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Abstract
The Bochner-Riesz means are shown to have either the unit interval
[0,1] or the whole complex plane as their spectra on LP,1 < p < 0o

1 Introduction and Main Results
Define Fourier transform f of an integrable function f by

f&) = | fla)e ™ de
R4
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and extend its definition to all tempered distributions as usual. Consider
Bochner-Riesz means Bs, d > 0, on R,

Bsf(€) = (1— €)% f(€),

where t, := max(t,0) for t € R [2, 11, 20]. A famous conjecture in Fourier
analysis is that the Bochner-Riesz mean B; is bounded on L? := LP(RY), the

space of all p-integrable functions on R? with its norm denoted by || - ||,,, if
and only if
1 1 1
0> |d|-—=|—= , 1 <p<oo. (1.1)
p 2 2)

The requirement (1.1) on the index ¢ is necessary for LP boundedness of the
Bochner-Riesz mean Bj [12]. The sufficiency is completely solved only for
dimension two [5] and it is still open for high dimensions, see [3, 14, 21, 27,
28, 29, 31] and references therein for recent advances.

Denote the identity operator by I. For A & [0,1], we first show that
Bochner-Reisz means Bs is bounded on L? if and only if its resolvents (21 —
Bs)~1, which are multiplier operators with symbols (z — (1 — [£[*)%)7!, are
bounded on L? for all z € C\|0, 1].

Theorem 1.1. Let § > 0 and 1 < p < oco. Then the following statements
are equivalent to each other.

(i) The Bochner-Riesz mean Bs is bounded on LP.
(i) (21 — Bs)™! is bounded on LP for all z € C\0, 1].
(iii) (201 — B;)~! is bounded on LP for some z, € C\[0,1].

It is obvious that AI — Bs, A € [0, 1], does not have bounded inverse on
L?, as it is a multiplier with symbol A — (1 — |£|*)%.. In the next theorem,
we show that AI — Bs, A € [0, 1], does not have bounded inverse on L? for all
1<p<oo.

Theorem 1.2. Let § > 0,1 < p < oo and A € [0,1]. Then

inf |[(A — B = 0.
nf [0 = Byl



For any 0 > 0, define the spectra of Bochner-Riesz mean Bs on L” by
op(Bs) := C\{z € C, zI — B; has bounded inverse on L”}.

As Bochner-Riesz means B; are multiplier operators with symbols (1—[¢]?)%.,
we have

0,(Bs) = closure of {(1— |¢]*)%, ¢ € R} = [0,1] for p = 2.

The equivalence in Theorem 1.1 and stability in Theorem 1.2 may not
help to solve the conjecture on Bochner-Riesz means, but they imply that
for any 6 > 0, the spectra of the Bochner-Riesz mean Bs on L? is invariant
for different 1 < p < oo whenever it is bounded on LP.

Theorem 1.3. Let § >0 and 1 < p < oco. Then
(1) 0,(Bs) = [0,1] if the Bochner-Riesz mean Bs is bounded on LP; and

(i1) o,(Bs) = C if Bs is unbounded on LP.

The above spectral invariance on different LP spaces holds for any mul-
tiplier operator T}, with its bounded symbol m satisfying the following hy-
pothesis,

1€ IVFm(€)] € L™, 0 < k < d/2+1, (1.2)

in the classical Mikhlin multiplier theorem, because in this case,
09(T},) = closure of {m(¢), & € R},

and for any z & 09(7},), the inverse of zI — T, is a multiplier operator with
symbol (z — m(€£))™! satisfying (1.2) too. Inspired by the above spectral
invariance for Bochner-Riesz means and Mikhlin multipliers, we propose the
following problem: Under what conditions on symbol of a multiplier, does the
corresponding operator have its spectrum on LP independent on 1 < p < oc.

Spectral invariance for different function spaces is closely related to al-
gebra of singular integral operators [4, 6, 13, 23] and Wiener’s lemma for
infinite matrices [10, 22, 24]. It has been established for singular integral op-
erators with kernels being Holder continuous and having certain off-diagonal
decay [1, 6, 7, 19, 23], but it is not well studied yet for Calderon-Zygmund
operators, oscillatory integrals, and many other linear operators in Fourier
analysis.

