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In this paper, we consider the affine phase retrieval prob-
lem in which one aims to recover a signal from the magni-
tudes of affine measurements. Let {a;}", C H% and b =
(b1,...,bm)T € H™, where H = R or C. We say {a;}je,
and b are affine phase retrievable for H? if any x € H? can
be recovered from the magnitudes of the affine measurements
{|{a;,x)+0b;|, 1 < j < m}. We develop general framework for
affine phase retrieval and prove necessary and sufficient con-
ditions for {a;}7~, and b to be affine phase retrievable. We
establish results on minimal measurements and generic mea-
surements for affine phase retrieval as well as on sparse affine
phase retrieval. In particular, we also highlight some notable
differences between affine phase retrieval and the standard
phase retrieval in which one aims to recover a signal x from
the magnitudes of its linear measurements. In standard phase
retrieval, one can only recover x up to a unimodular constant,
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while affine phase retrieval removes this ambiguity. We prove
that unlike standard phase retrieval, the affine phase retriev-
able measurements {a;}7., and b do not form an open set in
H™*4 x H™. Also in the complex setting, the standard phase
retrieval requires 4d—O(log, d) measurements, while the affine
phase retrieval only needs m = 3d measurements.

© 2017 Elsevier Inc. All rights reserved.

1. Introduction
1.1. Phase retrieval

Phase retrieval is an active topic of research in recent years as it arises in many
different areas of studies (see [2,5,6,9-12,15] and the references therein). For a vector
(signal) x € H? where H = R or C, the aim of phase retrieval is to recover x from
l(a;,x)|,j =1,...,m, where a; € H? and we usually refer to {a; }7L1 as the measurement
vectors. Since for any unimodular ¢ € H, we have |(a;,x)| = |[(a;, cx)|, the best outcome
phase retrieval can achieve is to recover x up to a unimodular constant.

We briefly overview some of the results in phase retrieval and introduce some nota-
tions. For the set of measurement vectors {a;}7.,, we set A := (ay, ... ) € Hmxd
which we shall refer to as the measurement matriz. We shall in general identify the set
of measurement vectors {a;}7"; with the corresponding measurement matrix A, and
often use the two terms interchangeably whenever there is no confusion. Define the map
Maq H — Rg’lo by

Ma(x) = (a5, %), .-, [{@m, x)[).

We say A is phase retricvable for H? if M (x) = Ma(y) implies x € {cy : ¢ € H,
|e| = 1}. There have been extensive studies of phase retrieval from various different
angles. For example many efficient algorithms to recover x from My (x) have been
developed, see [7-9,17] and their references. One of the fundamental problems on the
theoretical side of phase retrieval is the following question: How many vectors in the
measurement matriz A are needed so that A is phase retrievable? It is shown in [2] that
for A to be phase retrievable for R?, it is necessary and sufficient that m > 2d — 1.

In the complex case H = C, the same question becomes much more challenging, how-
ever. The minimality question remains open today. Balan, Casazza and Edidin [2] first
show that A is phase retrievable if it contains m > 4d — 2 generic vectors in C¢. Bod-
mann and Hammen [5] show that m = 4d — 4 measurement vectors are possible for phase
retrieval through construction (see also Fickus, Mixon, Nelson and Wang [12]). Bandeira,
Cahill, Mixon and Nelson [4] conjecture that (a) m > 4d — 4 is necessary for A to be
phase retrievable and, (b) A with m > 4d — 4 generic measurement vectors is phase re-
trievable. Part (b) of the conjecture is proved by Conca, Edidin, Hering and Vinzant [11].
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They also confirm part (a) for the case where d is in the form of 2¥ 41, k € Z . However,
Vinzant in [18] presents a phase retrievable A for C* with m = 11 = 4d — 5 < 4d — 4
measurement vectors, thus disproving the conjecture. The measurement vectors in the
counterexample are obtained using Grobner basis and algebraic computation.

1.2. Phase retrieval from magnitudes of affine linear measurements

Here we consider the affine phase retrieval problem, where instead of being given the
magnitudes of linear measurements, we are given the magnitudes of affine linear mea-
surements that include shifts. More precisely, instead of recovering x from {[(a;, x)|}7",,
we consider recovering x from the absolute values of the affine linear measurements

{aj,x) +0b;], j=1,...,m,

where a; € H b = (by,...,by)" € H™. Unlike in the classical phase retrieval, where x
can only be recovered up to a unimodular constant, we will show that one can recover x
ezactly from (|(ai,x) +b1], ..., [(am,X) +by|) if the vectors a; and shifts b; are properly
chosen.

Let A = (aj,...,a,,)" € H™*? and b € H™. Define the map Mayp: HY — RY, by
Ma b(x) = (a1, x) + b1l . .-, [{(@am, X) + b)) - (1.1)

We say the pair (A,b) (which can also be viewed as a matrix in H™*(@+1) is qffine
phase retrievable for H?, or simply phase retrievable whenever there is no confusion, if
Ma b is injective on H?. Note that sometimes it is more convenient to consider the map

M3 (%) = (a1, x) + b1, [(@m, %) + b |?). (1.2)

Clearly (A, b) is affine phase retrievable if and only if MzA’]D is injective on H%. The goal
of this paper is to develop a framework of affine phase retrieval.

