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� Introduction

Fix a real
valued sequence c � fc�n
gNn�� with c�cN �� � and
PN

n�� c�n
 �
�� De�ne an operator Tc associated with the sequence c on the space of
compactly supported distributions by

Tcf �
NX
n��

c�n
f�� � �n
� ����


For any given compactly supported nonzero distribution f� as an initial�
de�ne

fk � Tcfk��� k � � ����


inductively� The iterative scheme above is called as cascade algorithm�

Let � be the normalized solution of such a re�nement equation

� �
NX
n��

c�n
��� � �n
� ����


which means � is a compactly supported distribution� and satis�es ����
 and
����
 � � �The proofs of the existence and uniqueness of the normalized
solution of the re�nement equation ����
 can be found in �D� or �CDM�
�
Hereafter the Fourier transform �f of an integrable function f is de�ned by

�f��
 �
Z
IR
f�x
e�ix�dx

and the one of a compactly supported distribution is understood by usual
interpretation� The compactly supported distribution � above is called re�
�nable distribution�

Obviously � is invariant under the operator Tc� i�e��

Tc� � ��

In particular any compactly supported distribution invariant under Tc can
be written as C� for some constant C�

By taking Fourier transform at both sides of ����
� we have

����
 � H�
�

�

���

�

�

 ����


�



and hence

����
 �
kY

j��

H���j�
�����k�
 �
�Y
j��

H���j�


by using ����
 for k times and letting k tend to in�nity� where trigonometrical
polynomial H��
� symbol of the re�nement equation ����
� is de�ned by

H��
 �
�

�

NX
n��

c�n
e�in�� ����


Similarly by taking Fourier transform at both sides of ����
� we obtain

�fk��
 � H�
�

�

 �fk���

�

�

 �

kY
j��

H���j�
� �f���
�k�
� ����


Thus �fk converges to �f���
�� uniformly on any compact set of the complex
plane� Hence fk � T k

c f�� k � � converges to �f���
� in distributional cases�
So fk may be thought as certain approximation of the normalized solution
� of the re�nement equation ����
 if �f���
 �� �� At almost all practical
applications� the convergence in distributional sense is not good enough� For
instance� in the application to computer graphic we are interested in the
bounded solution of the re�nement equation ����
 and uniform convergence
of fk� k � �� Unfortunely for a function space X it is not always true that
fk converges in X even if the initial f� � X and the re�nable distribution
� � X�

Example � Let X � Lp� � � p � 	� the sequence c� � fc��n
g be
de�ned by

c��n
 �

�����
�� n � �� �� �� ��
��� n � �� ��
�� otherwise�

and the initial f� be

f��x
 �

�
�� jxj� x � ���� ���
�� otherwise�

where Lp denotes the space of all p
integrable functions� Then fk does not
converge in X �see �CDM�� �J��
�

�



Generally let X be a linear topological space with continuous embedding
to the space of all tempered distributions� Most familiar examples of the
space X are Lp with � � p � 	� Sobolev spaces H�� Besov spaces B�

p�q

and Triebel
Lizorkin spaces F �
p�q �The precise de�nitions of Besov spaces and

Triebel
Lizorkin spaces will be de�ned later
� The problem about conver

gence and boundedness of the cascade algorithm may be proposed as the
following�

Problem� Let X be an appropriate function space and let fk� k � � be
as in ������ Does fk converge in X and is fk bounded in X	 How fast does
fk converge in X when fk converges in X and how big does fk increase when
fk is not bounded in X	

For the cascade algorithm� there is a much large literature about its con

vergence in various spaces �for instance �J�� for Lp� � � p � 	� �GMW��
�CDM� as well as �St� for L�� �LLS�� �Sh� and �GL� for L� of the matrix cas

cade algorithm with a general dilation matrix� and �JJL� for Sobolev spaces
�

In this paper� we shall consider the rate of convergence and increment of
the cascade algorithm in Besov spaces and Triebel
Lizorkin spaces� To state
our results� we introduce some de�nitions and notations�

For �	 � � �	� � � p� q �	� Triebel�Lizorkin space F �
p�q is the set of

tempered distribution f such that its quasi
norm kfkF�
p�q

de�ned by

kfkF�
p�q

�
����be���
 �f��
	����

p
�
����X

l��

�l�q



� be����l�
 �f��
	


q	��q���

p

is �nite� and Besov space B�
p�q is the set of tempered distribution f such that

its quasi
norm kfkB�
p�q

de�ned by

kfkB�
p�q

�
����be���
 �f��
	����

p
�
�X
l��

�l�q
����be����l�
 �f��
	����q

p

	��q
is �nite� where kfkp � �

R
IR jf�x
jpdx
��p� f� denotes the inverse Fourier

transform of f and f e�� e�g are Schwartz functions such that



be���
� be���
 � ��

�





be� is supported in �������� � ��� ��� and

be� is supported in ����� ����



be���
 �Pl��

be����l�
 � �� � � � IR�

The topologies of F �
p�q and B�

p�q are induced by the quasi
norms k � kF�
p�q

and

k�kB�
p�q

respectively� The Bessel potential spaces W l
p � F l

p��� � � p �	� l � �
de�ned by

Ll�p � ff � f� f �� � � � � f �l� � Lpg

and Sobolev spaces H� � B�
�����	 � � �	 de�ned by

H� � ff � kfkH� � �
Z
IR
j �f��
j��� � j�j
�d�
��� �	g

are two special and very practical function spaces� The reader can refer to
�T� for properties of Besov spaces and Triebel
Lizorkin spaces�

