WIENER’S LEMMA FOR LOCALIZED INTEGRAL OPERATORS

QIYU SUN

ABSTRACT. In this paper, we introduce two classes of localized integral opera-
tors on L2(R?) with the Wiener class W and the Kurbatov class K of integral
operators as their models. We show that those two classes of localized integral
operators are pseudo-inverse closed non-unital subalgebra of B2, the Banach
algebra of all bounded operators on L?(R%) with usual operator norm.

1. INTRODUCTION

In this companion paper of [46], we introduce two classes Wy, and Cp, of
localized integral operators

(1.1) Ti@ = | Kr(e)f@dy, fel?:=L*R®%

on L? (see (2.6) and (4.2) for definitions), and we establish the Wiener’s lemma for
those two subalgebras of 32, the Banach algebra of all bounded operators on L? with
usual operator norm (see Theorems 3.1, 3.5, 4.1 and 4.3 for details). The application
of the above Wiener’s lemma to the study of stable sampling and reconstruction
procedure in a reproducing kernel Hilbert subspace of L? will be discussed in the
subsequent paper.

Let W be the Wiener class of integral operators T on L?,
(1.2) W= {T, |Tlw = | Krllw < o0}
where | - ||, (1 < p < 00) is the usual LP := LP(R?) norm, and

(1.3) | Kl = max ( sup | K (2, )1, sup 1K p)] )
r€R4 yeR4

for a kernel function K on R? x R? ([36]). The first class W, of integral operators
to be introduced in this paper is essentially the Wiener class VW with additional
regularity and decay at infinity, see (2.6) for the precise definition. For p = 1, €
(0,1], u(z,y) = (14 |z —y[)” with v > 0, Wy, contains all integral operators 7" on
L? whose kernels K7 satisfy

(1.4) |Krullw + sup 6~ %||ws(K71)ullw < oo,
0<5<1
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2 QIYU SUN

where the modulus of continuity ws(K) of a kernel function K on R? x R? is defined
by

(1.5) ws(K)(w,y) = sup  |K(z+a',y+y') — K(x,y)l.

|| <6,y |<6

Let K be the Kurbatov class of integral operators T on L2,
(16) K= {7 Tl = || sup |Kn(y. +9)] | < oo}
yeR

([37]). The second class Cy',, of integral operators to be introduced in this paper

is essentially the Kurbatov class IC of integral operators with additional regularity
for kernels and decay at infinity for the enveloping kernel, see (4.2) for precise
definition. For 1 <p < oo, € (0,1] and u(z,y) = (1 + |z —y|)7, C5,, is the set of
integral operators T' on L? with kernels Kr satisfying

(1.7) || sup [(Kru)(y,-+y)| ||, + sup 67| sup [(ws(Kr)u)(y,- +y)| ||, < oc.
yeRd 0<6<1 yeRd

We are interested in those two classes of integral operators because they include

(i) The projection operator P onto the wavelet space

V2(®) = {Z c(Nr, > le(V)]* < OO}
€A AeA

generated by a family of functions ¢y,A € A, on R? that have certain

regularity and decay at infinity ([13, 14, 15, 17, 35, 47]). The operator P

in (3.57) is such an projection operator by (3.58), while the operator @ in

(3.59) is a bounded operator from L? to Vo(®) that has bounded pseudo-

inverse.
(ii) The frame operator
Sfx,w) = Y (/ Fym(Vg)y — A — A2)e w)dydn)
ynER?

(A1,A2)eA
X(Vg)($*)\1,W7>\2), fGVLza
associated with a Gabor frame {Ux1 x2)g}(a1,22)ea in the time-frequency
plane VL?, where g € L? has certain regularity and fast decay at infinity,

A C IR*? is a countable set, and the short-time Fourier transform V of a
function f € L?(R?) with respect to the Gaussian window is defined as

Vi(z,w) = (277)‘(1/2 /Rd fy) exp(—|z — y|2/2)e—iywdy

(13, 4, 24, 28)).
(iii) The reconstruction operator

Rf@) =3 [ 50 iy (o). f € 17

yel

associated with an average sampling and reconstruction procedure, where
I" represents the location of acquirement devices and where for each v € T,
1) is the impulse response of the acquirement device at location v and
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1/;7 is the displayer for the sampling data at the location v in a locally
finitely-generated space ([1, 47, 48]).

Given a Banach algebra B, we say that a subalgebra A of B is inverse-closed (re-
spectively pseudo-inverse closed) if T € A and the inverse T—! of the operator T be-
longs to B (respectively the pseudo-inverse of T'T of the operator T belongs to B) im-
plies that 7% € A (respectively TT € A), see [7, 23, 39, 52]. The inverse-closed sub-
algebra was first studied for periodic functions with absolutely convergent Fourier
series ([53]), which states that if a periodic function f does not vanish on the real
line and has absolutely convergent Fourier series, i.e., f(z) = S.7°° _a(n)e

n=—oo

—inc

and Z:f_oo la(n)| < oo, then f=1 has absolutely convergent Fourier series too. A
significant non-commutative extension of the above Wiener’s lemma was given in
[8] for periodic functions f(x) = I(e)i + ane” "™ such that the Fourier coefficients
an,n € Z, belong to a normed ring and satisfy :io_oo llan|l < oo, see [23, 39]
and references therein for further extensions. There are many equivalent formu-
lations to the classical Wiener lemma. One involving matrix algebras says that
the commutative Banach algebra W := {(a(j — j/))j,j'ezd’ Y jezala(i)] < oo} is
an inverse-closed (and hence pseudo-inverse closed by the standard holomorphic
calculus) Banach subalgebra of B2(£2), the algebra of all bounded operators on
02 ([22, 53]). In the study of spline approximation ([18, 19]), wavelet and affine
wavelets ([13, 34]), Gabor frame ([4, 28, 29]) and pseudo-differential operators
([9, 10, 20, 27, 31, 33, 41, 42, 49, 50, 51]), it arises extremely non-commutative
matrix of the form (a(A,\)) yvea having certain off-diagonal decay. Moreover
the Wiener’s lemma for those non-commutative matrices are crucial for the well-
localization of dual wavelet frames and dual Gabor frames ([4, 28, 34, 41]) and the
robust and finite implementation of the reconstruction procedure ([30, 47]). There-
fore there are lots of papers devoted to the Wiener’s lemma for infinite matrices
with various off-diagonal decay conditions (see [3, 4, 6, 19, 29, 32, 34, 41, 45, 46] and
also [30] for a short historical review). The Wiener’s lemma for integral (pseudo-
differential) operators is also an important chapter of the theory of inverse-closed
subalgebras ([5, 6, 9, 10, 11, 20, 28, 29, 32, 33, 38, 41, 42, 49, 50, 51] and also
[27, 37] for a historial review). For instance, it was proved that if T' is an integral
operator in the Kurbatov class and if I + T has bounded inverse (I + T)~! as an
operator on L2, then (I +7)~!T is an integral operator in the Kurbatov class too
(see [37, 38]), and that if T' is a Weyl transform with symbol in M>°-!, the Sjostrand
class containing the Hormander class 5’8’0 and also some non-smooth symbols, and
if T has bounded inverse as an operator on L? then 77! is also a Weyl transform
with symbol in M°! (see [41, 42]). The objective of this paper is to establish
Wiener’s lemma for the two classes Wy, and C',, of localized integral operators
(see Theorems 3.1, 3.5, 4.1 and 4.3 for the requirements to the weight v and the
regularity exponent «).

