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1 Introduction

We present here a construction of a complete measure space given a triple
(X,R,n), where X is a nonempty set, R is a ring of subsets of X, and pu is
a o-additive set function with values in [0,00). Then we extend the construc-
tion to vector measures, that is, measures with values in a Banach space (E, ||-||).
A section on integration of real-valued functions with respect to vector measures
is included at the end.

The approach presented here is based on ideas from [3] where the Bochner
integral is presented for functions defined on RY. The method used here seems
to be quite flexible and works well for a number of different constructions in
analysis: the Lebesgue integral for functions on RY (see [3], as well as [2],
[4], and [6]), the Bochner integral for functions on RY in (see [3]), integrals of
functions with values in Banach spaces and locally convex spaces defined on
abstract measure spaces (see [5]), the Daniell integral (see [1])).

2 Measure spaces

Let X be a nonempty set. A collection R of subsets of X is called a ring of
subsets of X if

A,B € R implies AUB,A\ B € R.

A map pu: R — [0,00) is called o-additive if for any sequence of disjoint sets
Ay, As,--- € R such that USZ, A,, € R we have

n=1

H (U An) = ZM(An)~

Note that o-additivity implies finite additivity.
In this note we use the same symbol to denote a subset of X and the char-
acteristic function of that set, that is, if A C X we will write

1 fzcA
Alz) = { 0 otherwise



Definition 2.1. A set S C X is called summable if there are Ay, As,--- € R
and oy, s, -+ € {—1,1} such that

T2 m(An) < oo,

I S(z) =302 anAy(z) for every x € X for which ) ° | A, (z) < oo.
If conditions I and II are satisfied, we write S ~ Zzo:l anA,.

Definition 2.2. A function f: X — Z is called a simple function if
f@)=a1A1(x) + -+ apAn(x) (2.1)

for some Ay,..., A, € R and ay,...a, € Z. For the simple function (2.1) we
define
I(f) = c1p(Ar) + -+ + anp(An).

Exercise 2.3. Show that [ is a well-defined additive functional on the space of
simple functions.

Lemma 2.4. If (f,) is a non-increasing sequence of simple functions convergent
to 0 at every point of X, then lim,, o I(f,) = 0.

Proof. Let A, = suppfn, = {z € X : fo(z) # 0}, n € N. Since (f,) is a
non-increasing sequence, we have Ay D Ay D .... Define B, = A, \ Apt1.
Since lim,, o0 fn(x) = 0 for all z € X, we have A; = U2 B,,. Then p(4;) =
S 1(Br), by o-additivity of g on R. Hence Y po pu(Bi) — 0 as n — oo
and consequently

I(fn) < max| filp(An) = max|fi] Y p(By) =0
k=n

as n — oo. O
Lemma 2.5. Let (g,,) and (hy,) be non-decreasing sequences of simple functions

such that
lim h,(z) < lim g,(z)

n—oo n— oo

for every x € X. Then

lim I(h,) < lim I(g,).

n—r oo n—oo
(In both inequalities we allow co.)

Proof. Fix k € N and define
fn = h’k - min(hkagn)'

Note that (f,) is a non-increasing sequence convergent to 0 at every z € X. By
Lemma 2.4,
lim I(f,) = lim I(hy —min(hg,gn)) =0.

n— oo n— o0



Hence
I(hg) = lim I(min(hg,g,)) < lim I(gp).
n—oo

n-y00
We finish the proof by letting k — oo. O
Lemma 2.6. IfU ~ 3 >  a,Ap, then > o7 anpu(Ay,) > 0.
Proof. Let € > 0. The 377 | u(A,) < ¢ for some ng € N. Define

gn =1 A1+ F oAy + Angr1 HAngr2 + -

and
hy,, = max(gn, 0).

Note that (g,,) and (h,,) satisfy the assumptions of Lemma 2.5. Hence

0< lim I(h,) < lim I(gn)

n—0o0 n— oo

and consequently
0< al:U'(Al) oot anolj‘(Ano) + /J‘(An0+1) + /J‘(An0+2) +..

