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Abstract In this paper, we introduce an algebra of singular integral operators containing Bessel
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Mathematics Subject Classification (2000) 47L80, 42B20, 45P05, 47A63, 47A10

Keywords Wiener’s lemma, Bessel potential, integral operator, spectra, Banach algebra,
Muckenhoupt weight

1 Introduction

Let L9 := L4(R%),1 < q < o0, be the space of all g-integrable functions on R? with norm denoted
by || |l4- Define the Fourier transform f of an integrable function f on R% by f(£) = Jpa f(@)e "8 dx
and understand the Fourier transform of a tempered distribution as usual. The Bessel potential
operator J, of positive order 7,

T = 1+ |72 f(¢), feL? (1.1)

is well-studied in Harmonic Analysis [5,12]. The Bessel potential J,,0 < v < d, is a singular
integral operator,

Li@ = [ Gola =)@y, ] €12, (12)
R
whose convolution kernel G, has singularity of order d —+ near the origin and fast decay at infinity,
sup 2|77 (1 + |2))V |G, (z)| < oo for all N > 1. (1.3)
zERd

Denote the identity operator by I. The spectrum oa(J,) of the Bessel potential J, on the Hilbert
space L? is the unit interval [0,1] by (1.1), and for any complex number A not in the spectrum
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o2(Jy), the resolvent operator (A\I —.J,)~! can be written as A™'1 — T for some singular integral
operator 1" whose convolution kernel has the same singularity near the origin and decay at infinity
as the kernel G, of the Bessel potential J, has. In this paper, we consider a non-commutative
extension of the above result about the resolvent operator (Al — .J,)~! associated with the Bessel
potential J,.

For a kernel function K on R% x R?, let rx be the minimal radially decreasing function that
dominates the off-diagonal decay of the kernel K,
ri(z) = sup |K(z,y)l, (1.4)

lz—y|=|2|

and define its modified modulus of continuity by

SUP|g/ |y <o [ K (2 + 2",y +y) — K(z,y)|  if [z —y| > 44,

i (1.5)
0 otherwise.

W&(K)(xvy) = {

Denote by xg the characteristic function on a set E, by B(e) the ball of radius € > 0 centered at
the origin, and by ps(z,y) = (1 + |= — y|)? the polynomial weight of order 3 > 0. Operators to be
discussed in this paper are of the form A\ — T, where A\ € C and T are integral operators

Tf(z):= | Kr(z.y)fly)dy (1.6)
R
with kernels Kp satisfying
sup(l + 6_a) (HXB(C)TKTP/S ”1 + sup 5_a||XB(e)Tw5(KT)PB ”1) < (1'7)
€>0 0<6<1

for some a € (0, 1] and 8 > 0. The requirement (1.7) for the kernel K7 is equivalent to the existence
of a positive constant C' such that

/ TKrps (2)dz < Ce?, / TKrpg (2)dz < C,
B(e) R

and

/ Ws(K1)ps (z)dz < Ce*6%, / Tws (Kr)pg (2)dz < C6°
B(e) Rd

for all 0 < €,§ < 1. So measured in L'-norm, kernels satisfying (1.7) could be thought to have
singularity of order av at the origin, decay of order S at infinity, and Holder continuity of order
a. We remark that the kernel G,,0 < v < d, of the Bessel potential J, satisfies (1.7) with
0 < a < min(1,v/2) and 8 > 0.

Let 1D p, o contain all operators of the form Al —T', where A € C and T are integral operators
whose kernels satisfy (1.7). A subalgebra A of another Banach algebra B is said to be inverse-
closed if A € A and A has an inverse A~! in B, then A=! € A [6,9,13]. In this paper, we show
that 7D; ;, o is an inverse-closed Banach subalgebra of B(L?), the Banach algebra of all bounded
operators on L2, see Theorem 1 for general results. In other words, if A = A\I — T for some nonzero
complex number A\ and integral operator T' with kernel satisfying (1.7), and if A has bounded
inverse on L2, then A=' = A='T — T for some integral operator T whose kernel satisfies (1.7) too.

The inverse-closed subalgebra was first studied for periodic functions with absolutely convergent
Fourier series [19]. The inverse-closed property (Wiener’s lemma) has been established for various
infinite matrices and integral (pseudo-differential) operators, and it has numerous applications in
numerical analysis, time-frequency analysis, and sampling theory. We refer the reader to [2,4,6-9,
13-16,18] and references therein for extensive literature on the subject.

In this paper, the capital letter C' denotes an absolute constant which may be different at each
occurrence.
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2 Main theorem

In this section, we extend the inverse-closedness of 7D ;, » mentioned in the introduction to more
general class of operators on weighted function spaces, see Theorem 1.