In this paper, we denote by S and D the space of Schwartz functions and

compactly supported C'* functions respectively, and we use the capital letter
C to denote an absolute constant that could be different at each occurrence.



2 Proof of Theorem 1.1

Given nonnegative integers ag and [y, let Sy, 5, contain all functions f with
Flsupsy = D, N0 f(@)]lo0 < o0
lor| <o, | Bl<Bo
In this section, we prove the following strong version of Theorem 1.1.

Theorem 2.1. Let B be a Banach space of tempered distributions with S
being dense in B. Assume that there exist nonnegative integers ag and Sy
such that any convolution operator with kernel K € Sy, 5, is bounded on B,

1K * flls < CllK s, 4 I flls for all feB. (2.1)

0,80
Then the following statements are equivalent to each other.
(i) The Bochner-Riesz mean Bs is bounded on B.
(ii) (21 — Bs)™! is bounded on B for all z € C\[0,1].
(iii) (20l — Bs)~! is bounded on B for some z, € C\[0, 1].
Proof. (i)==(ii). Take z € C\[0, 1] and
ro € (0,min(|z/2["/?,1)/2). (2.2)
Let 1 and 1y € D satisfy
Y1 (&) =1 when || <1 —1g, ¢¥1(§) =0 when [£]| > 1 —1(/2; (2.3)
and
a(§) = 1= (&) if [§] ST +70/2, o(§) =0if [(] > T4+70.  (24)

Define m(€) = (2 — (1 — [€P)1), mi(€) = m(E)r(€) and my(€) i=
m(&)e(€). Then m(€) is the symbol of the multiplier operator (21 — Bj)™!
and

m(€) = my (&) +ma(&) + 271 (1 — () — a(8)).

As mq, 11,9y € D, multiplier operators with symbols m; and v, + 1, are
bounded on B by (2.1). Therefore the proof reduces to establishing the
boundedness of the multiplier operator with symbol m.,

l(m2f)"lls < C|iflls, f € B, (2.5)
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where fY is the inverse Fourier transform of f.
Take an integer Ny > «p/d. Write

No 00

ma(§) =27 (D4 3 ) 6P (€)= man(€) + maa(€),

n=0 n=Np+1

and denote multiplier operators with symbols mo; and mgs by Th; and Ths
respectively. Observe that

No
Ty=2"'y+ Y 2" (By) "y,

n=1

where U, is the multiplier operator with symbol 5. Then T3, is bounded on
B by (2.1) and the boundedness assumption (i),

1121 f[l8 < C|fllg forall f €B. (2.6)

Recall that 1 € D is supported on {£,1 —ry < |[£] < 14 1r}. Then the
inverse Fourier transform K, of (1 — [£]*)%%),(€) satisfies

1K lls0g 5y < Cn(2r0)™, n > No+ 1.

Therefore the convolution kernel

oo

K(z):=2"" Z 2 "Kp(x)

n=No+1

of Ty belongs to S, 5,- This together with (2.1) proves
|To2flls < C|lflls forall f € B. (2.7)

Combining (2.6) and (2.7) proves (2.5) and hence completes the proof of
the implication (i)==-(ii).

(ii)==-(iii). The implication is obvious.

(iii)==(i). Let zy € C\[0, 1] so that (2o — Bs;)~' is bounded on B, rq be
as in (2.2) with z replaced by zp, and let 1,19 be given in (2.3) and (2.4)
respectively. Following the argument used in the proof of the implication
(i)==(ii), we see that it suffices to prove the operator T3 associated with



the multiplier m3(€) := (1 — |¢]?)5.42(€) is bounded on B. Take an integer
No > /0 and write

No [e'e)

ms(§) = —ZO<Z+ Z )(1—20(20—(1—|§|2)i)_1)n¢2(§) =: maz1(§)+msa(§),

n=1 n=Np+1

where the series is convergent since

|1~ 20(z0 — (1= [€]*) Z |20l ™ (1~ [€*): Z |20/ 71 (2r0)")" < 1.