There are several motivations for studying affine phase retrieval. It arises naturally
in holography, see [16]. It could also arise in other phase retrieval applications, such as
reconstruction of signals in a shift-invariant space from their phaseless samples [10], where
some entries of x might be known in advance. In such scenarios, assume that the object

signal is y € H* and the first k entries of y are known. We can write y = (y1, ..., Y, X),
where y1,. ..,y are known and x € H?. Suppose that a; = (aj1,...,a5k,85) € Hdtk,
j=1,...,m are the measurement vectors. Then

(&, y)| = [(aj,x) + byl
where b; := aj1y1 + -+ + ajkyk- S0 if (y1,...,yx) is a nonzero vector, we can take

advantage of knowing the first k entries and reduce the standard phase retrieval in H4+*
to affine phase retrieval in H?.
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1.3. Our contribution

This paper considers affine phase retrieval for both real and complex signals. In Sec-
tion 2, we consider the real case H = R and prove several necessary and sufficient
conditions under which My 1, is injective on RY. For an index set T C {1,...,m}, we
use A7 to denote the sub-matrix Ar := (a; : j € T)T of A. Let #T denote the car-
dinality of T, span(Ar) C R#T denote the subspace spanned by the column vectors
of A7. In particularly, we show that (A, b) is affine phase retrievable for R? if and only
if span{a; : j € S} = R? for any index set S C {1,...,m} satisfying bg € span(Ag).
Based on this result, we prove that the measurement vectors set A must have at least
m > 2d elements for (A,b) to be affine phase retrievable. Furthermore, we prove any
generic A € R™*4 and b € R™, where m > 2d will be affine phase retrievable. The recov-
ery of sparse signals from phaseless measurements also attracts much attention recently
[13,19]. In this section, we consider the real affine phase retrieval for sparse vectors.

We turn to the complex case H = C in Section 3. First we establish equivalent nec-
essary and sufficient conditions for (A, b) to be affine phase retrievable for C?. Using
these conditions, we show that (A,b) € C™*(@+1) is not affine phase retrievable for C¢
if m < 3d. The result is sharp as we also construct an affine phase retrievable (A, b) for
C? with m = 3d. This result shows that the nature of affine phase retrieval can be quite
different from that of the standard phase retrieval in the complex setting, where it is
known that 4d — O(log, d) measurements are needed for phase retrieval [15,20].

Note that for j =1,...,m we have

(a;,x) +b;j| = |(a;,%)|, where %= (’f),aj: @;) (1.3)

It shows that affine phase retrieval for x can be reduced to the classical phase retrieval
for x € C**! from [(a;,%)|, j = 1,...,m. Because the last entry of X is 1, it allows us
to recover x without the unimodular constant ambiguity. Observe also from [11] that
4(d + 1) — 4 = 4d generic measurements are enough to recover X up to a unimodular
constant, and hence they are also enough to recover x. In Section 3, we prove the stronger
result that a generic (A, b) in C™*(4*+1) with m > 4d — 1 is affine phase retrievable. We
furthermore consider the complex affine phase retrieval for sparse signals in this section.

The classical phase retrieval has the property that the set of phase retrievable A €
H™*4 is an open set, and hence the phase retrievable property is stable under small
perturbations [1,3]. Surprisingly, viewing (A,b) as an element in H™* @+ we prove
that the set of affine phase retrievable (A, b) is not an open set.

As far as stability of affine phase retrieval is concerned, we prove several new results
in Section 4. For the standard phase retrieval, one uses min|q|—; ||x — ay|| to measure
the distance between x and y. The robustness of phase retrieval is established via the
lower bound of the following bi-Lipschitz type inequalities for any phase retrievable A,

¢ min_[x—ay| < [Ma(x)-Ma@y)|| <C min [x—ayl, (1.4)
a€eC,|al=1 a€eC,|al=1
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where ¢,C' > 0 depend only on A [6]. Throughout this paper, we use || - || to denote the
¢?-norm. More explicit estimate of the constant ¢ was given in [3]. For the affine phase
retrieval, we use ||x —y|| to measure the distance between x and y because it is possible
to recover x exactly in the affine phase retrieval. For the affine phase retrieval, we show
that both Ma p, and MQA,b are bi-Lipschitz continuous on any compact sets, but are not
bi-Lipschitz on H.

2. Affine phase retrieval for real signals

We consider affine phase retrieval of real signals in this section. Several equivalent
conditions for affine phase retrieval are established. We also study affine phase retrieval
for sparse signals. In particular we answer the minimality question, namely what is the
smallest number of measurements needed for affine phase retrievability for R?.

2.1. Real affine phase retrieval

Let T C {1,2,...,m}. We first recall that for the measurement matrix A =
(ar,...,a,)" € R™*4 we use Ar to denote the submatrix of A consisting only those
rows indexed in T, i.e. Ap := (a;: j € T)T. Similarly we use by to denote the sub-vector
of b consisting only entries indexed in T'. For any matrix B, we use span(B) to denote
the subspace spanned by the columns of B. Thus for any index subset T, the notation
span(Ar) denotes the subspace of R#? spanned by the columns of Arp.

Theorem 2.1. Let A = (ay,...,a,,)" € R™*? and b = (by,...,b,)" € R™. Then the
followings are equivalent:

(A) (A,Db) is affine phase retrievable for RY.
(B) The map Mib is injective on R, where Mib is defined in (1.2).
(C) For any u,v € R and u # 0, there exists a k with 1 < k < m such that

(ar, u) ((ar, v) + by) # 0.

(D) For any S C {1,2,...,m}, if bs € span(Ag) then span(A/l.) = span{a; : j €
5S¢} = R4,
(E) The Jacobian J(x) of the map Mib has rank d for all x € R?.

Proof. The equivalence of (A) and (B) has already been discussed earlier. We focus on
the other conditions.

