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Abstract

In this paper, we at first develop a method to study convergence of the cascade
algorithm in a Banach space without stable assumption on the initial (Theorem
2.7). Then we apply the previous result on the convergence to characterize com-
pactly supported refinable distributions in fractional Sobolev spaces and Holder
continuous spaces (Theorems 3.1, 3.8, and 3.9). Finally we apply the above
characterization to choose appropriate initial to guarantee the convergence of

the cascade algorithm (Theorem 4.3).
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1 Introduction

Let X be a linear topological space of tempered distributions on R¢, and let D denote
the space of all compactly supported C* functions on R¢. We say that X has continu-
ous translates if for any y € R, the shift map 7, : f — f(-—y) is a continuous map on
X, that X has continuous dilation if for any a > 0, the dilation map D, : f —— f(a-) is
a continuous map on X, and that X has continuous D-multiplication if for any h € D,
the multiplication map M, : f —— hf is a continuous map on X.

Take a normed linear space X of tempered distributions having continuous trans-
lates and dilation, and fix a family of N x N matrix c(j), j € Z¢, having finite support,
i.e., ¢(j) = 0 for all but finitely many j € Z?. Define a cascade operator T on X~ by

TF:= > c(j)F(2-—j) forall Fe X", (1.1)

jE€Zd
Here and hereafter, the N Cartesian product of a linear topological space X with
usual topology is denoted by XV, sometimes still by X if not confusing. The sequence
(c¢(j))jeza in (1.1) and the trigonometric polynomial H(£) 1= 2773 ;cz4 c(j)e "¢ are
known as the mask and the symbol of the cascade operator T respectively. Define a

cascade algorithm with initial Fy € X~ by
F,=TF,,, n>1. (1.2)

The cascade algorithm was first introduced to compute the refinable distribution,
the fixed point of the cascade operator T, in the same way the power method computes
an eigenvector of a matrix. The convergence of a cascade algorithm in some function
spaces is important for some applications such as in plotting a refinable function, and
in numerical computation ([3, 4, 7, 8]). There is a long list of publications on the
convergence of a cascade algorithm in different function spaces (see for instance [11]
for LP spaces, [13] for Sobolev space, and [21] for one-dimensional Triebel-Lizorkin
spaces and Besov spaces).

Let ¢y denote the space of all sequences on Z¢ having finite support, define the

shift-invariant space generated by the initial Fy by
So(Fo) = { 2 d() " Fo(- =)+ (d(j))jeze € 45}
jEZ4

and write

H(2") - H() =27 ¢,(j)e™, n>1. (1.3)

jEZ



By direct computation, we have

Fo=Y () Fo(2"-—j), n>1. (1.4)
jEZ
Thus the dilated cascade sequence F,(27™), n > 0, is in the shift-invariant space
So(Fy)Y. So we may discuss the convergence problem of a cascade algorithm within
the theory of shift-invariant spaces.

Define the Fourier transform f of an integrable function f by f(€) := Jra f(z)e ™ dx
and the one of a tempered distribution as usual. For any vector-valued tempered dis-
tribution F' = (fy,..., fy)? with continuous Fourier transform, we say that F has, or
fi, .., fn have, stable shifts if there exist k;(&) € Z4,1 < i < N, for any & € R? such
that the N x N matrix (F/(& 4 2ki(&)7))1<i<n is of full rank. Let LP, 1 < p < oo, be
the usual spaces of all p-integrable functions on R% with usual L? norm || - ||,,, and let
.1 < p < o0, be the usual space of all p-summable sequences with norm || - ||». By
(1.4), for any 1 < p < oo and any compactly supported L? function Fy having stable

shifts, there exists a positive constant C' such that for all n > 1,

CHI(eali))jezaller < 2PNl = a2 )lp < Cll(ea(i))jezaller (1.5)

(see Proposition A.4 in Appendix A or [15]). So under the assumption that the initial Fj
has stable shifts and belongs to certain function space, we may reduce the convergence
of the cascade algorithm F),,n > 1, in some function spaces, such as fractional Sobolev
spaces and Holder continuous spaces, to the asymptotic behavior of a quantity related
to the mask (c(j)) ezd.

In this paper, we consider the convergence of cascade algorithm in Banach spaces
without stable assumption on the initial (Theorem 2.7), and apply our results on the
convergence to study smoothness of refinable distributions, and to choose appropriate
initial to guarantee convergence of the cascade algorithm with that initial. In fact, the
applications mentioned above are our initial motivations to consider the convergence
of cascade algorithm in Banach space without stable assumption on the initial, while
convergence of cascade algorithm in L space with stable assumption on the initial have
been considered in a lot of literatures on that topic (see [11] and references therein).

Let ¥ be a nonzero compactly supported distribution satisfying the refinement

equation

U= > c(j)¥(2-—j). (1.6)

jE€Zd
The compactly supported distribution W in (1.6) is called a refinable distribution, and

the sequence (c(j));eza in (1.6) is known as the mask of the refinement equation (1.6).
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For the smoothness of a refinable distribution, there are many different ways to discuss
it, and publications on that topic (see for instance, [5, 6, 8,9, 12, 18, 19, 25] for Sobolev
spaces L?7, [2, 14, 16] for Lipschitz spaces and LP spaces, and [17] for Besov spaces
and Triebel-Lizorkin spaces).

Denote the usual convolution between a Schwartz function h and a tempered distri-
bution f by h* f, and for any Schwartz function h, set h,, := 2"?h(2".),n > 1. Clearly,
for the refinable distribution ¥ in (1.6), 70 = ¥, and for any Schwartz function h,

hy U =T"(h* V). (1.7)
By Proposition A.3 in Appendix A, for any f € LP,1 < p < 0o, we have
lim ||, fll, =0 forall heD with h(0)=0, (1.8)

and conversely, if hx f € L? for any h € D and if there exist positive constants C' and
§ for any h € D with h(0) = 0 such that

| * fll, <C27™  forall n>1, (1.9)

then f € LP. Obviously (1.9) implies (1.8). Surprisingly, by (1.7) and Lemma 3.3,
for the refinable distribution ¥ in (1.6), if (1.8) is satisfied, then (1.9) holds for some
positive constants C' and . Thus we may characterize the refinable distribution ¥ in
LP 1 < p < oo, completely by the asymptotic behavior of h,, x ¥ as n tends to infinity.
Thus, the problem whether the refinable distribution W in (1.6) belongs to L? or not is
closely related to the convergence in LP of a cascade algorithm with the initial h * U,
where h € D satisfies 2(0) = 0. Actually, the above reduction also holds for many
function spaces used to measure smoothness such as the fractional Sobolev spaces and
Holder continuous spaces discussed in this paper.