The Wiener’s lemma and its various generalizations and formulations have nu-
merous applications in numerical analysis, time-frequency analysis, wavelet theory,
frame theory, and sampling theory. For instance, the classical Wiener’s lemma and
its weighted variation ([53, 32]) were used to establish the decay property at in-
finity for dual generators of a shift-invariant space ([1, 35]); the Wiener’s lemma
for infinite matrices associated with twisted convolution was used in the study the
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decay properties of the dual Gabor frame for L? ([3, 4, 28, 29]); the Jaffard’s and
Sjostrand’s results ([34, 41]) and their extension ([45, 46]) for infinite matrices with
polynomial (exponential) decay were used in numerical analysis ([12, 30, 43, 44]),
wavelet analysis ([34]), time-frequency analysis ([24, 25, 26]), pseudo-differential
operators ([27, 31, 41]) and sampling ([2, 16, 26, 48]) and will also be used in the
proof of Theorems 3.5 and 4.3; and the Kurbatov’s result ([37, 38]) and its extension
([20]) was used in solving integral operator equations ([37]). The applications of
the Wiener’s lemma for the two classes Wy, and Cy,, of localized integral operators
will be discussed in the subsequent paper.

We finish this section with some notation used later. Let BY := B(L9),1 <
q < oo, be the set of all bounded operators on L?¢ with its norm denoted by
Il - llgs. For an operator T on a Hilbert space, we denote its adjoint operator by
T*. For an operator T' in a Banach algebra B, we define its spectral radius pg(T)
by pg(T) = limsup,,_, ., HA"||1B/n. For a bounded operator T on L?, we denote
by N(T) C L? the null space of the operator T, and by N(T)* the orthogonal
complement of the null space N(T'). In this paper, the uppercase letter C' denotes

an absolute constant which could be different at different occurrences.

2. LOCALIZED INTEGRAL OPERATORS

In this section, we introduce the first class of localized integral operators on L2,
and discuss some basic algebraic properties of that class of integral operators.

In this paper, we use weights to describe localization of integral operators. Here
a weight u is a positive continuous function on R? x R? that is symmetric, diagonal-
normalized and slow-varying, i.e.,

(2.1) u(z,y) = u(y, ) for all z,y € RY,
(2.2) u(z,y) > 1 and u(z,x) = 1 for all z,y € RY,
and
! /
(2.3) C(u) := sup sup ue ey +y) < 0.
ryerdi<ilyl<t w(@Y)

The model examples of weights are polynomial weights

(2.4) uy (2, y) = (L+ [z —y[)”
with v > 0, and (sub)exponential weights
(2.5) ep s(w,y) = exp(Dlx — y|°)

with D >0and 0 <6 < 1.

In this paper, we use modulus of continuity to describe the regularity of integral
operators. Given o > 0,1 < p < oo and a weight u on R? x R?, the first class of
localized integral operators to be discussed in this paper is

(2.6) We, = {T, ITwg, = IIKzlwg, < 00}7

where K is the kernel function of the integral operator

(2.7 Tfa) = [ Krlaa)f)dy <R,
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the norm |[K||yg , for a kernel function K on R? x R? is defined by

max (sup [|K (2, Ju(e,)llps sup [ K, y)uv)l,)
y€eRd

z€R4
ifa=0
o = max oF0! K (,
@8 Kl =] e [050LK 0y,

max sup 6ot o||ws (050 K (x
+kvl€Zdv\k\+|l\<a O<6I§)1 loos (90 K ’y))HWé’,u

if a >0,

and ap is the largest integer strictly smaller than a. Clearly, Wy, becomes the
Wiener class W of integral operators when o = 0,p = 1 and w = 1 is the trivial
weight.

In order to state our results for the class Wy, of localized integral operators,
we recall a technical condition on weights. For p > 1, we say that a weight w is
said to be p-admissible if there exists another weight v, and two positive constants
6 € (0,1) and C € (0, 00) such that

(2.9) u(@,y) < u(z, 2)v(z,y) + vz, 2)u(z,y)
for all z,y,z € R%; and

(2.10) inf [[v(z, )l (Ba) + tl(ou™") (@, ) s @i\ Ba.ry) < CF

for all z € R and t > 1, where B(z,7) = {y € R? : [z — y| < 7} is the ball
with center xz and radius 7 ([46]). The examples of p-admissible weights include
polynomial weights u, with v > d(1 — 1/p) and subexponential weights ep s with
§ € (0,1) and D > 0. We remark that the exponential weight ep 1, D > 0 are not
p-admissible weights.

Remark 2.1. We say that a weight © on R? x R? satisfies the Gelfand-Rykov-Shylov
condition if

(2.11) lim u(nz,ny)/" =0 for all z,y € R?

([21, 29]). One may easily check that the weight exp(Jz — y|/In(1 + |z — y]|))
satisfies the Gelfand-Rykov-Shylov condition but it is not a p-admissible weight.
For weight u of the form exp(k(|x — y|)) where k is a concave function on [0, c0)
with x(0) = 0, it was proved in [46] that if u is a p-admissible weight then it satisfies
the Gelfand-Rykov-Shylov condition. But I do not know whether any p-admissible
weight satisfies the Gelfand-Rykov-Shylov condition.

Now we state some basic properties of the class Wy, of localized integral oper-
ators on L2.

Theorem 2.2. Let o, 3> 0,1 < p,q < 00 and u,v be weights on R x RY. Then

the following statements are true.
(i) T e Wy, if and only if T* € Wy,
(i) If 3> a and T € WY, then T € Wg,,.

