . . . are disjoint,

∞∑
n=1

An(x)Bn(y) = A(x)B(y).

For a fixed x ∈ X, the monotone convergence theorem on Y gives us

∞∑
n=1

An(x)ν(Bn) = A(x)ν(B).
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Now, the monotone convergence theorem on X gives us

∞∑
n=1

µ(An)ν(Bn) = µ(A)ν(B).

The ring Θ1 can be extended to a σ-ring Θ and γ can be extended to a
complete σ-additive measure on Θ. Clearly, γ(A × B) = µ(A)ν(B) for all
A ∈ Σ and B ∈ Ξ.

For the rest of this section we adopt the following notation: if f : X×Y →
R, then for x ∈ X by fx we mean the function fx : Y → R defined by
fx(y) = f(x, y) and for y ∈ Y by fy we mean the function fy : X → R
defined by fy(x) = f(x, y).

Lemma 6.2. Let (X,Σ, µ) and (Y,Ξ, ν) be measure spaces and let f : X ×
Y → R. If

f '
∞∑
k=1

αkAk ×Bk

where Ak ∈ Σ and Bk ∈ Ξ, then

fx '
∞∑
k=1

αkAk(x)Bk

except possibly for a set of x of µ-measure zero and

fy '
∞∑
k=1

αkBk(y)Ak

except possibly for a set of y of ν-measure zero.

Proof. In view of full symmetry, we will only prove the part about fx. Let

hn(x) =
n∑

k=1

|αk|Ak(x)ν(Bk)

for n ∈ N. Since the sequence (hn) is monotone and∣∣∣∣∫
X

hn dµ

∣∣∣∣ ≤ ∞∑
k=1

|αk|µ(Ak)ν(Bk) <∞,
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we can apply the monotone convergence theorem and conclude that there is
h ∈ L1(X,Σ, µ) such that hn → h a.e. and∫

X

h dµ =
∞∑
k=1

|αk|µ(Ak)ν(Bk).

For p = 1, 2, 3, . . . and q ∈ R let

Zpq =

{
x ∈ X :

p∑
k=1

|αk|Ak(x)ν(Bk) ≥ q

}
,

Zq =

{
x ∈ X :

∞∑
k=1

|αk|Ak(x)ν(Bk) ≥ q

}
,

and

Z =

{
x ∈ X :

∞∑
k=1

|αk|Ak(x)ν(Bk) =∞

}
.

We see that

Zq =
∞⋂
r=1

(
∞⋃
p=1

Zp,q− 1
r

)
and Z =

∞⋂
q=1

Zq.

Notice that Zpq, Zq, Z ∈ Σ for all p and q. For q > 0 since

qZq(x) =

{
0 if x /∈ Zq

q if x ∈ Zq
,

we see that qZq ≤ h µ-a.e.. Thus qµ(Zq) ≤
∫
X
h dµ. Since Z ⊆ Zq, we see

that µ(Z) ≤ 1
q

∫
X
h dµ for all q > 0. Hence Z is a null set.

We now want to show that for all x /∈ Z we have

fx '
∞∑
k=1

αkAk(x)Bk.

Choose x /∈ Z. We see that

∞∑
k=1

|αk|Ak(x)

∫
Y

Bkdν =
∞∑
k=1

|αk|Ak(x)ν(Bk) <∞.
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If y ∈ Y is such that
∞∑
k=1

|αk|Ak(x)Bk(y) <∞,

then
∞∑
k=1

|αk|(Ak ×Bk)(x, y) =
∞∑
k=1

|αk|Ak(x)Bk(y) <∞

and hence

∞∑
k=1

αkAk(x)Bk(y) =
∞∑
k=1

αk(Ak ×Bk)(x, y) = f(x, y) = fx(y),

which completes the proof.

Theorem 6.3 (Fubini’s theorem). If f ∈ L1(X × Y,Θ, γ) is integrable, then∫
X

(∫
Y

fx dν

)
dµ =

∫
X×Y

f dγ =

∫
Y

(∫
X

fy dµ

)
dν.

Proof. We prove only the first equality. If

f '
∞∑
k=1

αkAk ×Bk

where Ak ∈ Σ and Bk ∈ Ξ, then

fx '
∞∑
k=1

αkAk(x)Bk

for all x ∈ X except possibly a set Z of µ-measure zero. Then∫
Y

fx dν =
∞∑
k=1

αkAk(x)ν(Bk)

whenever x /∈ Z. Set

hn =
n∑

k=1

αkν(Bk)Ak

17



and

h(x) =


∑∞

k=1 αkν(Bk)Ak(x) if
∑∞

k=1 |αk|ν(Bk)Ak(x) <∞

0 otherwise
.

Each hn is integrable and hn → h µ-a.e.. In the proof of Lemma 6.2 we
showed that

∞∑
k=1

|αk|ν(Bk)Ak

is integrable, and clearly

|hn| ≤
∞∑
k=1

|αk|ν(Bk)Ak

for each n, so the Lebesgue dominated convergence theorem implies that h
is integrable over X and that∫

X

h dµ =
∞∑
k=1

αkµ(Ak)ν(Bk) =
∞∑
k=1

αkγ(Ak ×Bk).

But this amounts to ∫
X

(∫
Y

fx dν

)
dµ =

∫
X×Y

f dγ.
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