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Abstract

In this part� we shall characterize completely convergence and in�

crement of the cascade algorithm in Besov spaces and Triebel�Lizorkin

spaces by joint spectral radius on certain �nitely dimensional space�

give a new proof of moment conditions for the initial distribution and

the re�nable distribution in the cascade algorithm� establish close re�

lationship between regularity of the re�nable distribution and conver�

gence and boundedness of the cascade algorithm� and apply the char�

acterization to the existence of compactly supported solutions of non�

homogeneous re�nement equations� From our results� we see that the

initial and the re�nable distribution of the cascade algorithm satisfy

less moment conditions for the boundedness of the cascade algorithm

than for the convergence of the cascade algorithm� and for � � p � �

than for p � �� It is observed that the convergence and boundedness

of the cascade algorithm are equivalent to each other under certain
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restriction on the indices of regularity of function space and the rate

of convergence of the cascade algorithm� and certain assumptions on

the re�nable distribution�

AMS Subject Classi�cation ��C��� ��A��� ��E��� �	B��

This paper is continuation of 
S��� We shall use the same notations as in
Part I� This part is organized as follows� In Section �� p
norm joint spectral
radius on a �nitely dimensional space is used to interpret the estimate of
kP �f�� H����

Qk
j��H��j��k�p in Theorem ��� �Theorems ��� and ����� From

Theorem ���� we see that the p
norm joint spectral radius is perfect to char

acterize convergence of the cascade algorithm� The moment conditions are
also discussed in Section �� In Theorem ���� we show that the initial f�
and the re�nable distribution � need to satisfy some moment conditions for
the convergence and boundedness of the cascade algorithm� Generally they
satisfy less moment conditions for the boundedness of the cascade algorithm
than for the convergence of the cascade algorithm� and for � � p � � than for
p � �� The proof of moment conditions which the initial f� and the re�nable
distribution � satisfy is di�erent with the direct proof in 
J�� for Lp and in

JJS� for Sobolev spaces H l with nonnegative integer l�

In Section �� we shall discuss the close relationship between regularity of
the re�nable distribution � and convergence and boundedness of the cascade
algorithm� In Theorem ���� we give an explicit characterization to regular

ity of re�nable distributions in X�

p�q and in B�
p�� by using some estimate on

kP �H����
Qk

j��H��j��k�p� For appropriate initial f�� we prove the conver

gence and boundedness of the cascade algorithm under some assumption on
regularity of the re�nable distribution � �Theorem ��� and Corollary �����
Under the stable assumption on �� which means that the integer translates
of � are stable� and certain assumption on regularity of �� we show that
the necessary conditions on the initial f� in Theorems ��� and ��� are also
su�cient for p � �� but the assertion above is not true for � � p � � in
general �Corollary ��� and the remark there�� To our surprise� convergence
and boundedness of the cascade algorithm are equivalent to each other un

der certain restriction on the indices � and � and certain assumptions on �
�Corollary ����� For instance� let �f���� � � and �� f� � H�� Assume that �
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is not a nonnegative integer and the integer translates of � are stable� Then
fk converges to � in H� if and only if fk is bounded in H�� In the proof of
Theorem ���� Lemma ��� plays an important role�

The last section is devoted to discuss the convergence of f� �
P�

k�� �
kfk

in Besov spaces and Triebel
Lizorkin spaces� and the existence of compactly
supported solutions of the following nonhomogeneous re�nement equation

� � �Tc�� f�

in Besov spaces and Triebel
Lizorkin spaces� The limit distribution f� �P�
k�� �

kfk is a solution of the nonhomogeneous re�nement equation above
when it converges in some sense� The nonhomogeneous re�nement equa

tion above arises in the construction of wavelets on bounded domain� multi

wavelets and biorthogonal wavelets on non
uniform meshes� In almost prac

tical case of nonhomogeneous re�nement equation� � satis�es j�j � �� This
is also our inspiration to consider the rate of increment of the cascade algo

rithm�

� Joint Spectral Radius and Moment Condi�

tions

In this section� we shall use p
norm joint spectral radius to characterize
convergence and boundedness of the cascade algorithm� and show that the
initial distribution f� and the re�nable distribution � in the cascade algorithm
satisfy some moment conditions�

