TOPOLOGICAL AND GEOMETRIC PROPERTIES OF
REFINABLE FUNCTIONS AND MRA AFFINE FRAMES

DEGUANG HAN, QIYU SUN, AND WAI-SHING TANG

ABSTRACT. We investigate some topological and geometric properties of the
set R of all refinable functions in L?(R?), and of the set of all MRA affine
frames. We prove that R is nowhere dense in L?(R%); the unit sphere of
R is path-connected in the L?-norm; and for any M-dimensional hyperplane
generated by L2-functions fo,..., far, either almost all the functions in the
hyperplane are refinable or almost all the functions in the hyperplane are not
refinable. We show that the set of all MRA affine frames is nowhere dense
in L?(R?). We also obtain a new characterization of the L?-closure R of R,
and extend the above topological and geometric results from R to R, and even
further to the set of all refinable vectors and its L?-closure.

1. INTRODUCTION

Let N € N, the set of all positive integers, and fi,..., fy € L? := L?(R%). We
say that I := (fi, ..., fn)T is a refinable vector (of length N)if f1(-/2),..., fn(-/2)
are in the L2-closure of the linear span of {f,(- —k): 1 <n < N,k € Z} ([7)).
We denote by Ry the set of all refinable vectors of length N, and by Ry the L*-
closure of Ry. For the scalar case (N = 1), a refinable vector is usually known as
a refinable function, and we use R, instead of Ry, to denote the set of all refinable
functions.

The purpose of this paper is to investigate the topological and geometric prop-
erties of the set Ry of refinable vectors, its closure Ry, and the set of all MRA
affine frames. We will prove that while Ry is nowhere dense in (L?)", the unit
sphere of Ry is path-connected in the L?-norm. Moreover, any M-dimensional
hyperplane generated by (L?)Y-functions Fy, ..., Fy is either “almost” completely
contained in Ry, or is “almost” completely contained in (L?)¥\Ry. In addition,
all these results remain valid for Ry, the L-closure of Ry. We apply our results
to obtain that the set of all MRA affine frames (with a fixed number of generators
in the scaling space) is nowhere dense.
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We first investigate the path-connectedness of the set Ry of refinable vectors
of length N. The set Ry is always path-connected since it is homogeneous.
Therefore we are only interested in the path-connectedness of the unit sphere of
Ry (we remark that in general the unit sphere of a path-connected set is not
necessarily path-connected). We shall prove the following result in Section 2:

Theorem 1.1. For every N € N, the unit sphere of Ry s a path-connected
subset of (L?)N.

We remark that the set of all scaling functions, an important subclass of Ry,
is shown to be path-connected in [23, 35] (see Section 7 for the precise definition
of a scaling function). For other related path-connectedness results for scaling
functions, wavelets and affine frames, the reader may refer to [3, 12, 16, 17, 19,
21, 22, 26, 30] etc.

Secondly, we study the geometrical properties of the set R in Sections 3 and 4.
In particular, we establish the following (N + 2)-point rule, hyperplane property,
and nowhere dense property.

Theorem 1.2. Let N € N, and F,G € (L*)N. If F + ¢,G € Ry for distinct
scalars €5,1 < q < N +2, then F +tG € Ry for allt € R, except for possibly
countably many t’s.

Theorem 1.3. Let M, N € N. If Fy,...,Fyy € (L?)N such that {F,, — Fy,1 <
m < M} are linearly independent, then either g(t1, ..., ty) == F0+Z%:1 tomFo €
Ry for almost all t == (t1,...,ty) € RM or g(ty,...,tx) € Ry for almost all
t:=(t1,...,ty) € RM,

Theorem 1.4. For every N € N, the set Ry is nowhere dense in (L*)N. Hence
the interior of Ry is the empty set.

Roughly speaking, the (N + 2)-point rule in Theorem 1.2 means that given
any line in (L?)V | if there exist N + 2 points on that line belonging to Ry then
all except for possibly countable many points on that line belong to Ry. On
the other hand, the hyperplane property in Theorem 1.3 means that given any
finite-dimensional hyperplane in (L?)", either it is almost-completely contained
in Ry, or it is almost-completely contained in the complement set (L?)™ \ Ry.

The condition and conclusion in the (N + 2)-point rule for Ry are optimal
for the scalar case N = 1. In fact, for any two given distinct scalars €1, €5, we
can construct two L?-functions ' and G such that F +tG is refinable only when
t = €1, € (Example 3.1). Also for a given countable subset T' of R, we construct
two functions F' and G such that F' + tG is refinable for all real ¢ except t € T
(Example 3.2).

For the set of refinable vectors, we have not seen any result in the literature on
its geometric properties, like the (N + 2)-point rule and hyperplane property in
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Theorems 1.2 and 1.3. For the set of wavelets, a result of this nature is discussed
in [13, 21, 22|, where it is shown that if 1,1 are two orthonormal wavelets, then
tY) + (1 — )¢ are (Riesz) wavelets for all real ¢ except possibly when ¢t = 1/2.

The nowhere dense property for the set Ry in Theorem 1.4 follows immediately
from the nowhere dense property for its closure Ry (see Theorem 1.7 below). We
point out that for the one-dimensional scalar case, i.e., d = N = 1, the nowhere
density property of the set of all refinable functions was obtained in [33] with a
different proof (see also [34]).

Define the Fourier transform f of an integrable function f by

f6)= [ e

and interpret the Fourier transform of a square-integrable function f as usual. For
every L € N we denote by Ay, the class of all vectors F' = (fi,..., fx)T € (L*)N
such that any L x L submatrix of the (Zy x Z,) x Z* matrix

(1.1) F(&) = (ﬁ(zj(g + 2k7r))>

has zero determinant for almost all £ € R?, where Zy := {1,...,N} and Z, :=
{0} UN. For a vector-valued function F = (f1,..., fy)? we use S(F) to denote
the shift-invariant space span{ f,,(- — k) : 1 <n < N,k € Z} generated by F. In
general, for a countable set I, we use S(F’) to denote the smallest closed subspace
of L?(RY) that contains {f(- — k) | f € F,k € Z%} (see [1, 2, 6, 7, 8, 11] and
references therein for the study of shift-invariant spaces).

jEZ4 ke

The L%-closure Ry of Ry differs from the set Ry (see [31] or Example 3.2
(i1)). Strang and Zhou ([31]) characterized the set Rq, the L? closure of the set
of all refinable functions, which can be stated as follows:

ﬁl = Ag.

Our characterization below is a generalization of the above Strang-Zhou’s result
from the scalar case (N = 1) to the vector case (N > 1), with a different proof
and additional characterization (see Section 5 for the proof) .

Theorem 1.5. Let N > 1. Then Ry = Any1 = User, (S(®))V.
For U = (¢1,...,¢n)", define the Gramian fibers

12)  Gu@= () fle+wmiE+2km) ., ceRY,

,gEF,
kezd Jo9€h

where
Fy ={277%,(277): 1<n<N,j>1}.
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The Gramian fibers have been used for the characterization of many properties
of the shift-invariant system

E(Fy)={f(-—k): f€ Fy,kez},
and the dyadic wavelet system
X() = {2042, (27 - —~k): 1<n<N,jeZkel}

([10, 27, 28]). Define the multiplicity function My : [—m,7|* — Z, of the
shift-invariant space S(Fy) by

(1.3) My (&) = rank Gy ()

([4, 29]). The multiplicity function depends only on the underlying shift-invariant
space S(Fy) ([7]). For any F = (fi,..., fv)T € (L2, we note that F(£) in (1.1)
and the Gramian fibers G'r(2.)(§) are related by

(1.4) Gr (&) = 2 F()(F(©), € € R

Therefore F € Apyq if and only if Mp(2.)(€) < L for almost all ¢ € R%. For L > 0,
define

(1.5) My = {F = (fi,.. ., fn)" 1 Mpey(€) < L for almost all € € Rd}.

Thus by Theorem 1.5 we have the following characterization of Ry via multiplic-
ity functions:

Corollary 1.6. Let N > 1. Then Ry = My.

We next apply the characterization in Theorem 1.5 to investigate the topolog-
ical and geometric properties of Ry in Section 6.

Theorem 1.7. Let M, N € N. Then

(i) The unit sphere of the set Ry is a path-connected subset of (L*)".

(i) If F,G € (LQ)N,_cmd F+¢,G € Ry for distinct scalars €,1 < q¢ < N +2,
then F'+tG € Ry for allt € R.

(iii) Let Fy,..., Fy € (L*)Y such that {F,, — Fy,1 < m < M} are linearly
independent. Then either g(ty,...,ty) == Fy + Zn]‘lethm € Ry for
all t == (t,...,tar) € RM or g(ty,...,ty) € Ru for almost all t :=
(t1,...,ty) € RM,

(iv) The set Ry is nowhere dense in (L?)V.

In Section 7, we give another application of our new characterization Ry =
Usery (S(®))Y in Theorem 1.5. We establish the nowhere density of the set
Fun of all MRA affine frames of length M associated with a multiresolution
analysis (MRA) having a scaling vector of length N (see Section 7 for the precise
definitions).
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Theorem 1.8. For any M > N > 1, the set Farn 5 a nowhere dense subset of
(L2)M,

It was proved by M. Bownik [9] that the set of all affine frames is dense in L.
However, the result in Theorem 1.8 for the special M = N =1 case implies that
the set of all MRA affine frames is nowhere dense in L?. This indicates that there
are many affine frames that are not MRA affine frames.