For the refinable function ¥ € L? in (1.6), either the matrix (@(ij))jezd is not of
full rank, or ¥(0) # 0 and the inner products between ¥(0) and U(2j7),j € Z9\{0},
always equal zero. Hence, for any compactly supported refinable function ¥ in LP;1 <
p < oo, and any h € D with iAL(O) = 0, h x ¥ always have unstable shifts. Thus we
cannot use the estimate (1.5) directly to characterize whether refinable distribution
belongs to LP7 or not. This is our initial motivation to consider the convergence of
cascade algorithm without stable assumption on the initial.

The technique developed here to study the convergence of cascade algorithm in-
cludes the decomposition of compactly supported distributions in [1], the shift-invariant
sequence space in [23], and the fact TV Fy(27™) € So(Fp)" observed at the beginning



of this section. The technique can be outlined as follows. In [1], for any compactly

supported distributions fi, ..., fy, we provide the following decomposition

M
(froo f)T =20 30 di(g)il- = ) (1.10)
i=1 jezd
where the seqeunces (d;(j));eze, 1 < i < M, have finite support, and where the com-
pactly supported distributions 1, - - -, ¥y, have stable shifts, and have almost the same
regularity as the one of f1, ..., fy (see Lemma 2.5 or [1] for detail). Moreover, the shift-
invariant sequence space containing (d;(j));ez¢,1 < @ < M, is the dependent ideal in
[23]. Combining the decomposition (1.10) and the theory of shift-invariant spaces with
a generator having stable shifts, we can study the convergence of a cascade algorithm
in a function space without stable assumption on its initial (Theorem 2.7).

In order to study the smoothness of refinable distributions, we need the precise
definitions of two commonly used function spaces to measure smoothness. Let A =
Y g—; be the usual Laplacian. For any real number v and 1 < p < oo, let LP7,
which is known as a fractional Sobolev space or Bessel potential space, be the space of

all tempered distributions f for which

Fllzss = 1= 202 flly = || (Fa+1-1572) |

is finite. Here and hereafter, ¥ is the inverse Fourier transform of a tempered distri-

bution f. For the fractional Sobolev space LP?,1 < p < oo, we have LPY = LP,
P2 C [P (1.11)
for any 71 < 72,
e ={f: Difelr forall keZi with |k <7} (1.12)

for any nonnegative integer -3, and there exists a positive constant C' for any integer
k > —~/2 such that
11 = 2)gll, < Cligllzen (1.13)

for all g € LP7 ([24)).
Take a nonnegative real number «, and let oy be the greatest integer less than
or equal to «, and set 6 = a — ag. Let C'*, which is known as a Holder continuous

space, be the space of all continuous functions f on R? such that f has continuous and
bounded k-th derivative D* f for any x € Z%1 with |x| < ap, and

flow o= 3 1D+ 3 sup (2 =DMl

_ é
5] <ao Ir|=ap T1772 |21 — 2]




Then (C?,|| - |[c=) is a Banach space for any « > 0. For any nonnegative real number
a, let VO be the space of all C* functions f satisfying

i g D) = D)

1)
6_)00<\z1—a:2|§e |33'1 - xQ‘

=0 forall k with [k|= ao,

where a = oy + ¢ and 0 < § < 1. Obviously, C**¢ C VC* C C* for any positive e.
The paper is organized as follows. Section 2 is devoted to the study of convergence
of a cascade algorithm in Banach spaces. In Section 3, we apply the results about
the convergence of a cascade algorithm in Section 2 to the study of smoothness of
refinable distributions. In particular, we choose appropriate stable shift-triples, and
use asymptotic behavior of a quantity related to the mask and an ideal related to
¥ to characterize whether the refinable distribution ¥ belongs to one of the following
function spaces LP?, C* and VC® (Theorems 3.1, 3.8 and 3.9, and Remark 3.4). Under
additional assumption that the refinable distribution ¥ has linear independent shifts,
the characterization in Theorem 3.1 is simplified and is stated in Theorem 3.5 and
Corollary 3.6. Similar results to Theorem 3.5 and Corollary 3.6 are established in
6, 9, 12, 25] for v > 0, and our assertion for v < 0 is still new. As an application
of Theorem 3.1, we show that a cascade algorithm always converges when the initial
is appropriately chosen in Section 4 (Theorems 4.2 and 4.3). In the appendix A,
some properties of the function spaces LP7,1 < p < oo, are given. Those properties
are crucial to establish a general result about the convergence of a cascade algorithm
in Section 2, and our characterization of the smoothness of refinable distributions in

Section 3 as well.

2 Convergence of Cascade Sequence

In order to study the convergence of cascade algorithm in Banach spaces, we intro-
duce two new concepts: bound shift-triple and stable shift-triple, in Section 2.1. The
bounded shift-triple and stable shift-triple can be thought as a natural link between
continuous and discrete system in a shift-invariant space. In Section 2.1, we give some
examples of bounded and stable shift-triples (Examples 2.1 — 2.4). Those examples
of bounded and stable shift-triples will be used later in the study of smoothness of
refinable distributions. In Section 2.2, we recall the decomposition of compactly sup-
ported distribution in [1], and the dependent ideal in [23], and also introduce a new
shift-invariant sequence space ,(F) used later to study the smoothness of refinable

distribution (Theorems 3.1 and 3.5), and to choose appropriate initial to guarantee



the convergence of cascade algorithm (Theorems 4.2 and 4.3). The main result of this

section, Theorem 2.7, is stated and proved in Section 2.3.