A positive continuous function v on R% x R? is said to be a weight if it is symmetric, diagonal-
normalized and slow-varying,

u(z,y) =u(y,z) forall z,y € R, (2.1)
w(z,y) > 1 and u(x,z) =1 forall z,y € R4, (2.2)
and / /
Coo= sup sup “EFTYHY) (2:3)
@,y€R o' |y <1 u(w,y)

A weight u on R% x R? is said to be p-radially-submultiplicative, 1 < p < oo, if there exists another
weight v on R? x R? such that

u(z,y) < u(z, 2)v(z,y) + v(z, 2)u(z,y) for all z,y, 2 € R? (2.4)

and
170 ullp/(p-1) < 00 (2.5)
We call the weight v satisfying (2.4) and (2.5) a companion weight of the p-radially-submultiplicative
weight u, c.f. [13,15]. The polynomial weights ps(x,y) = (1 + |z — y|)? with 8 > d(p — 1)/p and
(sub)exponential weights ep s(x,y) = exp(D|z — y|°) with D > 0 and § € (0,1) are p-radially-
submultiplicative.
For 1 < ¢ < oo, a positive locally integrable function w on R? is said to be a Muckenhoupt

Ag-weight if
sup / dx / —1/(e=1) d:c)q_l < o0
@l IQ\

when 1 < ¢ < oo, and 1f

sup (i / w(y)dy) (sup L) < 00
Q Q] Q zEQ w(x)

when ¢ = 1, where the supremum is taken on all cubes @ in R? [5] Denote by LY := L% (R?), the
space of all measurable functions f on R? with finite norm || f|l¢.w := (fga | /(= |qw( Yda )9 < oo,
and let B(L%) be the Banach algebra of all bounded linear operators on LY. We remark that for
any 1 < ¢ < oo and Muckenhoupt A,-weight w, the Bessel potential .J, is a bounded operator on
LY and hence J, € B(LY) by (1.3).

For1<p<oo,0<a<l, and a p radially-submultiplicative weight u on R? x R?, let Dp .o
contain all integral operators Tf = Jpa Kr(,y)f(y)dy with finite norm

T, ... := sup <1+e*a>(||rKTuxB<e>||p+ S 67 rayrernixmoly) < oo (26)
e>0 0<6<1

cf. (1.7) with p = 1 and u = pg. The family D, , o of integral operators just defined above is a
Banach subalgebra of B(L%) for all 1 < ¢ < co and Muckenhoupt A,-weights w, see Propositions
1 and 2.

For 1 < p < 00,0 < a <1, and a p-radially-submultiplicative weight u on R% x R%, let

Dy ={M+T: XeCand T € Dpya} (2.7)

with

IML+ Tllm, .. o= Al + IT]lp (2.8)
Then 1D, ,, o is the unital Banach algebra containing D, ,, o. Furthermore, we show that it is an
inverse-closed Banach subalgebra of B(LY) for any 1 < g < oo and Muckenhoupt A,-weight w.

pyu,o ” pyu,o”
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Theorem 1 Let 1 < p < 00, 0 < a <1, and let u be a p-radially-submultiplicative weight with
companion weight v. Set v.(x,y) = v(x,y)xp()(x —y) for 7 > 0. If there exist positive constants
D € (0,00) and 0 € (0,1) such that

ir>1f1 (170, 111 + £l (L = XB))To ullp/p—1)) < Dt? for all t > 1, (2.9)

then IDy, 4.« s an inverse-closed Banach subalgebra of B(LY) for any 1 < g < oo and Muckenhoupt
Ag-weight w.

The p-radially-submultiplicative polynomial weights pg(z,y) = (1+|z—y|)? with 3 > d(p—1)/p
and 1 < p < oo satisty (2.9), since in this case there exists an absolute constant C' such that

: : d —B+d(p—1 d d
inf (ol + 10 = Xe)ropullp/ ) < C iuf (4 4= PHA@=00) = CUEHD), ¢ 2 1.

The p-radially-submultiplicative (sub)exponential weights ep s(z,y) = exp(D|z — y|°) with D > 0
and ¢ € (0, 1) satisfy (2.9) too, because

71_r>1f1 (||T’U‘r ”1 + t”(l - XB(T))Tv/u”p/(p—l))

oo

< Cnf (exp(D(2’ 1))+ [ (D~ 2p/o- 1) as) )

T

<C 1I;f1 (% exp(D(2° — 1)7°) + texp(D(2° — 2)7°)7%) < Ctzé_l(lnt)d/‘s, t>1,

where C'is an absolute constant. Then we conclude from Theorem 1 that for every 8 > 0, ID1 ;, o
is an inverse-closed Banach subalgebra of B(L%) for any 1 < g < oo and Muckenhoupt A,-weight
w, which is highlighted in the introduction.