Denote by T3, and T35 the operators associated with multiplier ms; and mgs
respectively. As T3 is a linear combination of Wy and (2ol — Bs) "Wa, 1 <
n < Ny, it is bounded on B,

I T51fllB < C|flls for all f € B, (2.8)

by (2.1) and the boundedness assumption (iii).
Define the inverse Fourier transform of (1—z(z0—(1—[¢[*)%.) 1) "¢2(&),n >
No, by K,. One may verify that

||[~(n|]5aMO < Cno‘o(2r0)"5]zo|_”, n> Ny+ 1.
Therefore
[Tafle <C S [Ballssgnlfle < (3 n@ra) Iz ) 1]
n=Np+1 n=No+1
(2.9)
for all f € B. Combining (2.8) and (2.9) completes the proof. O

3 Proof of Theorem 1.2

Let f and K be Schwartz functions with f(0) = 1 and K(0) = 0, and set
fn(z) = N=4f(x/N), N > 1. Then for any positive integer a > d + 1 there



exists a constant C,, such that

gantl < ([ w [ Kl i) -

/| G L+ CoN 0 ¢
T—yY|>

VAN

IN

CaN ([ (1 fo =y 1)l + N1+ [o/N)) )
R4

(3.1)
This implies that

—— =0, 1 <p<oo.
Nooo [ fwllp

Therefore the following is a strong version of Theorem 1.2.

Theorem 3.1. Let B be a Banach space of tempered distributions with S
being dense in B. Assume that (2.1) holds for some ag, o > 0 and that for
any & € RY there exists g € D such that Py(0) =1 and

W
)l
Nooo || frgllB

~0 (3.2)

for all Schwartz functions m with m(&y) = 0, where ﬁ\fzo (&) = po(N(£—&)).

Then N
O =By flls
70 I1flls

Proof. The infimum in (3.3) is obvious for A = 0. So we assume that A € (0, 1]
from now on. Select & € R? so that (1 —|&]|?)} = X. Then for sufficiently
large N > 1,

=0 forall A €][0,1]. (3.3)

(A = Bs) frve = (mey Trge) s (3.4)

where mg, (€) = (A — (1 — [§])5)¢¥ (€ — &) and ¢ € D is so chosen that
(&) =1 for || < (1 —|&])/2 and ¥(§) = 0 for || > 1 — |&]. Observe that
me, € D satisfies mg, (&) = 0. This together with (3.2) and (3.4) proves that

i |(AM — Bs) fnellB
N—o0 | frgllB

Hence (3.3) is proved for A € (0, 1]. O

=0.




Remark 3.2. For £ € R? define modulation operator M; by

M f(x) = € f(x).

We say that a Banach space B is modulation-invariant if for any £ € R? there
exists a positive constant Cg such that

|Mcflls < CellfllB, f€B.

Such a Banach space with modulation bound C¢ being dominated by a poly-
nomial of £ was introduced in [26] to study oscillatory integrals and Bochner-
Riesz means. Modulation-invariant Banach spaces include weighted L? s-
paces, Triebel-Lizorkin spaces F}' , Besov spaces By, Herz spaces K1, and
modulation spaces M?? where € R and 1 < p,q < oo [9, 11, 16, 25]. For

functions fng¢,, N > 1, in Theorem 3.1,

I (@) = e (@o(N-))" ()

and
(mfng) (@) = e (mepo(N-))" (),

where mg,(§) = m(§ + &) satisfies mg,(0) = 0. Then for a modulation-
invariant space B, the limit (3.2) holds for any & € R? if and only if it is
true for £y = 0. Therefore we obtain the following result from Theorems 2.1
and 3.1.

Corollary 3.3. Let B be a modulation-invariant Banach space of tempered
distributions with S being dense in B. Assume that (2.1) holds for some
o, Bo > 0 and that there exists ¢y € D such that

#0(0) = 1 and  lim [|(mgo(N-))"||s/[|(20(N-))"|ls = 0

for all Schwartz functions m(§) with m(0) = 0. If the Bochner-Riesz mean
Bs is bounded on B, then its spectrum on B contains the unit interval [0, 1].

4 Remarks

In this section, we extend conclusions in Theorem 1.3 to weighted LP spaces,
Triebel-Lizorkin spaces, Besov spaces, and Herz spaces.