2.1 Bounded Shift-Triple and Stable Shift-Triple

Let £p be the space of all sequences (d(j));eze on Z% with polynomial increase, i.e.,
|d(j)| < P(j) for all j € Z¢ and some polynomial P. For normed linear spaces (X, || -
llx,) and (Xa, || - || x,) of tempered distributions, and a normed linear space (Y, || - ||y)
of sequences with polynomial increase, the triple (X, X5,Y") is said to be a bounded

shift-triple if the following conditions hold:
® Y iczad(j)f(-—j) € Xy for any f € X, and (d(j))jeze €Y, and

e for any f € X, there exists a positive constant C' such that

| X di) st =), < CIEAGjezlly  forall  (d())eze €Y. (21)

jEZ4
We say that the triple (X1, X5, Y) is a stable shift-triple if the following conditions hold:
e (X1, X5,Y) is a bounded shift-triple, and

o for any f; € Xp,1 < i < N, with F = (f,..., fv)? having continuous Fourier

transform and stable shifts, there exists a positive constant C' such that for all
(d(4))jeze € YN,

| S ) = )], = CldG)) jezlivr. (22)

jEZ4
Here and hereafter, for a normed linear space (X, || - ||x), we set |||/ xv = SN, [|2]| x
for v = (z1,...,2n5)7 € X%, and also use ||z||x instead of ||z|x~ for z € XV if not

confusing.

Example 2.1 For 1 < p < oo, let £P be the space of all measurable functions f
for which || flze := || ez [f(@ + )|l ooyey < oo. Obviously £P C LP, and any
compactly supported LP function belongs to £P. By the definition of LP and LP, it is
easy to check that both LP and LP have continuous translates and D-multiplication.
Furthermore the triple (LP, £P,(?),1 < p < o0, is a stable shift-triple ([15]).



Example 2.2 For any compact set K of R¢, denote the space of all LPY distributions
with support in K by LPY(K). By Proposition A.1 in Appendix A, LP” has continuous
translates and D-multiplication for any p € [1,00) and v € R. By Proposition A.4 in
Appendix A, the triple (LPY, LP7(K), ¢?) is a stable shift-triple for any 1 < p < oo and
—00 < 7y < 00.

Example 2.3 For any compact set K of R? denote the space of all C* and VC®
functions with support in K by C*(K) and VC(K) respectively. By usual pro-
cedure, it can be proved that C“ and VC* «a > 0, have continuous translates and
D-multiplication, and that the triples (C*, C*(K),¢>) and (VC* VC*(K), () are
bounded shift-triples for any o > 0. Moreover, the triples (C%, C*(K),¢>) and
(VC*, VC*(K), ) can be proved to be stable shift-triples for any o > 0 and compact
set K by using the same procedure as in the proof of Proposition A.4 in Appendix A.

Example 2.4 For —oo < a < oo, let wq(z) = (1 4 |z|)*, L, be the space of all
functions f with [[f[|,z = [ fwall, < oo, and let £, be the space of all sequences
{e(d) }jez with [[{c(j) }jezlle, = {c(i)wa () }jezller < 0o. Tt is easy to check that LE,
has continuous translates and D-multiplication. Using Lemma A.6 in the appendix, we
can show that the triple (L? | LP  (K), (% ) is a stable shift-triple for any p € [1, 00),

Wia|+1

a € R and compact set K.

Let (X1, X5,Y) be a bounded shift-triple. From the definition of bounded shift-
triples, we see that for any linear subspace X} and Y’ of X, and Y, (X;, X3,Y”) is also
a bounded shift-triple. This together with examples of bounded shift-triples would
lead to many useful bounded shift-triples. However, (X7, X}, Y”’) may not be a stable
shift-triple even if (X, X5,Y) is. For instance, for p € (1,00), set X; = LP, Xy =
LP(K),Y = (7 and Y’ = (1. Then (X, X5,Y) is a stable shift-triple, but (X, X»,Y”)

is a unstable shift-triple.

2.2 Shift-Invariant Sequence Space

For any compactly supported distributions F' = (fi,..., fy)T, we say that F has, or
f1,--., fn have, linearly independent shifts if the semi-convolution map (d(j)) ez —
Y jezad(j)TF(- — j) is one-to-one, where d(j) € CV for all j € Z?. We remark that
any compactly supported distribution with linear independent shifts has stable shifts.

In [1], we provide a decomposition of finite many compactly supported distributions.



Lemma 2.5 ([1]) Let fi,..., fx be finitely many compactly supported distributions.
Then there exist compactly supported distributions 1; and sequences D; = (d;(j)) ez €
0,1 < i< M, such that

(R1) 1,...,¥n have linearly independent shifts;

(R2) 11, ..., vy, are finite linear combinations hy fs(- — j), where hy € D and j € Z2,
i.e., U = fo:l >k Ciskghifs(- — J) for finitely many hy € D,j € Z¢, and some

coefficients ¢; s 1 j;
(R3) (f1,-- s [n)" = 2 Yjeza di()i(- — J).

We say that a linear space Z of sequences on Z4 is shift-invariant if (d(j — k))jeza €
7 for all (d(j))jeze € Z and k € Z?. A shift-invariant linear subspace of €)' is said to be
an ideal of £}, or an ideal for short. A subset € of an ideal Z is said to be its generator
if 7 is the minimal ideal containing all elements in £. For a compactly supported
distribution F'; there are many compactly supported distributions q,..., %, and
many sequences D; € €)', 1 < i < M, such that (R1), (R2), (R3) in Lemma 2.5 hold.
However, the minimal ideal containing D;,1 < i < M, in Lemma 2.5 is unique (see
[23] for the proof), which is said to be the dependent ideal of F', and to be denoted by
i(F) in [23]. For any sequence (d(j));jeza € i(F'), it is proved in [23] that there exists
h € D such that the sequence (d(j));eza is the same as the sampling sequence of h x F'
on Z% i.e., d(j) = h* F(j) for all j € Z%. Actually,

MF):{(h*F@»ﬂad;hef§. (2.3)

For any nonnegative integer r, denote the space of all functions h in D satisfying
iAL(f) = O([¢|") as & — 0 by D,. For a compactly supported distribution F' and a

nonnegative integer r, define

MFy:{@*FUDEW:hED&. (2.4)
Obviously i,(F) is an ideal of £) for any r > 0, and
i(F) Cig(F)=4(F) forall r>0. (2.5)

Recall that for a compactly supported continuous function F', the family of vectors
(F(z+J))jeza, v € [0,1]%, is a generator of the dependent ideal i(F) ([23]). Therefore,

i(hxF)Ci.(F) forall heD, (2.6)



and

ZT(F) = Uhgpri(h * F) (27)
For any D = (d(j))jeze € {p, define corresponding Fourier series by F(D)(§) :=
Y jezad(j)e ¢ Then F(D) is a 2m-periodic distribution for any D € {p.