Since Y07, u(A,) < e, we must have

oo
—2e < Z anp(An),
n=1
which shows that 0 < >~>7 | a,u(A,), because € is an arbitrary positive number.
O

Lemma 2.7. If S~ > a,A, and S = > | B, By, then > 0~ anp(Ay,) =
E;ozl Bn“(Bn)

Proof. Note that
0~ oAy — b1 B+ agAs — f2Ba + . ..
By Lemma 2.6
0 < aqpu(Ar) = Bipu(Br) + azp(Az) — Bap(Bz) + . ..
and consequently

S Bun(Ba) <3 anp(Ay).
n=1 n=1

By switching the two representations of S, we obtain the inequality in the
opposite directions. O

The above lemma allows us to define the measure of a summable set.



Definition 2.8. Let S be a summable set and let S ~ 22021 anAn. By the
measure of S we mean the number

u(S) = Z o pi(An).

n=1

Definition 2.9. A set U C X is called measurable if U N S is summable for
all S € R. If U is measurable but not summable, we define u(U) = oo. The
collection of all measurable subsets of X will be denoted by X(R, p).

Lemma 2.10. If S C X is summable, then for every e > 0 there is a represen-
tation S ~ Y ° | an A, such that

S u(An) < u(S) + <.
n=1
Proof. Let S ~ %> | 8,B, be an arbitrary representation of S. Thereis ny € N

such that
1

n=nop+1

Let Ci,...,Cp,, D1,...,D,, € R be such that C; N Dy, = 0 for all j and k and
such that

BiBi+ -+ BrgBry =C1+ -+ Cpy — D1 — - = Dh,.
Note that
S~Ci+--+Cp — D1~ = Dypy + Brg+1Bno+1 + Bro+2Bngt2 + - -
Let V =supp (D1 U---UD,,). Then
SNV ~—=D;—++ =Dy + Brgt+1(Brg+1 N V) + Brgt2(Brg+2NV) + ...

and hence, by Lemma 2.6,

0 < —u(D1) =+ = p(Dny) + Brg+11(Brg+1 N V) + Bgr2ft(Bo+2 N V) + ...
1
< —p(D1) =+ = p(Dny) + 7

Consequently p1(D1) + -+ + pu(Dy,) < %e. Since

Do wC)=Y w(Dp)= Y w(Ba) < ulS) < Y w(Cr)+D>_ pw(Dn)+ D> u(Bn)

n=1 n=1 n=no+1 n=1 n=1 n=no+1

and

(Z w(Cr) + D mDn) + Y .U(Bn)> - (Z w(Cn) =D pDn) = Y u(Bn)> <e,
n=1 n=1 n=nog+1 n=1 n=1 n=no+1



we conclude

Now we extend the use of the symbol ~ to series of summable sets.

Definition 2.11. If U € X and there are summable sets S1,55,--- C X and
aq, 9, -+ € {—1,1} such that

I Z/”L(S") < oo and
n=1

Il U(zx) = Z an Sy (x) for every x € X for which Z Sp(x) < o0,
n=1

n=1
then we write U ~ Y >° | @, Sy,.

Lemma 2.12. IfU ~ Zf;l anS, and Sy, Ss,... are summable sets, then U
is summable and p(U) = 307 anpu(Sn).

Proof. Let By, € R and Bk, € {—1,1}, for k,n € N, be such that

Sk~ BrinBin and Y u(Bin) < p(Sk) +27F

n=1 n=1

forallk € N. Let Y | 7, A, be a series arranged from all series Y~ | o Bk n B,
k € N. 1t is easy to verify that U ~ > 7 | v, A,. Consequently, U is summable
and

uU) = Z Tnpi(An) = Z n pu(Sh)-

Theorem 2.13. (R, u) is a o-ring.