Denote by 04.,(T") the spectrum of a bounded operator T on LY. By Theorem 1, the spectrum
of an operator S € 1D, ,, o on LY is independent on 1 < g < oo and Muckenhoupt A,-weights w,
c.f. [3].

Corollary 1 Let p,u,o be as in Theorem 1, and let S € IDp 4 o. Then
Ogw(S) = 0g uw (5) (2.10)
for all1 < gq,q" < o0, Muckenhoupt Ag,-weights w and Muckenhoupt Ay -weights w'.

Applying the above corollary to the Bessel potential J, gives that oq.(J,) = [0,1] for all
1 < ¢ < oo and Muckenhoupt Ag-weights w. The inclusion og4..,(J5) C [0,1] follows directly from
the kernel estimate of the operator A= — (A — J,)~! for A ¢ [0, 1], while the other inclusion
[0,1] C 04.w(Jy) for arbitrary 1 < ¢ < oo and Muckenhoupt A -weights w could be new to the
best of the authors’ knowledge.

3 Proofs

We start this section from some elementary properties for operators in 7Dy, , . We then show that
1Dy, u,« is a Banach algebra in the second subsection, and establish a crucial paracompact estimate
for the fourth power of an operator in 7D, ,, o in the third subsection. We devote the last subsection
to the proof of Theorem 1.
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3.1 Elementary properties for operators in 7Dy, ,

In this subsection, we provide some elementary properties for operators in ZDp, 4 «-

Proposition 1 Let 1 <p < o0, 0 < a <1, and let u be a weight on R? x R?. Then the following
conclusions hold.

(i) HSH:ZDp,u,a’ <|ISlmy.un for all S € IDy 40 and 0 < o' < .

(ii) |S|m;.4.0 < ClS|D, 0 for all S € IDy y o, provided that 1 < p < p and (|75 ullps/(p—p) < 00

(iii) An operator S in 1Dy . and its adjoint S* have the same norm in 1Dy q, i.€., |S*|D,. .. =
1S, 0 for all S € IDy 4 o

(iv) |Sfllgw < ClISlmy.0ollfllgw for all S € IDy 4 o and f € LY, provided that 1 < g < oo, w is a

Muckenhoupt Aq-weight, and |[ry—1|lp/p—1) < 00.

Proof The first three conclusions follow from the definition of 7Dy, ,, o, while the last conclusion
holds because . is radially decreasing and integrable on R? for any integral operator T' € D, 4.
with kernel Kp [5].

3.2 Composition of two operators in 7D, ,,
In this subsection, we show that composition 5155 of two operators S1,S2 in 7D 4« still belongs
t0 IDp y,a-
Proposition 2 Let 1 <p < 00,0 < a <1, and let u be p-radially-submultiplicative. Then
118l 0 < ClStIm, o IS, e for all S1,55 € Dy e (3.1)
Proof Take 51,52 € IDy, . Write S; = NI + T for some A\; € C and T; € Dy y o for i = 1,2.
Then ||Si||lD, ... = |\ + | Tillp, ... fori=1,2, and
15152\, .00 = [MA2| + [[A2T1 + M T + T T3 ||,

< MlAe] + Ml T2, o + A2l T2 |D, . o + 1T T2 ]|lD

p,u,x p,u,x

Therefore the proof of (3.1) reduces to showing
T Tlp,... < ClThllD, ... 1 T2lD,.... for all Ty, T3 € Dpy.a- (3.2)

Let T := T1T5 be the composition of integral operators 77 and T5. Denote by K;, Ko, K the
kernels of operators 171,75 € Dy 4, and their composition T respectively. Observe that kernels
K, Ky, K, are related by

K(z,y) = /R Ka(z,2)Ka (2, )d (3.3)

Let v be the companion weight of the p-radially-submultiplicative weight u. Then we have the
following pointwise estimate for rg,,:

raer < s ([ 0] (a2 (3.9

|21 —22]>|2|

% ((0/u) (25, 22) + (v/u) (21, 29))dzs)

< sup ( /R d|(K1u)(zl,23)\p|(K2u)(zg,zQ)|pd23>

|21 —22]>]2]

* (I/u)( z2)llpy -1y + I (W/0) (21, Ml p-1))”