Lemma 2.6 Let r > 0, and F be a vector-valued compactly supported distribution.

Assume that there is a vector-valued trigonometric polynomial v(§) such that
v TF(E+2jm) =0(€]") as £€—0 forall jeZN{0}, (2.8)
and
v(0)TF(0) # 0. (2.9)
Then
i(F)={D €i(F): v(&)"F(D)(€) =0(¢]") as &—0}.

Proof. For any h € D, by (2.8) and Taylor expansion, there exist positive con-
stants C7, Cs independent of ¢ and j such that

(B + 2jm)o(&)TF(€+2jm)| < O 3 |D (" F)(te 3¢ + 2jm)| [¢]"

|k|=r

< Co(L+ ) Yelm forall €] <1 and j € Z9\{0},

where 0 < t¢; < 1, and where we have used the assumption on v and the fact that
hx F € D to obtain the last inequality. Therefore, for any A € D there exists a positive
constant C' such that

| > R(E+2jmu(©)TF(§ +2m)| < CleT forall ¢ < 1.
JjeZ\{0}

This together with (2.3), (2.9) and the Poisson formula

S fe =Y f(E+2jm) forall feD

jEZ jEZ

lead to the assertion. O

2.3 Convergence of Cascade Algorithm

Theorem 2.7 Let (c(j));eze and T be the sequence and the cascade operator in (1.1)
respectively, (cn(j))jeze,n > 1, be the sequences in (1.8), F' € Xy and {(di(j));ezq :
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1 < i < M} be a generator of i(F). Assume that (X1, | - ||x,) and (X, || - ||x,) be
normed linear spaces of tempered distributions having continuous translates and D-
multiplication, and that (Y,|| - ||y) be a normed linear space of sequences that satisfies
by CY C lp and has continuous shifts, i.e., there exists a positive constant Cy. for any
k € Z% such that

1(y(7 — k?))jedeY < Ck”(y(j))jEZdHY for all (y<j))jezd €Y. (2.10)

Then we have

(i) There exists a positive constant Cy independent of n such that

forall n>1

TP ™) x < Cod2 (X2 enli = 3)di))

=1 j’EZd

jEZAIY N

(2.11)
if (X1,X5,Y) is a bounded shift-triple.

(ii) There exists a positive constant Cy independent of n such that

IT"FE)lx > || enli—i)dis) forall n>1 (2.12)

=1 j’EZd

JEZAIYN

if (X1, X2,Y) is a stable shift-triple.

Proof. Let D; = (di(j))jezs € i(F),1 <i < M, and compactly supported distrib-
utions ¥;, 1 <i < M, be as in Lemma 2.5. Then 1y, ..., 1) have stable shifts by (R1)
in Lemma 2.5, and belong to X5 by (R2) in Lemma 2.5 and by the assumptions that
F € X, and that X, has continuous translates and D-multiplication. Still by Lemma
2.5,

F=3% % di(i)vi(- =)

i=1 jeZd

This together with (1.4) lead to

=3 3 i = G =)

Therefore, there exist positive constants Cy and C independent of n such that

forall n>1 (2.13)

TP x, < CoX|[( X enli)dili — 1))

jcZdlly N
i=1 j/EZd Je

11



if (X1, X5,Y") is a bounded shift-triple, and

M
IT"F@ ™) x, = Y| enli)di( —j’))jezd forall n>1 (2.14)

=1 j/EZd

YN

if (X1, X5,Y) is a stable shift-triple, where we have used the assumption that ¢, C Y
n (2.13) and (2.14). By (2.13) and (2.14), it suffices to prove that, for two generators
{(di1(§))jeze, 1 < i < My} and {(d;2(7))jeze, 1 <i < My} of the dependent ideal i(F),
there exists a positive constant C' such that

](Zy 4= 7))l <CX[ (X w0 dialG =),y

=1 j'eZd i=1 j'ezd

L (215)

for all (y(j)) eza € €. By the definition of a generator of an ideal, there exist sequences
(giir(k))reza € lo, 1 <1 < My, 1 <1 < My, such that

ZZgM Voo(j—k)  forall jeZ® and 1<i< M. (2.16)
i'=1kecZd

Combining (2.10) and (2.16) leads to

ZH(Zy 1410 =),

=1 jeZd Y
M1 M2

< XY T B < [ X w0 deali =7 = B) L,
i=14i=1kecZzd j'ezd
M1 MQ

< Y X Glaex (X w0 dealG =)
i=14'=1kezd j'eZd

< czH<2y A2 =)yl

=1 j reZd

where we have used (g;(k))peze € o to obtain the last inequality. This proves (2.15),
and completes the proof of Theorem 2.7. O

3 Smoothness of Refinable Distributions

This section is devoted to the characterization of refinable distributions in fractional

Sobolev spaces and Holder continuous spaces.
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Theorem 3.1 Let 1 < p <00, —00 <7y <1 <00, (¢y(]))jeza;n > 1, be the sequences
in (1.3), and U be the refinable distribution in (1.6). Then W € LPY if and only if

N =0 (3.1)

Tim 2772 (NS (7)d( - )

jEZL j'cZd
for all (d(7));eza € ir(¥).
The proof of Theorem 3.1 in turn depends on the following two lemmas.

Lemma 3.2 Let p,v,7,(cn(j))jeze and ¥ be as in Theorem 8.1. Then (8.1) holds for

any W € LP7Y. Conversely, if there exist positive constant ¢ independent of n such that

rmndlrton (NS en(3)d( — )

jEZL j'cZd

p) 1/p

n>1, (3.2)

’

is a bounded sequence for any (d(j)),ecza € i,(V), then ¥ € LP7.