(A) < (C). Assume that Ma p(x) = Ma p(y) for some x # y in R For any j, we
have

[(aj,%) + bs|> = [(a;,y) +b|* = (a;,x — y)((a;,x +y) + 2b;). (2.1)
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Set 2u=x —y and 2v =x +y. Then u # 0 and for all j,
(aj, u>(<aj,v> + b]) =0. (22)

Conversely, assume that (2.2) holds for all j. Let x,y € R? be given by x —y = 2u
and x +y = 2v. Then x # y. However, we would have foyb(x) = Mib(y) and hence
(A, b) cannot be affine phase retrievable.

(C) < (D). Assume that (C) holds. If for some S C {1,2,...,m} with bg € span(Ag),
we have span{a; : j € S} # R? then we can find u # 0 such that (a;,u) = 0 for all
j € S¢. Moreover, since bg € span(Ag), we can find v € R? such that —b; = (a;, v) for
all j € S. Thus for all 1 < 7 < m, we have

(aj,u)((aj,v) +b;) = 0.
This is a contradiction. The converse clearly also holds.

(C) & (E). Note that the Jacobian J(v) of the map M‘i’b at the point v € R? is
precisely

LNV)::(«ahv>+bﬂah(@h,v>+b@a%.“,“am,v>+bm)mn»

i.e. the j-th column of J(v) is ({a;,v) + b;)a;. Thus rank(J(v)) # d if and only if there
exists a nonzero u € R% such that

Jﬂw:«mmmmwwmﬁuw%mm@mw+%»:o
The equivalence of (C) and (E) now follows. O

As an application of Theorem 2.1, we show that the minimal number of affine mea-
surements to recover all d-dimensional real signals is 2d.

Theorem 2.2. Let A = (aj,...,a,) € R™*? and b € R™. If m < 2d — 1, then (A,b)
is not affine phase retrievable for R?.

Proof. We divide the proof into two cases.
Case 1:rank(A) <d-—1.

In this case, there exists a nonzero vector u € R? such that (aj,u) =0,1<j<m.
Thus for any x € R%,

[(a;,x) + bj|* = [{a;,x +u) + b;[*, 1<j<m.

This means that My p is not injective.
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Case 2: rank(A) = d.

In this case, there exists an index set So C {1,...,m} with cardinality d so that the
square matrix Ag, has full rank d, which implies

bs, € span(Ag,). (2.3)

In other words, there exists v € R? such that (aj,v) +b; =0 for all j € Sy. Now since
m < 2d — 1 and #Sy = d, we have #55 = m —d < d — 1 where S§ := {1,...,m} \ So.
Hence there exists a nonzero u € R? such that u L {a; : j € S§}. The non-injectivity
follows immediately from Theorem 2.1 (C). O

We next consider generic measurements. There are various ways one can define the
meaning of being generic. A rigorous definition involves the use of Zariski topology. In
this paper, we adopt a simpler definition. We say that a generic u in HY has a certain
property if there is an open dense set X C HY so that every u in X has that property.
Sometimes in actual proofs, we obtain the stronger result where X¢ := HY \ X is an
algebraic variety. The following theorem on generic measurements also shows that the
lower bound given in Theorem 2.2 is optimal.

Theorem 2.3. Let m > 2d. Then a generic (A,b) € R™*(4HY) s offine phase retrievable.

Proof. The theorem follows readily from Theorem 2.1 (D). Note that for a generic A €
R™*4 any d rows are linearly independent, so that span(AgC) = R? as long as #5¢ > d.
On the other hand, span(Ay) is a d dimensional subspace in R#* and so bg ¢ span(Ag)
it #5 > d. Thus if bg € span(Ag), then #S5 < d, which implies #5¢ > d. Consequently

span{a; : j € S} = span(A/.) = R Hence (A, b) is affine phase retrievable. 0O

The following theorem highlights a difference between the classical linear phase re-
trieval and the affine phase retrieval.

Theorem 2.4. Let m > 2d. Then the set of affine phase retrievable (A, b) € R™*(d+1) 45
not an open set.

Proof. We only need to find an affine phase retrievable (A, b) € R™*(¢+1) guch that for
each € > 0, there is a small perturbation (A’,b) € R™*(4+1) with ||[A — A’||r < € such
that (A’,b) is not affine phase retrievable, where || - || denotes the [2-norm (Frobenius
norm). We first do so for m = 2d. Set

A=(I;1)", b= (bi1,...,ba1,b12, ., baz) "

Here we require that bj; # b;s for all j and specially suppose b1z = 0. Then (A, b) is affine
phase retrievable. To see this, assume that x,y € R? such that Ma b(x) = Ma b(y).



128 B. Gao et al. / Advances in Applied Mathematics 93 (2018) 121-141

Then for each j, we must have |z; + b;i| = |y; + bj| for k = 1,2. Since bj; # bjo, we
must have z; = y;. Thus Ma p, is injective and hence (A, b) is phase retrievable.
Now let d > 0 be sufficiently small. We perturb A to

A = (Ig+b116En, 1), (2.4)

where F;; denotes the matrix with the (4, j)-th entry being 1 and all other entries being 0.
Now set x = (b11,—1/9,0,...,0)" andy = (=b11,—1/8,0,...,0) 7. It is easy to see that

|A’x +b| = |A'y + b|.

Hence (A’;b) is not affine phase retrievable. By taking ¢ sufficiently small, we will
have ||A" — A||r < e. It follows that for m = 2d, the set of affine phase retrievable
(A, b) € R™*(4+1) i not an open set.