(iii) Ifp > q, sup,epa [[(vu=")(z, MNpa/(p-q) < 00 andT € Wy

pyu

thenT € Wi',,.
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(iv) If T € W, and sup,cga ||(u(z, )" |,/(p-1) < 00, then T is a bounded
operator on LY for 1 < q < oo but T does not have bounded inverse on L4
for1 <gq < oo.

(v) If Th, T € W5, and if u is a p-admissible weight, then TyT, € Wy,

Proof. (i): The first conclusion holds since
(2.12) 1T*lws, = [ITlwe, forall T e Wy,.

(ii): The second conclusion is true because of

(2.13) ITlbws, < ITllyye, for all T €Wy, with § > a.

(iii): The third conclusion follows easily from
(2.14) T we, < sup ||(vu*1)(x7-)||pq/(p_q)||T||Wﬁu for all T e W',,.

zERC

(iv): The boundedness of an operator T' € Wy, on LP is proved by combining
(2.13), (2.14) and
(2.15) 1T < ”THW?,UO forall T € W:=W,, and 1< q< oo,

where ug = 1 is the trivial weight.

To prove the unboundedness of the inverse of the operator ' € Wy, we let
1<q¢g<oo,1=(1,1,...,1) € R% ¢ be a nonzero smooth function supported on
[~1/2,1/2]¢, and define ¢, (z) = ¢(x)e?**. Then
(2.16) |paallg = l0llq forall a € IR
by the definition, and
(2.17) Jim [Tl =0
because

s [Toalll, < || [ 1KClowlds], < 1elKlw,
acR Rd q yuQ
<

< NellgTlwe, sup flu™t (@, ) /-1y < 0
r€eRd
and for almost all z € R¢

T¢a(z)| < /Rd |K (z,y + (da)"'m1)¢(y + (do) ' 7l) — K(z,y)o(y)|dy

— 0 as a— +oo.

Therefore the conclusion that the operator 7' does not have bounded inverse in L?
follows from (2.16) and (2.17).

(v): Take two integral operators T7,7T5 in Wi u, and denote their kernels by

K, K, respectively. Then the kernel of their composition T := T T5 is given by
(2.18) K(z,y) = ) Ki(z,2)Ko(z,y)dz,

which implies that )

(2.19) 85673K(x,y) = /Rd 8§K1(w,z)8gl/Kg(z,y)dz
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and
@) ) < [ @5 .20 Kol
Rd'
+/ |8§K1(x,z)|w5(8éK2)(z,y)dz
Rd
(2.20) +/ w(s(@le)(ac,z)wg(@éKg)(z7y)dz
Rd

for all k,1 € Z¢ with |k| + |I| < . Therefore
(2.21) [T\ T2llwe , < ClTilwe, | T2llwg, + CliTilwe, (1 T2llwe ,

by (2.9) and (2.18) — (2.20), where v is the weight associated with the p-admissible
weight u. Applying (2.14) with ¢ = 1 to the right hand side of the estimate (2.21)
yields

(2.22) Ty T |yye

p,u

< ColT1lIwe I T2llws

where C is a positive constant independent of 71,75 € Wy',,. Hence the conclusion

(v) follows. O
By Theorem 2.2, we have

Corollary 2.3. Let 1 < p,q < co,a > 0 and u be a p-admissible weight. Then
Wy, is a non-unital algebra embedded in the algebra BY of bounded operators on
L9 with the usual operator norm.

In order to use the general theory for Banach algebra ([23, 39, 52]), we create a
unital Banach subalgebra of B2 so that W, can be imbedded into.

Theorem 2.4. Let a > 0,1 < p < oo,u be a p-admissible weight, and I be the
identity operator on L?. Define

(2.23) IWg, ={M~+T: XeCand T € Wy}

with

(2.24) M+ Tllzwe , := A + CollTlwg,

where Cy is the constant in (2.22). Then IW, , is a unital Banach subalgebra of

B2.

Proof. By the conclusions (iv) and (v) of Theorem 2.2, TWy , is a well-defined
algebra with the identity I. For any operators A\iI + 717 and Aol + 75 in IW;U,
(AT + T1) (AT + T2)l|lzwvg

[MA2| + Co| M| T2][ws , + Col Al Th][ws , + Col T1 T2 [ws ,

<
< I+ Tillzws Ao + Tollzws ,

(2.25)

where the estimate in (2.22) has been used to obtain the last inequality. Hence

IW,, is a unital Banach algebra.

By (2.15), we have
(2.26) AL+ T2 < [A| + [Tllg> < ClIM + Tllzws
which implies that IW;H is a subalgebra of B2. (]
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3. WIENER'S LEMMA FOR LOCALIZED INTEGRAL OPERATORS: PART I

In this section, we establish the principal results of this paper, the Wiener’s
lemma for the unital Banach subalgebra W}, of B? with p-admissible weight
u (Theorem 3.1), and a weak version of the Wiener’s lemma for the non-unital
subalgebra Wg,, of B® with exponential weight u (Theorem 3.5).

Theorem 3.1. Let a > 0, 1 < p < 00, u be a p-admissible weight, and IW;U be
defined as in (2.23). Then IW;

b 18 an inverse-closed Banach subalgebra of B2.

Using the standard holomorphic calculus ([40]), we have the following Wiener’s
lemma (Corollary 3.2) and Wiener-Levy theorem (Corollary 3.3) for the non-unital
algebra Wy,

Corollary 3.2. Let « >0, 1 < p < o0, u be a p-admissible weight, and Wy, be
as in (2.6). Assume that T € Wy, has bounded pseudo-inverse, then its pseudo-
inverse T belongs to Wy

Corollary 3.3. Let « >0, 1 < p < 00, u be a p-admissible weight, and Wy, be as
n (2.6). Assume that T € Wy, and g is an analytic function on a neighborhood
of the spectrum of the operator T in B?. Then g(T) € Wy, if and only if g(0) = 0.

Remark 3.4. For 1 < p < 0o, > 0 and a p-admissible weight u, it follows from
Theorem 2.2 that integral operators in W, do not have bounded inverse on L?, but
those integral operators may or may not have bounded pseudo-inverse. For instance,
the projection operators to wavelet spaces, frame operators on the time-frequency
plane, and reconstruction operators for sampling mentioned in the Introduction
section have bounded pseudo-inverse. On the other side, a convolution operator
in the Wiener class WW must not have bounded pseudo-inverse. The reason is the
following: Suppose, on the contrary, there is a convolution operator T € W',

having bounded pseudo-inverse. Define the Fourier transform f of an integrable
function f by f(£) = [z f(z)e”**dz and extend that definition to functions in L?
as usual. Then

(3.1) IK fll2 > C||fll2 for all f € N(T)*
and
(3.2) Kf=0 forall fe N(T)

by the bounded pseudo-inverse assumption, where K(x — y) is the kernel of the
convolution operator T. Therefore for almost all £ € RY either |K(£)| = 0 or
|K(£)| > C, which is a contradiction since Jga |K(x)|dz < oo by the assumption
that T'e Wy, C W.