2. PATH-CONNECTEDNESS FOR THE SET OF REFINABLE VECTORS

To prove Theorem 1.1, we need the following characterization of a refinable
vector in the Fourier domain ([7]).

Lemma 2.1. Let F = (f1,..., fy)T € (L*)N. Then F is refinable if and only if
there exists an N x N-matriz-valued 27-periodic measurable function m(§) such
that

(2.1) F(2¢) =m(6)F(€) ac. &eR%

Now we start to prove Theorem 1.1.
Proof of Theorem 1.1. Let S be the refinable vector in Ry whose first
component is the Shannon scaling function and whose other components are
identically zero, i.e.,

T

S(&) = ((2m) XLy ma(€),0,---,0)".

Here xg is the characteristic function on a measurable set E. We will establish
Theorem 1.1 by constructing a continuous path in the unit sphere of Ry con-
necting any given refinable vector in the unit sphere of Ry to the refinable vector

S.

Take any refinable vector F' € Sy, the unit sphere of R. By Lemma 2.1,
(2:2) F(2¢) = m(§)F(¢)

for some matrix-valued 2m-periodic function m(§).

From (2.2) and the assumption F' € Sy it follows that the restriction of F (€)
on the torus [—m, 7|¢ is not identically zero, i.e.,

(23) F\X[,mﬂd 7& O,

for otherwise using (2.2) iteratively we will have that F (&) = 0 for almost all
¢ € RY, a contradiction to the assumption F € Sy.
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For 0 <t <1, we define ¥, = (¢14,...,%n¢) " by

~ (=) EmeCOREe) ifo<t<1
(24) \Ijt(g) a { F\(£>X[—W,W]d<€) if ¢ = L,

where a(€) is a 27-periodic function whose restriction on [—7, 71]¢ is the charac-
teristic function on [—m, 7]?\[—7/2, 7/2]%. From (2.4), it follows that

(2.5) Uy =F,

and

(2.6) T, (26) = my(E)T,(€), tel0,1],
where

A =1)Om(e) ifo<t<1
mi® ={ (- epm) o1
Again from (2.4), we obtain

(2.7) lim T, (&) =T, (&) ae. & €R

—1l0
for all ¢, € [0, 1], and
(2:8) FOxrme O] < 1O S [F(E)] ae. & € R?
for all ¢ € [0,1]. By (2.3), (2.7) and (2.8),
(29) tll}l’g) ||\Ijt - \IJtOHQ = 07 to € [0, 1]7
and
(2.10) 0 < IFO)Xrme( 2 < [Wellz < [Fll2, 0 <t < 1.
Denote the normalization of ¥;,0 <t < 1, by

v,

2.11 P, =
240 TP

which is well-defined by (2.10). From (2.5), (2.6), (2.9) and (2.10), it follows
that ®,,0 <t < 1, form a continuous path in Sy connecting ' € Sy and ®; in
(2.11). Also from (2.4), (2.6) and (2.11), the function ®; = (¢11,...,¢n1)" has
the following properties:

= . F\(f)x[—ﬂ,ﬂ]d(g)

2.12 d, = —= )
(212) S TS
and

(2.13) B, (2€) = my (€)@, (€)

for some matrix-valued 27-periodic function my(§).
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Deﬁne \I,t = (¢1,t7 s 7¢N,t)Ta 1 S t S 2a by

(2.14)
@t(g_{(,;ﬁl L1512 + (=3 + 4t — 2B, (2~ )21(©) i $1a(6) £0.
(V=31 4t — 2|9, (6)], (2 — )@, (€))) " it d11(6) =0,

where &371(5) = ((}5\21(5),,51\;1(5)) From the definition of ¥;,1 < ¢t < 2, we
have that

\Ill = q)lv

Wi (E)| = [@1(&)] for all & [1,2],

|| W]l =1 for all t € [1,2], and

limt_% ||\Ilt - \I[tOHQ =0 for all t() € [17 2]

(2.15)

Here we have used the observation that for all ¢y € [1,2], lim;_, \T/t(g ) = \Tfto (&)
for almost all ¢ € R%. We also note that

~

(2.16) Ty(€) = A(€)P1(€)

for some matrix-valued 27-periodic function A;(§) with its restriction on [—m, 7]
being defined by

d

) —
B 42y 219 n
A) = 0 - (2—1t)In_1
V314t — @ if ¢
( N R if ¢11(€) =0,
L\ 0 (2—1t)In_

where [; is the [ x [ identity matrix. Combining (2.13) and (2.16), and using the
nonsingularity of the matrix A4;(¢),1 <t < 2, for almost all £ € R?, we obtain
the refinability of ¥, 1 <t < 2,

~

(2.17) U, (26) = Ay(26)D1(26) = A, (26)ma(€)D1(€) = mu (€)W, (€)
where

my(€) = A(28)ma(§)(A(§) ™, 1<t <2
Write

Uo(6) = (P12(6), .-, Una(€))T

Then {5&2(5), 2 < k < N, are zero functions. This together with (2.13) and (2.15)
proves the refinability of U, for t = 2,

(2.18) W5 (2€) = ma(§)¥a (&)
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for the matrix-valued 2m-periodic function msy(€) with its restriction on [—, 7]?

being defined by
121,2(25) 0 ~
P1,2(8) / if |®1(&)| #0,

0 N-1

Iy if |®,(€) = 0.

Therefore it follows from (2.15), (2.17) and (2.18) that the functions ®;, 1 <t < 2,
defined by

(2.19) Py =Ty,
form a continuous path in Sy from ®; in (2.11) to @, in (2.19).

my(§) =

From the definition of @y = (¢ 9,...,¢n2)T, we have that ¢po = 0for 2 < k <
N and ¢, - is a nonzero refinable function with its Fourier transform supported
in [—m, 7]%. Now we define ¥; = (¢;,0,...,0)7,2 <t <3, by

028 i §,(¢) £ 0 and € € [—, 7",

~ |f1.2(6)[2
(2.20) hi(§) = t—2 if 5172(5) =0and ¢ € [-m, 7],
0 if & ¢ [—m, 7%
Clearly,
(2.21) Uy = By,
(2.22) [, (€)] > 0, € € [=m,7]"

for every 2 <ty < 3, and

h/I\nt—nfo wt(é) - 1&0 (5)7 § € R4
(2.23) B©)] < max(|g12(9)], 1), € € [—m, 7],
U, (§)] = min(|p12(6)[, 1), & € supp ¢,
for all 2 <ty < 3. Then

(2.24) 1Wella > [ min(|gra(-)], D>, 2< <3
by (2.21) and (2.23),
(2.25) lim Willa = W12, 2 < to <3,

by (2.23), and
(2.26) U,(26) = my(€)Wy(€), 2<t<3
by (2.22), where my is a 2r-periodic function whose restriction on [—, 7]

by R R
— [ 0(2§)/v(§) O
= (35O 0 )

4 is given



TOPOLOGICAL AND GEOMETRIC PROPERTIES 9

Therefore by (2.18), (2.21) and (2.24) —(2.26), the functions ®;,2 < ¢ < 3, which
are defined by

v,
9.97 O, =
(2:27) SN

form a continuous path in Sy connecting @5 in (2.19) and @3 in (2.27).

From (2.20) and (2.27), we see that the function ®3 = (¢ 3,0,...,0)7 has the
following property:

(228) 51,3(5) = ((27T)_d/2X[—7r,Tr]d(g)eie(g)a 07 s 7O)T
for some real-valued measurable function 0(¢). Define ¥;,3 <t < 4, by
(2.20) B4(6) = ((20) Xm0 0, 0).

Using similar arguments as the those used in the proofs of various properties
of U, 2 <t < 3, we have the following properties for W,,3 <t < 4: U3 = &g,
limy .y, || — Wy, ||2 = O for all ¢ € [3,4], and ¥; € Sy. Using the above properties
of ¥;,3 <t <4, we conclude that the functions ®,,3 <t < 4, which are defined
by

(230) @t = \I[ta

form a continuous path in Sy connecting ®5 in (2.27) and @4 in (2.30).

By (2.29) and (2.30),
(2.31) b, =S

Hence ¢;,,0 < t < 4, is a continuous path in Sy connecting F' and the fixed
element S € Sy. Therefore the path-connectedness of the unit sphere Sy follows.
O

Remark 2.2. Let Ry([—m,7]%) be the set of all refinable vectors with their
Fourier transforms supported in [—m,w|¢.  From the above proof of the path-
connectedness of the unit sphere of the set Ry, we have the path-connectedness
of the unit sphere of the set Ry([—m,7|%) in the topology induced from (L*)N.

3. (N + 2)-POINT RULE FOR THE SET OF REFINABLE VECTORS

In this section, we study the (/N 4 2)-point rule for the set of refinable vectors,
and give an elementary proof of Theorem 1.2 for the scalar case (N = 1). Our
proof of Theorem 1.2 for the general case (N > 2) is much more complicated and
different from the scalar case, and will be given in Appendix A. In this section,
we also show by two examples that this (IV + 2)-point rule is optimal for the
scalar case, N = 1. In particular, in Example 3.1 given any two distinct scalars
€1 and €, we construct two L? functions F' and G such that F +tG is not refinable
for all real ¢ except t = €1, €5, while in Example 3.2 given any countable subset
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T of R we construct two functions F' and G such that the functions F' + tG are
refinable for all real ¢ except those ¢ in T

Proof of Theorem 1.2 for N =1. Let
T={teR:pu{€eR: F(&) +tG(€) = 0 and G(€) # 0} > 0},

where p is the Lebesgue measure. Then T is at most countable by Lemma A.1
in Appendix A. We will prove that F' + tG is refinable when ¢ ¢ T'U {0}.