In general for m > 2d, we can simply take the above construction (A,b) € R24x(d+1)
and augment it to a matrix (A, f)) e R™*(@+1) by appending m — 2d rows of zero vectors
to form its last m — 2d rows. The (A,B) is clearly affine phase retrievable, and the
same perturbation above applied to the first 2d rows of A now breaks the affine phase
retrievability. Thus for any m > 2d, the set of affine phase retrievable (A, b) € R™*(d+1)
is not an open set. O

2.2. Real sparse affine phase retrieval

Set
S.(HY) = {x e H: [|x]o < s).

We say that (A,b) € H™* (D) is s-sparse affine phase retricvable for H? if Ma b
is injective on ¥ ,(H?). In this subsection, we show that the minimal number of affine
measurements to recover all s-sparse real signals is 2s 4 1.

Theorem 2.5.

1 etl <s<d—1an , S e s-sparse affine phase retrievable for R“.

i) Let 1 d—1 and (A, b) € Rm*(d+1) p ffine ph jevable for R?
Then m > 2s + 1.

ii etm > 2s+1 an e a generic element in . en 18 S-sparse

(ii) L 2s+1 and (A, b) be a generic el in R™* 4+ Then (A, b) is s-sp
affine phase retrievable for RY.

Proof. (i) We first show that if (A, b) is s-sparse affine phase retrievable, then m > 2s+1.
First we claim that the rank of A is at least » = min(d, 2s). Indeed, suppose that the
claim is false. Then there exists a nonzero vector x € ¥,.(R%), such that Ax = 0. Write
X = u— v with u, v € 3,(R%). Then u # v and Au = Av. Hence for all 1 < j < m, we
have
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l(aj,u) +b;| = [(a;, v) + b,

which is a contradiction. Thus rank(A) > r = min(d, 2s).

Assume that m < 2s. We derive a contradiction. Since s < d, it follows that r > s+ 1.
Thus there exists an index set T C {1,2,...,m} with #7 = s+1, such that rank(Ag) =
s+ 1. Without of loss of generality we may assume that T = {1,2,...,s+ 1}. Moreover,
we may also without of loss of generality assume that the first s + 1 columns of A are
linearly independent. In other words, the (s + 1) x (s + 1) submatrix of A restricted to
the first s + 1 rows and columns is nonsingular. Call this matrix B. It follows that there
)T

exists a y € R**! such that By = —br. Write y = (y1,...,%s+1) ' and set

VO:(yla~~~ays+170,---,0)—r GRd

Then ATVO = —bT.

If y; = 0 for some 1 < j < s+ 1, say ys41 = 0, we let u = (uq,...,us0,...,0)".
Since #7T° = m—(s+1) < s—1, there exists such a ug # 0 such that (a;, ug) = 0 for all
j € T¢. Now for x = vo+ug and y = vo — ug, we have M3 | (x) = MZA’b(y) and x £ y.
Furthermore, x,y € ¥,(R%). This is a contradiction. Hence y; #0forall 1 <j <s.

Now for any 1 < j; < jo < s+ 1 consider

W, i, = (U1, ..., Us41,0,. .. 7O)T e RY, Uiy = Y5y, Uj, = —tYj,- (2.5)

We view the other u;’s and ¢ as unconstrained variables, so there are s variables. Since
#T°=m— (s+1) <s—1, it follows that there exists a @,, ;, # 0 satisfying (2.5) such
that (a;,0;, j,) = 0 for all j € T°. If t # 0, then we may normalize @, j, so that ¢t = 1.
Set x = vo + 1, j, and y = vo — @, j,. It follows that M3 }, (x) = M3 ,,(y) and

supp(x) € {1,2,...,s+1}\ {42}, supp(y) C{1,2,...,s+1}\ {j1}.

This is a contradiction.

To complete the proof of m > 2s+1, we finally need to consider the case that t =0 in
0, j, 7 0 for every pair of indices 1 < j; < jo < s+ 1. But if so, it implies that any s —1
columns among the first s + 1 columns of Arc are linearly dependent. In particular, it
means the (m—s—1) x (s+ 1) submatrix of Apc restricted to the first s+ 1 columns has
rank at most s — 2. Now because the (s + 1) X (s + 1) submatrix of A restricted to the
first s + 1 rows and columns is nonsingular, we may without loss of generality assume
that s x s submatrix of A restricted to the first s rows and columns is nonsingular, for
otherwise we can make a simple permutation of the indices. The key now is to observe
that (A, b) is not s-sparse affine phase retrievable, because (A, b) restricted to the first
s columns is not affine phase retrievable for R*. To see this, let A’ be the submatrix of A
consisting of only the first s columns of A. We show (A’, b) is not affine phase retrievable
for R®. Note that for S = {1,2,..., s}, we have bg € span (A5) because by assumption
A’; is nonsingular. But we also know that the rows of Age do not span R® because it
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has rank(Ag-) < s—1. Hence (A’, b) is not affine phase retrievable by Theorem 2.1 (D).
This completes the proof of m > 2s + 1.

(ii) Next we prove for m > 2s+1, a generic (A, b) € R™*(¢*+1) ig s-sparse affine phase
retrievable. The set of all (A, b) € R™*(@+1) has real dimension m(d + 1). The goal is to
show that the set of (A, b) that are not s-sparse affine phase retrievable lies in a finite
union of subsets of dimension strictly less than m(d + 1). Our result then follows.