Proof. Let U,V € 3(R,u) and let S € R. If

UNS~> anA, and VNS~ $,Bn,
n=1

n=1

then

(U\V)NS ~ i anA, — <i oznAn> (i Ban>



and

UuV)NS~ i andn + i BBy — (i anAn> (i 5an> .
n=1 n=1 n=1 n=1

If Uy,Us,--- € X, then the sets
Vi=U,V,=U,\ (U U---UU,_4) forn>1

are measurable in view of the above. If S € R, then

([j Un>mS: (D Vn>mSzi(VnmS)

n=1
and thus |, U, € . O
Theorem 2.14. p is a measure on 3.

Proof. 1f Uy,Us,--- € ¥ are disjoint and |, , u(Uy,) < oo, then (J,—, U, ~

n=1

>0 Uy, and hence p (Uy— Up) = 02 w(Uy). If Uy, Us, - -+ € ¥ are disjoint
and (J;2, u(U,) = oo, then it is easy to see that p (U~ Uy) = oo. O

Theorem 2.15. u is complete.

Proof. f p(U) =0and V C U, then V ~ U + U + ... and thus V € ¥ and
u(V)=pU)+pU) +---=0. O

3 Vector Measures

Let X be a nonempty set, R a ring of subsets of X, and let (E, ||-||) be a Banach
space.

A set function p : R — E is called o-additive if for any sequence of disjoint
sets Aq, Ag,--- € R such that U2 ; A,, € R we have

H (U An) = ZM(An)~

Definition 3.1. By the variation a o-additive set function p : R — E we mean
the set function |u| : R — [0, oo] defined by

||(A) = sup { Z [|(B)|| : @ C R is a finite partition of A} .
Ben

Note that |p|(A) > ||u(A)| for any set A € R. If |u|(X) < oo, then we say that
u is of bounded variation.

In the reminder of this paper we assume that u: R — E is a o-additive set
function of bounded variation.



Lemma 3.2. |u| is monotone and finitely additive.

Proof. Clearly |u| is monotone. Now consider disjoint Ay,..., 4, € R. Since
the union of finite partitions of Aq,..., A, is a finite partition of A U---U A,

we have
|l (U Ak) > |ul(Ag).
k=1 k=1

On the other hand, every finite partition 7 of U}_; Ay can be refined to a

partition Up_, 7, where 7, is a finite partition of Ay for K =1,...,n. Then
DoledBl< > eBI=d0 > B < ul(Ar)
Ber BemiU---Umy, k=1 Bemy k=1

and consequently

k=1

|l (U Ak) <D Iul(Ap).

O

Theorem 3.3. If u: R — E is a o-additive set function of bounded variation,
then || is a o-additive positive measure on R.

Proof. Let Ay, As, - -+ € R be asequence of disjoint sets such that A = U2, A,, €
R. By Lemma 3.2, for every m € N, we have

D lul(4n) < [ul(A).

Consequently
> ul(An) < |ul(A).
n=1

Now let € be an arbitrary positive number. Then

k
1l (A) < D llu(By)ll + e,
j=1



for some partition {By,..., Bk} of A, and we have

|l (A <Z||M ) +e

(U (A, N Bj)>
< Z Z [n(An N Byl +e

j=1n=1

ok
2:§]WA.0BH+5

n=1j
Z n)| +e.

Since € is arbitrary, we obtain

|ul(A Z (A

+e€

IN

From the construction in Section 2 we obtain the following

Corollary 3.4. If u: R — E is a o-additive set function of bounded variation,
then |p| can be extended to a complete o-additive positive measure on 3(R, |u]).

We are going to use |u| to denote the variation of y defined on R as well as
its extension to a positive measure on (R, |ul).

Our next goal is to define an extension of y to a o-additive E-valued measure
on X(R, |u|). We start with the following auxiliary lemma.