For each i = 1,2, 3, by the refinability of F' + ¢,G,
(3.1) F(28) + 6G(26) = mi(©)(F(€) + «C(€))

for some 27-periodic functions m;(€). This implies that

(€2 — €1)G(26) = (ma(€) — My (€)) F(€) + (e2ma(€) — exmy (€))G(€),

and
(€ — €1)G(26) = (m3(€) — mi(€))F(€) + (esm3(€) — exm (€))G(€).
Thus
(3.2) a(€)F(€) + B(G(E) =0, ae. EeR
where

(3.3) a(§) = (e3 — 1) (ma(§) — ma(§)) — (&2 — e1)(ms(§) —ma(§)),

and

(3.4)  B(&) = (&3 — e1)(e2ma(§) — exma(§)) — (€2 — €1)(ezma(§) — exma(§)).
For t ¢ T U {0}, we let
t— €9

61-25 El—t

(€)= —2m() + = omal©), du(e) = —— Zem(§) + —cma(6).
Then by (3.1),
(3.5) F(28) + G (26) = ci(§ F (&) + di(§)G(&).
Let
Ey={¢€R:: a(€) #0,5(€) # 0},
By ={§€RY: a(€) #0,5(¢) =0},
Es={¢ € RY: a(¢) =0,5(¢) # 0},
Ey={§€R?: a(€) =0,5(¢) =0}

Since a and (8 are 2m-periodic, we have that
(3.6) Ui B =R and FE;+27Z%=FE;, i=1,2,34.
For £ € Ey, we obtain from (3.2) and (3.5) that

(3.7) F(26) +tG(26) = (c(&) — di(€)a(€)/B(E)) F(£).
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Define m on E; by

m(f)_{o if ¢ € E5NEy,
T (1= ta(€)/B8() T (el€) — dil€)al(€)/B(E)) if € € Ei\Es,

where E5 := {¢& € R?: (G(€ + 2km))peze = 0}. The 27-periodic function m is
well-defined on Ej, that is, 1 — ta(§)/6(€) # 0 for almost all £ € Ey\ E5, since

(1=ta(€)/B(E) (F(6+2km)hezs = (FHG)(E+2Km)) o # 0 a0 € € Er\Es
by (3.2) and the assumption ¢ ¢ T. Therefore it follows from (3.2) and (3.7) that
(3:8) F(26) +1G(2¢) = m(§)(F(§) +1G(€)), € € Bu.

For £ € E,, we obtain from (3.2) that F(¢) = 0. This together with (3.5)
implies that
(39)  F(2) +1G(26) = d(&)G(&) = m(E)(F(€) +1G(€)), € € By,
where m(€) = 1d,(€) is a 2n-periodic function on F, and t ¢ T U {0}.

Tt

Similarly for £ € Ej3, we obtain from (3.2) that G(¢) = 0, and
(3.10) F(26) +1G(2¢) = m(©)(F(§) +1G(€)), € € By,

where m(§) = ¢;(€) is a 2m-periodic function on FEj.
Finally for £ € E,, we have that () = () = 0. Solving the equations (3.3)
and (3.4) leads to

ms (&) = ma(§) = mi(§), § € Ey.
This together with (3.5) implies
(3.11) F(2€) +tG(26) = m(€)(F(€) +tG(€)), €€ Ey,

where m(§) = m4(&) is a 2m-periodic function on FEj.
Combining (3.6) and (3.8) — (3.11) proves the refinability of F' + tG with ¢ ¢

T U{0}. O
Example 3.1. Let €1, €5 be two distinct numbers. Define the functions f and g
by
. €2fo — €190 _ 90— Jo
=——>— and g¢g= ,
€o — €1 €2 — €

where fj is the Haar function xo,1) and go(z) := max(1—|z|,0) is the hat function.
Since f 4 €19 = fo and f + €29 = go, both f + €19 and f + €29 are refinable, and
hence both belong to R;. Noting that

€y — t t— €1

fo+

€2 — €1 €2 — €1

f+tg=
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and using the explicit formulas for the Fourier transform of f; and gy,

1—e %

fo(§) = i€
one can verify that for all ¢ # €y, €,

et< Ttg€+2km) gl )
f+tg(2(€ +2km))  f+1tg(2€)

for all k € Z\{0}. Therefore f + tg are not refinable for all ¢ # €;, €2, Moreover,
using the characterization of the L?-closure of the set of all refinable functions
(Theorem 1.5), f + tg are not included in the L?-closure of the set of refinable
functions for all ¢t # €, €.

1— e"f)?

and (€)= (~

Example 3.2. Let T'= {t;}}~, be a countable subset of R.
(i) For L = 0, we let f be refinable and ¢ = 0. Then f + tg is refinable for all
teR.
(ii)) For L = 1, one may verify that for the functions f and g defined by f=
Xir/2,7] — tiX(o,r/2) and § = X[o,x/2), f +tg are refinable for all real ¢ except ¢t = ;.
This also shows that R, # R.
(iii) If 2 < L < 400, we let {E;,2 < j < L} be a partition of the interval [0, 7 /4]
with p(E;) > 0,2 < j < L, and we define
_tl if % S 5 S ™,

a —t]' ing’/T/Zl“‘Ej,

MO=9 i ito<e<r,
0 otherwise,

and

9(&) = xjo,m(£)-
Then for any real ¢,

—t+t if 2 <E<mT,

A . . —t;+t iffE%—l—Ej,
f(f)“‘tg(f)_ —t -t ifogég%)

0 otherwise.

Therefore for any ¢t € T', f + tg is refinable since

A~ ~

f(28) +19(26) = m(§)(f(§) +19(€)), ¢ €R,

for a 2m-periodic function m(§) whose restriction onto [—m, 7] is defined by

{ FROTGRE if ¢ ¢ [0, 7],

m(§) = F(©)+t3(8)
©) 0 if £ € [-m,0).
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For t =t1, f + tg is not refinable since

f(26) +1G(26) =t — 12 # 0 and f(€) +1§(¢) = 0
for all £ € (7/4+ E,)/2. Fort =t;,2 < j < L, f +tg is not refinable since

F(26) +14(26) = t; — 1y # 0 and f(€) +t§(&) =0

for all ¢ € /4 + E;. Therefore the functions f + tg are refinable for all real ¢
except those t € T'.

4. HYPERPLANE PROPERTY FOR THE SET OF REFINABLE VECTORS

We prove Theorem 1.3 by induction on the dimension M of the hyperplane

M
(4.1) T(Fy,...,F) = {FO +5 B b= (b tu) € RM}.
m=1

By Theorem 1.2, the conclusion in Theorem 1.3 holds for M = 1. Inductively
assume that the conclusion in Theorem 1.3 holds for M > 1. Let Fy, ..., Fas1 be
functions in (L?)" such that F,, — Fy,1 < m < M + 1, are linearly independent.
For any scalar ty;,1, we define

M
(4.2) R(tys) = {(tl, cota): FottusaFasn + Y tnFn € RN}.
m=1
By the inductive hypothesis, either u(R(ta41)) = 0 or u(RM \ R(tpy41)) = 0,
where p is the Lebesgue measure. If there do not exist distinct numbers ¢, ,,1 <
g < N + 2, such that RM \ R(t},.,) has zero measure for any ¢ =1,--- , N + 2,
then the set
M+1
(4.3) E= {(tl, i) s Fot S P € RN}
m=1

has measure zero since

W(E) = / H(R(tarsn))dtrrss = 0.

Otherwise, there exist distinct scalars t},,,,. ...t} such that
(4.4) p(RY\ R(t1,,,)) =0, 1<g< N+2.

By Theorem 1.2, for any (t1,....ty) € T := NJZPR(tY,,,), we have that Fy +
an\le tofm +tfare1 € Ry for all real ¢ except countable many t’s. Thus the set

M
E(tl, ,tM) = {t eR: Fy+ Z tmFon + tFM-H € RN}

m=1
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satisfies

For the set E in (4.3),

(4.6) RMI\E R\ (M42R(t,0)) x R) UE,
where

E = {(tlu "'7tM7tM+1> :tM—i-l S R\E(tla "'7tM)7 (th'"atM) € méV:JEQR(t?M—‘,-I)}

By (4.4), (4.5), and (4.6), we obtain
pRNE) < (R (ARR(,,))) X R) + u(B)

NP R( )

q=1
This complete the proof of Theorem 1.3. U
5. LQ—CLOSURE OF THE SET OF REFINABLE VECTORS

In this section, we characterize the L?-closure Ry of all refinable vectors, and
give some related remarks on the sets of all M-refinable vectors and of all poly-
scale refinable vectors.

Now we start to prove Theorem 1.5, with the arrangement of the proof in such
a way that it will be used in the proof of Theorem 1.7.

Proof of Theorem 1.5. We will prove the following inclusions:

(5.1) Ry C Ans,

(5.2) Usery (S(®))Y C A,
(5.3) Ans1 C Ry,

and

(5.4) Ani1 C Usery (S(®))7.