The exponential weights ep 1(z, y) := exp(D|z —yl|), D > 0, are not p-admissible
weights. For integral operators in ngu with u = ep 1 for some D > 0, we have the
following weak version of the Wiener’s lemma.

Theorem 3.5. Let a,D > 0, 1 < p < o0, ep1(z,y) := exp(D|x — yl|), and let
4% be as in (2.6). Assume that T € WS and its pseudo-inverse TT belongs

p.€D,1 D,eD,1

to B2. Then TT € W2 for some D' € (0, D).

pP.epr
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Remark 3.6. The crucial step in the proof of Theorem 3.1 is to establish
(3.3) prws A +T) = pp2(AI +T) foral \[+T €IW},

where a > 0,1 < p < oo and u is a p-admissible weight. But the above equal-
ity about spectral radius on two different algebras is not long true when u is an
exponential weight. For instance, we let

Tof(x /w—y W f)dy, e L?,

where k > 1 and ¢ is a nonnegative C° function supported on [—1/2,1/2] that
satisfies [}, ¢(x) = 1. Then for any A € €,n € IN and D > 0, we have

(3.4) IO+ Ty llse < (A1 + 1),

and

IO+ T lows, | = IM”+Z Sl [ e =tk exp(Da)ds
> |A\"+Z e [ e~ s

(3.5) — (A4 P12y,

where ¢1 = ¢ and for | > 2, ¢; := ¢;_1 * ¢ is the convolution between ¢ and ¢;_;.
Combining (3.4) and (3.5) shows that the equality (3.3) does not hold for integral
operator AI + T} when u is an exponential weight ep ; with positive D.

Remark 3.7. We see from Remark 3.6 that the standard argument in the Ba-
nach algebra ([23, 39, 52]) could not be used to establish Wiener’s lemma for the
class Wy, of integral operators with exponential weights. Our new approach in
the proof of Theorem 3.5 is based on the Wiener’s lemma for infinite matrices with
exponential decay (see [6, 19, 34, 46] and also Lemma 3.11), and the new obser-
vation that for an integral operator 7' € Wy, having bounded pseudo-inverse, the
orthogonal complement N (T)* of the null space N (T') is a locally finitely-generated
space Vo(®) with localized frame generator ® that was introduced and studied in
[47] (see Lemma 3.12 for detailed statement). The above observation for the space
N(T)* indicates that signals in a reproducing kernel Hilbert subspace of L? that
has localized smooth reproducing kernel could be reconstructed from their samples
on a discrete set in a stable way, see the subsequent paper for the detailed study.

Remark 3.8. Let a, D > 0and 1 < p < oco. I conjecture that a weak version of the
Wiener’s lemma for integral operators T in W¢ holds, ie., If 0 # X € O, T €

PséD,1

VA% and X\ + T has bounded inverse in B2, then there exists D' € (0, D) such

P:eD,1

that AN+ T)~Y = A"+ T for some T € Wiieps 1o O equivalently M+T)"'T e
WOL
pepra

3.1. Proof of Theorem 3.1. By Theorem 2.4, using the standard argument in
the Banach algebra ([23, 39, 52]), it suffices to prove (3.3) for any A\[ +T € ZW, ,
where o > 0,1 < p < oo and u is a p-admissible weight. In this paper, we will
prove a bit stronger result than the equality (3.3).



10 QIYU SUN

Theorem 3.9. Let a > 0,1 < p < 00, u be a p-admissible weight and IWE‘,U be as
in (2.23). Then there exist positive constants C' € (0,00) and 6 € (0,1) such that

CHAI + T”IW(X ) 3(23:;) nlos4 (3+6)

(3:6) AL +T)" 2w, < O(

N+ Tl (IA7+Ts: )

hold for alln > 1 and NI +T € ZW;‘,“.

To prove Theorem 3.9, other than those properties in Theorem 2.2 for operators
in the algebra W', we need the following paracompact properties about operators
in the algebra Wy,

Lemma 3.10. Let a > 0,1 < p < 00, u be a p-admissible weight, and Wy',, be as
in (2.6). Then the following statements hold.

(Vi) If ', Ts € W2, and Ty € Wy, then T\ ToT3 € W,
(vil) There exist positive constants C' € (0,00) and 6 € (0,1) such that

6 -6
(3.7) 17w, < CITIRS 1T
holds for any T € Wy',,.
Proof. (vi): Take integral operators Ty, T3 in Wy, and T3 in Wgu, and denote the
kernels of the integral operators T7,75,T5 and their composition T := T1T5T3 by

K;, K5, K3 and K respectively. One may easily verify that those integral kernels
are related by

(3.8) K(x,y):/d dK1($7Zl)KQ(Zl,ZQ)Kg(ZQ,y)d,ZleQ.
Rd JR

(3.9) a];agl,K(%y) :/d d3I;K1(~TaZl)KQ(Zl,22)5§,K3(Z2,y)d21d22
R4 JR

and
[ws (050, 1) (2, )]
< /d /dw‘;(af];Kl)(x’Zl)|K2(217Z2)||85,K3(22,y)|d21dz2
Rd JR
+/d /d IaﬁKl(w’Zl)HKQ(Zl’Z2)|W5(65K3)(22,y)dzldz2
Rd JR
B10) [ @R 20 a(en, 22 (0 ) (o )
R JR

where k,l € Z% with |k| + || < a. Let o be the largest integer strictly smaller
than «. Applying (2.22) twice, we obtain from (3.9) and (3.10) that

— 2
1050, K (z,y)we, < C( sup [(vu™) (@, )y o-1) 105 K (2, 9) bwe
e
x| Ka (@, y) w105 Ks (2, y)lwe,
ClTllwg

P,u

A

(3.11)

Tallwo , IT5]lwe

P,u
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and

_ 2
C( sup [|(vu™")(z, ')Hp/(p—l))
reRd

x (Ilws (@K (@ )y, 1K, 9) g,
<10} Kz, )llwe .+ 105K () ws
x| K, 9) lwe . lws (DL K5) (@, )l

P, p,u

H|ws (05 1) ()

lws (050, K) (@, ) Iwe

IN

W9 ., K2 (2,y) ngm
X s (9L K3) (2, 9) g, )

(3.12) Cor N ullwg 1 T2llwe [ Tslwg.,

IN

for all 6 € (0,1) and k,1 € Z¢ with |k| + |I| < a. Therefore
(3.13) VT2 Ts|lweg , < CllTallwg, [1T2]lwe 1 T5lws

by (3.11) and (3.12), and the conclusion (vi) is proved.