For any subset of indices I,J C {1,...,m} with #I,#J < s, we say (A,b) €
R™*(d+1) g not, (I,J)-sparse affine phase retrievable if there exist x # y in R? such
that

supp(x) C I, supp(y) C J, and M3 ,(x) = M} (y)- (2.6)
Let A;, s denote the set of all 4-tuples (A, b, x,y) satisfying (2.6) and x # y. Then
Ary € R™E@HD o R RY,
Then A ; is a well-defined real quasi-projective variety ([14, Page 18]). Write A =

(aj,as,...,a,)" and b= (by,...,b,)". Then by (2.1), Mi’b(x) = MQA)b(y) is equiva-
lent to

(aj,x —y)((aj,x +y)+2b;) =0, i=12,...,m. (2.7)
Fix any j, the above equation holds if and only if
(aj,x—y)=0 or (aj,x+y)+2b; =0.

Thus for any x # y, the first condition requires a; to lie on a hyperplane, which has
co-dimension 1, while the second condition fixes b; to be —(a;,x +y)/2. Overall, for
any given x # y, these two conditions constraint the j-th row of (A,b) to lie on a real
projective variety of codimension 1. We shall use X;(x,y) to denote this variety which is a
subvariety of R4*1. Now let 2 : A7 ; — R? x R? be the projection (A, b, x,y) — (x,y)
onto the last two coordinates. Then for any xg # yo in R? with supp(xg) C I and
supp(yo) C J, we have

75 H{(x0,¥0)} = X1(x0,y0) X X2(X0,¥0) X ... X Xpm(x0,y0) X {x0} x {yo}.
Hence the dimension of 75 *{(x0,y0)} is
dim (75" {(x0,¥0)}) = m(d+1) —m = md.
It follows that dim(Az ;) < md+ #I + #J < md + 2s.

We now let m : Ar; — R™*(4+1) he the projection (A,b,x,y) — (A,b). Since
projections cannot increase the dimension of a variety, we know that
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dim (m1(Ar,y)) <md+2s=m(d+1)+2s —m < m(d+1).

However, 71 (A7, ) contains precisely those (A, b) in R™*(4+1) that are not (I, .J)-sparse
affine phase retrievable. Thus a generic (A, b) € R™*(@+1) i (I, J)-sparse affine phase
retrievable.

Finally, there are only finitely many indices subsets I, J. Hence a generic (A, b) €
R™* @+ (> 25 4+ 1) is (I,.J)-sparse affine phase retrievable for any I, J with
#1,#J < s. The theorem is proved. O

3. Affine phase retrieval for complex signals

In this section, we consider affine phase retrieval for complex signals. Affine phase re-
trieval for complex signals, like in the case of the classical phase retrieval, poses additional
challenges.

3.1. Complex affine phase retrieval

We first establish the analogue of Theorem 2.1 for complex signals. Throughout this
paper, (u,v) := 2?21 u;v; for u = (uy,...,uq) € C4 v =(vq,...,v4) € C%

Theorem 3.1. Let A = (ay,...,a,,)" € C™*? and b = (by,...,b,)" € C™. Then the
followings are equivalent:

(A) (A,b) is affine phase retrievable for C%.
(B) The map M?&,b is injective on CY.
(C) For any u,v € C? and u # 0, there exists a 1 < k < m such that

§R(<u, a) ((ag, v) + bk)) £ 0.

(D) Viewing M3, ,, as a map R24 — R™  jts (real) Jacobian J(x) has rank 2d for all
x € R,

Proof. The equivalence of (A) and (B) has already been discussed earlier. We focus on
the other conditions.
(A) & (C). Assume that M7 4 (x) = M7 ,,(y) for some x # y in C9. Observe that

for any a,b € C, we have |a|? — [b]*> = R((@ — b)(a + b)). Thus for any j, we have
@)+ b = [y, ) + b7 = R((x = yoa) (@ x +3) +26)).  (3.1)
Set 2u =x —y and 2v =x +y. Then u # 0 and for all j,

R((u,a;)((a;,v) +;)) =0. (3.2)
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Conversely, assume that (3.2) holds for all j. Let x,y € C? be given by x —y = 2u
and x +y = 2v. Then x # y. However, we would have Miyb(x) = Mi’b(y) and hence
(A, b) cannot be affine phase retrievable.

(C) & (D). The k-th entry of M3 ,,(x) is [(ak,x) + bx|*. Since all variables here
are complex, we shall separate them into the real and imaginary parts by adopting the
notation x = xp + ix7, a = ay, g + tag; and by = by r + iby ;. The k-th entry of
M3 (%) is now

(ak,x) + bx|* = ((a.r, XR) + (a1, X1) + bk,R)2 + ((ag,r,x1) — (Ak,1,XR) — bk,1)2 .

It follows that the (real) Jacobian of Miyb(xR, xg) is

alTR~oz1(x)—alTI-ﬁ1(x) alTI-al(x)+a1TR-ﬂ1(x)

J(x) = J(xmxp) = 2 ay p - a2(X) —ay ;- fa(x) ay 1 2(x) +ay g - fa(x)
= RyX[) — . .

a;z,R s (%) — a;J B (x) a;z,l s (%) + a;,R * B (x)
where aj(x) = (aj,R7xR> + <aj’[,X]> + bj’R and ﬁj(x) = (aj,R,x[> - <aj’],XR> — bj7[
forall 0 < j < m.

Now assume that rank(J(x)) is not 2d everywhere. Then there exist v = v + vy
and u = ug + fus # 0, such that u as a vector in R?¢ is in the null space of J(v), i.e.,

It follows that for all 1 < k < m, we have

Cr = (ak,r, ur) i (v) — (ak,1, ur)Be(v) + (a1, ur)ar(v) + (ak,r, ur) fr(v) = 0.