Proof. At first we prove (3.1) under the assumption that ¥ € LP7. By Proposi-
tion A.3, for any h € D, with r > v, we have

i 27 = 0], = 0. 33)
This together with (1.7) leads to

lim 2042 T (h % ) (27|, = lim 2"||h,, * ¥, = 0. (3.4)

n—oo

Recall that (LP, LP(K),(P) is a stable shift-triple for any 1 < p < oo and any com-
pact set K of R? by Proposition A.8, and that h x U € D. Thus, for any generator
{(ds(4))jeza: 1 < s < M} of i(h* V), by Theorem 2.7 there exists a positive constant
C independent of n such that

M

CHT"(hx W)@ "), < 30 |( X enli = 5)4). g
s=1 jezd
< C|T™(h+¥)(27"™)]|, forall n>1. (3.5)

For any D = (d(j));eze € i(h* V) and any h € D, with r > v, it follows from (3.4)
and (3.5) that

lim 20~ = 7))

n—oo
j/EZd

Then combining (2.7) and (3.6) leads to (3.1).

. =0 (3.6)
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Next we prove ¥ € L7 under the assumption (3.2). By (2.6), (3.2) and (3.5), there
exists a positive constant C' for any h € D, with r > ~ such that

IT" (h W)(27") |, < C270-prom,

This together with (1.7) imply that ||k, * V||, < C27="% Thus ¥ € LP7 by Propo-
sition A.3. O

Lemma 3.3 Let —0o < 3 < 00,1 < p < 00, (cn(J))jeze be as in (1.3), and let T be

an ideal of (5. Then the following two statements are equivalent:

=0 for any (d(j))jeza € L.

(Z) hmnﬂoo H( j'eza Cn d(] _j,))jezd ¢p

(ii) There exist positive constants C' and 6 independent of n for any (d(j)),cze € T
such that

” <027 forall  n o> 1.

[(X ealdNdli =)y

j/EZd

We shall use the same method as in [17] to give a proof of Lemma 3.3.

Proof. Obviously (ii) implies (i). Then it suffices to prove (ii) under the assump-
tion (i). Let {Dy = (ds(j))jeza : 1 < s < M} be a generator of Z. Such a generator
exists since every ideal of €)' is finite generated ([23]). Let & = {0,1}¢, and let K, be

a finite set of Z? chosen so that
ds(j)=0 forall j&€ K, and 1<s<M, (3.7)

and
c(2i—j+e€) =0 forall 1¢ Ky, je Ky and e€é. (3.8)

Such a finite set K| exists since the sequence (c(j));eze has finite support. For any
€ € &£, define

B, = (0(22' —Jj+ e))

For any finite set K C Z<, denote the space of all sequences supported in K by ¢(K).
Then D, € ((Ky)N,1 < s < M, by (3.7), and B, e € £, is a linear transform from
(Ko)N to £(Ko)N by (3.8). Let V be the minimal linear subspace of ¢(K)" such that
D,eViforalll <s < M, and BV C V for all ¢ € £. Then the restrictions of the
matrices B, e € £, on V are well-defined. By direct computation, and using (3.7) and

(3.8),

i.jEKo

(X =), =( X 1Ba-B.DI)" (3.9)

j/ezd €1 5enny en€€



for 1 < p < oo, and

I( 3 euti=9406)|,. = swp_IB, - B.,D (3.10)

j’EZd €1yenny en€

for p = oo, where D = (d(j)),jcze € V. Then by (3.9), (3.10), Lemma 4 in [17] and the

assumption (i), there exists an integer ng such that

1
200( S By Bayul?) " < Slul - forall wev  (3.11)

if 1 <p<oo,and

1
2% sup  ||B, - B, ull < §||u|| forall weV (3.12)
£

if p = co. For any n > ng, write n = kng+ m for some integers 0 < m < ng and k > 0.
Then for any 1 < p < o0, it follows from (3.9) and (3.11) that
p

27( 3 = ds() gl =2 X IBae B D

§/€Zd €1,..,EnEE

< 20w 8T |Beyyy e Be DillP <
€ng 41, 5En€EE
< 2 S Bag o B Dl < 27 (3.13)

Ekn0+1a"'75neg

and, similarly for p = oo it follows from (3.10) and (3.12) that

27|( 3 enli = )ds())

j/EZd

< C27 /o, (3.14)

foo
Then by letting § = 1/ny, (ii) follows from (3.13) and (3.14). O

Remark 3.4 Let 1 < p < oo, and B, e € £, and V be as in the proof of Lemma 3.3.
Define joint spectral radius of B, e € £, on the linear space V' by

o 1)
lim lnfnﬂoo (261 en€E HBGI e Ben |V ”p>

1% (BE, V) =< 1/n
P liminf, . (sup61 en€E |Be, -+ Be, |v ||) / if p = oo,

if p € [1,00)

where ||A |y || is a norm of the operator A restricted to V. By usual procedure used in
the theory of joint spectral radius (see [17] for instance),
. 1/(np)
(B V) = b (3 [Bo B v )
1/(n
= inf (s Y By Boul) "

>1
nz uGV,HuH*:l €14enny en€€
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for 1 < p < oo, and

1/n
Poo(Be, V) = inf ( sup sup || B - ~B€nuH*) / ,
n=1 u€V,||ul|l«=1 €1,...,en€E
where ||ul|, is a norm on V. By the proof of Lemma 3.3, we can interpreted the
condition (i) in Lemma 3.3 as
pp(B, V) < 27°. (3.15)

By Theorem 3.1, we have the following characterization of refinable distributions

in LP”7 under the linear independence assumption.

Theorem 3.5 Let p,v,(cn(j))jeza and ¥ be as in Theorem 3.1. Assume that N =1,
U has linearly independent shifts and satisfies \TJ(O) # 0. Then W € LPY if and only if
p) p

Tim 2= (5SS e (7)d(G - 5)[) T =0

JEZL j'€Z4

for all sequence D = (d(j));eza € € with F(D)(§) = O(|¢]™) as & — 0, where v, is
the smallest nonnegative integer strictly larger than .

By Theorem 3.5 and Remark 3.4, we can use the joint spectral radius on an explicit
linear space of sequences to characterize all scale-valued refinable distributions in LY

under the additional assumption that they have linearly independent shifts.