(vii): Take T' € Wy, and let K be the kernel of the integral operator 7" in Wy .

Then for any z,y € R? and § € (0,1),

Kol < (@) +[o [ Ko+ tyy + ¢)dtdt
t,t’es[—1/2,1/2]4
< (WéK)(x»y)+573d/2||TXy+6[—1/2,1/2]d||2
(3.14) < (wsK)(x,y) + 67T |52

where xg is the characteristic function on a set E. Let ag be the largest integer
strictly smaller than «. Then

(3.15) dp := min (1, (&)Um_aﬁd)) < C(&)l/(a—aﬁd)

ITlwg., ITllwe.,

by (2.13) and (2.15). Let 6 be the exponent in the definition of the p-admissible

weight u, v be the weight associated with the p-admissible weight u, 6, = #ﬁd,



12 QIYU SUN

and 6 = 61 + (1 — 6,)0. Then it follows from (2.9), (2.10), (3.14) and (3.15) that

/ K (2, 9)|o(z, y)dy
Rd

< nf ([ (s )w0) + 81T ol )y
721 N jz—y|<r
w[ K@)
le—y|>7
(p—1)/p
< Cint (loa (g, ([ )P/ Vay)
21 TN o —yl<r
5T [ ol
le—y|<T
(p—1)/p
Hrlwg ([ 1w oo vay) )
' lz—y|>7
< Cint (@8I hwg, + 5 I1Tls) [o(@, )21 5
HIT g N 0u )@ ) o1 ety o)
< CITIS , inf (71" NG, o 5wy
HIT I I 0u )@, oo ey ey )
< Oy, IT]}:° for all 2 € RY.
Thus
6 1-0
(3.16) 1Ty, < CIT g 1715

Wherg v is the weight associated with the p-admissible weight u, and C' € (0, c0)
and ¢ € (0,1) are constants independent of 7' € W;',,. The conclusion (vii) then
follows from (2.21) and (3.16). O

Now we start to prove Theorem 3.9.

Proof of Theorem 3.9. Take an operator B := A\ +T € IW, ,. For n > 1, we
write B" = \"I + B,, and define

(3.17) b = |Bllg> + |1 B" lzwe -
Then
(3.18) busr < Bl + [Bllzws , [B lows . < biba

by Theorem 2.4. Let 6 € (0,1) and Cy € (0,00) be the constants in the conclusion
(vii) of Lemma 3.10 and in the equation (2.22) respectively. Then by Theorem 2.2
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and Lemma 3.10, we obtain
bin < IBIE + IN* + Coll Bl , +4CoA 1Bl
+6Co| A2 B2 s, + 4AP"Coll Ballwvs

< AN+ IBIE) (0)® + CllBulldve . 1B2llws
< AN+ BE) (bn)? + Clbn)* 0 Byl
(3.19) < C(b)* (max(|\), | B2))" " 7.

Therefore for any n = Zf:o ;4" with ¢; € {0,1,2,3},

by < bPC(max | Al || Bllg2)" =9 (b, )P
<
k - k - 5
< H(bl)et(gw)t % HC(PG)(SH)H
t=0 t=1

k
x [T (max AL, | Bga)"e (-0 @+0"
t=1

3(3+0)  logy (3+0)
0

Cb; ) T246

(3.20) (m

(max((A 1B]2))

where ny = Zf:t €;4'~t. Combining the above estimate of b,, with the fact that
(3.21) Al < [|Blls2
by the conclusion (iv) of Theorem 2.2 proves the desired conclusion (3.6). (]

3.2. Proof of Theorem 3.5. To prove Theorem 3.5, we first recall the Schur class
A, (A) of infinite matrices in [46], see [3, 4, 6, 19, 29, 32, 34, 41] for other classes
of infinite matrices and [30] for a historical review. We say that A is a relatively-
separated subset of R? if sup,pa Y oxea Xat[—1/2,1/24(z) < oo where xp is the
characteristic function on a set E. For 1 < p < 0o, a relatively-separated set A and
a weight u on R? x R?, the Schur class A, ,(A) of infinite matrices is defined as
follows:

(3.22) Apu(8) = {4 = @\ X)wen, 4]La,., < oo}
where
(3‘23) HAH.AP‘U,(A) = max (sup ||a()‘7 -)u()\, ')Hf”v sup ||a('7 )‘l)u('7 )‘/)HU’)
Y NeEA
and || - || denotes the usual ¢7 norm (see [6, 19, 34] for p = oo and [46] for
1 <p<o0). Also we define
(3.24) Apu(A) = Apu(A) N Apu(A)
with
(3.25) 1Al 4, ) = max(1 Al 4, ) [Allas w), A € Apu(A)

see [5, 29] for similar setting. For infinite matrices in A, ,(A) with exponential
weight, we have the following properties:
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Lemma 3.11. Let 1 < p < 0o, D > 0 and A be a relatively-separated subset of RY.
Then the following statements are true.
(1) Apey,(A) CApep, (M) for all D> D.
(ii) A e ./le)eD,l(A) if and only if A* € Ap&Dyl(A).
(i) If A,B € Apep, ,(A), then AB € Ay, (A).
(iv) If A e ./le@D)l (A) and the pseudo-inverse At of the operator A is a bounded
operator on (2, then there exists a positive constant D' € (0, D) such that

At e Ay, (D).

Proof. We follow the same argument as the one used in [34, 46]. For the complete-
ness of the paper, we include a concise proof here.

(i): The first conclusion holds because || exp(—4] - |)|lea < oo for all § > 0 and
1<g< o0

(ii): The second statement follows directly from the definition of the Schur class
AP7€D,1 (A)

(iii): Note that

(3.26) epi(z,y) <epi(x,2)epi(zy), ,y,2 € R

Therefore for any A, B € ./le,eD)l, we obtain

IABI| 4

IN

max (1 AlL,, 1Blas,, I4la,, 1Bl4,, )

14l 4,., 1B

which proves the third conclusion.
(iv): By (3.27), we have

P:ep,1

(3.27)

IN

P«ED,17

(3.28) lA"s . <(lAls. )" 1<ne.