(i) The proof of (5.1). Let F = (fi,...,fn)T € Rxn. Suppose that the se-
quence F,, € Ry,n > 1, satisfies lim,, . ||F,, — F'||2 = 0. By Parseval’s formula,
lim, oo || Fn — F|l2 = 0. Without loss of generality, we further assume that

(5.5) lim Fy(€) = F(¢) ae,
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for otherwise we may replace the sequence {F}, } by a subsequence satisfying (5.5).
As each F), is in Ry,
Fo26) = mu©)Fu(6) ace.

for some matrix-valued 2m-periodic function m, (). For any j € N, applying the
above refinement equation iteratively implies that

Fu(27€) = m (O F(6) ae
for some 27-periodic function m,, ;(§). Therefore any (N +1) x (N +1) submatrix
A, (§) of the (Zy x Z,) x Z* matrix (F,(27(£ + 2k7r)))jez+ peza Can be written as

An(ﬁ) = Bn(g)on(f)a

where B,,(£) is an (N+1) x N matrix with entries being 2m-periodic functions, and
Cu(&) = (ﬁn(ﬁ + 2k;))1<i<n 1 for some distinet integers k; € 29,1 <i < N + 1.
This implies that

det A,(§) =0 a.e.

Taking limit in the above equality and using (5.5) prove (5.1).

(ii) The proof of (5.2). Take any F € Uger, (S(®))Y. Let ® € Ry such that

(5.6) F(&) = my(6)D(¢)
and
(5.7) B(26) = m(£)D(€)

for some N x N matrix-valued 27-periodic functions mg(§) and m,(§). For any
Jj € Z,, using (5.6) and (5.7) repeatedly leads to

(5:8) F(2€) = my (€)8(¢)
for some N x N matrix-valued 27-periodic functions mo;(€). Therefore any (N +
1) x (N+1) submatrix A(€) of the (Zy x Z) x Z* matrix (F(27({+2km)))

can be written as

jEZ4 keZd

A() = B(EC(E),
(hence det A(£) = 0 for almost all £ € R?), where B(£) is an (N + 1) x N matrix
with entries being 27-periodic functions, and C'(§) = (&)(f + 2k;m) )1<i<n41 for
some distinct k; € Z%, 1 <i < N + 1. Therefore (5.2) follows.

(iii) The proof of (5.3). Take any function F = (f1,..., fy)? € (L*)" such that
|Fll2 = 1 and any (N + 1) x (N + 1) submatrix of the matrix F(¢) in (1.1)
has zero determinant for almost all £ € R?. Denote by r;(F)(¢) the rank of the

((j +1)N) x Z¢ matrix (1/7\(21(5 + 2k))) We let Z(F') be the set of all

0<i<j,kezd"
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¢ € R? such that F(&) is a zero matrix, and Ejx(F) be the set of all £ € R? such
that

O lf 0 S] < j07

ko if jo <Jj <1,

ri(F)(€) =9
kEy—r it gy <3 < Jm,
kv it 5> g,

where J = (jo,J1,...,im) and K := (ko,k1,...,ky), with 0 < jo < j1 <

<y and 1 < kg < bk < ... <ky <N, where 0 < M < N —1. From
our constructions and assumptions on F, the sets E;x(F) and Z(F) have the
following properties:

(1) They are shift-invariant, i.e., E;jx(F) + 27Z% = E;x(F) and Z(F) +
onZd = Z(F).

(2) They are mutually disjoint, i.e., Ejx(F)NEy ko (F) and Ej i (F)NZ(F)
have zero Lebesgue measure for all (J, K) and (J', K") with (J', K') #
(J, ).

(3) They form a decomposition of R¢:

(5.9) R = Z(F) + Uk Ejx(F).
For{ € Eji(F), welet A; (§),. .., A;,(€) be NxN permutation matrices such

that A, (§+2km) = A;,(§) forall k € Z¢ and 0 < s < M, and (F\J’K(f—FQkﬂ'))kezd

has rank r;;, where we define

R M [ O, 0 0 R
(5.10)  Fyx(€) = (A" D | 0 Ik, 0 | ALOF(279),
s=0 0 0 On—k,

denote by I; the [ x [ identity matrix, and set k_; = 0. If jo = 0, we further
require that the permutation matrix A, (£) be so chosen that

H{ ( ]]60 ON ko ) AJO(S)ﬁ(g + Qkﬁ)}kezd

()
(5.11) H{ WOF(E+ ka)}kezd py 00 € € Bux(F)
The existence of such measurable permutation matrices A; (¢),...,A4;, (&) fol-

lows from the definition of the set £ (F). From the above construction of the
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function F 7K, We see that

Ajo(g)ﬁJ,K<£> = (ﬁlk_1+1 (2j0£)7 s 7.]?7%0 (2j0£)ja )

-~

ko—k—1

~ ) R ‘ T
fnkM_1+1(2jM§)7 s >fnkM (2]M£),7 0, R ,0)

~
kni—kn—1 N=knm

where 1 < n; < N for 1 < j < ky, and that Ajo(g)(ﬁ]’;((ﬁ + 2k7))peze has
rank ky on Ejg(F). (This implies that for any 1 < n < kj, the submatrix

chosen from the first n rows of the matrix A;, (£>(F\J’K(£ + 2k7))peze has rank n
on EJ’K(F)>
For 0 <t < 1, we define ¥, € (L?)V by

(5.12) B,(6) = { 5(&) +tF R (€) i g € ?‘{?)(F)

The functions W, 0 < ¢ < 1, are well defined by (5.9) and (5.10). Moreover, one
may easily verify that

(5.13) Uy =F,

-~

(5.14) lim U, (&) = Uy, (€)  ae.

t—to

for all ¢y € [0,1], and
(5.15) (&) <2 [F(2E)] ae.

for all t € [0,1]. By direct computation, we obtain
| > iF@el| < SIFel,
=0 =0

(5.16) = Y 27P|F||; < .

J=0

Combining (5.14), (5.15) and (5.16), we conclude by the dominated convergence
theorem that

(5.17) lim [ W, = W, [l; =0, & €[0,1],
—10

and

(5.18) 1Well2 < (1+V2)||F|2, t €[0,1].
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R From the definition of ¥;,0 < ¢t < 1, and the construction of the function
Fj(§) on Ejk(F), we have that

U2 = F(€) + tFy(€)2de
T ;/EJK(F)\ () + tFyx(©)]

v

/E IRGGENAOTT

/ (14 1)
Ejx(F
1 1+ )% F||3

2
5.19 > (1+1)? (-) F(¢ 2d5:(—2.
(5.19) a3 /E o) el 28

Now we prove the refinability of ¥,,0 < ¢ < 1. Since there exist finitely many
N x N permutations, we may divide the set E;x(F') into the union of finitely
many mutually disjoint subsets Ej  ,(F),p € Pj, such that Ej g, (F)+2rZ% =
E;kp(F), and the permutation matrices A; (§),...,A4;,,(£) in the definition of
F 7.k (&) are constant matrices on E 7.k p(F) for every p € Pjr. Noting that the
matrices (U, (€ + 2km))peze and (F(29 (€ + 2kT)))o<jez keza have the same dimen-
sion ky for any £ € Ejk,(F), there exist matrix-valued 27-periodic functions
mj’K’p(f), 0 < j € Z, such that

J,K with jo=0
‘2

v

I, 0 ~
( 0 O, )Ajo<§>F<§> dé

J K Wlth 7o=0

(5.20) F(27€) = mFP(€)W,(€) ace. €€ By p(F).
On the other hand, from the definition of the set Z(F') we have that
(5.21) () = F(2¢) =0, €€ Z(F).

Combining (5.20) and (5.21) and using (5.9), we conclude that for any 0 < j € Z,
there exists a matrix-valued 27-periodic function m; such that

(5.22) F¢) =my(©)W(¢). 0<jeZ

From the construction of the function W, and the sets Ej ,(F), there exist
3 5 J,K,p

constant matrices m;" such that

N M ~JKp k)
(523) B ={ oma YO £ M

Then by (5.22) and (5.23),
U1(2) = msep()(6) if 2 € Eyey

and

Uy(26) = mz (€)W, (€) if 26 € Z(F)
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for some matrix-valued 2m-periodic functions m g, and my . Hence

B0(26) = (D2 muscn (X800, (512(€) + M2 ()X 2(6) ) u(8),

J,K,p

where x g is the characteristic function on a set E. This proves the refinability of
U, 0<t<1.

From the above arguments, we conclude that the functions ¢;,,0 < ¢t < 1,
defined by

P
(5.24) o= 1
[[We|2

have the following properties:

q)o = IT7

[Pl = 1;

®, is refinable for every 0 <t < 1; and
hmt_ﬁo ||(I)t - (I)toH2 = 0 for all t() S [0, ].]

(5.25)

This proves that F' € Ry, and hence (5.3) follows.