<C sup (/ +/ )
lz1—22|> 2] /|21 —23|>|21—22]/2 |22 —23|>]21—22]/2

[7ryu(21 — 23) [P |7 Ry (23 — 22)[Pd2s
< Ollrrpullb (rryu(2/2)P + Cllrg,ullh (75,0 (2/2))P
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where the first inequality follows from (3.3) and the p-radially-submultiplicative property for the
weight u, the third inequality holds by the assumption r,,, € LP/®=1) "and the last inequality is
true by the radially decreasing property for radial functions 7, and rg,,. Thus

HXB(e)TKu”p < C”TKgu||p||XB(e/2)TK1u||p + CHTKlu||p||XB(e/2)7"K2u||p
< C”TIHD ||T2||Dp,u,a min(l, Ea) for all € > 0. (35)

By (3.3), we have that

pyu,

s B) ) < s [ (Kl 2 [Kaey+y) - Kalap)lds
R

lz’|,|y"| <o
+ sup / Ky(e + 2, 2) — Ky (2, 2)| | Ka(zy)|d= (3.6)
[z/],|y’"| <6 J R4

for all 2,y € R? with |z —y| > 44. Similar to the argument used to establish the first two inequalities
in (3.4), we obtain from (3.6) and the p-radially-submultiplicative property of the weight u that
(rus(gyu(2))” < C sup [(K1u) (21 + 2, 23)[7
21— 22| >max(|2],46), JRd

MNP

X|Ka(z3, 20 +y') — Ka(23, 22) [P (u(z3, 22))Pdzs

+C sup |(Kau)(z3, 22)|P
|21 — 22| >max(|z],45) JRd
lz/], |y’ | <6
X |K1 (Zl + .13,, 2’3) — Kl(Zl, 23)|p(u(z1, Z3))de3

Thus for |z| > 46,

Li(z) <C  sup /Rd(TKlu(Zl + 1’ — z3))P ((Twa(Kg)u(ZS — 22))P(1 = X Bas) (23 — 22))

lz1—2212]z]
EARIAE

+(riou(zs — 22 — ¥'))PXBs) (238 — 22) + (Prou(23 — 22))P X B(as) (23 — 22))d23
(by the definitions of ws(K2)u, 7kyus and Ty (x,)u)

<c s (f “ )riciuen +2 = z))”
lz1—22]>]z| |z1—23]|>2]|21—22]/3 |z2—z3|>|21—22]/3

[z’ <26
X ((mé(;@)u(z?, — 22))" + (rK,u(23 — 22))PXB(ss) (23 — Z2)>d23
(by changing variable and splitting R? into two domains)
< Ollrwsrayully (rru(2/6))P + Cllr i ullp (rus (ac2)u (2/3))”
+C1xBes) TEullp (K, u(2/6)) + C(r,u(z/3))
X ( sup / (ricyu(zr + 2" — 23))pd23>
21— z2| > 2], |27/ <26 J| 20— 23| <55
(because TKiu, Tiou and Ty, (,), are radially decreasing functions)
< OB, 0% (reu(2/6)" + ClTulIB, ., (Tws(rz)u(2/6))
+CThlp, , 07" (risu(2/6))", (3-8)

pyu,

p,u,

where the last inequality follows from the following estimate:

/ (rrcv(2))Pidz < / (rresn(2))Pdz + (rica(z))P (2 - |2 — 0] < 58Y] — [2(20))
|z—2z0|<5d

2(z0)

< / (ri,u(2))Pdz  for all zy € RY, (3.9)
|z|<56
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where z; € R? with |z1| = 56, £2(20) = {z : |z — 20| < 56 and |z| < 50} and |2(2)] is the Lebesgue
measure of the set £2(zg). The inequalities in the above estimate hold due to the radially decreasing
property of the function 7k, ,. Applying similar argument used to establish (3.8), we obtain that

5 (r1cu(2/6)) + CITallly, . (s(acryul2/6))
5P (r,u(2/6))P  for all z € R? with |z| > 40. (3.10)

I(z) < C|Thllp, , .
+C| Tzl

P,

Substituting (3.8) and (3.10) into (3.7) and then using the radially decreasing property of the
function 7, Tws (K, )us t = 1,2, we obtain the following pointwise estimate of 7, ()., for all z € R

Tws()u(2) < C|Tilp,,, .0 TKu(2/6) + C| T2, ., 0“7, u(2/6)

pu, o T

FOTallpy o Teos (11)u(2/6) + Cl T Dy Vs (2)u (2/6)- (3.11)

Integrating both sides of the above estimate (3.11) yields

IXB(e)Tws(&)yullp < ClIT1 D, .. o I T2]D,.. .0 min(1, ) (3.12)

for all 6 € (0,1) and € € (0,00). Combining (3.5) and (3.12) proves (3.2), and hence the desired
conclusion (3.1).