P:ep,1 P:€pD,1
By the definition of an infinite matrix, we obtain

(3.29) lA™ar,y, < A7 < [Allfe, 1<n e IN.
Combining (3.28) and (3.29) leads to

1A sy, < 10f [AE Y exp(D'[k]) + [|A]La,..,, , exp(—(D — D')7)

1
|k|<T

< Cinf Al exp(2D'7) + ALy ., , exp(~(D = D')7)
< C(”A”Ap . )nD'/(D-&-D')(”A”B?)nD/(D-‘rD')7
and
n : n ! 1/ —(D-D")r
14".4,..,,, < inf JAlz (32 PPN A, e P

[k|<T
ClAl,., )"/ (|Allge )PP,

IN

Combining the above two estimates leads to

(3.30) | A" z < C(|All 1 )y /(D+D") (|| A g2 )2/ (P+D").
Pepra

P:ep.1
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Therefore for any positive matrix A € Ap,eu,l with C11 < A < Oy,

0o
-1y _ —1 nil .
147 s, <GB,

n=0
Cy + HAHAPYED \"D'/(D+D') ;Cy — Cy\nD/(D+D’)
— ) &) <o

(3.31) <cy ( G =

n=0

by (3.30), where B =1 — Cy;*A and D’ € (0, D) is chosen so that
Cy + ||A||,¢IPYSD,1 D' /Oy — Cy\D X
( Cs ) ( Cs ) <t

By the standard holomorphic calculus ([40]),

(3.32) At = / (21 — A7) (=D — A)) a1 - )2
c z

for any matrix A with A" € B2, where C is a smooth curve on the complex plane that
contains the nonzero spectrum of the operator A. Therefore the fourth conclusion
follows from (3.31) and (3.32). O

To prove Theorem 3.5, we need the following crucial result about the orthogonal
complement of the null space N(T).

Lemma 3.12. Let a > 0 and ug =1 be the trivial weight. Assume that T € WY,
and its pseudo-inverse TT belongs to B2. Then there exists 5o > 0 such that ® =
{dx, X € 6Z} is a frame generator of the locally finitely-generated space

(3.33) Va@)i={ 3 eon D e < oo}
A€dZ? A€o ZA

and

(3.34) N(T)* = Va(®),

where

(3.35) oa(x) = / Kpsp(A+t,z)dt € N(T)J‘, \ € 6,Z°
[~d0/2,00/2]%

and K« is the integral kernel of T*T.

Proof. By Theorem 2.2 and the assumption on the integral operator 7', we have

(3.36) T*T € Wi,

(3.37) T*Tf=0 forall fe N(T)

and

(3.38) Allfllz < IT*Tfll2 < Bl fll2 for all f e N(T)*

where A and B are positive constants.
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We note that

IT*T fll2

IN

57(1/ T+ )\+tdt2 1/2
2 IO 0]

2 \1/2
([ ] estErn @il d)
Rd R4

(=

AESZd [-8/2,6/2]¢
(3.39) +C3 T Tlwg, Ifll2 Vf € L2,
where § € (0,1). Therefore by (3.36) — (3.39) there exists a sufficiently small
do € (0,1) such that

1 d/2 / * H\1/2 d/2
—AJ, < T*Tf)( A+ t)dt <2§,/°B
A W< (X | @ Tno i) 3Bl 112

IN

(T*Tf)(\ + t)dt)z)l/2

AESZ2
for all f € N(T)*, or equivalently
1 1/2
(3.40) 54021l < (0 Hhenle) < 200 BIIfls

AESZA
for all f € N(T)t. Then the conclusion follows from (3.40) and the fact that
$x € N(T)* for all X € §Z°. O

Now we start to prove Theorem 3.5.

Proof of Theorem 3.5. Let 6y and ® = {¢x}rcs,z¢ be as in Lemma 3.12. Define
the auto-correlation matrices Ag ¢ and Are r¢ for the frame generators ® and T'®
of the space Vo(®) in (3.33) by

(3.41) Ase = (<¢A7¢u>)>\,ﬂeaozd

and

(3.42) AroTe = (<T¢)\7T¢H>)>\7#€502d7

and let

(3.43) H := Ag o *(00Z%) = {({f, &))aesozes | € Va(®)}.
Then by (3.41) — (3.43) and Theorem 2.2

(3.44) Asoc= Arerec=0

for all c € H*,

lellZ = (Saf, [)
(3.45) (Asac,c) = ||Sa flI3
(Are roc,c) = |TSs I3

for all ¢ = ((f,x))resoze € H, where Sof = 37\ c5.24(f,da)¢a is the frame
operator on V5(®).

For 1 <p<ooand0<a,Dy< oo, we define
(3.46) Wienon = Wtenss MW epo 1o

P;€Dg,1 P;€Dg,1
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and

(3.47) HT”W;%D | = max (1T [l T e for T e W2
<Dy,

p’EDo,l 1veD0,1> p,eDO’l'

Applying the similar argument used in the proof of Theorem 2.2 and recalling the
fact that

(3.48) epe,1(x,y) < epy1(x,2)epy1(z,y) foralzy,ze R? and Dy > 0,

we have
: ; < ; ; v
(3 49) ||T1T2HW56D011 > CHTIHWI(’Y&DOJ HTZH)/\/EiED(%1 for all T1,T2 S WP,EDO,N
and
(3.50) 1T 0wy, =Tl - forall Ts € Wy, -
Also we notice that
(351) Wg,eﬁo’l C WZ?,EDO,I C Wlli@Do,l
forany 1 <p<ooand 0< Dy < DO. Therefore
(3.52) Te va%,l

by (3.51) and the assumption on the operator T, where D = D/2.

For any A\, i1 € 6oZ?, we have

(D, D) =/ / KoM+ t, pu+ s)dtds
So[—1/2,1/2]4 J§p[—1/2,1/2]¢

(TP, To,) = / / Ks(A+t, u+ s)dtds
So[—1/2,1/2]¢ J§g[—1/2,1/2]4

where K5 and Ky are the kernel of the integral operators (T*T)? and (T*T)? in
Wy.ep , respectively. The above two expressions together with (3.49), (3.50) and

and

(3.52) implies that the correlation matrices Ag ¢ and Are e belong to the Schur
class Ap e | (60Z%) of infinite matrices, i.e.,

(3.53) A@@, AT@,T@ € Al’vebg (50Zd).