(iv) The proof of (5.4). Take any F' € Ax1; and let &,,0 <t <1, be as in (5.25).
We define an N x N matrix-valued 27-periodic function m by

0 if €€ Z(F) or £ € Ejx(F) with jo # 0,
E N a0 (1’50 8) Ap(€) if € € By ye(F) with jy =0,

where ¥; and A (&) are defined as in (5.12) and (5.10) respectively, and the
matrix Ajx (&) is chosen so that

Iy, O =~ 5
@) (B ) AOF© = F(©) ae. €€ Bl
The existence of such a matrix Ay x(€) follows from the fact that both (F(& +
2k7))pezae and (]ko O) A (&) (F\(f—f—Zk‘W))keZd have the same rank kg for almost

O O Jo
all £ € EJ,K(F>‘
Let @ be as in (5.24). For £ € Z(F) U (Ujk with jo£0Esk(F)), we have that
F(&+ 2km) = 0, which yields

(5.26) F(&) =m()®1(6) =0 ae. £€Z(F)U (Usk with jozoEsx(F)).
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For £ € E; i (F) with jo = 0, from (5.10) it follows that

@) = 3@ (5 )

2
N M Ok, , 0 0 o
(AOFO+Y [ 0 hew 0 | AQF@)
s=0 0 0 ON—kS
Iy, O ~
= Asx() ( 0 0) Ajy(OF(€)
(5.27) = F().

Combining (5.9), (5.26) and (5.27) proves ﬁ(ﬁ) = m(f)@l(f) for almost all £ € R?.
Hence (5.4) follows from the refinability of the function ®;. d
Remark 5.1. A dxd matrix M with integer entries is said to be a dilation if all its
eigenvalues have norm strictly larger than one. We say that F' = (fy,..., fx)T €
(L?)N is an M -refinable vector if it satisfies a refinement equation

(5.28) F(MT¢) =m(§)F ().

where m(§) is a matrix-valued 27-periodic function. Using similar arguments, we
may extend the result in Theorem 1.5 for Ry to the L?-closure of the set of all
M-refinable vectors.

Theorem 5.2. Let M be a dilation, N € N and F € (L*)N. Then the following
statements are equivalent:
(i) F is in the (L*)N-closure of the set of all M -refinable vectors.
(i) Any (N+1)x(N+1) submatriz of the (Zy X Z ) x Z* matriz (F((MT) (¢+
2kﬂ)))jez+,kezd has zero determinant for almost all £ € R,

(iii) There exists a M-refinable vector ® and a matriz-valued 2m-periodic func-
tion m(§) such that

F(&) = m(©)B(¢) ae. ¢eR.
Remark 5.3. For a vector F' = (f1,..., fx)' € (L?)"N, we say that F is poly-scale
M -refinable if there exist 2m-periodic functions m;, 1 < i < I, such that

(5.29) F(¢) =Y mi(BTF(B™¢),

=1

where B = MT. Clearly the poly-scale M-refinability becomes the M-refinability
when the scale I becomes one (see [15, 32] for the poly-scale refinability and its
applications). It is known that if F' is poly-scale refinable, then the vector F,
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whose Fourier transform is given by

. F(B'¢)
FEO =1 :
F(¢)
satisfies the following refinement equation
(5.30) F(BE) = HEF(©),
where
my(B'7E) mo(B'2E) - mra(BE) my(€)
Iy 0 e 0 0
. 0 I e 0 0
HO=| S |
0 0 e Iy 0
0 0 e 0 Iy

Denote the set of all poly-scale M-refinable vectors by Ry 1, and its L?-closure
by Ry . Using similar arguments as in the proof of Theorem 1.5, we have the
following result for the set ﬁM I

Theorem 5.4. Let NI > 1. If F € Ry, then any (NI + 1) x (NI + 1)
submatriz of the (Zy x Zy) x Z% matriz (F((M7T)I (€ + 2k))) has zero

jeZ+,k€Zd
determinant for almost all £ € R?.

6. TOPOLOGICAL AND GEOMETRICAL PROPERTIES OF ﬁN

In this section, we give the proof of Theorem 1.7.

Proof of Theorem 1.7. (i) For any F = (f1,..., fy)" € Ry with ||[F|ls = 1,
define &y = F and let ®;,0 < ¢t < 1, be as in (5.24). By (5.25), the functions
®,,0 <t < 1, form a continuous path in the unit sphere of Ry connecting the
function F' in the unit sphere of Ry and ®; in the unit sphere of Ry. This
together with the path-connectedness of the unit sphere of Ry (Theorem 1.1)
proves the path-connectedness of the unit sphere of Ry.

(11) For Jy = {jlw--,jN-i-l} CZ+ X {1,...,N} and Ky = {kl,...,k}N+1} C
Z% with cardinality N + 1, we denote by Ay, xy(£,t) the (N 4+ 1) x (N + 1)
submatrix by taking the ji-th, ..., jyi1-th rows and the ki-th, ..., kyiq-th

columns of the matrix ((F\ +1G) (2 (€ + 2/’{:7T)))J.€Z+ reza- Lhen the determinant

of Ay, ky (&, 1), denoted by Py, k,(€,1), is a polynomial in ¢ with degree at most
N +1. By Theorem 1.5 and the assumption that F +€,G, ..., F +en2G € Ry,
we have

Proky(e)=0 ae € R?
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for 1 <i < N + 2. Therefore Py, g, (&,t) is a zero polynomial in ¢. Hence
(61) F+1iG e RJNJ(N forall te R,

where
(6.2)
Rivicy = 1H = (hi,...,hy)T € (L)Y : det Ay, iy (€) =0, a.e. £ € R,

and Ay, xy(§) is the (N +1) x (N +1) submatrix by taking the j;-th, ..., jx41-th
rows and ki-th, ..., kyi1-th columns of the matrix (H(27(¢ + 2km)))
By Theorem 1.5, we have

(6.3) RN = Ny xRy Kon-

Therefore F +tG € Ry by (6.1) and (6.3).

(iii) We prove the conclusion by induction on the dimension M of the hy-
perplane T'(Fy, ..., Fy) in (4.1). For M = 1 the conclusion follows from the
(N + 2)-point rule for Ry, the second conclusion of this theorem. Inductively
we assume that the conclusion holds for M > 1. Let T'(Fy, Fy, ..., Fary1) be the
hyperplane generated by Fy,..., Fiysy1. Then by the inductive hypothesis, for
any ty41 € R, the set R(tyr41) in (4.2) either has zero Lebesgue measure (i.e.,
w(R(tar41)) = 0), or is the whole space (i.e., R(tyy1) = RM).

If there do not exist (N + 2) distinct numbers ¢}, ;,1 < n < N + 2, such that
R(th,1) =RM,1 <n < N + 2, then the set

jEZ+,kEZd '

M+1
E = {(tl, uth—i-l) o Fo+ Z tomkm € RN}
m=1

has Lebesgue measure zero since

W(E) = / W(R(trrr))dtrrr = 0.

Otherwise there exist (N + 2) distinct numbers ¢}, ,,1 <n < N + 2, such that
R(t3.1) = RM 1 <n < N+ 2. Then by the (N + 2)-point rule for Ry we see
that any function F' = Fy + Zzg tymFp is in Ry. Hence T(Fy, ..., Fary1) C Ry.
This completes the inductive proof.

(iv) Take any € > 0 and F = (f,..., fx)T € (L*)N. We need to show that
B(F,e) N ((LHN \ Ry) # 0, where B(F,¢) = {H = (hy,...,hn)T € (L*)V :
|H — Fl|ls < €}. Take G = (g1,...,95)F € L*\ Ry with |G|l = 1. (The
existence of such a function follows from the obvious observation that Ry is a
proper closed subset of (L?)V, see Example 3.1.) By the (N+2)-point rule for Ry
(the second conclusion in Theorem 1.7) and the fact that G € Ry, there exists
0 < d; < e such that Hs := 0F + G ¢ Ry for all 6 > (§;)~!. On the other hand,
|67 Hs — F||; = 07Y|G||2 < €. Therefore $'Hs € B(F,e) N (L) \Ry). O
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For Jy = {j1,- -, jns1} CZy x {1,...,N} and Ky = {ky,...,ky1} C Z%,
from the proof of Theorem 1.7, we have the following (N + 2)-point rule and
nowhere density for the set Ry, x, in (6.2).

Theorem 6.1. Let Jy CZ, x{1,..., N} Ky CZ¢ and F,G € (L*)N. Then
(i) ((IV+2)-point rule) If there are N + 2 distinct numbers €y, ..., exto Such
that each F + €,G € Ry ky for 1 <i < N+2, then F +tG € Ry, ky
fort e R.
(ii) (Hyperplane property) Let Fy, ..., Fy € (L*)N such that Fi—Fy, ..., Fy—
Fy are linearly independent. Then either g(ty, ..., ty) == Fo—l—zn]\f:l tm o €
Ry.riy for almost all t := (t1,...,ty) € RM or g(ty, ..., tm) & Riy.kx
for almost all t := (t1,...,ty) € RM.
(iii) (Nowhere density property) The set Rj, i, i nowhere dense in (L*)V.

7. NOWHERE DENSITY OF MRA AFFINE FRAMES

In this section, we study the nowhere density of all MRA affine frames and
prove Theorem 1.8.

For this purpose, we first recall a few definitions. In this paper, a multireso-
lution analysis (MRA) means a family of subspaces {V;};ez of L? which satisfies
the following conditions:

(i) V; C Vjq for all j € Z;

(i) V; ={f(27:): f €V} forall j € Z;

(iil) NjezV; = {0} and UjezV; = L?; and

(iv) There exist a function ® = (¢y,...,¢n)", called a scaling vector, such
that the core scaling space Vj is the shift-invariant space S(®), which is
defined as the minimal closed subspace of L? containing {¢,(- — k) : 1 <
n<N,ke Zd}.

From the nested property V_; C V; in the condition (i), the scaling vector ® is a

refinable vector of length N.