3.3 Paracompact estimates for operators in IDp, 4.«

By Proposition 2, the composition of four operators in 7D, ,, o still lives in 7D, ,, o. In this subsec-
tion, we establish a paracompact estimate for the fourth power of an operator in 7D, .

Proposition 3 Let 1 < p < oo, 0 < a <1, and let u be a p-radially-submultiplicative weight on
RY x R satisfying (2.9) for some 6 € (0,1) and D € (0,00). Then

<CISI57 11818, for all S € DD, 4 .q, (3.13)

4
181Dy, 0,0 < Dy

a(l1-0)

where 0 = m

For 1 <p < 00,0 < <1 and a weight u on R x R%, let DY, , contain all integral operators
T with

ITlpg,, . = st>118 14+ e ) IrrruxBellp < o0, (3.14)

where Kr is the kernel of the integral operator 7. Comparing with integral operators in Dp, 4 o
and Dg%a, we see that their kernels have singularity of same order at the origin and decay of same
order at infinity. On the other hand, we also observe that modulus of kernels of integral operators
in Dp .o have certain singularity at the origin and decay at infinity, while there is no restriction

on modulus of kernels of integral operators in DY, ,. Thus

Dpu,a C DY (3.15)

pyu,a”

To prove Proposition 3, we need the following result about composition of three integral oper-
ators with the first and last operators belonging to Dy, ,, o and the middle integral operator living
in DY, . a superset of D, . by (3.15).

p,u,a0

Lemma 1 Let1 <p< oo, 0 <a <1, and u be p-radially-submultiplicative. Then

W T2 T3 p,,.. < ClTilp,. T2l , IT5]D,... (3.16)

U,

for all Ty, T5 € Dy o and Ty € Dg

7u)a :
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Proof Take T1,T5 € Dpyo and Ty € DY Denote kernels of integral operators 11,715, T3, T1T5,

pyu,a”

TQTg,TlTQTg by Kl, Kz, Kg, Klg, K23 and K respectively. Then

K12('r7y) = dKl('r7z)K2(Zay)dZ7 K23(x7y) = dK2(x7Z)K3(Zay)dZ (317)
R R
and
K(z,y) :/ K (x,21)Ka(21, 22) K3(22, y)dz1d 2
R4 JRd
= , Ki(z, 2)Kas(z,y)dz = ) Kia(w, 2)K3(z,y)dz. (3.18)
R R
By (3.4),
Ti12u(2) < Cllriyullpricou(2/2) + Cllrrullpr cu(2/2).- (3.19)

Applying (3.4) with kernels K7 and K> replaced by K» and K3 respectively, we obtain
riasu(2) < Cllrisullprisu(2/2) + Cllirgsullpr xou(2/2)- (3.20)
Integrating both sides of (3.19) and (3.20) yields
I ully < Cllrgullpllreoully  and {17 xogully < Cllrgullpllrsullp- (3.21)

Applying (3.4) again with kernels Ky replaced by Kas, and then using (3.18), (3.20) and (3.21),
we get the following pointwise estimate for rg,:

Tru(2) < CHTKprerau(Z/Q) + CHTK23U||177"K1U(Z/2)
< COllrsullpllrgsullpr e w(2/4) + Clirkwllpllr mgullprr,u(2/4)

+C\r Ky ullplIT ol pricsu(2/4), 2 € R (3.22)
Therefore
x50 Kully < ClT1 D, .. . | Tollpo | T5llD, ... min(1,e*) for all > 0. (3.23)
By (3.18),

ws(K)(@.y) < sup_|
lz'],ly’|<6 ' JRE

s | [ (Kot al,2) = K, 2) Kaaeo )|
|o'[<s " JRE

= Il,é(xay) +IQ,5(x7y) (324)

Kia(o +',2)(Ka(z,y + y') — Ka(z,9))dz|

for all ,y € R? with |z — y| > 45. Then for z € R? with |z| > 47,

sup  I1,5(21, 22)u(21, 22)
[z1—22|>|2|

< ClTsllp,,. o 07120 (2/6) + CI TaT2[lpy

DU, P,u,x
“!‘CHT1T2 |Dg,u,a(5a7“[(3u(2’/6)
< ClTalipy, NTslDy 000 ru(2/12) + Cl[T1|D, oo [ T3]0

p,u,

+C|[Trlp, o T2llpy , 07T Rsu(2/12) + Cl|Ti[|D, . o [ T2]l Dy

pyu, pyu,

rws(Ka)u(Z/G)