(3.3)
But one can readily check that CY, is precisely
O = §R<<u,ak>(<ak,v) + bk)).
Thus (A, b) cannot be affine phase retrievable by (C).

The converse clearly also holds. Assume that (C) is false. Then there exist v,u € C?
and u # 0 such that

?R((u,ak>(<ak,v> + bk)) —0

for all 1 < k < m. It follows that (3.3) holds for all k¥ and hence
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Thus rank(J(v)) < 2d. O
3.2. Minimal measurement number

We now show that the minimal number of measurements needed to be affine phase
retrievable is 3d. This is surprising compared to the classical affine phase retrieval, where
the minimal number is 4d — O(log, d).

Lemma 3.1. Let z, 25 € C. Suppose that by,bs, b3 € C are not collinear on the complex
plane. Then z1 = zo if and only if |21 + bj| = |22 + b5, j =1,2,3.

Proof. We use z; g and z; 1 to denote the real and imaginary part of z;, and similarly
for b; g and b; ;. Assume the lemma is false, and that there exist z1, 2o with z; # 22 so
that |21 + bj|* = |22 + b;|, j = 1,2, 3. Note that |21 + b;|? = |22 + b;|? implies that

_zl? = =

(22, —21,R) " bjr + (221 — 211) " bj1 = 5 . J=1,2,3. (3.4)

The (3.4) together with z; # 2o implies that by, ba, bs are collinear. This is a contradic-
tion. O

Theorem 3.2.

(i) Suppose that (A,b) € C™*@+1) s gaffine phase retricvable in C*. Then m > 3d.
(ii) Let B := (ay,...,aq) € C¥*? be nonsingular. Set A = (B, B, B)T € C3?%4, Let

b - (bllv"'7bdlab127" '7bd27b13a"'abd3)T S (C3d

such that bj1, bja, bjs are not collinear in C for any 1 < j < d. Then (A,b) is affine
phase retrievable in C?.

Proof. (i) Write A = (aj,...,a,) € C™*? Assume that m < 3d. Clearly rank(A) = d,
for otherwise we will have AX = 0 for some x # 0 and hence M4 p(x) = Ma (0). Hence
there exists a T' C {1,...,m} with #T = d such that rank(Ar) = d, which means we
can find v € C? such that

(ag,v) + b =0, kel.

Now, because #71° = m — d < 2d, and the system of homogeneous linear equations for
the variable u with v fixed,
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§R(<u, a;)((a;,v) + bj)) -0, jeT*

has 2d real variables ug, uy, it must have a nontrivial solution. The two vectors u # 0,
v combine to yield

9?(017 a;)((aj,v) + bj)) =0

for all 1 < j <m. This contradicts with (C) in Theorem 3.1.
(ii) To prove (A,b) is affine phase retrievable, we prove that Ma p(x) = Ma b(y)
implies x = y in C%. The property Ma p(x) = Ma p(y) implies that

|(aj,x>+bjk| = \(aj,y>+bjk|, j:].,...,d, k:1,2,3 (35)
Thus by Lemma 3.1, for each fixed j we have

(aj,x) = (a;, y).
This implies x = y since the matrix B = (aj,...,a4) is nonsingular. O

It is well known that in the classical phase retrieval, the set of all phase retrievable
A € C"™*? is an open set in C™*¢. But for affine phase retrieval, as with the real affine
phase retrieval case, this property no longer holds. The following theorem shows that
this property also doesn’t hold in the complex case when m > 3d.

Theorem 3.3. Let m > 3d. Then the set of affine phase retrievable (A, b) € C™*(d+1) s
not an open set in C"™*@+V) In fact, there exists an affine phase retrievable (A,b) €
C3x @+ hich satisfies the conditions in Theorem 3.2 (ii). Given any € > 0, there
exists (A’,;b) € C34x(d+1) which does not have affine phase retrievable property such
that

A" = Alr<e
where || - ||F denotes the Frobenius norm.

Proof. Following the construction given in Theorem 3.2 (ii), we set A = (B,B,B)T,
where B is nonsingular and

b:=(,...,i,0,...,0,1,...,1)T e C3
S N N —
d d d

We will show that there exists an arbitrarily small perturbation A’ such that (A’,b) is
no longer affine phase retrievable. Making a simple linear transformation x = By, we

see that all we need is to show that this property holds for A = (I4, I, I3) ", where I4
is the d x d identity matrix. Let § > 0 be sufficiently small. We perturb A to



B. Gao et al. / Advances in Applied Mathematics 93 (2018) 121-141 135

A= (Ig+i6Ey, 15,15) ", (3.6)

where Eo; denotes the matrix with the (2,1)-th entry being 1 and all other entries
being 0. Now set x = (i,—1/6,0,...,0)" and y = (—i,—1/4,0,...,0). It is easy to see
that

|A'x +b| = [A’y + bl
which implies that
Ma’b)(X) = Marp)(¥)-

Thus (A’,b) is not affine phase retrievable. By taking § sufficiently small we will have
JA —Allr <e.

In general for m > 3d, like the real case, we can simply take the above construction
(A,b) € C3x(d+1) and augment it to a matrix (A, b) € C™*(@+1) by appending m — 3d
rows of zero vectors to form its last m — 3d rows. (A, B) is clearly affine phase retrievable,
and the same perturbation above applied to the first 3d rows of A now breaks the affine
phase retrievability.

Thus for any m > 3d, the set of affine phase retrievable (A, b) € Cm*(d+1) i not an
open set. 0O

We next consider complex affine phase retrieval for generic measurements. We have
the following theorem:

Theorem 3.4. Suppose that m > 4d — 1. Then a generic (A,b) € C™* 4+ s qffine
phase retrievable in C?.