In this paper� we always set X�
p�q � B�

p�q or F
�
p�q with �	 � � � 	 and

� � p� q �	�

For a compactly supported distribution f � de�ne its characteristic trigono�
metrical polynomial P �f
��
 by

P �f
��
 �
Y

���������

�e�i� � e�i��
��f���� ����


where 	�f� ��
 is the maximal integer such that Dl �f��� � �n�
 � � holds for
all � � l � 	�f� ��
 � � and all integers n with �� � �n� �� �� Observe that
there is only �nite �� � ���� �� such that 	�f� ��
 � �� Then the product at
the right hand side of ����
 is well
de�ned�

For the symbol H��
 of the re�nement equation ����
� de�ne its charac�
teristic trigonometrical polynomial P �H
��
 by

P �H
��
 �
Y

���������

�e�i� � e�i��
��H���� ����


where 
�H� ��
 is the maximal integer such that � e
��i��e�i��

e�i��e�i��

��H���� is a factor

of H��
� It is proved in �R� �see also �JW� and �CS�
 that

P �H
��
 � P ��
��
� ���	


�



De�ne characteristic trigonometrical polynomial of the cascade algorithm by

P �f�� H
��
 �
Y

���������

�e�i� � e�i��
min���H�������f������� �����


Obviously P �f�� H
 is just a maximal common factor of P �f�
 and P �H
�

For �	 � � �	� set

A��� fk� X
 � �	kkfk � c�kX �

where

c �

�
�f���
� � � ��
�� � � ��

It is reasonable to use A��� fk� X
 to measure convergence and boundedness
of the cascade algorithm� In particular� A��� fk� X
 with � � � can be inter

preted as the rate of convergence of the cascade algorithm� and A��� fk� X

with � � � as the rate of increment of the cascade algorithm� Recall that �
is invariant under the operator Tc� So we shall assume that �f���
 � � when
� � � if unspeci�ed�

For a trigonometrical polynomial P ��
 �
P

n�ZZ dne
�in�� de�ne a quasi


norm kPk�p� � � p �	 by kPk�p � �
P

n�ZZ jdnj
p
��p�

In this paper� we shall prove the following characterization of convergence
and boundedness of the cascade algorithm in Fourier domain� The charac

terization by using joint spectral radius on a �nitely dimensional space� the
close relationship between convergence and boundedness of the cascade al

gorithm and the regularity of the corresponding re�nable distribution� and
the application to the existence of compactly supported solutions of nonho

mogeneous re�nement equations in Besov spaces and Triebel
Lizorkin spaces
will be given in Part II�

Theorem ��� Let � � p� q �	
 �	 � �� � �	 and let f�� � and P �f�� H

be de�ned as above� Suppose that the compactly supported distribution f� �
X�

p�q satis�es
�f���
 � � if � � �� Then we have

�



��� limk��A��� fk� X
�
p�q
 � � if and only if

D
 �f���
 � �� � � � � � � �����


and

lim
k��

����	�����p�kkP �f�� H
��

k��Y
j��

H��j�
k�p � �� �����


��� Suppose that D	 �f���
 � � if � is a positive integer� Then A��� fk� X
�
p�q


is bounded if and only if D
 �f���
 � � holds for all � � � � � and

����	�����p�kkP �f�� H
��

k��Y
j��

H��j�
k�p

is bounded�

��� Suppose that � is a positive integer and D	 �f���
 �� �� Then A��� fk� X
�
p�q


is bounded if and only if � � X��	
p�q 
 D
 �f���
 � � holds for all � � � � �

and

����	�����p�kkP �f�� H
��

k��Y
j��

H��j�
k�p

is bounded�

Example � �continued� By computation� we have

H��
 �
� � e�i�

�
��� e�	i� � e�
i�


and P �f�� H
��
 � �e�i� � �
� Hence there exists a constant C such that

��kC��k
k��Y
j��

�H��j�
k�p � kP �f�� H
��

k��Y
j��

H��j�
k�p � ��kCk
k��Y
j��

�H��j�
k�p�

where �H��
 � �� e�i� � e��i� � �� � e�	i�

�� � e�i�
� By computation� we
get

k��Y
j��

�H��j�
 �
� � e��

ki� � e��
k��i�

� � e�i� � e��i�
�

�k����X
l��

ale
�il��

�



where

al �

���������
�� l � �ZZ� � � l � �k � ��
��� l � � � �ZZ� � � l � �k � ��
�� l � � � �ZZ� � � l � �k � ��
a�k�����l� �k � l � �k�� � ��

Thus

��
�
��p��k � �
��p � k
k��Y
j��

�H��j�
k�p � ���p��k � �
��p�

Hence for � � p �	� fk converges in X
�
p�q with � � �� is bounded in Lp� but

does not converge in Lp by Theorem ����

Observe that

k
kY

j��

H��j�
k�p � C�k�p�sup
��IR

jH��
j
k�

Then by Theorem ��� we have

Corollary ��� Let � � p� q �	��	 � � �	� Then we have

��� If fk is bounded in X�
p�q
 then fk converges to �f���
� in X��

p�q for all
�� � ��

��� If fk converges to �f���
� in X�
p�q and f� � X��

p�q for some �� � �
 then

there exists � � � such that fk converges to �f���
� in X���
p�q �

��� If f� � X�
p�q and � � ��� ln� sup��IR jH��
j� Then fk always converges

to �f���
� in X�
p�q�

Hence boundedness of the cascade algorithm in a Besov space or a Triebel

Lizorkin space implies convergence of the cascade algorithm in Besov spaces
or Triebel
Lizorkin spaces with lower index of regularity� and convergence of
the cascade algorithm in a Besov space or a Triebel
Lizorkin space implies
convergence of the cascade algorithm in Besov spaces or Triebel
Lizorkin
spaces with little higher index of regularity provided that the initial is regular
enough� By Corollary ���� we also see that the cascade algorithm always
converges when the index of regularity of Besov spaces and Triebel
Lizorkin

�



spaces is su�ciently small� Of course convergence of the cascade algorithm
in such a function space is better than the one in distributional sense� though
it seems still not good enough for practical application�

The paper is organized as follows� In Section �� some necessary conditions
on the initial f� and the re�nable distribution � of the cascade algorithm� and
on the rate of increment of the term kP �f�� H
��


Qk
j��H��j�
k�p are given

�Theorems ��� and ���
� From Theorem ���� we see that certain regularity
of the re�nable distribution � is always necessary for us to study conver

gence and boundedness of the cascade algorithm even if fk tends to zero in
distributional sense� This result is still new even for X�

p�q � Lp�

In Section �� we prove some su�cient conditions to the convergence and
boundedness of the cascade algorithm �Theorem ���
 and give the proof of
Theorem ���� The main ideas to prove Theorem ��� are the estimates of
P��fk
 and Q��fk
 in Lemma ��� and the identities�

Ql�fk
 � T l
c�Q��fk�l

� l � k�

Ql�fk
 � T k
c �Ql�k�f�

� l � k�

where Ql� l � � and P� are projection operators of a multiresolution �see
Lemma ��� for precise statement
�

� Necessary Conditions

In this section� we shall give some necessary conditions to the convergence
and boundedness of the cascade algorithm� In particular� we shall prove the
following results�

Theorem ��� Let p� q� �� �� f� be as in Theorem ���� Suppose that �f���
 � �
if � � �� Then we have

��� If limk��A��� fk� X
�
p�q
 � �
 then � � X��	

p�q and

D
 �f���
 � �� � � � � � �� ����


	



��� If A��� fk� X
�
p�q
 is bounded
 then � � X��	

p�� and

D
 �f���
 � �� � � � � � �� ����


��� If A��� fk� X
�
p�q
 is bounded
 � is a positive integer and D	 �f���
 �� �


then � � X��	
p�q �

Theorem ��� Let p� q� �� �� f�� P �f�� H
 be as in Theorem ���� Suppose that
�f���
 � � if � � �� Then we have

��� If limk��A��� fk� X
�
p�q
 � �
 then

lim
k��

����	�����p�kkP �f�� H
��

k��Y
j��

H��j�
k�p � �� ����


��� If A��� fk� X
�
p�q
 is bounded
 then there exists a constant C independent

of k � � such that

kP �f�� H
��

k��Y
j��

H��j�
k�p � C�����	�����p�k� ����


Remark� The second assertion in Theorem ��� can not be improved in
general� For example� � � ���
� ���� �
� ���� �
 is the normalized solution
of the re�nement equation

� � �����
� ���� � ��
 � ���� � ��
�

where ���
 is the delta distribution� Obviously � � B��p��
p�� and � �� B��p��

p�q

for any � � q � 	� By choosing the initial f� � �������x
 � �������x � �
� we
obtain

fk�x
 � �k������k��x
� �k����k���k����x
 � �k������k��x� �


��k����k���k����x� �
 � �k������k��x� �
� �k����k���k����x� �


and

kfkkB��p��
p�q

� Ck�k������k��x
� �k����k���k����x
kB��p��
p�q

��



� Ck�������x
� �������x� �
k
B
��p��
p�q

�C
� kX
l��

����p���lq
���� be����l�
��� e�i�

�k�
�

i��k�

	����q
p

	��q
� Ck�������x
kB��p��

p�q
�
� kX
l��

�����p���lq
���� be���l�
� ��� e�i�
�

i�

	����q
p

	��q
� C � C�

kX
l��

��lq
��q �	

where the last inequality follows from the fact that there exists a constant
CK for any K � � such that


� be���l�
��� e�i	
�
�i�


	�
�x




 � CK�

��l�� � ��l j x j
�K�

Hence A��� fk� B
��p��
p�q 
 is bounded�

��� Proof of Theorem ���

To prove Theorem ���� we need a multiplier theorem and a characterization
of Besov spaces and Triebel
Lizorkin spaces by using projection operators
Ql� l � � and P� of a multiresolution in �MS�� The advantage to use projection

operators P�f and Qlf� l � � instead of �
b����
 �f��

� and �

b�����k�
 �f��

�� k � �
is that Qlf� l � � and P�f are also compactly supported if f is and their
supports are contained in a �xed compact set independent of l � ��

Lemma ��� If m is a smooth function with supp m 
 ���� �
 and f satis�es
supp �f 
 ���
�� �
��
 then there exists a constant C independent of f such
that

k�m �f
�kp � Ckfkp�

Proof� By the assumption on m and f � we have

m��
 �f��
 �
X
n�ZZ

m��n
e�in� �f��
�

Hence
�m �f
��x
 �

X
n�ZZ

m��n
f�x� n


��



and
k�m �f
�kp � C�

X
n�ZZ

jm��n
jmin�p���
��min�p���kfkp � Ckfkp�

�

To state the characterization of Besov spaces and Triebel
Lizorkin spaces
by projection operators of appropriate multiresolution in �MS�� we need the
concept of a multiresolution �see �D�
� A multiresolution is a family of closed
subspaces fVlgl�ZZ of L� such that

a
 �l�ZZVl � f�g and �l�ZZVl is dense in L��

b
 Vl 
 Vl��� � l � ZZ�

c
 There exists a function �Mul in V� such that f�l���Mul��l ��k
� k � ZZg
is an orthonormal basis of Vl for all l � ZZ�

Here we say that f�Mul�� � k
� k � ZZg is orthonormal ifZ
IR

�Mul�x
�Mul�x� k
dx �

�
�� k � ��
�� k �� ��

The function �Mul in c
 is called a scaling function of the multiresolution�
For l � �� denote the orthogonal complement of Vl in Vl�� by Wl� Then
there exists mother wavelet �Mul � W� such that f�l���Mul��l � �k
� k � ZZg
is an orthonormal basis of Wl� It is well known that for any � � � there
exists a scaling function �Mul and a mother wavelet �Mul of a multireso

lution such that they are orthonormal� compactly supported and belong to
H�older class C� � Here we denote the H�older space with H�older exponent �
by C� � In particular we only need to choose Daubechies� scaling functions
and corresponding mother wavelets with their parameter su�ciently large
�see �D�
�

In this paper� we always use the scaling function �Mul and mother wavelet
�Mul which are orthonormal� compactly supported and in H�older class C�

with � su�ciently large� For such scaling function �Mul and mother wavelet
�Mul� de�ne projection operators Pl and Ql� l � � by

Plf�x
 � �l
X
n�ZZ

hf��Mul��l � �n
i�Mul��lx� n
 ����


��



and
Qlf�x
 � �l

X
n�ZZ

hf��Mul��l � �n
i�Mul��lx� n
� ����


where hf� gi �
R
IR

�f��
�g��
d� when �f��
�g��
 is integrable�

Lemma ��	 ��MS�
 Let � � p� q � 	��	 � � � �	
 and let Pl and
Ql� l � � be as in ���
� and ������ Assume that �Mul��Mul � C� 
 � �
j�j � � � max��� �
p� �
q

 and that f is compactly supported distribution�
Then f � F �

p�q if and only if

kP�fkp � k�
X
l��

�lq�jQlf j
q
��qkp �	�

and f � B�
p�q if and only if

kP�fkp � �
X
l��

�lq�kQlfk
q
p


��q �	�

Lemma ��
 ��MS�
 Let � � p� q � 	��	 � � � �	
 and let Ql� l �
� be de�ned as in Lemma ���� Then for the normalized solution � of the
re�nement equation �����
 the following statements are equivalent to each
other�

�i� � � F �
p�q�

�ii� � � B�
p�q�

�iii� liml�� �l�kQlfkp � ��

�iv� There exist constants C and � � r � � independent of l � � such that

�l�kQlfkp � Crl� � l � ��

Proof of Theorem ���� Let l� be the minimal positive integer such
that Dl� �f���
 �� �� Then

�f���
 �
Dl� �f���


l��
�l� �O��l���
� � � �� ����


��



Thus by ����
 and ����
� we obtain

k�
b����
 �fk��

�kp �

����b����
����
� �f���
�k�


�����k�


	����
p

�
jDl� �f���
j

l��
��l�kk���
l�

b����
����

�kp �O����l����k
� k �	�

By de�nitions of Besov spaces and Triebel
Lizorkin spaces� we have

k�
b����
 �fk��

�kp � kfkkX�

p�q
�

Hence
���l��	�k � �� k �	

and l� � � if limk��A��� fk� X
�
p�q
 � �� and ���l��	�k is bounded and l� � �

if A��� fk� X
�
p�q
 is bounded� This proves ����
 and ����
�

To prove that � � X��	
p�q under the assumption limk��A��� fk� X

�
p�q
 � ��

we introduce auxiliary functions G and G� which satisfy


 G and G� are Schwartz functions�


 �G��
� �G���
 � ��


 �G and �G� are supported in �������� � ��� ��
�



P

l�ZZ
�G���l�
 � �� � � � IRnf�g�


 �G���
 � � on the support of �G�

Then for any K � ZZ

����	�lk� �G���
�l�
 �fl�K��



�kp � A��� fk� X
�
p�q
� �� l �	

by the assumption� Let K � � be an integer chosen that j �f���
j and j����
j
are bounded below from zero on ����K�������K�� � ���K�� ��K����� The
existence of such an integerK follows from the facts that �� and �f� are analytic
functions and ����
 � �� Set