By (3.40), (3.44), (3.45), (3.53), and Lemma 3.11, there exists D’ € (0,D/2)
such that the pseudo-inverses Afb,q, and ATT@,T@ of the auto-correlation matrices
A(D,@ and ATq>’Tq> belong to AP@D,)l((S()Zd), that iS7

(3.54) AL g 1= (b 1) apesoza € Apey , (60Z7)

and

(3.55) Alg ro = O 1) x pesozt € Ape,, , (00Z7).
Define

(3.56) Play)= > b\ wéx(@)du(y)

A HESZE
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and
(3.57) Pi(x) = / Pla.y)f(y)dy ¥ f € 12,
Rd
Then
Pf(z) = b\, 1) Sf(p+t)dt =0
0= 3 ) L ST

for all f € N(T') by (3.37), and

Pfx) = > b\ woa@){du, dudeli)
A, €80 2%
= Y cNea=f ¥V feNT) =@
AESZ

by (3.34), (3.43) — (3.45), (3.54), and Lemma 3.12, where ¢ = (c(\))res,z¢ € H.
Thus P is the projection operator onto N (7T)*, that is,

(3.58) Pf=fif fe N(T)*, and Pf=0if f € N(T).

Similarly we define

(3.59) Qz,y) = Yt w)da(x)du(y)
A\ UESQZA

and

(3.60) Qf(z) = y Qz,y) f(y)dy ¥ fe L’

Clearly we have

(3.61) QP = PQ = Q.

Also for any \ € §9Z4,

T*TQ¢)\ = Z t(M17N2)<¢uza¢)\>T*T¢H1

1,2 €60 Z%

= Z t(,ulhu2)<¢uz’¢A><T¢H17T¢M3>b(:u'3hu4)¢u4

1,102,143, b4 €F0 LY

(3.62) = o

where we have used (3.58) to obtain the second equality. Therefore @) is the pseudo-
inverse of the operator T*T by (3.61) and (3.62).
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Now we prove that QQ € Wg’eD, - Let o(x) = X[_50/2,60/214(z) and K be the

kernel of the integral operator T*T. By (3.49) and (3.55), we obtain
10505 Q. 1) 1
Pepli1

t(A, )
H /[50/2a50/2]d /[50/2’50/2]‘1 Z

X, WEBFGZA

X(O ), A+ 1) (0 ) + ¥, y)dedt

Pe€pra
< of X oo -New-n)|
A\, WESZ Pepry
<@ @) g O E) )l
Piepr iy Pep’i
<

C”ATT@,T@HAP,ED, 1(§OZd)||TH4~a )

Pep’1

and

s (505.Q) ()50

Pepry

[t(A, )
H /[50/2,50/2” /[50/2a50/2]d Z

A HESZE

IN

xws (05K ) (@, A+ )0, K (y, pu + t')|dtdt!

A
+” /[_50/2750/2]11 /[—50/2,60/2]d Z [t(A, )]

A,[LG(soZd

P:€pra

*|OF K (a2, A+ 1) |ws (0, K) (y, po + t')|dtdt’

+ [ / 1)
[~80/2,60/2]% J/[~80/2,80/2]¢ Z

A ESGZE

P:epra

*|ws (O3 ) (0, X + 1) lws (9, K) (y, i + t')]| dtdt!

Pepr g

IN

o X et -Netw -,

A, UESoZ4 Pep’a

< (lws @B @ )by, @)@ w)lhig

P:epra

HIOKO @ W)y, Nes@ )@ lng,

lws(@EK) @ )i s (@)@ m)lle )

D1 D1

< 06| ALy rolla,. T Vée 1),
“D’ 1 Piepry

where k,l € Z? with |k| + |I| < a, and « is the largest integer strictly smaller than
a. The above two estimates prove the conclusion that the pseudo-inverse of (T*T')T
is an integral operator in Wy, =~ . This together with Tt = (T*T)'T* and (3.49)

p,epr,

and (3.50), (3.51) completes the proof. O
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4. WIENER'S LEMMA FOR LOCALIZED INTEGRAL OPERATORS: PART II

In this section, we introduce the second class of localized integral operators with
the Kurbatov class as its model, and establish the Wiener’s lemma for that class of
localized integral operators (Theorems 4.1 and 4.3).

Take @ > 0,1 < p < o0 and a weight v on R x R4, and let ap be the largest
integer strictly smaller than . The second class Cy),, of localized integral operators

(1) Tf@) = [ K@l f <L
to be discussed in this paper is defined as follows:
(4.2) Cpui= {1, I1Tlleg,, = IKrle, < oo},
where for a kernel function K on R% x R4
(4.3) G(K)(x) = sup [K(y,z +y)|
yeR
and
1G(Ku)llp if =0,
1050, K (z,9)lco.,
IKlleg, =< kiezeb+iii<a 8
+ > sup 6~ |ws (050, K (z,y))llco ,

k€24, k|+|l|<a0<6<1

if > 0.

For @ = 0 and the polynomial weight u(x,y) = (14 |z —y|)” with v > 0, we see that
T € Cy, if its kernel Kr(z,y) is enveloped by the kernel Ko(z — y) of a localized
convolution operator,

|Kr(z,9)| < Ko(z —y), =z,y€ R?

for some function Ky with ||Ko(-)(1+ 1), < oo (see [20, 37, 38] for p = 1 and
v = 0). Clearly for any 1 < p < oo, regularity exponent a > 0 and weight u, the
class Cp,, of integral operators just defined is a subset of the class Wy, of integral
operator introduced in Section 2,

(4.4) o, CWe

p,ua
but the converse is not true. For instance, the integral operator with kernel K (z+y)
belongs to Wy, but not to C{',, where K is a nonzero compactly supported C>
function and ug = 1 is the trivial weight.

To state our results for localized integral operators in Cy,,, we recall a technical
condition on the weight u ([46]). We say that a weight u is strongly p-admissible
if there exists another weight v, two positive constants C' € (0,00) and 6 € (0,1)

such that (2.9) holds and
(4.5) Hzlfl Hg(v)HLl(B(O,-r)) +t)|Gou Y]] e ®RAB(0,7) = Ct?

for all ¢ > 1 ([46]). The model examples of strongly p-admissible weights are poly-
nomial weights u (z,y) := (14+|z—y|)” with v > d(p—1)/p, and the subexponential
weights ep s(7,y) = exp(D|z — y|°) with D > 0 and 0 < § < 1. Clearly a strongly
p-admissible weight is p-admissible. I believe that those two concepts for weights
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are different, but I do not have any particular example of p-admissible weight that
is not strongly p-admissible.

Theorem 4.1. Let o > 0,1 < p < 0o, u be a strongly p-admissible weight on
R? x RY, and Co, be as in (4.2). Assume that T € Cgu,~0 #Ael ~cmd AN+ T
has bounded inverse on B*. Then (\[ +T)~' = X~'I + T for some T € Cg,,, or
equivalently (\[ +T)7'T € C2,,.