4.1 Spectra on weighted L? spaces

Let 1 < p < oo and Q contain all cubes Q C R A positive function w is
said to be a Muckenhoupt A,-weight if

(@ / D) (g7 / )00ae) <0 Qe Q

for 1 < p < oo, and

|Q|/ dx<C’1nfw(),Q€Q

for p =18, 17]. For § > (d — 1)/2, convolution kernel of the Bochner-Riesz
mean Bj is dominated by a multiple of (1 + |z|)~*~(*1/2 and hence it is
bounded on weighted L” space LP for all 1 < p < oo and Muckenhoupt A,-
weights w. For § = (d — 1)/2, complex interpolation method was introduced
in [18] to establish L -boundedness of B; for all 1 < p < oo and Muckenhoupt
A,-weights w. The reader may refer to [8, 15] and references therein for
L? -boundedness of Bochner-Riesz means with various weights w. In this
subsection, we consider spectra of Bochner-Riesz means on L2

Theorem 4.1. Let § > 0,1 < p < oo, and w be a Muckenhoupt A,-weight.
If the Bochner-Riesz mean Bs is bounded on LY, then its spectrum on L is
the unit interval [0, 1].

Proof. Denote the norm on L2 by || - |/,». By Theorems 2.1 and 3.1, and
modulation-invariance of L? . it suffices to prove

1K fllpaw < ClUK 00,0l f lpo for all f € L, (4.1)

and Y
lim ||(m900(N)) ||p7w -0 (42>
N=oo [[(o(N-))Y [lpw
for all Schwartz functions ¢y and m with $y(0) = 1 and m(0) = 0.
Observe that |K(x)| < C||K||s,,,,(1 + |z|)~*'. Then (4.1) follows from
the standard argument for weighted norm inequalities [8].
Recall that any A,-weight is a doubling measure [8]. This doubling prop-
erty together with (3.1) leads to

[(meo(N-)Y[IE., < CNTP2[[(po(N))V 5, + CN~EDPy([—N, NJY).
(4.3)



On the other hand, there exists ¢y > 0 such that |pg(z)| > |@y(0)]/2 # 0 for
all |z| < €. This implies that

12o(N )70 = ON~Prw([—eoN, €oN7). (4.4)

Combining (4.3), (4.4) and the doubling property for the weight w, we es-
tablish the limit (4.2) and complete the proof. O

4.2 Spectra on Triebel-Lizorkin spaces and Besov s-
paces

Let ¢ and ¢ € S be so chosen that ¢ is supported in {&,1€] < 2}, ¥
supported in {£,1/2 < [£] < 2}, and

bo(&)+ Y b =1, ceRr
=1

For a € R and 1 < p,q < oo, let Triebel-Lizorkin space F, contain all
tempered distributions f with

(o) 1/q
||f||Fﬁq = ||do * fll, + H (ZQW’W % f|q> Hp < 00,
=1

where ¢, = 2'%)(2"),1 > 1. Similarly, let Besov space BS, be the space of
tempered distributions f with

o0 /q
1 lmg, = ligo = Fllp + (3o 2w« 1 Hi)l =%

=1

Next is our results about spectra of Bochner-Riesz means on Triebel-Lizorkin
spaces and on Besov spaces.

Theorem 4.2. Let 6 > 0,a € R and 1 < p,q < oo. If the Bochner-Riesz
mean Bs is bounded on Fy', (resp. By ), then its spectrum on F. (resp. on
By, ) is the unit interval [0, 1].

Proof. For z ¢ [0,1] and 6 > 0, both Bs and (21 — Bs)™* — 27 are mul-
tiplier operators with compactly supported symbols. Therefore Bs (resp.
(2I — Bs)™') is bounded on the Triebel-Lizorkin space Fy, if and only if it is
bounded on the Besov space By if and only if it is bounded on L. The above
equivalence together with Theorem 1.1 yields our desired conclusions. O]
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4.3 Spectra on Herz spaces

For a € R and 1 < p,q < oo, let Herz space K*? contain all locally p-
integrable functions f with

> 1/q
[ fll g == I fxp1<allp + (Z21&q||fX2l71<|-\gleZ> < 00,
=1

where g is the characteristic function on a set £. The boundedness of
Bochner-Riesz means on Herz spaces is well studied, see for instance [16, 30].
Following the argument used in the proof of Theorem 4.1, we have

Theorem 4.3. Let 6 > 0,1 < p,q < 0o and o > —d/p. If the Bochner-Riesz
mean Bs is bounded on K9, then its spectrum on K7 is [0, 1].
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