Remark 7.1. There are several slightly different (but not equivalent) definitions
of a multiresolution analysis, especially on the technical condition (iv). For in-
stance, in a standard definition ([14, 18, 24, 25]), the core scaling space V; has
an orthonormal basis {¢, (- — k) : k € Z%,1 < n < N} generated by finitely many
functions ¢4, ..., ¢y, while in the frame MRA (FMRA) theory (cf. [6]), the core
scaling space Vj has a shift-invariant frame {¢,(- — k) : 1 < n < N,k € Z%}.
More generally, {V;};ez is called a GMRA (cf. [4, 5]) when the core scaling space
Vo is only assumed to be shift-invariant, that is, f € Vj if and only if f(-—k) € V}
for all k € Z<.

Let ¥y, ..., ¢y € L2 We say that U := (¢, ...,¢)7 is an affine frame of L?
(or by, ..., n are affine frames of L?) if {tyjx = 2992, (20 - —k): j €Z,k €
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Z%1 < m < M} is a frame for L?, that is, there exist positive constants A, B
such that

1/2
70 A< (X Y Whtmilf) < Bl Ve
m=1 je7 kez

MRA-frames of length M, that are associated with a multiresolution analysis hav-
ing a scaling vector of length N, are those affine frames ¥ = (11, ...,%)T such
that i1, ..., 9y belong to the dilated scaling space Vi for some multiresolution
analysis {V,};ez with a scaling vector ® = (¢1,...,¢n)7 of length N. We denote
the set of all such MRA-frames by Fas n.

Now we give the proof of Theorem 1.8, where the new characterization Ry =
Upery (S(@))Y of the set Ry in Theorem 1.5 plays a crucial role.

Proof of Theorem 1.8. By Theorems 1.5 and 1.7, the set T := U@eRN(S(qD))N is
a nowhere dense subset of (L?)N. For any vector ¥ = (¢1,...,¢y)T € Fu N,
we cut U to a vector of length N, which is denoted by ¥ = (¢, .. ,wN) )

denote the set of all such vectors ¥ associated with ¥ € F M.N by F M.N- Smce
}"MJV C {f(2) : f € T}, we have that .7-"M,N is a nowhere dense subset of
(L*)N. On the other hand, one may easily verify that F; v C Fasn x (L2)M—N
Therefore the nowhere density of the set Fy; x in (L?)M follows. g

In view of the previous results, we make the following conjectures on MRA
affine frames.

Conjectures: (i) The set US_,Farn is a nowhere dense subset of (L*)™ for
any M > 1. (ii) The set Farn is path-connected for all M, N > 1.

APPENDIX A. PROOF OF THEOREM 1.2 FOR GENERAL N

In this appendix, we give the proof of Theorem 1.2 for N > 2. For this purpose,
we need several technical lemmas:

Lemma A.1. Let M €N, gy, ..., gy be measurable functions on a subset & C R?
with finite Lebesque measure, K = {& € E: (go(€),...,gu(€))T # 0}, and

M
T — {t ER: > gu(6)" £0 for almost all ¢ € K}.

Then T€ := R\T is at most countable.

Proof. Let K,,;,0 < m’ < M, be the subsets of K such that g,/ (£) # 0 on K,
but g,,(§) = 0 for all m" < m < M. Then

(A1) K=UM_ K.,
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and for any 1 <m’ < M,

/

(A.2) > g™ = g () [ [t = b i) a0 € € Ko

1

3

<.
Il

for some measurable functions hpy 1, . . ., Ry iy 00 K. By (AL2), Z%:o gm (" =
0 on a subset of K, that has positive Lebesgue measure if and only if the set

Kmlﬂ‘(t) = {§ c Km’ : hm’,i(f) = t}

has positive Lebesgue measure for some 1 < ¢ < m’. This together with (A.1)
leads to

T = Ui<m<m<i<m {t @ p(Kmi(t)) > 0}
(A.3) = Ui<m<mi<i<m/i<nkezEm (0, k),

where B, ;(n k) ={t e R: p(Kui(t)) >n"t k™t <|t| < k}. Since
# (B i(n, k)

n

< kY Hp(K()

tEEm/Y~(7’L,k:)

7

<k / min{[ho 4(€)], k}dE < p(E)R < oo,
ek,

where #(S) denotes the cardinality of a set S, we have that the set E, ;(n,k)
has finite cardinality. This together with (A.3) proves that the set 7 is at most
countable. i

Lemma A.2. Let F,G € (L?)V and Hy := F+1tG,t € R. Then there exist a sub-
set T of R (depending on F and G only), and subsets E;, ., of [—m, | associated
with the index sets J, == {j1,...,jn} C{1,...,N} and K,, := {ky, ..., k,} C Z¢
having cardinality n, where 1 < n < N, such that:

(i) The set T := R\T is at most countable.

(ii) For any t € T, the n X n submatriz obtained from taking the ji-th, ...,
Jn-th rows and the ky-th, ..., k,-th columns of the N x Z matrix (ﬁt(§+
2k7))eza is nonsingular for almost all & € Ej, K, .

(iii) For anyt € R, the rank of the matrix (ﬁt(f + 2k7))keza is at most n for
almost all £ € B, K, -

(iv) For any t € R, (Hy(€ + 2k7))yeze = O holds for almost all £ € Ey =
[—71', W]d\ Uival UJmKnEJmKn.

Proof. For 1 <n < N, J, ={j1,.--,Jn} C{1,...,N} and K,, = {ky,...,k,} C
Z% having cardinality n, we denote by Pj , (§,t) the determinant of the n x n
submatrix obtained from taking the j;-th, ..., j,-th rows and the k;-th, ..., k,-th



26 DEGUANG HAN, QIYU SUN, AND WAI-SHING TANG

columns of the N x Z¢ matrix (H,(¢ + 2k7))geze. Then

(A4) P, (6) =Y g ac, (O™

m=0
for some measurable functions hg s, k.., - - -, An, x, on [—m, 7% We let
(A5) EJruKn = {5 E [_71—7 Tr]d : (hO,JnyKn (5)7 R hnw]n,Kn (§>>T 7é 0}7
(A.6) Ejkn = Es 1, \(Uh i Ur, K, EJ,L/,K”/)a

(A7) Ty, Kk, = {teR: Pj g, (&1t)#0 for almost all £ € £, k,},

and
N
T - rWTL:I rj(]n,Kvn T-]nuKn’

Now we show that the sets T" and Ej, g, satisfy all the conclusions in the lemma.

(i) T¢=UN_, Uy, k, (R\Ty, k,) is a countable set by Lemma A.1.

(ii) From the definition of P;, f,, we see that for any t € T', Py, (&, t) #0
for almost all £ € Ej, k,. Hence the second conclusion follows.

(iii) From the definition of the sets E;, g, , any (n + 1) x (n 4 1) submatrix
of (ﬁt(g + 2k7))peze has zero determinant on Ej, g,. This implies that for any
t € R, the matrix (H, (& + 2k7))pezq has rank at most n for almost all & € E;, k,-

(iV) Since Eg = [—’N, W]d\<u7]y:1UJn,KnEJn,Kn) = [—7T, W]d\(unNzlujn,KnEJn,Kn),
the polynomial Py, , (&,t) is identically zero on Ej for any J; and K;. This proves
that for any t € R, (ﬁt(g + 2k7m))reze = 0 for almost all £ € Ey. O

Denote by I; the identity matrix of size j X j.

Lemma A.3. Let N, M > 1, and A(§),B(§) be N x M matrices whose en-
tries are measurable functions on a measurable set E. Suppose that there ezists
{j1,---,jm} C{1,..., N} such that the determinant of the M x M submatriz,
which is obtained by taking the ji-th, ..., ja-th rows of the matriz A(§)+tB(§), is
not a zero polynomial int € R for almost all & € E. Then there exist a finite index
set P, a partition {E,}pep of the set E, i.e., UpepE, = E and E,NE, = 0 for any
p # p', and for each p € P, an integer no(p) € [0, M] and matrices P,(§) of size
N x N, Qy(§) of size M x M and D,(&) of size no(p) x no(p), X1,,(§) and Y7 ,(§)
of size ng(p) x (M —no(p)), Xo,(§) and Yz, (&) of size (M —no(p)) X (M —no(p)),
X3,(&) and Y3,(&) of size (N —ng(p)) x (M — no(p)), such that

(A.8) det P,(£) det @,(§) # 0,

(A.9) det(X2,(&) +tY2,(§)) =1 when no(p) < M,
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and

thgm) + Dp(&)  X1p(€) +tY1,(E)
(A.10)  P(§)(A(E) +tB(£)Qp(&) = 0 Xop(8) +tY2,(8)
0 X3,(8) +tY3,(8)

for almost all § € E,, wheret € R.

Proof. For any matrices A(§) and B(§) of size N x M, we will show that there
exist a finite partition of F, say {E,,p € P}, and matrices P,(§), Qp(&), Cp(§)
and D,(§) on E, whose entries are measurable functions such that

(A.11) det Py(§) det @Q,(&) #0 ae. €€ E,,

and

Bp(E)(A(E) +1B(£))Qy(8)

Cp(€) tIng(p) + Dy (¢) )fm,t(f) )goz,t(f) : )g()l,t(g)
0 0 Xo1,(§) Xo2u(§) - Xoi(§)
0 0 Ly (p) )flz,t(f) : )fll,t(f)
0 0 0 Xi24(§) - X14(€)
0 0 0 Ly p) X&)

(A12) =] o 0 0 '
0 0 0 0 .
0 0 0 0 Xa-1y1(§)
0 0 0 0 Ty (p)
0 0 0 0 0
0 0 0 0 0

for almost all § € E, where ng(p),n1(p), ..., m(p) € Zs+ := {0} UN, and X;;,(¢)
and Xj; (&) are matrices of the form X (&) + tY(€) for some matrices X (§) and
Y (£), which may be different at different occurrence.