Corollary 3.6 Let p,v,v1,V be as in Theorem 3.5, and let Be,e € £ and Ky be as in
Remark 3.4 with T = i, (V). Assume that N = 1, ¥ has linearly independent shifts
and satisfies W(0) # 0. Then U € LP7 if and only if p,(B., V) < 277F4P  where

V ={(d()jezs € ((Ko) = Y2 d(i)p()) =0 forall pell}

j€Ko

and 1L, is the set of all polynomials with their degrees less than .
By Theorem 3.1, the proof of Theorem 3.5 reduces to
i, (W) ={D € ly: F(D)E)=0(g]") as €—0}. (3.16)

Recall that i(F) = ¢} if F' has compact support and linearly independent shifts (see
[23]). Then by Lemma 2.6, the equality in (3.16) in turn depends on the following

result about moment conditions of refinable distributions, which was given in [10].

16



Proposition 3.7 Let N =1, and ¥ be the compactly supported distribution in (1.6)
with U(0) # 0. Assume that U € LP7 for some 1 < p < oo and v > 0. Then
DV (25m) = 0 for all j € Z\{0} and |k| < 7.

For any o > 0 and f € C'%, define

walf,t) =  sup | D f (1) — D” f(xs)|

TS ’
0<la1—22]<t || —ag |21 — 2o

where o = a9+ 0 and 0 < 6 < 1. Then w,(f,t) is a bounded function of ¢ for any
f e 0% and limy_ow,(f,t) = 0 for any f € VC?®. By Taylor expansion, there exists a
positive constant C' independent of n for any h € D, with r > « and any compactly
supported f € C* such that

|hn * flloo < C27™wo(f,27") forall n>1,

where h,, = 2"h(2"-),n > 0. Therefore, the sequence 2"||h,* f ||, 7 > 1, is a bounded
sequence if f € C* and h € D, with r > «, and the sequence 2"||h,, * [, > 1,
converges to zero if f € VC* and h € D, with r > «. Recall that (C*, C*(K), (>)
and (VC* VC*(K), () are stable shift-triples for any compact set K and a > 0 (see
Example 2.3). Then by using the same procedure as in the proof of Theorem 3.1, we
obtain the following result about refinable distributions in C'* and V C*.

Theorem 3.8 Let o > 0, r be the smallest integer strictly larger than o, and VU be the
refinable function in (1.6). If ¥ € C%, then for any (d(j));eza € ir(¥), there exists a
positive constant C' such that

2" sup | Y e, (j)d(i -4 <C forall n>1.

jezd jrezd

Theorem 3.9 Let o > 0, r be the smallest integer strictly larger than o, and V be the
refinable function in (1.6). Then ¥ € VC® if and only if

> ealiNd( — ")

JELY jiczd

lim 2"* sup

n—oo

=0 forall (d(j))jeze € i, (V).

4 Initial of Cascade Algorithm

In this section, we discuss the problem how to choose the initial appropriately such that
the cascade algorithm always converges. First by Theorems 2.7 and 3.1, Propositions

A.2 and A.4, we have the following result.
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Corollary 4.1 Let 1 < p < oo,y > 0,¥ € LP7 be the refinable function in (1.6). If

the initial G is so chosen that G is a compactly supported LPP function, and satisfies
i(G) C iy (D), (4.1)
then the cascade algorithm T"G converges in LPP with rate v — max(0, 3), i.e.,

lim 2"O~maxOE)| TG s = 0, (4.2)

n—oo

where 3 € R, and v, be the smallest nonnegative integer strictly larger than ~.

We emphasize that § in Corollary 4.1 can be chosen that § > v or # < 0. So
the essential condition for the convergence of a cascade algorithm is the one about the
dependent ideal of the initial. For N = 1, we may use Lemma 2.6 and Proposition 3.7

to simplify the dependent ideal condition (4.1) on the initial G.

Theorem 4.2 Let N =1, ¥ and G be compactly supported distributions. Assume that
U satisfies the refinement equation (1.6), U(0) # 0 and ¥ € LPY for some 1 < p < 0o
and v > 0, and that G € L?,i(G) C i(V) and

D*G(2jmr) =0 forall || <7y and j€Z"
Then lim,,_,» 2"||T"G||, = 0.

Proof. Obviously it suffices to prove (4.1). From Lemma 2.6 and Proposition 3.7,
we have
i, (W) = {D €i(¥): F(D)() =0(¢") as &—0}. (4.3)
Thus, by (4.3) and the assumption i(G) C i(¥), the proof of (4.1) reduces to proving
S d(j)e T  =0(¢") as £—0 forall (d(j))jeza € i(G). (4.4)
jeZd

Let (d(j));eze be any sequence in i(G). Then there exists hy € D by (2.3) such that
d(j) = (hy * G)(j) for all j € Z¢. By using the same procedure in the proof of Lemma

2.6, we obtain

3 (€ +2im)G(E +25m) = O(JE]™) as € — 0. (4.5)

jEZd

Hence,

S d()e = > ha(€+2jm)G(E+25m) = O(JE]") as £—0

jeZ jEZ

18



by (4.5) and the Poisson formula. This proves (4.4). O
As we know, the refinable function in (1.6) is a fixed point of the cascade operator
T. When the initial ¢ is chosen appropriately, TV g converges to the limit ¥ in L? norm

very fast.

Theorem 4.3 Let v > 0,1 < p < oo and N = 1. Assume that U € LP? satisfies the
refinement equation (1.6) and U(0) = 1. Let g be a compactly supported LP function

that satisfies the following three conditions:
(i) D*g(2jm) =0 for all j € Z\{0} and k € Z% with || < v, and §(0) = 1.

(ii) U —g=O(|-|") near the origin.

Then there exists a positive constant C' such that
|T"g — V|, < C2™™ forall n>1.