Proof. Let N =m+1. Then N > 4d = 4(d+1) —4. Hence by [11], there is an open dense
set of full measure X ¢ CN*(@+1) such that any F € X is linear phase retrievable in the
classical sense. Write F = (fi,fs,...,fx) ", where each f; € C4T1. For each g € C4H1,
denote Xg := {F = (fi,fs,....f8)T € X : fy = g}. Then there exists a gg € CI*!,
such that the projection of Xz, onto CWV=1x(d+1) with the last row removed is a dense
open set with full measure. Thus F = (fy,...,fy_1, gO)T is phase retrievable in C4+! in
the classical sense for a generic (fy,...,fx_1)" € CN-1)x(d+1)

Now let Py € Cl+Dx(d+1) he nonsingular such that Pygy = eqii. Then for any
F € Xg,, we have

G := F]D(;r = (Pofl, ey PofN_l,ed+1)T =: (gl, N ,gN_l,ed_H)T

It is linear phase retrievable in the classical sense for generic g1, ...,gn—1. In particular,
any vector y = (x1,...,74,1) can be recovered by |Gy|, where |-| means the entry-wise
absolute value. However, note that the last entry of y is 1, and the last row of G is e;lr_H.
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So the measurement from last row provides no information. In other words, the above
y can be recovered exactly from the measurements provided by the first N — 1 = m
rows of G. This means precisely that the first N — 1 = m rows of G are affine phase
retrievable. Let (A, b) denote the first m rows of G. It follows that (A,b) € C™*(d+1)
is affine phase retrievable. Therefore a generic (A, b) € C™*(@+1) (1m > 4d — 1) is affine
phase retrievable. 0O

3.83. Complex sparse affine phase retrieval

We now focus on sparse affine phase retrieval by proving that generic (A, b) is s-sparse
affine phase retrievable if m > 4s+ 1.

Theorem 3.5. Let m > 4s+1. Then a generic (A, b) € C™*(@+1) 45 s_sparse affine phase
retrievable.

Proof. The proof here is very similar to the proof in the real case. The set of all (A, b)
has real dimension dimg(C™*(4*1)) = 2m(d + 1). The goal is to show that the set of
(A, Db) that are not s-sparse affine phase retrievable lies in a finite union of subsets, each
of which is a projection of real hypersurfaces of dimension strictly less than 2m(d + 1).
This would yield our result.

For any subset of indices I,J C {1,...,m} with #I,#J < s, we say (A,b) €
Cm*(d+1) is not (I,.J)-sparse affine phase retrievable if there exist x # y in C? such
that

supp(x) C I, supp(y) C J, and Mi}b(x) = Mi’b(y). (3.7)
Let Ay, s denote the set of all 4-tuples (A, b, x,y) satisfying (3.7) and x # y. Then
A]7J C (me(d_H) X (Cd X (Cd,
where we view (A,b) as an element of C™*(@+D  For our proof we shall identify
CrmxdtD) €4 x C4 with R™*2(4+1) x R24 x R?4. In this case Ay s is a well-defined
real quasi-projective variety ([14, Page 18]). Note that M3 (x) = M3 (y) yields

l(a;,x) + bj|* = |(aj,y) +b;|> for all 1 < j < m, where A = (aj,a,...,a,,) and
b= (by,...,by) . By (3.1), this is equivalent to

R((x—y.a) (@ x+y) +26)) =0, j=12...,m. (3.8)
Fix any j, the above equation holds if and only if

o (x—y,a;)=0;o0r
o (x—1y,a;)# 0 but (3.8) holds.
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Thus for any x # y, the first condition requires a; to lie on a hyperplane, which has real
co-dimension 2, while the second condition requires b; to be on a line in C (depending
on X, y, a;). Overall, for any given x # y, these two conditions constraint the j-th row
of (A, b) to lie on a real projective variety of codimension 1. We shall use X;(x,y) to
denote this variety which is a subvariety of R?¢*2. Now let 73 : A; j — C? x C? be the
projection (A, b,x,y) — (x,y) onto the last two coordinates. Then for any xg # yo in
C4 with supp(xg) C I and supp(yo) C J, we have

™5 {(%0,¥0)} = X1(x0,¥0) X X2(%X0,¥0) X - - X Xpn(x0,y0) X {x0} x {yo}.
Hence the real dimension of 7, ' {(x0,yo)} is
dimg (75 ' {(x0,¥0)}) = 2m(d + 1) — m = 2md + m.

It follows that dimgr (A7 7) < 2md + m + 2#I + 2#J < 2md + m + 4s.
We now let 7 : A7y — C™*(@+1) be the projection (A,b,x,y) — (A,b). Since
projections cannot increase the dimension of a variety, we know that

dimg (m1(Ar,5)) <2md+m+4s =2m(d+ 1) +4s —m < 2m(d + 1).

However, m; (Ar, ) contains precisely those (A, b) in C™*(@+1) that are not (I, .J)-sparse
affine phase retrievable. Thus a generic (A, b) € C™*(@+1) is (I,.J)-sparse affine phase
retrievable.

Finally, there are only finitely many indices subsets I, J. Hence a generic (A,b) €
Cm*@+) (m > 4s + 1) is (I,J)-sparse affine phase retrievable for any I, J with
#I1,#J < s. The theorem is proved. O

4. Stability and robustness of affine phase retrieval

Stability and robustness are important properties for affine phase retrieval. For the
standard phase retrieval, stability and robustness have been studied in several papers,
see [3,4,6,13]. In this section, we establish stability and robustness results for both maps
Ma b and MQA’b.