Using the standard holomorphic calculus ([40]), we have the Wiener’s lemma for
the class C;),, of localized integral operators.

Corollary 4.2. Let a > 0,1 < p < o0, u be a strongly p-admissible weight on
R? x R?, and T € Cyu- Then the following statements hold.

(i) If T has bounded pseudo-inverse T, then TT € Cou-
(ii) If g is analytic on a neighborhood of the spectrum of the operator T with
g(0) =0, then g(T') € Cy',,-

The exponential weight u(z,y) = exp(D|z — y|) are not strong p-admissible
weights. For localized integral operators 7' € C,, with exponential weights, we
have

Theorem 4.3. Let o, D >0, ep1(z,y) = exp(D|x —y|), and C be as in (4.2).

peD,1

Assume that T € CS and T has bounded pseudo-inverse TT. Then TT € C¢

P:€D,1 P:ep’

for some D' € (0, D).

4.1. Proof of Theorem 4.1. We can prove Theorem 4.1 by following the proof
of Theorem 3.1 line by line, except using Proposition 4.4 below instead of Theorem
2.2 and Lemma 3.10. We omit the details of the proof here.

Proposition 4.4. Let a,3 >0, 1 < p,q < 0o and u be a weight on R x RY. Then
the following statements are true.
(i) (Cpu)™ =Chlu
i) If 3> a then C8, CCS,.
1 « «
(iii) If |G (vu )Hpq/(piq) < oo and1<q<p<ocothenC, CCF,.

) If T e €5, and ||G(u™ )|/ (p—1) < 00, then T is a bounded operator on
L1,1 < g < oo, but T does not have bounded inverse on L1,1 < q < oo.
(V) If 1,15 € ngu then ThT5 € C;iu
(Vi) If T,,T3 € Cg’u and T, € C;(z),u then TYT5T3 € Cg,u

(vii) If a > 0 then there exists C € (0,00) and 6 € (0,1) such that

(4.6) IT2lcg,, < CITIE Tl for all T € C5,.

Proof. We will use the similar argument to the one in the proofs of Theorem 2.2
and Lemma 3.10, except when proving the paracompact property (vii). We include
a complete proof for the convenience.
(i): The first conclusion holds because of [|T*([ca , = [[T[|cg, for all T" € Cp,,.
(ii): The second conclusion is true since ||T'|cg , < ||T\|ngu for all T € CJ,, with
B> a.
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(iii): The third conclusions follows from the fact that
(4.7 1T|ca, < ||g(vu’1)||pq/(p_q)HT||C;u for all T € Cp.,,.

(iv): The fourth conclusion can be easily deducted from (4.4) and the fourth
conclusion of Theorem 2.2.

(v): Take two integral operators 71, Ty € C,,. From (2.1) - (2.3), (2.9), (2.19)
and (2.20) it follows that ||T1T2||cg’u < CHTl”C&uHTQ”C%U + CHT1||C‘1)‘,7JHT2||CS,“
where v is the weight in (2.19). This together with (4.7) implies that
(4.8) IT1 T2les,, < ClGu™Ylps -1 T lleg I T2 lles., »

and hence completes the proof of the fifth conclusion.
(vi): Take T3, T5 € Cy,, and Ty € Cp,,. By (3.9), (3.10) and (4.8), we have
(4.9) T T2 T3] ce

p,u

< C||Tilleg N T2lleo 15l g, -

The conclusion (vi) is then proved.
(vii): Take an integral operator T' € Cy,, and let K be its kernel. Then by (2.1)
- (2.3), (2.9), (3.14) and (4.5), we obtain

2 _
IT2les, =

sup
zERC

Cinf{

T>1

K,z +2)K(x+ 2,2+ ~)dz‘u(x,x + )H
R

sup /|—'<T G(Kw) () |(Kv)(@ + 2, + )]

z€ERY

+|(Kv)(9c,_x o z)|}dsz

P

IN

el /Z_BT G ) (:)G(Kv)(- — 2)dz

)

“/—'|< G(Ku)(2)G(ws, (K)v)(- — 2)dz

IN

Cinf inf {

7>10<580<1

p

+85 17| 52

P

/| o, SEDEEE)( -~ 2)ds

HIGE W) IV 150, |

Cinf inf {0570y I Tles

7>10<80< pou

IN

G(ou™ )| Loro-1(B(0.7)

+00 T2 Tlcs

pu

Gl L1 (B(0,7))
HITIZ 1G(0u™) oo @50,y §
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where v and 6 are the weight and the constant associated with the strong p-

(a—ao)+d

admissible weight u, and § = ea_ao "7 Therefore the conclusion (vii) follows. [

4.2. Proof of Theorem 4.3. For 1 < p < oo and a weight u, we recall the
Sjostrand class Cp ,(60Z%) of infinite matrices

(4.11) Cpau(80Z7) 1= { A= (A W) sz IAlle, a0zt < 0}
where dp > 0 and
(4.12) 14lle,. .60z (Aggogdl (A A+ m)lu(r A+ W)MEW o

(see [41] for p =1, [34] for p = oo, and [46] for 1 < p < c0). Define
(4.13) Cou(00Z%) = Cpu(00Z%) N C u(0Z%)
and

(414) Al szt = max (| Alle, . soz)s [Alles o (ayz0)) for A € Cpu(B0Z7).

For the Sjéstrand class C,,,(60Z?) with exponential weight, we have the following
result.

Lemma 4.5. Let 1 < p < 00 and D,dg > 0. Then the following statements are
true.

(i) A€ Cpep,(60Z9) if and only if A* € Cpep, (60Z).
(i) If A, B € Cpep ,(00Z%), then AB € Cpep, (30Z%).
(iv) If A € (fp,eDyl(50Zd) and the pseudo-inverse At of the operator A is a
bounded operator on (2, then there exists a positive constant D' € (0, D)
such that AT € CNI),@D,J (60Z%).

Proof. The conclusions can be proved by following the proof of Lemma 3.11 step
by step, except replacing A, ¢, , (00Z%) by Cpep, , (00Z%). We omit the details of the
proof here. O

Now we start to prove Theorem 4.3.

Proof of Theorem 4.3. The conclusion can be proved by copying the proof of The-
orem 3.5 line by line, except replacing Ay ., , (00Z%) by Cp.e, , (80Z7), Cow by Wil
and using Lemma 4.5 instead of Lemma 3.11. (I
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