0T r,u(2/12)
’rw<;(K3)u(z/12)a (325)

p,u,
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where the first inequality is obtained from (3.8) with T} and T5 replaced by 7175 and T3 respectively,
and the second inequality follows from (3.19). Similar to (3.25), we get
sup I s(z1, z2)u(z1, 22)
|z1—22]>z]
< C|Tzllpy, N T5llD,,0.0 0 T K u(2/12) + Cl| T D, o | T3] Dy 00 0 TR (2/12)

+CTullp, . o IT2llpy , 6T Ku(2/12) + ClT2llpy , NT5I|D, 0 o Tews (5 )u(2/12)  (3.26)

for all z € R? with |z| > 45. Combining (3.24), (3.25) and (3.26) yields the following pointwise
estimate for the radial function 7. xyu:

Tws()u(2)SC | Tellpo , NT3lD, 000" K1u(2/12) + ClTh D, 0 o | T3] Dy 00 69T K 2w (2/12)

+C|Th ||Dp wellT2llpg , 09T R (2/12) + CllTallpy , T3l . o Tws(r1)u(2/12)

PyuU,
+C|T1 Dy IT2llDo . Teos(acs)u(2/12), 2 € R (3.27)

P,u,

Integrating the above estimate for r. k), at both sides leads to

IXB(oTws(k)ullp < ClIT1lD, .o [T2llpy ,  [T5]lD,... . 0% min(L, €%) (3.28)

Pyu,

for all 4 € (0,1) and € € (0,00). The desired conclusion (3.16) then follows from (3.23) and (3.28).

To prove Proposition 3, we also need the following paracompact estimate for the composition
of two integral operators in Dy, , q.

Lemma 2 Let 1 < p < 00, 0 < a <1, and let u be a p-radially-submultiplicative weight with
companion weight v satisfying (2.9) for some 8 € (0,1) and D € (0,00). Then

ITills> \? ¢ ITllse \?
I T1 T2 o <C||T1HDPMIIT2||DPW(( ) +< ) ) (3.29)
b o e 1T D, ... 1T2lp,....
fO’]" all Tl,TQ S Dpu s where 8 = #9)9)

Proof Without loss of generality, we assume that

[T1ll> <[ Thllp and || T2[[g> < [|T2[lp

pu,

(3.30)

U,

IN

as otherwise the conclusion (3.29) follows from Proposition 2 and the trivial inequality || 71 72| po

pu,

||T1T2||Dp’u’a. Denote by K7, Ko and K kernels of Ty, T, and T1T5 respectively. Then those three
kernels are related by

K(z,y) = /]Rd Ki(z,2)Ky(z,y)dz.

This together with the p-radially-submultiplicative property of the weight v implies that

(Rl < [ 10w 2K nldz+ [ 1(E)e ) () eldz, 631

where v is the companion weight of w.
1—6
Let ¢y = (M)Md(l—") € (0,1], and 7 > 1 be so chosen that

720Dy, w0

7w, 11+ (€0) ™ =N = XB(r))Tw/ullp/p—1) < Dleg) ™=, (3.32)

where v-(z,y) = v(2,y)XB()(* — y). The existence of such a positive number 7 > 1 follows from
(2.9). For z,y € R? with |z — y| > 4eo,

[ Ko (x,y)| < wey (K2)(x,y) +€o Qd‘/l " Ky(xz+ 2,y +y)da'dy
z'|, |y | <eo

< weoo (K2)(@,y) + €5 P Tox By (- = W)z < weo (Ka)(w,9) + 5 ¢ a2 (3.33)
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c.f. [14, Lemma 3.10]. Thus

/Rd |(Kyu)(x, 2)||(Kov) (2, y)|dz

</zy|<4e " /|zy>T ) |(Kyu)(z, 2)||(K2v)(2, y)|dz

T / (1) (2, 2o (K2) (2, )z, )z
deo<|z—y|<T

IN

teg | Tl 52 / (K (2, 2)[o(z, y)dz
4ep<|z—y|<T
= Il (.’I}, y) + I2,T(xﬂ y) + 1377' (J), y) + 14)-,—(.1', y) (334)

Notice that

sup  I1(z1,22) <C  sup ((/ —|—/ )
|21 —22]>]2] |21 —22| 22| |z1—23]>|21—22[/2 |22 —z3|>[21—22|/2