Theorem 4.1. Assume that (A,b) € H™* (4D s affine phase retrievable. Assume that
Q C H? is a compact set. Then there exist positive constants Cy, Co, c1, ca depending
on (A,b) and Q such that for any x,y € Q, we have

c1
L+ [lx][ + Iyl

cafx =yl < [[MA b (x) = MA p(y)|| < Co(1+ [Ix][ + [[y[DlIx — v
(4.2)

% = yll < [Map(x) = Ma )| < Cillx =yl (4.1)
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Proof. Write A = (ay,...,a,,)" and b = (by,...,b,) . We first establish the inequality
for the map MzA’b(x), where we recall

M?A,b(x) = (‘<alvx> =+ bl|27 ceey |<amvx> + bm|2) .

Denote the matrix (A,b) € H™*(@+1) by (A b) = (a1,...,4,,) , where a; := <Zj )7
J

j =1,...,m. Similarly we augment x,y € H? into %,y € H?! by appending 1 to the
(d + 1)-th entry. Now we have

Mi,b(x) = (‘<a17x> + bl|27 sy |<a7l’hx> + bm|2)

= (tr(a;a7xx"),...,tr(a,a;,xx")) = T(xx"),

where T is a linear transformation from H(@+Dx(d+1) {5 R™,
Let Xq = {%x%* € HUTUX(@+1) . x € O},

Oq = {S e HHD*W+D) . S| = 1, ¢S € X — X for some ¢ > 0}

and
Oq = {s = (ZW wz g) L zeH we (Q+9)/2and |S||F = 1} :
z
where || - || denotes the (>-norm (Frobenius norm) of a matrix. Then
Oq C Oq (4.3)
because

S =t 1xx" —yy*) = (ZW th z

) €0 forall S € Oq,
z 0

where the existence of t > 0, x,y € 2 in the first equality follows from the definition of
O and the second equality holds for z = (x —y)/t and w = (x +y)/2.
ZwW* +wz*  z

. 0 € Oq, we have
z

For any S =
xx* —yy* x-— ok mn
T<s>=T< B Oy> = T(X&" —§5°) = M p(x) - MA,(y) #0 (44)

by the affine phase retrievability of (A, b), where x = w+2z/2 and y = w —z/2. Clearly
Oq is a compact set. This together with (4.4) implies that
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¢y := inf [|T(S)|| > 0. (4.5)

SeBq

Therefore

M3 b (x) = MZ 1, (v)]| = IT(Z" - 357l

> (nf | T(S))IRK" = 55"l = eal|%%" — 55" |, (4.6)
€Oqn

where the first equality follows from (4.4) and the last inequality holds by (4.3).
Now for the unit vector es11, we have

XX =35 lr = [[(3X" — 35" )ear ] = X =3l = [Ix =yl

This, together with (4.5) and (4.6), establishes the lower bound in (4.2).
Because M7 1, (x) is linear in X = %x*, we must also have

[MA (%) = M p(v)|| < CollZx" — 35| -
However using the standard estimate, we have
1%x* —yy*[lp < X[ % =yl + 7]l % = ¥ < 201 + [Ix]| + [ly[D) lx = y1I.

Here we have used the facts that ||[x—¥| = ||x—y|| and [|X]| < 1+ ||x|. Taking Cy = 2C}
yields the upper bound in (4.2).

We now prove the inequalities for Ma p. The upper bound in (4.1) is straightforward.
Note that

(@, %) + bj| = |(a;,y) +bj|‘ < ag, x =yl < llay | lIx -y

It follows that
IMa ()~ Man()l < (3 llajll) I~ vl
=1

The upper bound in (4.1) thus follows by letting C1 = 37", [la;].
To prove the lower bound, we observe that

[1fa,%) + ;12 = (@, ) + b5l
= [1t@j.3) + byl = I{ay. %) + byl (1) + b5 + (@, 3) + b )
< LU+ [l + iyl ey, %) + ;] = IGay, ) + bl

where L > 0 is a constant depending only on (A, b). Hence
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M b (x) = MZA ()] < L0+ [Ix]] + [y ]]) [Mab(x) — Man()ll-

It now follows from the lower bound ||Mi7b(x) — Mi’b(y)H > col|x — y|| and setting
Co = C1/L that

C1

MaAb(X) = MAb(Y)| > —————7
L+ x| + [yl

% =yl
The theorem is proved. 0O
Proposition 4.1. Neither Ma v, nor M7 y, is bi-Lipschitz on He.

Proof. The map Mi’b (x) is not bi-Lipschitz follows from the simple observation that
it is quadratic in x (more precisely, in R(x) and ¥(x)). No quadratic function can be
bi-Lipschitz on the whole Euclidean space.

To see Ma p(x) is not bi-Lipschitz, we fix a nonzero x¢ € H¢. Take x = rxo and
y = —rXg, where r > 0. Note that

m

1/2
IMa (%) = Man@) = (3 (Iray,x0) + bl = Ir{ay, xo) = b;])?)
j=1
and
I =il = 2rlxoll.

Then
IMab(x) —Mab 1 /= e oy 2\ Y2
e = ey (2@, o) + b3 /r] = Ifag,x0) = bi/r)?)

j=1
(4.7)

A simple observation is that the right side of (4.7) tending to 0 as » — oo. Hence for any
d > 0, we can choose r large enough so that

[Ma b(x) = Mab(y)l
[x -yl

<.

Thus Ma b(x) is not bi-Lipschitz. O
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