Proof. Set G, = g — V¥ — } 4=y aaD*V if 7 is a nonnegative integer, and set
G, = g — ¥ otherwise, where the coefficients a, with a € Z4 and |a| = v are chosen so
that G-, = O(]-|"*") near the origin. The existence and uniqueness of those coefficients
follow from (ii), U(0) = 1 and the fact that ¥ and § are analytic functions. Then,
G, € L? since g € L? and ¥ € LP7 for some v > 0. Moreover, D*G.,(2jm) = 0 for all
j € Z% and k € Z¢ with |k| < 7 because of Proposition 3.7 and the assumptions on g,
and the assertion i(G,) C i(¥) follows from the assumption (iii) and the observation
i(D*¥) C i(V), which is obvious by (2.3). So G, satisfies the required conditions in

Theorem 4.2. Therefore there exists a positive constant C' by Theorem 4.2 such that
|T"G,|l, < C27™  forall n>1. (4.6)

By direct computation,
g -V =T"G, (4.7)
if v is not a nonnegative integer, and
T'g—V¥ =T"G,+27"™ Z ao DV (4.8)
lor|=y

if v is a nonnegative integer. Hence combining (4.6), (4.7) and (4.8) leads to the desired

assertion. O
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A Properties of Fractional Sobolev Spaces

In this appendix, we give some basic properties of the fractional Sobolev space LP*7.

Proposition A.1 Let 1 < p < 00 and —oo < 7 < oo. Then LP7 has continuous

translates and D-multiplication.

Proof. From the definition of the space L7, we have || f(- — y)||zen = ||f||er-
Hence LP71 < p < 00, has continuous translates.

For nonnegative integer v, the assertion about continuous D-multiplication of the
fractional Sobolev space LP7 follows easily from (1.12). For general real number -, we
need use the classical multiplier theorem in [20]. Set m,, (&) = (1 + € + 7|?)"/2(1 +
1€2)77/2 for any n € R?, and let

t
Zt((x):{(al,...,(xt):z:(xi:a and O#aiEZi foralllgigt} (A.1)

i=1

for any o € Z¢. By direct computation,

| D%y (8)]
t
< C Z |72 (£)] Z H|Daimn,2(§)
1<t<|a| (a1 yeeeyat ) EX () 1=1
t
<O Y @ XTI (Ul ) o )
1<t<|a (a1,.0t)€X¢ () i=1  Bi<ey

< C(1+ |n|)\w\+|a\(1 + |§|)—\a|.

Therefore, m,, , is an LP multiplier by classical multiplier theorem for any 1 < p < oo

([20, p. 96]). Moreover there exists a positive constant C' independent of 7 such that
[0y ) llp < CU+ )P f, forall fel’ and neRL  (A2)
Recall that Af = h * f. This together with (A.2) leads to
[1fllins < C [ B % (g f(1+ 1 2772) ] dn
< C [ IR+ o) "y x [ £l o < o0
for any h € D. Hence L”” has continuous D-multiplication. O

Proposition A.2 Let —oo <y <00, A>1and 1 < p < co. Therefore, there exists

a positive constant independent of X such that

Hf()\')Hme/ < C)\max(o,y)fd/pr”Lpﬁ for all f e LP7,
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Proof. Set my (&) = (14 A2¢%)/2(1 + [£]*)77/2. Recall that for any a € Z2
there exists a positive constant C, such that |[D*(1 4 |£]2)7 < Co(1 + [£])~27 1 for
all £ € R Therefore,

D maa(§)] < Ci D2 IDP(L+ NJEf*)] x [DP (1 +[€*) 7|

B<a

< Oy Z )\Iﬁ\ (1+ MEN \ﬁ|(1+ €))% |al+1A]
B<a
CsA?[g] =l if €] > 1

< GNP AT < gl <1 (A.3)
CsAl! if gl < A7

where C4,Cy, C3 are positive constants independent of n and £. Let ¥;(a) be as in
(A.1). By induction,

D%my (&) = Z My y—2t(§) Z Clasag, ..., qq) H D%myo(&)  (A.4)

1<t<] | (a1, ) EX () i=1

for some coefficients C(a; a, ..., a;). Combining (A.3) and (A.4) leads to

|Dmy,(E)] < Cr Y [may—a()] > [T D% my(€)

1<t<]al (o1,...,00)€X¢ (o) =1
CoNT[g] el it g > 1
< § GNP AT < g <1
CyAle! if [¢] < A7!
< CpAm O g7l (A5)

where Cy, Cy, Cy are positive constants independent of n and . Then, by (A.5) and
the classical multiplier theorem ([20], p. 96),

[man f)Vlly < CA™SOD ], forall felr and n>1,  (AS)

where C' is a positive constant independent of A\ and f. This implies that

1 fllen = A2 FO) L+ A2 [2)72)Y),
CA— PO (XEF O (L + [+ P)72)Y,
C’)\_d/p+max(o’7)||f(/\_1-)||Lp,w for any f e L7,

IN

where C' is a positive constant independent of f and A. O
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Proposition A.3 Let 1 <p <oo and —o0 <y <r < oo. Then
T 27+ £, = 0 (AT)
for any h € D, and f € LP?, where h, = 2"h(2"),n > 0. Conversely, if
h_ix felLr (A.8)
for any function h_y € D, and if
20Dy fllpy 1= 1, (A.9)
is a bounded sequence for some positive constant 6 and any h € D,., then f € LP7.

Proof. For any h € D, and g € D, set m,1(€) = h(27"€)(1 + [¢]?)/2 and
mp2(§) = ?L(Q*"S)g(g) Let N be a sufficiently large constant chosen later. By direct

computation, for any o € Zi and some positive constants C,, we have

o Comin(1, [¢]771ol) if [¢] <1
D)) < { Calel ™ if Je > 1.

Let C, be a positive constant chosen so that g(§) = 0 for all £ with |{| > C,. Therefore,
for all £ € R? and o € Z4,

|Damn,1(§)|
< Con X 2D )1+ e Tl
BLa
Ca22 ™€ S geq (277 )) N HIAI if |¢] > 2"
< Ca27 e[ e min(1, (277(E]) V) (27 )P i 1 < g < 27
Ca2 Yg<a 27 min(1, (277[¢))"~ 1) if €] <1

S Ca,327n’y(1 + ‘f‘)im‘a

and
1D%my5()] < Cou Y. 27(DR)(2776)] x [ D Pg(8))
BLla
Cas X< 27" min(1, (2771€)) %) if [¢] < C,
I if €] > Cy

< Cae2 ™ (14 lE)7,
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where C,;,1 < ¢ < 6, are positive constants independent of n and . Thus, by the

classical multiplier theorem ([20]), there exists a positive constant C' such that
1 ) llo < €271 £, (A.10)

and

(Mo f)Vll, < C27"||fll, forall feLP and n>0. (A.11)