1/p
|(K1u)(z1, 23) [P[(K2u) (23, 22)[PX B(4co) (23 — Z2)d23>
< CTK1u(z/2)HXB(460)7“K2u||p + CTKzu(Z/2)
1/p
X sup (/ |7 ryu(z1 — 23)|pd23)
|23722|S4€0

|21 —22]2]2]
< Cleo)* (12l ..mr1u(2/2) + | ThllD, . 0T rou(2/2)), (3.35)
where the last inequality follows from (3.9). Similarly,

sup  I2r (21, 22)
[z1—22|2>|2|

< O = xBe))Tosullp/o-1) I T2llDy o T (2/2) + [ T1 D, 0 0 TR (2/2))
< Cleo)* (I T2llpy 0 rmiu(2/2) + 111D, 0.0 T H2u (2/2)) (3.36)
by (3.32) and the radially decreasing property for functions rx, and 7., (x)u,

1/p
sup  Tr(z1,2) <O sup ([ [(Kyu) (e, 29) | (weo (K)u) (25, 22) Pz )
]Rd

|21 —22]>]|2| |z1—22]>|z]

< ClTillp, 0 aTwey (i2)u(2/2) + Cleo)* |1 T2llD, o T u(2/2),  (3.37)

and

sup Iy, (z1,22) < eadHTQHBz sup ((/ +/ )
|21 —22|>|2]| [21—22]>]2| |z1—23|>|2]/2 |z1—23|<|z|/2

[(Kvu) (21, 28)[or (25, 22)d3)
< ey | Tollge el ricoa(/2) + Oy I Tallge it 2y scanlore. (2/2)
< C(c0) I Tal1p, . 710(2/2)
+C(e0)™ T, . 1 Tol1D, o (1, 270 (2/2). (3.38)

Combining (3.34)—(3.38) leads to the pointwise estimate for the first term on the right hand side
of the inequality (3.31):

sup [(K1u)(z1, 22)|[(K2v)(23, 22)|dz3
[21—22|>|2| /R

< ClTillp, .o (r2)u(2/2) + Cle0)* (I T2llp,.... Ky u(2/2) + [ T1 D, o o TE2u(2/2))
+C(e0)* | Thl, .. I T2lp,... min(1,|2[*)r,, (2/2). (3.39)
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Observe that for 7 > 1 and 1 < p < o0,

1/p
Iroclly < (30 ( supro(mm)”)
e
<C Z ( sup 1y (m,n)) <C|ry, |
icze o

by the slow-varying property (2.3) for the companion weight v. This together with (3.32) and (3.39)
proves that

[ sup |(Kvu) (21, 23) || (K20) (23, 22)[dzs) xB(o) ||,
lz1—22|>[-| /R4
< C((c0)™ + (€)7o, 1) I T1 D, 0. 1 T2, ., o min(L, )

< C|Tillp,.. IToll5,” [Tl min(1, ). (3.40)

P,u,

Let €y = (M)Mzﬁ—") € (0,1], and 7 > 1 be so chosen that

T111Dp 0

7, 1 + (€0) ™ =1 = X))o /ullp/—1) < D(E0) >/ =0,

Applying similar argument to establish (3.40), we have that

I( sup |(K10) (21, 28)|| (Kau) (23, 22) d23) X0 |,
|z1—22|>|-| /R4
< C|Talip, ... |1 T1l5,", IT1 |5 min(L, ). (341)

Therefore the desired conclusion (3.29) follows from (3.31), (3.40) and (3.41).

Lemma 3 Let 1 < p < o0, 0<a <1, and u be a p-radially-submultiplicative weight on R? x R%.
Take S =X +T € 1Dy, .o for some A€ C and T € Dy 4.« Then

AL < [1S]ls(zs, (3.42)
for all 1 < g < co and Muckenhoupt Ag-weights w.

Proof We mimic the argument used in [14]. Denote the kernel of the operator T' by K. Let ¢ be a
nonzero smooth function supported on [—1/2,1/2]? and define ¢, (z) = ¢(x)e?**, 2 € R Then for
1=(1,1,...,1) € R4,

¢allgw = |llgw, t €R, (3.43)
and
tl}?oo ||T¢t1Hq,w =0 (3.44)

because T'¢y is dominated by g = fRd |K (-, 9)||¢(y)|dy, which belongs to L% by Proposition 1, and
limy_, 4 oo T () = 0 for almost all x € R?, which follows from

I Tpn(z)| < /Rd ric(z = y)ll¢(y + (dt) "' 71) — ¢(y)|dy
+/ (1K (2, y + (dt) 7 1)| + K (2, y)])|¢(y + (dt) = r1)|dy
lo—y|<4/t

+ / W (K) ()| é(y + (dt) 11| dy
lz—y|>4/t

—0 as t— 4oo for almost all z € R%
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Combining (3.43) and (3.44) leads to
Ml = Jim [[Sonlan < 1STezg) fm [@allym = ISTses ol
Hence (3.42) is proved.

We finish this subsection with the proof of Proposition 3.