We will prove, by induction on N > 1, the decomposition (A.12) for any matrix
A(€) +tB(&) of size N x M. Indeed, it suffices to prove the conclusion under the
additional assumption that B(§) has constant rank m on the set E; for otherwise,
we partition the set E into a finite union of F,,,0 < m < min(N, M), so that the
matrix B(§) has rank m on E,,, and prove the conclusion for each E,,.

First we prove the conclusion for N = 1. In this case, M > 1 and either m =0
or m = 1.

(i) m = 0: In this case, A(§) +tB(§) = A(§). We may further assume that
A(&) has constant rank m' for almost all £ € E; for otherwise we partition
the set F into a finite union of E,,,0 < m’ < min(N, M) = 1, so that
the matrix A(£) has constant rank m’ on E,,. Therefore by the above
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assumption on A(§) and B(), there exist nonsingular matrices P(&) of
size 1 x 1 and Q(§) of size M x M such that

(a13) POME + e = P = { )Y Er ]

holds for almost all £ € E.
(ii) m = 1: In this case, we choose nonsingular matrices P(£) of size 1 x 1
and Q(&) of size M x M so that

P&)B()Q(E) = (0] 1),
which implies that

(A.14) P()(AE) +tB(§)Q(E) = (C(8) | th + D(§))

holds for some matrix-valued measurable functions C(§) of size 1 x (M —1)
and D(&) of size 1 x 1.

Then the decomposition (A.12) for N =1 follows from (A.13) and (A.14).

Inductively, we assume that the decomposition (A.12) holds for any matrix
A(E) +tB(€) of size n x M, where 1 < n < N. Consider any matrices A(§), B(§)
of size (N + 1) x M with B(§) having constant rank m on E without loss of
generality. Clearly, either m = N +1 or m < N.

(i) m = N + 1: Let P(£) and Q(&) be nonsingular matrices so chosen that
P)B(€)Q(E) = (0| I,,). Then the decomposition (A.12) follows in this

case, since

(A.15) P(E(A(E) +1B(£)Q(E) = (C(&) | thm + D(E))
for some matrices C'(§) and D(&) of sizes m x (M — m) and m x m
respectively.

(ii) m < N: Choose a nonsingular matrix P;(£) so that

rose - (9.

where B;(§) is a matrix of size m x M. Then

(A.16) PUE(A() + 1B(€)) = ( Al(ff&g?l(f) )

for some matrices A; (&), A2(§) whose entries are measurable functions on
E. Moreover, without loss of generality, we may assume that the rank
of Ay(&) is a constant m’ on E, for otherwise we partition the set E into
finite subsets so that Ay(€) has constant rank for almost all £ in every
subset of that partition. There are two subcases:
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(a) m’ = 0. In this case,

A +tB
(A17) R©A© + () = MO ).
Then the decomposition (A.12) for A(§) + tB(§) follows by using
(A.17) and applying the inductive hypothesis to the m x M matrix
A1(§) +tB(&) since m < N.
(b) m’ > 1: In this case, we select nonsingular matrices P,(£) and Q2(§)
so that

(A18) PoaOwE = (0 ).

Combining (A.16) and (A.18), we obtain that

I, 0
( 0 Pz(f)) P1(&)(A(€) +tB(£))Q1(£)Q2(8)

As(§) +tBy(&) As(§) +1B5(§)
(A.19) — 0 Iy
0 0

for some matrices A3(€), A4(§), B2(€), B3(€) with measurable entries
on E. Therefore the decomposition (A.12) for A(§) + tB(§) follows
by using (A.19) and applying the inductive hypothesis for the matrix
A3(&) + tBy(&) of size (N —m/) x (M —m/).

This completes the inductive proof of (A.12).

Denote by A;(§) 4+ tB1(€) the M x M submatrix obtained by taking the j;-th,
..+, Ju-th rows of the matrix A(&) + tB(§). Then by the assumption on A(&)
and B(¢), the determinant of A;(§) + tB1(€) is not a zero polynomial in ¢t € R
for almost all £ € E. Therefore by Lemma A.1, there exists a set T such that
R\T is at most a countable set and that for any ¢t € T' the matrix A;(§) +tB1(§)
is nonsingular for almost all ¢ € E. This implies that for those t € T, the
matrix A(§) + tB(€) has rank M for almost all £ € E. Similarly for the matrix
o)+ Dp(€) in (A.12), we can find a set 77 such that R\T is at most a countable
set and t1,,,(p) + Dp(€) is nonsingular for almost all £ € E when ¢ € T;. Therefore
it follows from (A.12) that

no(p) +m(p) + -4 +mlp) =M
and the matrix C, () has size no(p) x 0. Hence (A.10) follows. O

Now we start to prove Theorem 1.2 for N > 2.
Proof of Theorem 1.2 for N > 2. We let H, := (f; + tg1,..., v +
tgn)" =i (h1g,-..,hne)T, the sets T and Ej, g, be as in Lemma A.2, and
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Ey = [-m,7\(UN_, U;, k, Ej k), where t € R;,1 < n < N, and J, =
{51,-.,dnt € {1,...,N} and K,, = {ky,...,k,} C Z% have cardinalities n.
By Lemma A.2, 7° := R\T is at most countable. Therefore it suffices to prove
that for any ¢ € T there exist measurable functions m{ on Ey and m} . on
Ej, k,,1 <n < N, such that for all k € Z,

(A.20) Hy(2(6 + 2k7)) = mb (&) Hy(€ + 2kn) ae. €€ By,
and
(A.21) H(2(€ + 2km)) = mb, o (&) H(€ +2km) ae. €€ Ey x,.

On the set Ej, it follows from Lemma A.2 that for all & € Z<,
(A.22) F(+2kn) =G(E+2kn) =0 ae. &€ B,
By the refinability of F'+¢,G,1 < ¢ < N + 2, we have that for all k € Z,
F(2(& +2km)) + €,G(2(¢ + 2km)) =0 ae. &€ Ey,
which implies that for all & € Z4,
(A.23) F(2(¢ + 2km)) = G2(€ + 2km)) =0 ae. & € Ey.
Then (A.20) follows from (A.22) and (A.23) by letting mf () = 0 on Ej.
We prove (A.21) first for the case n = N. In this case, Jy = {1,...,N}. For
any 1 <n' < N,Ky = {ki,...,kn} CZ¢ and k € Z\ Ky, define
o HE+2km) - Hy(€ + 2kym) Hy(€ + 2kn)
Grpt(€) = | 5 =~ =~
hn’,t(2(§ + 2]{}177')) e hn’,t(z(g + 2kN7T)) hn’,t(2<§ + Qkﬂ-))

on Fj, ky- Then
N+1

det Gn’,k,t(f) == Z tiPn/,k,i<€)
=0

for some measurable functions P, ;;(£),0 < ¢ < N + 1, on Ej, k.. By the

refinability of the functions H,---, H_,, there exist some vector-valued 2m-

periodic functions my ., ,1 < g < N + 2, such that

P e (26 + 20m)) = s o, (€)H,, (€ + 2Im), 1 € Z7,
which implies that for t = ¢;,,1 < g < N + 2,

N+1

(A24) Z tipk,n’,i(f) =0 ae 5 € EJN7KN'
1=0

This leads to the crucial conclusion that (A.24) holds for all ¢ € R, which in
turn yields that for any real ¢, the rank of the matrix G, x(&) is at most N for
almost all £ € Ej, k,. On the other hand, for ¢ € T, the N x N submatrix
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(ﬁt(é + 2kym) | oo | f[t(ﬁ + 2knm)) of Gy ii(€) has rank N for almost all £ €
Ej, k,. Therefore for 1 <n' < N andt € T, there exist vector-valued measurable
functions m,, ¢(€) such that for all k € Ky, and hence by (A.24) for all k € Z¢,

(A.25) T 1(2(€ + 2km)) = My () Hy(€ + 2km)  ac. €€ By .
The equation (A.21) then follows for the case n = N.

Now we prove (A.21) for the case 1 <n < N—1. By Lemma A.2, for any t € T’
the n x n submatrix obtained by taking the j;-th, ..., j,-th rows of the N x n
matrix ]Tlt,Kn &) = (ﬁt(f +2kim) | e | Hy(E+ 2k,)) is nonsingular for almost
all ¢ € Ej, k,, which implies that the determinant of the above n xn submatrix is
not a zero polynomial in ¢ € R for almost all £ € E, k,. Hence applying Lemma
A3 with £ = E;, g, and A(§)+tB(€) = I/—jt,Kn (¢) and without loss of generality,
assuming no partition of the set £, g, necessary, we can find an integer 0 < ngy <

n, matrices Py, x,(§), Q1,.x,(8), D, 1, (§), and X, x,4(8), Yo, 1,.4(6), 1 <0 < 3,
of different sizes such that for almost all £ € £, k,,,

(AQG) det PJmKn (f) det QJmKn (f) 7é O,
(A27) det (XJmKn,Q(f) + tYJn’sz(f)) =1 when ng < n,
and
(A.28)
N thy + Dy, k(&) X, kn1(&) Y5, k,1(8)
Pk, () H k,(6)Q s, k., (&) = 0 X1 k0 2(&) + Y7, Kk, 2(8)
0 X, 1,3(8) + Y7, 1, 3(6)

where ¢t € R. Then it follows from the second conclusion in Lemma A.2 that for
any t € T,

(A29) det (t[no + DJn,Kn (5)) 7£ 0 for almost all 5 € EJn,Kn'
For any k € Z%\ K,,, we write

a6 | e+ 24m) ( @oe© 0)

thny + Dy, (€) X kon(€) + Y5 k1 (6) oo t'ChLik(€)
(A.30) = 0 X in2(8) + Y7, 1, 2(6) Zzl 0 1'Coi(8)
0 X kn3(8) + Y7, 1, 3(6) leot 'Cs.i.1(€)

for some vectors C; ;x(£),1 <i < 3,0 < j <1, with components being measur-
able functions on Ej, x,. We need the following claim to establish (A.21).