For any f € LP7 and any positive constant € less than one, we may write

f = fl,e + f2,6 (A12)

such that f . has compact support and || focl[zrn < €||f||en. Let H be a Schwartz
function chosen so that H has compact support and H(€) = 1 on {€ : [¢] < 1},
and set Hs; = 6"*H(67'). Then lims_¢ ||Hs * f — f|pn = 0 for any f € LP7. So
we need only choose f; . = Hj * f for some sufficiently small positive constant J. By
letting d; be chosen so that f. is supported in |¢| < 6;', and using (A.11) with

9(&) = (1 + €2 H(E/6y),
b frelles = [[(Mazfre( + ] 7)Y, < C27™ | fll o (A.13)

for some positive constant C, independent of n. By (A.10), there exists a positive

constant C' independent of € and n such that
ot foell o = [ (mn foc (L[ 3)2) V], < €27 foellinn < C27e flira (A14)

Recall that € can be chosen arbitrary small. Then (A.7) follows from (A.12), (A.13)
and (A.14).

Let v_; and 19 be Schwartz functions such that zz,\l is supported in {£ : [£] < 1},
Wy is supported in {€:1/2 < |¢] < 2}, and

> Un=1 on RY (A.15)

n=-—1

where ¢, = 2")(2"), n > 0. Let h_y € D and hy € D, be chosen so that h_1(€) # 0
on {€ : |¢] < 2} and ho(€) # 0 on {€ : 1/4 < |¢] < 8}. Define ¢, ,,n > —1, by
w/n\ﬁ = (1 + |- [2)/2. By direct computation, for all f € L and n > 0, we have

iy Fllp < | (@22 @+ 1 BY2) | Moy % Fllp < Cllho = £l (A16)

and
[ Fllo < [ (00202 1A+ )72) | M £y < C2 |5 ], (ALT)

23



where C'is a positive constant independent of n and f. Combining (A.8), (A.9), (A.15),
(A.16), and (A.17) leads to

1fllzon < Cv 30 bny = fllp < C2 30 27 < 50

n=-—1 n=-—1

where C and (5 are positive constants. This proves that f € LPY under the assumption

that (A.8) and (A.9) hold. O

Proposition A.4 Let1 < p < 00, —00 < v < 00, and let K be a compact set of R.
Then (LPY, LPY(K), £P) is a stable shift-triple.

Define the usual Kronecker symbol § by 64 = 1 if s = ¢ and dy4 = 0 otherwise.
To prove Proposition A.4, we need another definition of the fractional Sobolev space
LP7 | which follows easily from the classical Littlewood-Paley theory ([24]), and a result
about functions having stable shifts ([22]).

Lemma A.5 ([24]) Let1 <p < 0o,—00 <y < oo andr > |y| +d. Let y_y € D
and Yy € D, satisfy Y50 |1hn ()2 > Cy for all € € RY, where 1, = 2"4p(27), n > 0.

Then there exists a positive constant C' such that
I fllzer < H( 2 2 f| )| < Cll o,

Lemma A.6 ([22]) Let ¢1,...,¢n be compactly supported distributions having sta-
ble shifts. Then there exist functions ¥, € D,1 < s < M, and a sequence P =
(ps(4))jeza € Lo such that F(P)(§) # 0 for all § € R?, and

(s t0e(- = 7)) = 0up(j)  forall  jeZ%

Proof of Proposition A.4. For any f € LPY(K) and any D = (d(j));ezqe € 7,
set g = Y jezad(j)f(- — j). Let 7,1 and vy be chosen as in Lemma A.5. Then
Y, * f,m > —1, are supported in a compact set independent of n. This implies that
(3200 22 |ah, * f ]2)1/ ? is compactly supported. Therefore,

lole < G 3 2 o),

< G| T (3 2t s=9P),
A

< | ( z 2, x £2)"7)

< O4||D||zp||f||mm
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where C;,1 = 1,2, 3,4, are positive constants independent of D € ¢P. This proves that
(LPY, LPY(K), P) is a bounded shift-triple.

Let f1,..., fu € LP7(K) have stable shifts, and Dy = (ds(j)) eze € 7,1 <5 < M.
Then .

9=2_ > ds())fs(- —j) € L (A.18)
s=1jeZd

because (L7, LPY(K),¢?) is a bounded shift-triple. By Lemma A.6, there exist 1 €
D, 1<s<M,and P = (p(j))jeza € {o such that

(Ws(- —7), 1) = 6up(j) forall 1<st<M and j€Z% (A.19)

and
F(P)(¢)#0 on ¢€RY (A.20)

Let 4 be the minimal nonnegative integer larger than or equal to —v/2. By (A.19),
Z ds(j/>p<j _j/> = <ws( - j)ag> = <(1 - A):yws( - j)a (1 - A)i:yg> <A21)

j/ezd
Hence,
. . - p 1/p _~ ~
(X | X dlpG =) " <10 =2)7glll(1 = A)llex < 00, (A22)
jEZd j’EZd

where the last inequality holds because of (1.13) and the fact that (1 — A)7f € D for
any f € D. Write (F(P)(§)) ™' = ¥ ezar(j)e ¢ Then the sequence (r(j));eza decays
exponentially by (A.20), i.e., there exist positive constants C' and § independent of j
such that

Ir(j)] < Ce™W forall je Z9. (A.23)
Moreover, from the definition of the sequences (7(j)),ezq it follows that
1 if j=0
r(j = 3p(i') = L (A.24)
j%;d 0 if j #0.

By (A.23) and the assumption that (d(j));jeza € 7,

S r(G—)d(G"p(j = j")| < oo forall jeZ! and 1<s< M.

j/,j//GZd

This together with (A.24) lead to
S =X dGpG - ")

j/ezd j”EZd
= > 4" X (G =" = 3p(") = ds(j) (A.25)
j//ezd j/GZd
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for all j € Z% and 1 < s < M. Hence by (A.22), (A.23) and (A.25), there exists
a positive constant C' independent of D, € ;1 < s < M, such that ||g||Len >
C > M ||D4ller. This proves that (LPY, LPV(K),£P) is a stable shift-triple. O
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