Proof (Proof of Proposition 3) Take S € 1D, . Write S = A +T for some A € Cand T € D)y -
Then

[S]ls2 < ClSlm,,0.c (3.45)
by Proposition 1, and
AL < 15|z (3.46)
by (3.42) in Lemma 3. Therefore
1S4 |D, .0 < A+ ANPIT D, . + 6APIT? D, . + 4T (lD, ..o + [T ]D,...
< C|Sllg= + ClISIg=Tlp,.... + ClISIEITI5, ...
LIS, .+ CITIR, . IT?oy
< CISIs IS, . +CISIST 15— A% < CISIEISIS?. . (3.47)

where the second inequality follows from (3.46) and Lemma 1, the third inequality holds by (3.45)
and Lemma 2, and the last inequality is true by (3.45) and (3.46). This proves (3.13) and hence
completes the proof.

3.4 Proof of Theorem 1

An operator T € B(LY)) is said to have LY -stability if there exists a positive constant A such that
Allfllgw <NTfllguw  for all f e L

[1,10,11,17]. To prove Theorem 1, we recall a result in [10] on equivalence among LY -stability of
an operator in D, ,, o for different exponents 1 < g < co and Muckenhoupt A,-weights w.

Lemma 4 ([10]) Let 0 < o < 1,A € C, and let T be an integral operator with its kernel K
satisfying
Tl + sup 0~ |rys k)l + sup 0~ ||rr x| <5l < oo. (3.48)
0<6<1 0<6<1

If the operator \I — T has stability on LY for some 1 < g < oo and Muckenhoupt A,-weight w,
then it has stability on LY, for all 1 < ¢’ < oo and Muckenhoupt Ay -weights w’.

We have all ingredients to prove Theorem 1.

Proof (Proof of Theorem 1) Let 1 < g < 0o, w be a Muckenhoupt A,-weight, and let S € ID,, ,, o
have bounded inverse S € B(LY). Then

15 f g0 < 151523 1 llq.uw (3.49)

and R R
SSf=S8Sf=f forall fe Ll (3.50)

by the definition of the bounded operator S on L%, and

15 fllgw < ISlBLe) 1 fllgw < CllS|D,,. 0l f]

qw forall fe Ll (3.51)
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by Proposition 1. From (3.49)—(3.51) it follows that S has L% -stability,
[ £llgaw =158 Fllgw < IS5z, 1SS llgaw for all f € L,

Observe that the kernel of an integral operator in D, ,, o satisfies (3.48) when the weight u has
the p-radially-submultiplicative property. Therefore the operator S € 1D, 4, o has L2-stability by
Lemma 4. So there are positive constants A and B such that

AlIfII3 < (S*Sf. f) < B|fll5 forall fe L? (3.52)
by the L2-stability and Proposition 1. Set R = ﬁS*S — I. Then R belongs to 1D 4, by
Propositions 1 and 2, and

Rl < 2 <1 (353)
B =Bta '
by (3.52). Moreover, there exists an absolute constant C; by Propositions 2 and 3 such that
||Rn+1||1Dp,u,a S Cl||R||1Dp,u,a||Rn||1DP»“»U‘ <354)
and ~ _ _ _
IR, < CLIR™ IS 1B |%: < CLIIR"I5? . (IRl|s)™ (3.55)

for all m > 1. Write n = Z?:o €;47 with €; € {0,1,2,3},0 < j < k, and k > 0 being so chosen that
er 7 0. Applying (3.54) and (3.55) iteratively we obtain that

IR .0 < (C1lIR]D,0 ) IR |, ...
< (C1lIRlm,.. ) (|Rlls2) (RO A, )10
k APV k ko oqdi—i(q_§)i—1§
< (C1l| R, .0 ) =m0 9 =0 (|| Rl g2t B 87100
o (C1lBlm,. .\ @-Oms D
< (1Rl (<) (3.56)

Combining (3.53) and (3.56) proves the exponential decay property for the operator norm of
R™ €Dy, 4.0, i€, |R"||D < Cr™ for some r € (0,1). This implies that

pyu, a0 —

i(—n”m €Dy (3.57)
n=0
Set F:= 25 (X 2o(=1)"R")S*. Then
FS = (i(fl)nm)(um =1, (3.58)
n=0

and
FeDyua (3.59)

(and it is a bounded operator on L) by (3.57) and Propositions 1 and 2. This together with (3.50)
and (3.58) implies that

(§—F)g=(S—F)SSg=(SS—FS)Sg=Sg—Sg=0 forallgeLl. (3.60)
Hence the inverse S of the operator S on L is equal to F' and thus belongs to 7D, ..« by (3.59).
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