m��
 � �G��
�����K�

 �f���
�K�
�

��



Then m is a Schwartz function with supp m 
 �������� � ��� ��
 and
furthermore

�G���l�
����
 � m���l�
 �G���
�l�
 �fl�K��
�

By Lemma ���� we have

�l���	�k� �G���l�
����

�kp � C�l���	�k� �G���
�l�
 �fl�K��



�kp � �� l �	�

Let Ql� l � � be the projection operators in Lemma ���� Then by usual
estimate� we get

�l���	�kQl�kp � �� l �	

and furthermore by Lemma ��� there exist constants C and � � r � � such
that

�l���	�kQl�kp � Crl�

Hence � � X��	
p�q and the second assertion is proved�

The assertion � � X��	
p�� under the assumption that A��� fk� X

�
p�q
 is

bounded can be proved by the same procedure used above� We omit the
detail here�

Now we start to prove that � � X��	
p�q under the assumptions that

A��� fk� X
�
p�q
 is bounded� � is a positive integer and D	 �f���
 �� �� By ����


and ����
� we have

�	k �fk��
 � �	k
����
 �f���

�k�

�����k�


�
D	 �f���


��
�	 ����
� k �	�

Hence

k�
be���
��	k �fk��
� D	 �f���


��
��
	 ����


�kp � �� k �	

and

k�
be����l�
��	k �fk��
� D	 �f���


��
��
	 ����


�kp � �� k �	

for all l � �� Thus

k�
be���
����

�kp � k�

X
l��

����	�qlj�
be����l�
����

�jq
��qkp

��



� C � Ck�
X
l��

��qlj�
be����l�
��
	 ����

�jq
��qkp

� C � C lim
L��

k�
LX
l��

��qlj�
be����l�
��
	 ����

�jq
��qkp

� C � C lim
L��

lim
k��

k�
LX
l��

��qlj�
be����l�
�	k �fk��

�jq
��qkp

� C � sup
k��

�	kkfkkF�
p�q
� C

in the case X�
p�q � F �

p�q� and

k�
be���
����

�kp � �

X
l��

����	�qlk�
be����l�
����

�kqp
��q

� C � C lim
L��

lim
k��

�
LX
l��

��qlk�
be����l�
�	k �fk��

�kqp
��q

� C � C sup
k��

�	kkfkkB�
p�q

in the case X�
p�q � B�

p�q� Hence � � X��	
p�q by Lemma ���� �

��� Invariant Ideal and Proof of Theorem ���

To prove Theorem ���� we need a sampling theorem� stability lemma and
result about invariant ideal of trigonometrical polynomials�

Lemma ��� Let � � p �	� If f is a compactly supported distribution with
its Fourier transform supported in ���
�� �
��
 then there exists a constant
C such that

C��
� X
n�ZZ

jf�n
jp
	��p

� kfkp � C
� X
n�ZZ

jf�n
jp
	��p

� ����


The lemma above is called sampling theorem �see �T�
�

We say that the integer translates of a tempered distribution f is stable
if �f is continuous and NIR�f
 � � � where

NIR�f
 � f� � IR� �f�� � �n�
 � �� � n � ZZg� ���	


��



Lemma ��� Let f be a Schwartz function with its Fourier transform being
compactly supported� Assume that the integer translates of f are stable� Then
there exists a constant C such that

C��
� X
n�ZZ

jd�n
jp
	��p

� k
X
n�ZZ

d�n
f�x� n
kp � C
� X
n�ZZ

jd�n
jp
	��p

� �����


The stability lemma above can be proved under weak assumption on f
�see �JM� and references therein
� For the perfection of this paper� we include
a new proof�

Proof� By Lemma ���� it su�ces to prove that

X
n�ZZ

jd�n
jp � C
K���X
l��

X
t�ZZ

j
X
s�ZZ

d�s
f�
l

K�
� t� s
jp

where K� is a positive integer such that supp f 
 ��K��
�� K��
��� Observe
that X

t�ZZ

X
s�ZZ

d�s
f�
l

K�
� t� s
e�it� � d��
F �f� l
��
�

where d��
 �
P

s�ZZ d�s
e
�is� and

F �f� l
��
 �
X
s�ZZ

�f�� � ��s
e�i�����s�l�K� �

Then it su�ces to prove that for any � � ���� �� there exists � � l � K�� �
such that F �f� l
��
 �� ��

Suppose to the contrary that there exists �� � ���� �� such that

F �f� l
���
 � �� � � � l � K� � ��

Then X
s�ZZ

�f��� � ��l � ��K�s
 � �� � � � l � K� � ��

By the stable assumption on f � there is s� � ZZ such that �f��� � �s��
 �� ��
Let � � l � K�� � be the unique integer such that �l� s�

K� is an integer�
Then by the construction of K� we haveX

s�ZZ

�f��� � ��l � ��K�s
 � �f��� � �s��
 �� ��

��



which is a contradiction� �

For �	 � � � 	� � � p � 	 and trigonometrical polynomial H with
H��
 � �� let V��H� �� p
 be the set of all trigonometrical polynomials P ��

such that

lim
k��

�
kkP ��

k��Y
j��

H��j�
k�p � ��

and let V��H� �� p
 be the set of all trigonometrical polynomials P ��
 such
that �
kkP ��


Qk��
j�� H��j�
k�p is bounded� De�ne operators B
�H
� � � �� �

on the space of trigonometrical polynomials by

B
�H
P ��
 � H�
�

�

P �

�

�

e�i
��� �H�

�

�
� �
P �

�

�
� �
e�i
�������� � � �� ��

�����


Lemma ��
 Let �	 � � �	� � � p �	 and let V��H� �� p
 and V��H� �� p

be de�ned as above� Then V��H� �� p
 and V��H� �� p
 are ideal of the ring
of trigonometrical polynomials
 and are invariant under operators B��H

and B��H
� Furthermore P �H
 � V��H� �� p
 if V��H� �� p
 �� f�g and
P �H
 � V��H� �� p
 if V��H� �� p
 �� f�g�

Proof� It is easy to check that V��H� �� p
 and V��H� �� p
 are ideal of
the ring of all trigonometrical polynomials� and invariant under B��H
 and
B��H
� Hence it remains to prove that P �H
 � V��H� �� p
 �resp� V��H� �� p


if V��H� �� p
 �� f�g �resp� V��H� �� p
 �� f�g 
�

Let P� be a nonzero trigonometrical polynomial in V��H� �� p
� and let
MC�P�� P �H

 be a maximal common factor of P� and P �H
� Then it su�ces
to prove that MC�P�� P �H

��
 � V��H� �� p
�

Write

P���
 � MC�P�� P �H

��
 �P���


and

H��
 �
MC�P�� P �H

���


�a�P��P �H��MC�P�� P �H

��

�H��
�

��



where a�P�� P �H

 is the maximal integer such that �e�i� � �
a�P��P �H�� is a
factor of MC�P�� P �H

��
� Then �P� �� �� �H��
 � � and any common factor
between P � �H
 and �P� is a constant� By computation� we have

P���

k��Y
j��

H��j�
 � ��ka�P��P �H�� �P���
MC�P�� P �H

��k�

k��Y
j��

�H��j�
�

Thus �P� � V�� �H� �� a�P�� P �H


 by the fact that there exists a constant C
such that

C��k �P���

k��Y
j��

�H��j�
k�p � k �P���
MC�P�� P �H

��k�

k��Y
j��

�H��j�
k�p

� Ck �P���

k��Y
j��

�H��j�
k�p�

Observe that

MC�P�� P �H

��

k��Y
j��

H��j�
 � ��ka�P��P �H��MC�P�� P �H

��k�

k��Y
j��

�H��j�
�

Then MC�P�� P �H

��
 � V��H� �� p
 reduces to

� � V�� �H� � � a�P�� P �H

� p
� �����


Now we start to prove �����
� First we show that for any �� � IR with
�P����
 � � there exists l� � � and �j � f�� �g� � � j � l� such that

B
�� �H
B
�� �H
 � � �B
l�
� �H
 �P����
 �� ��

Suppose to the contrary that there exists �� � IR such that �P����
 � � and

B
�� �H
B
�� �H
 � � �B
l�
�H
 �P����
 � �� � �j � f�� �g� � � j � l� �����


Let �� be the normalized solution of the re�nement equation ����
 with cor

responding symbol �H��
� Then it can be proved that �� �� NIR�

��
 under the

assumption �P����
 � � and any common factor of �P� and P � �H
 is a constant�
Furthermore there exists an integer l� such that �� � ��l� �� � and

b����� � �l��
 �� �� �����


�	



By computation� we have

�P���

b����l���



b����
 � �P���

lY

j��

�H��j�


�
X


j�f���g��
j
l��

B
�� �H
 � � �B
l���
�H
 �P���

l���
ei
Pl��

j��

j�

l�j���� �����


Thus
�P���

�l����� � �l��

 � �� � l � ��

by �����

�����
� and �P� � �� which is a contradiction� This proves that there
exists trigonometrical polynomials �P�� �P�� � � � � �PK�

� V�� �H� ��a�P�� P �H

� p

such that all roots of any nonzero common factor of �Pj� � � j � K� is not
on the real line�

Let �P be a maximal common factor of �Pj� � � j � K�� Then �P �
V�� �H� � � a�P�� P �H