Lemma 3.5. If 0~ > a, Ay, then > ayu(4,) =0.

n=1 n=1
Proof. First note that, if @ ~ > aynA,, then > a,|p/(A,) =0. Let e > 0 and
n=1 n=1
let ng € N be such that
oo
> lul(An) <e.
n=ng+1

Let Ci,...,Cp,, D1,...,D,, € R be such that C; N Dy, = 0 for all j and k and
such that

1Ay + -+ ng Apg = Cr 4+ Cp, — Dy — -+ — Dy, (3.1)



Note that
P~Cr+---+ Cnl -Dy—---— D’I’L2 + Ozn0+1An0+1 + an0+2An0+2 + ...
If V =supp (D1 U---UD,,), then

~—-D; —-- — D, + Oén0+1(AnO+1 n V) + Oén0+2(An0+2 n V) + ...
and hence
0= —|u[(D1) =+ = [u[(Dny) + ang 11 1| (Ang+1 N V) + angra|pp|(Ang 2N V) + ...
< —|p[(D1) =+ = [pl(Dny) + &
Consequently
[ul(D1) + -+ + [ul(Dny) < (3.2)
and since
ni n2 o]
0= Z |M|<C’ﬂ) - Z |M|(Dn) + Z an|u‘(An)7
n=1 n=1 n=no+1
also
[u[(C1) + -+ [u](Cry) < 2e. (3-3)
From (3.1), (3.2), and (3.3) we obtain
no
> anpu(An)|| = [1(Cr) + -+ + p(Cry) = p(Dy) = -+ = (D)l
n=1

< (COI -+ [ Cr) I+ D)+ -+ + (D )
< pl(Cr) + -+ [pl(Cny) + [pl(D1) + -+ - 4 |p|(Day)
< 3e

For any m > ng we have

m no m
Z anp(An)| < Z anpt(An)|| + Z anft(An)
n=1 n=1 n=no+1
no m
<>+ 3 4w
n=1 n=no+1
< ul(4n) < 4e
n=1
Since € is arbitrary, we obtain > a,u(Ay,) = 0. O
n=1

Corollary 3.6. If S ~ Y anA, and S ~ > B,B,, then > a,u(A,) =
n=1 n=1

n=1
i:%l ﬁnﬂ(Bn)'



Proof. Tt suffices to note that
0~ a1 Ay — 1By + asAs — f2By + ...
and then use Lemma 3.5. O

This lemma justifies the following definition of the E-valued p-measure of
any p-measurable subset of X.

Definition 3.7. For S ~ > «a,A,, we define u(S) = Z anp(Ap).

n=1

It remains to show that u is o-additive on (R, |u|). We start with a lemma
that is a vector version of Lemma 2.10.

Lemma 3.8. IfU ~ Y a,U, for some Uy,Us,... € (R, |ul), then p(U) =

n=1
21 anp(Up).

o0
Proof. By Lemma 2.10, for every k € N there exists an expansion Uy, ~ > By nBi.n,
with Uy, € R such that

D 10l (Brn) < [ul(Ui) + 27,

n=1

oo
Let > 7,Cy be a series arranged from all series Y | aSk,nBk,n. Then U ~

n=1

> vnCyp and
n=1

Z Yubt(C Z anp(U,

Theorem 3.9. u is o-additive on S(R, |ul).

Proof. 1f Uy, Us, ... € £(R,|u|) are disjoint, then (J7o, U, ~ >"°° | U,. There-
fore p(Up—y Un) = > vy 11(Uy), by Lemma 3.8. O

4 Integration of Real-valued Functions with re-
spect to Vector Measures

Let X be a nonempty set, ¥ a o-algebra of subsets of X, and v a positive
measure on Y. In this section we define the integral of a real-valued function

f € LY(X,3,v) with respect to a vector measure u such that [u| = v. In
order to understand this section one has to be familiar with the construction

10



of L'(X,X,v) as presented in [1] or [5]. In particular, we will use the fact that
f € LY(X,%,v) if and only if there exists a sequence of simple functions (f,)
such that the following two conditions are satisfied:

LY [l < o
n=1

I f(z) = Z fn(x) for every x € X such that Z | fr(z)] < 0.
n=1

n=1

A function f : X — R is called a simple function if f(z) = a1 Ai(x) + -+ +
anAp(z) for some Ay, ..., A, € ¥ and a1, ..., € R. If conditions I and 1T are
satisfied, we write f >~ 3> | f,.