Claim: For any t € R, there exists a matriz Ry, k, +(§) such that
(A31) det RJmet(g) =1
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and
i€ Proie (O (B (©) | Bt +2km) (i)
thy + Dy, k(&) X kn1(§) + 1Y, k,1(8) Zz‘lzo tZ:Cl,i,k@J)
(A32) = 0 Xinten2(€) + Y0, 1,2(8) 310 t1Co1(€)

0 0 0

for almost all £ € Ej, k,, -

Proof of the Claim.  First we assume that 1 < ng < n — 1. By (A.29), for
every t € T the matrix tI,, + Dy, k, (&) has nonzero determinant for almost all
€ € Ej, k,. By Lemma A.2, for every t € R any (n + 1) x (n+ 1) submatrix of

the N x (n+ 1) matrix (ﬁt,Kn (&) | Hy(€ + 2k)) has zero determinant for almost
all £ € Ej, k,. The above two observations together with (A.27) lead to the
following conclusion: for all t € T,

1
S C €)= (Xnsnsl€) + Y5 x,5(6))
1=0

X <XJn,Kn,2(§) + tYJn,an(f)) - ( i ticz’i’k(£)>
=0
= (XJn,Kn,S(f) + tYJannﬁ(@)

1
(A33) ><adj <XJ7“K7“2(€) + tYJmeg(g)) X (Z t102,z,k:(§)>
=0

for almost all £ € Ej, g, , where adj(A) is the adjoint of a matrix A. Note that
for every € € E, K, , both sides of the above equation (A.33) are polynomials in ¢
by (A.27). Hence for all ¢ € R, (A.33) holds for almost all £ € E;, g, . Therefore
for 1 <ng <n—1, (A.31) and (A.32) hold by letting

I, 0 0
RJn,Kn,t (5) == 0 In—no 0
0 Ssk.t(&) In-n

and

Spint(€) = —(X0, k,3(6) + 1Y, k,.3(€)) adj (X, K, 2(€) + 1Y, k, 2(€))-

For ng = 0, (A.33) follows directly from (A.27), (A.30) and the fact that the rank
of the matrix

<XJ7L,K7L,2(§) + 1Y, k,2(6) Yy tl:CQ,i,k(f))
Xk 3(8) + 1Y, 16,3(6) 2i— 'Ck(€)
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is equal to n for almost all £ € E, g, . In particular for ng = 0, (A.31) and (A.32)
hold by letting

I, 0
Ry, r,1(§) = (SJmet(g) IN—n) '

For ny = n, we have that n — ny = 0 and hence

Prosc () (s, (€) | Bt +2km) (9ge© D)
_ (ﬂn + Dy (€)X t’:CLz‘,k(ﬁ))
0 ZLO tzc&i,k (5)
by (A.28) and (A.30). Then for all ¢t € T' (hence for all ¢t € R),

1
ZtiC’gﬂ»,k(é) =0 foralmost all { € £y, k..,
i=0

T
as for all t € T the rank of the matrix (ﬂn + Do (€) Z’izo t.Cl’i’k(g)) is the
. 0 Zi:o t'Cs.ik (&)
same as that of the matrix (Hy, (§) | H,(¢+ 2km)) by (A.26), and hence is at
most n for almost all £ € E;, g, by Lemma A.2. Therefore for ng = n, (A.31)
and (A.32) hold by letting R, k, +(§) = In.

Let us return to the proof of the equation (A.21). For any 1 < n’ < N and
k € Z\K,, we define

(A.34)
tog + Do (€) Xn1 () + Y0, 5,106 Yo t'Crin(§)
U ki (§) = 0 Xk 2(8) + 1Y, K, 2(E) AZLO t'Ca, 1 (8)
Dy (€) Do i(€) ho 1(2(§ + 2kT))
and
(D1 (€) | Dars(€)) = (o t(2(€ +2k17)) | =+ | P 4(2(€ + 2ka7))) Qi (),

where ¢ € R. From the refinability of H, ,1 < g < N + 2, there exists a vector-
valued measurable function my ., (§) for 1 < ¢ < N + 2 such that for any ¢ =
€, 1 < g < N+ 2,
(o (2(€ 4 2k1m)) | =+ | T (208 + 2km))| Fone 1(2(€ + 2k7)))
= M () (HtKn(f) | Hi(€+ Qkﬁ))-
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This together with (A.32) implies that for almost all £ € Ej, g,

(2064 26m) | -+ | o206+ 28m)] ra(2(6-+ 28) (i © 1)

= s (&) (Pr 1, () (R, (€))7

X{RJn,Kn,t(f)PJn,Kn( )(HtKn(g ] t( + 2k)) <QJn,6(n(f) ?)}
O (Prsen () (R ()

)
(tIno + Dy k(€)X ko1 () + Y0 k0 1(6) iy ticl,i,k(f))
X 3

= mn',t(f) (ﬁt,Kn( ) ‘ Ht §+ 2k ) <QJn Kn >
)"
)

0 Xk 2(€) + 1Y, 1, 2(8) 1o t'Cin(€)
0 0 0
Ly, 0
= M () (Pr 5, (€) (R it ()1 [ 0 Tng
0 0
" (UnoJrDJn,Kn(ﬁ) X K1 (&) + Y, K 1(€) E%:otfcl,i,k(§)>
0 X kn28) + Y7, 1, 2(8) Do t'Caik(§)
— (mys | M ><tInO+DJn,Kn(§) X1, 1(8) + Y7, K, 1(8) Z;ot’:CLi,k(@)
' et ot 0 X k0 2(8) + Y0, 1, 2(8) Yot Coin(€))’

where t = ¢;,1 < ¢ < N +2. In other words, for any ¢t = ¢;,1 < ¢ < N +2, there
exist some vector-valued measurable functions my v +(§) and mg v +(€) on Ej, k.,
which is independent of k € Z?\ K,,, such that
(A.35)
Dy 4(§) = My 4(§)(tng + D, 1, (€))
Do 4(€) = miy 1(€) (X 11 (6) + 1Y, k0 1(8))
2,5 4(€) (X 16, 2() + 1Y, k,,2())

T (A€ + 267)) = 150 (6) (1 EC1Lik(E) ) + M s(€)( Ly 1 Caii(©))
hold for almost all £ € Ej, ,. Hence for t =¢,,1 <q < N + 2,
(A.36) detUpy(§) =0 ae. &€ By k,.

Note that for every £ € Ej, k,, det Uy x+(€) is a polynomial of degree at most
n+1 < N+ 1. This together with (A.36) leads to the crucial conclusion that for
all t € R,

(A.37) det Up xe(§) =0 ae. &€ Ey, K,
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or equivalently that for all t € R, U, (&) is a singular matrix for almost all
€ Ey, g, ForanyteT, define

-1
M) = (Dira(€) | Dagogle)) (1T F s Lt 6 9]

X (I 0) P, K, (§),
which is well defined by (A.27) and (A.29). Then
My () (ﬁt(f +2kym) | - | ﬁt(f + 2k, 7))

thhy + Dy, K, (&) Xio k0 1(8) +1Y7, K1
— D , D S no nyfn nyfn, n,fn,
(D1 () | Do 4(8)) ( 0 X tn2(8) + 1Y, K, 2

(&)
(f))

1 { Pr iy (€ (Hul + 2ham) | - | Hol€ + 2kam) Qu, i, () (@ rc, (8) 7
O
)

tlny + Dy, k., (&) X, k,108) +tY), Kk
— D n D o 0 n,MNn nyfn, ny,n,
(Drasa©) | Do) (Mo + in® Lot € st

tIng + Dy, 1, (&) X, 10,1(6) + 1Y, K,.1(8) »
X 0 X1 kn26) + Y0, k0 2(6) | (Qun i (£))
0 X7 Kn3(8) + 1Y, K, 3(6)

= (D1 0() | Doy 1(6))(Quic, (€)™

= (a2 + 2kam)) | -+ | B 128 + 2k))),
which implies that
(A38) B y(2(6 + 2k7)) = mu o (€) Hy(€ + 2k) for almost all € € Ej, k.,
where k € K,,. By (A.37), forallt € T,

B 1(2(€ + 2km)) = (Drwa(€) | Do a(€))
» (Uno + Dk, (&) Xipk,1(8) + tYJn,Kn,1(€)> -
0 X kn2(&) + 1Y, Kk, 2(6)
« <Z%—0 tlcuk(f))
Zi:() tZCQ,i,k (5)

-1
(1, 0)
0)

(In

where k ¢ K,,. Therefore
(A39) Tt (2(€ + 2k7)) = my 1 (€) Hy(€ + 2km) for almost all € € By, x,

where k ¢ Ky. Combining (A.38) and (A.39) proves (A.21). This completes the
proof.
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