� p
 by the fact that V�� �H� � � a�P�� P �H

� p
 is an
ideal of the ring of trigonometrical polynomials� Observe that Fourier coe�

cients of �P����
 decay exponentially� in the other words� there exist positive
constants C and � such that

j
Z ��

�
ein� �P����
d�j � Ce��jnj�

Then

��
�a�P��P �H���kk
k��Y
j��

�H��j�
k�p � C��
�a�P��P �H���k k �P ��

k��Y
j��

�H��j�
k�p � �

as k tends to 	� Hence � � V�� �H� � � a�P�� P �H

� p
 and �����
 is proved�

By the same procedure as above� we can prove that P �H
 � V��H� �� p

when V��H� �� p
 �� f�g� �

Proof of Theorem ���� By the de�nition of P �f�
��
� there exists
compactly supported �f� � X����f����

p�q such that the integer translates of �f�

are stable�
c�f���l��
 �� � for some nonzero integer l�� and

�f���
 �
P �f�
��


�i�
��f����
c�f���
�

��



Let � be a Schwartz function such that its Fourier transform is compactly

supported� � �� supp �� and the integer translates of ����

c�f���
��
���f����
�

are stable� Then by ����
� Lemma ��� and de�nitions of Besov spaces and
Triebel
Lizorkin spaces� we have

����	�����p�kkP �f�
��

k��Y
j��

H��j�
k�p

� C����	�����p�k
��������
c�f���
��
���f����P �f�
��
 k��Y

j��

H��j�

	����

p

� C����	�kk� �����k�
 �fk��


�kp � CA��� fk� X

�
p�q
�

Thus P �f�
 � V��H� �
��	�����p� p
 when limk��A��� fk� X

�
p�q
 � �� and

P �f�
 � V��H� �
��	�����p� p
 when A��� fk� X

�
p�q
 is bounded� Hence The


orem ��� follows from Lemma ���� �

� Su�cient Conditions

In this section� we shall prove some su�cient conditions to the convergence
and boundedness of the cascade algorithm �Theorem ���
� and give the proof
of Theorem ����

Theorem ��� Let p� q� �� �� P �f�� H
 and f� be as in Theorem ���� Assume
that

D
 �f���
 � �� � � � � � ��

Then we have

��� If

lim
k��

����	�����p�kkP �f�� H
��

k��Y
j��

H��j�
k�p � ��

then limk��A��� fk� X
�
p�q
 � ��

��� If ����	�����p�kkP �f�� H
��

Qk��
j�� H��j�
k�p is bounded
 then A��� fk� X

�
p�q


is bounded�

��



For a moment� we assume that Theorem ��� hold and start to prove
Theorem ����

Proof of Theorem ���� Obviously the �rst and second assertion fol

lows from Theorems ���� ��� and ���� Now we prove the third assertion�
Set

�f� � f� �
D	 �f���


��
D	��

Then �f� � X�
p�q� c�f���
 � �f���
�

D	 �f���


��
�	 ����


and D
c�f���
 � �� � � � � �� De�ne �fk � Tc �fk�� � T k
c
�f�� k � � Then

�fk � fk � ��	k
D	 �f���


��
D	�

and
A��� fk� X

�
p�q
 � CA��� �fk� X

�
p�q
 � Ck�kX���

p�q
�

Hence by Theorem ��� it su�ces to prove

P � �f�� H
��
 � P �f�� H
��
 ����


under the assumption �f� �� �� Observe that for any integer 	 � � and �� � IR�

D
c�f����
 � D
 b����
 � �� � � � � � 	

holds if and only if

D
cf����
 � D
 b����
 � �� � � � � � 	

is true� Then ����
 follows from ���	
 and �����
� �

To prove Theorem ���� we need some lemmas�

Lemma ��� Let p� q� � be as in Theorem ��� and let Q�� P� be de�ned as in
Lemma ��� with �mul and �mul � C� for some su�ciently large � � Assume
that f� � X�

p�q satis�es

D
 �f���
 � �� � � � � � l� � �

��



for some nonnegative integer l�� Then there exists a constant C independent
of k � � such that

kP��fk
kp � kQ��fk
kp � C��kl�� k � ��

Observe that fk� k � � are supported in some compact set independent
of k� Then Lemma ��� follows from the estimate below�

Lemma ��� Let fk� k � � be as ������ Assume that f� � X�
p�q satis�es

D
 �f���
 � �� � � � k � l� � �

for some nonnegative integer l�� Then there exists a constant C independent
of k � � such that

j �fk��
j � C��kl��� � j�j
C� ����


Proof� First we prove that there exists a constant C independent of
� � IR such that

j �f���
j � Cj�jl��� � j�j
���l��min�������p�� ����


For a moment� we assume that ����
 hold and start to prove the estimate
����
� Obviously we have

j
kY

j��

H���j�
j � Cmin��kB� �� � j�j
B
� ����


where B � ln� sup��IR jH��
j� Thus by ����
� ����
 and ����
� we obtain

j �fk��
j � j
kY

j��

H���j�
 �f���
�k�
j

� C��kl�j�jl��� � ��kj�j
���l��min�������p�min��kB� �� � j�j
B


�

�
C��kl��� � j�j
l��B� j�j � �k

C�k���min�������p��B�j�j���min�������p�� j�j � �k

� C��kl��� � j�j
l��B�j��min�������p�j�

This proves ����
 if ����
 holds� Now we divide two cases p � � and � � p � �
to prove ����
�

��



Case �� p � ��

By Lemma ��� and the fact that Qlf�� l � � are supported in a compact
set independent of l � �� we obtain f� � B�

���� Thus

k
b����
 �f���
k� � k�

b����
 �f���

�k� � kf�kB�
���

and

k
b�����l�
 �f���
k� � k�

b�����l�
 �f���

�k� � C��l�kf�kB�
���

� l � ��

Thus
j �f���
j � C�� � j�j
���

Hence the estimate ����
 for p � � follows from the assumption

D
 �f���
 � �� � � � k � l� � �

and the fact that �f� is an analytic function�

Case �� p � ��

By Lemma ���� lp 
 l� for � � p � � and de�nitions Besov spaces and
Triebel
Lizorkin spaces� we have

k�
b����
 �f���

�kp � C

and
k�
b�����l�
 �f���

kp � C��l��

Therefore by Lemma ���� we get

k
b����
 �f���
k� � k�

b����
 �f���

�k� � C
X
n�ZZ

j�
b����
 �f���

��n
�
j

� C�
X
n�ZZ

j�
b����
 �f���

��n
�
jp
��p � Ck�

b����
 �f���

�kp � C

and

k
b�����l�
 �f���
k� � k�

b�����l�
 �f���

�k�
� C��l

X
n�ZZ

j�
b�����l�
 �f���

����l�	n
j

� C��l�����p����l
X
n�ZZ

j�
b�����l�
 �f���

����l�	n
jp
��p

� C��l�����p�k�
b�����l�
 �f���

�kp � C��l�����p����

��



where l � �� Thus
j �f���
j � C�� � j�j
�������p

and ����
 follows from the assumption on f�� This completes the proof of the
estimate ����
 and Lemma ���� �

Proof of Theorem ���� Write

H��
 �
P �f�� H
���


�min���H������f�����P �f�� H
��

�H��
� ����


Then �H��
 � � and

��kmin���H������f�����P �f�� H
��k�

k��Y
j��

�H��j�
 � P �f�� H
��

k��Y
j��

H��j�
� ����


Furthermore there exists a constant C such that

C��k
k��Y
j��

�H��j�
k�p � �kmin���H������f�����kP �f�� H
��

k��Y
j��

H��j�
k�p

� Ck
k��Y
j��

�H��j�
k�p� ����


De�ne an operator �T associated with the trigonometrical polynomial �H by

d
� �Tf
��
 � �H�

�

�

 �f�

�

�

� ����


Observe that �T kf� k � � is supported in a compact set independent of k � �
when f is compactly supported� Then

k �T kfkp � Crk�
�����	�kkfkp ���	


holds for all f � Lp supported in a �xed compact set� where �� � � �
min�
�H� �
� 	�f�� �

 and rk � ���

��	�����p�kk
Qk��
j��

�H��j�
k�p�

By the de�nition of P �f�� H
� there exists compactly supported distribu

tion �f� such that

�f���
 �
P �f�� H
��


��i�
min���H������f�����

c�f���
�
��



De�ne the cascade algorithm �fk� k � � by �fk � �T �fk��� k � �� Then

�fk��
 �
kY

j��

H���j�
 �f���
�k�
 �

P �f�� H
��


��i�
min���H������f�����

c�fk��
� k � �

and Dmin���H������f�����fk is �nitely linear combination of integer translates of
�fk� Thus

k �fkkX��
p�q
� kDmin���H������f�����fkkX��

p�q
� �����


Hereafter A � B means that there exists an absolute constant C such that
C��A � B � CA� On the other hand

kfkkX�
p�q
� k�

b�����
 �fk��

�kp � kDmin���H������f�����fkkX��
p�q

�����


and
k�
b�����
 �fk��

�kp � k�

b�����
 ��fk��

�kp� �����


Hence it follows from �����

�����
 that

kfkkX�
p�q
� k �fkkX��

p�q
� �����


Let Ql� l � � be as in Lemma ���� Then by computation we obtain

Ql� �fk
 � �T l�Q�� �fk�l

� l � k �����


and
Ql� �fk
 � �T k�Ql�k�f�

� l � k� �����


Thus in the case X�
p�q � F �

p�q by ���	
� �����

�����
 and Lemmas ��� and ����
we get

kfkkF�
p�q
� Ck �fkkF��

p�q
� CkP�� �fk
kp � Ck�

X
l��

�l�
�qjQl� �fk
j

q
��qkp

� CkP�� �fk
kp � C�
k��X
l��

�l�
�q���k�l�qkQl� �fk
k

q
p


��q � Ck�
X
l�k

�l�
�qjQl� �fk
j

q
��qkp

� C��kl� � C
� k��X
l��

rql �
��k�l�q��	lqkQ�� �fk�l
k

q
p

	��q
� Crk�

�k	k �f�kF��
p�q

� C��kl� � C��	k
� kX
l��

rql �
��l��	����k�l�q

	��q
� Crk�

�	k�

��



where l� is the minimal nonnegative integer strictly larger than �� and � � �
is chosen that l� � � � � � �� Similarly we have

kfkkB�
p�q
� ��kl� � C��	k

� kX
l��

rql �
��l��	����k�l�q

	��q
� Crk�

�	k

in the case X�
p�q � B�

p�q� It is easy to check that
Pk��

l�� r
q
l �

��l��	����k�l�q tends
to zero too as rk is� and is also bounded as rk is� This completes the proof
of Theorem ���� �
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