We will also need the following property that follows easily from Lemma 3.8
in [1].
Lemma 4.1. If f € LY(X,%,v) and & > 0, then there exist A, € ¥ and N\, € R

such that f ~ > > ANy A, and Y [Au|v(4y,) < [|f] +e.
n=1

Let (E, | - ||) be a Banach space and let p be a E-valued measure of bounded
variation on (X,X). For a simple function f = a3A; + -+ + a,A,, where
Aq,...,A, € ¥ and aq,...qa, € R, we define

/ Fli = avp(Ar) + -+ an(An).

Exercise 4.2. Show that this integral is well-defined linear map from the vector
space of all simple functions to E.

Lemma 4.3. If f is a simple function, then || [ fdu|| < [|f|d|ul.

Proof. If f is a simple function, then f = a3 Ay + -+ + a, A, for some disjoint
Al,...,An € ¥. Then

H / fduH = llonp(A) + -+ anps(An)

SHleap(A)] + -+ + lanu(An)||
< foalpl(Ar) + -+ + |an| || (An)

— [ \71dlul.

Lemma 4.4. If f € LY(X,%, |u|) and f ~ Y07, fn, where fn’s are simple
functions, then the series > ., [ fndp is absolutely convergent in E.

O

11



Proof. From Lemma 4 we obtain

,i [ i < i_oj [ 1l < <.

Lemma 4.5. If 0~ Y > f,, where f,’s are simple functions, then

5 [ -

Proof. 160 2 >~ | fn, then > 7 | [|fn|d|u| < oo. For an arbitrary € > 0 there
exists an ng € N such that

> [l <5

n=ng+1

Since
—(fr+-F fro) = fro+1 + fror2 + -0,

we have

3
J1sute ol < [ Uil dlal + [ gl dlal 4+ < 5

and consequently

g / fndp

<

i/fndu + ng;l/fndu

§/|f1+-~-+fno|dlu|+ 3

fral

n=no+1
€ o0
<st+ D /Ifnld\ul <e.
n=ng+1
Since ¢ is arbitrary, we conclude that > 2 | [ fndp = 0. O

Lemma 4.6. If f ~ >, f, and f ~ > 0° | gn, where f,’s and g,’s are
simple functions, then

i/fndu=§:l/gndu~

Proof. If f~ "> foand f~ Y > gy, then

Oxxfi—g+fo—g2+...

12



and consequently, by the above lemma,

0:/fldp—/gldu+/f2du—/ggdu+...

Absolute convergence of the series, by Lemma 4.4, implies Y 7 [ fodu =
220:1 fgndu- O

Definition 4.7. If f € L}(X, X, |u|), then we define

[ fin= i_ojl [ fud

where f~ Y | f, for some simple functions f,.
Lemma 4.6 shows that the integral is well-defined.
Theorem 4.8. For any f € L'(X, X, |u|) we have

H/fduH < / [ Fldlpl.

Proof. Let f € L'(X,%,|u|). By Lemma 4.1, for any € > 0 there exist 4,, € &
and A\, € R such that f ~ > A\, A, and Y [N |[ul(An) < [|fld|p| + e.
n=1

Then
|7 -

i e

Z /\nﬂ(An)
n=1

< Anp(An)|
n=1

<3 allul(An)
n=1

< / | Fldlp] + <.

Since ¢ > 0 is arbitrary, the desired inequality follows. O

We have shown that [ : L'(X, M, |u|) — E is a bounded linear map.

13
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