��� Joint Spectral Radius

For N � �� we have H � �� Thus the condition about H in Theorem ��� is
easy to be checked� So in this subsection� we always assume that N � ��

Denote the space of all sequences with �nite length by l��ZZ�� For d �
l��ZZ�� de�ne its Fourier series by

F �d���� �
X
n�ZZ

d�n�e�in�
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and its quasi
norm by

kdkp � kF �d�k�p � �
X
n�ZZ

jd�n�jp���p	

For the sequence c � fc�n�gNn�� with
PN

n�� c�n� � � and c�cN �� �� de�ne
corresponding subdivision operator Sc on l��ZZ� by

Scd�n� �
X
n��ZZ

c�n� �n��d�n��	 �����

Then
F �Scd���� � �H���F �d�����	

For a trigonometrical polynomial P ���� de�ne an operator P �r� on l��ZZ�
by

F �P �r�d���� � P ���F �d����� � d � l��ZZ�	 �����

For example� P �r� is the shift operator when P ��� � e�ik� and the di�erence
operator when P ��� � �� e�i�� By computation� we have

P �f�� H����
k��Y
j��

H��j�� � ��kF �P �f�� H��r�Sk
c 
����	

and

kP �f�� H����
k��Y
j��

H��j��k�p � ��kkP �f�� H��r�Sk
c 
kp

where 
 � l��ZZ� is de�ned by 
��� � � and 
�n� � � for n �� ��

De�ne operators B�� � � �� � on l��ZZ� by

F �B�d���� � H�
�

�
�F �d��

�

�
�e�i���� �H�

�

�
� ��F �d��

�

�
� ��e�i��������	 �����

Recall that H��� � �
�

PN
n�� c�n�e

�in�� Then

B� � l
N��
� �ZZ� �	 lN��� �ZZ�� � � �� ��

where lN��� �ZZ� denotes the space of all sequence fd�n�g � l��ZZ� with d�n� �
� if n � � or n 
 N � ��
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For any trigonometrical polynomial R �� �� let V�R� be the space of
all sequences d � l��ZZ� such that F �d�����R��� is still a trigonometrical
polynomial� Obviously V�R� is an ideal of l��ZZ� under convolution� which
means d� � V�R� and d� � l��ZZ� implies d� 
 d� � V�R�� Furthermore

B� � V�P �f�� H�� �	 V�P �f�� H��� � � �� ��

and
B� � V

N���P �f�� H�� �	 VN���P �f�� H��� � � �� ��

by de�nitions of P �f�� H� and V�P �f�� H��� where

VN���P �f�� H�� � V�P �f�� H�� � lN��� �ZZ�	

For simplicity we identify the space lN��� �ZZ� with Euclidean space IRN �
VN���P �f�� H�� with a subspace of IRN � and the restriction of operators B�

on lN��� �ZZ� with N �N matrices B��mat� By computation� we have

VN���P �f�� H�� �
n
�v�� 
 
 
 � vN��� � IRN �

N��X
j��

vj�j � ��le�ij�� � ��

� � � l � min���H� ���� ��f�� ����� �
o

�����

and
B��mat �

�
c��i� j � ��

�
��i�j�N��

� � � �� �	 �����

De�ne �N � �N matrices �B�� � � �� � by

�B� �
�
�c��i� j � ��

�
��i�j� �N��

� �����

where �N � N � degP �f�� H� and

�H��� �
�

�

�N��X
n��

�c�n�e�in� � H����
�min���f�����	�H����P �f�� H����

P �f�� H�����
	

For operators T� � V �	 V� � � �� � on a �nitely dimensional space V�
de�ne its p�norm joint spectral radius �p�T� jV � T� jV� by

�p�T� jV � T� jV� � inf
k��

�
X

�j�f���g���j�k

kT��T�� 
 
 
T�k jV k
p���p	 �����

�



It can be check that

�p�B��mat jVN���P �f��H��� B��mat jVN���P �f��H��� � �p� �B�� �B��	 �����

By standard method on joint spectral radius �see 
J�� and 
MS��� we have

Theorem ��� Let B��mat� �B�� � � �� � and Sc� P �f�� H��r�� VN���P �f�� H��
and �p�B��mat jVN���P �f��H��� B��mat jVN���P �f��H���� �p� �B�� �B�� be as ���������	��
Then the following statements are equivalent to each other�

��� limk�� ��������p�kkP �f�� H����
Qk��

j�� H��j��k�p � ��

�
� ������p�kkP �f�� H��r�Sk
c 
kp tends to zero as k tends to in�nity�

��� supv�VN���P �f��H���kvkp�� �
��p���kP

�j�f���g���j�k kB���mat 
 
 
B�k�matvk
p con�

verges to zero�

��� �p�B��mat jVN���P �f��H��� B��mat jVN���P �f��H��� � �p� �B�� �B�� � ������p	

Theorem ��� Let B��mat� �B�� � � �� � and Sc� P �f�� H��r�� VN���P �f�� H��
and �p�B��mat jVN���P �f��H��� B��mat jVN���P �f��H���� �p� �B�� �B�� be as ���������	��
Then the following three statements are equivalent to each other�

��� ��������p�kkP �f�� H����
Qk��

j�� H��j��k�p is bounded�

�
� ������p�kkP �f�� H��r�Sk
c 
kp is bounded�

��� There exists a constant C independent of k � � such that

sup
v�VN���P �f��H���kvkp��

���p���k
X

�j�f���g���j�k

kB���mat 
 
 
B�k�matvk
p � C	

Furthermore

�p�B��mat jVN���H�f��H��� B��mat jVN���H�f��H��� � �p� �B�� �B�� � ������p

if ��������p�kkP �f�� H����
Qk��

j�� H��j��k�p is bounded�

�



��� Moment Conditions

We say that a compactly supported distribution f satis�es moment condi�
tions of order l� l � � if

Dl �f��n�� � �� � � � j � l � �� n � ZZnf�g	 ���	�

Obviously any compactly supported distribution satis�es moment conditions
of order � and l � ��f� ���

For � � IR and � � p ��� letm��� p� be the minimal nonnegative integer
strictly larger than min��� � � � � ��p� and �m��� p� be the one larger than
min��� � � � � ��p�� Obviously m��� p� � �m��� p�� and m��� p� � �m��� p�
only if min��� � � �� ��p� is not a nonnegative integer�

Theorem ��� Let p� q� �� �� fk be as in Theorem ���� Then we have

��� If limk��A��� fk� X
�
p�q� � �� then f� satis�es moment conditions of

order m�� � �� p��

�
� If A��� fk� X
�
p�q� is bounded� then f� satis�es moment conditions of order

�m��� �� p��

��� If � � X�
p�q� then � satis�es moment conditions of order m��� p��

��� If � � B�
p��� then � satis�es moment conditions of order �m��� p��

By Theorem ���� we obtain the following result which is proved by Jia
�
J��� for � � � and � � p � �� and Jia� Jiang and Lee �
JJL�� for all
nonnegative integer � and p � ��

Corollary ��� Let � � p ��� �� � � ��� and let fk be as in ���
� and
�f���� �� �� If fk converges in F �

p��� then f� and � satisfy moment conditions
of order m��� p��

By taking � � �� � � � � ZZ� and � � p � �� q � � in Theorem
���� we see that the initial distribution f� and the re�nable distribution �
satisfy moment conditions of order � � � when convergence of the cascade
algorithm is considered� but the initial distribution f� only satis�es moment
conditions of order � when we only need to establish boundedness of the

�



cascade algorithm� The assertions in Theorem ��� can not be improved in
general�

Example �� De�ne B
spline Bl of order l � � by convolution of the
characteristic function on 
�� �� for l times�

Bl � �	���
 
 �	���
 
 
 
 
 
 �	���
 �l times�	

Then Bl� l � � are re�nable functions� belong to B�
p�q for all � � ��p� l � �

when � � p � � and only satisfy moment conditions of order l�

Example �� Let f��x� � cos �x�	���
�x� and the sequence fc�n�g�n��

be de�ned by c��� � c��� � �� Then f� only satis�es moment conditions
of order � and � � �	���
 � L� satis�es the re�nement equation ��x� �
���x� � ���x� ��� On the other hand we have

jfk�x�j � jT k
c f��x�j �

�k��X
n��

jf���
kx� n�j � �	���
�x�	

Hence fk� k � � is bounded in Lp for all � � p ���

Proof of Theorem ��� Write

H��� �
P �f�� H�����

�min�	�H������f�����P �f�� H����
�H���	

Then �H��� � � and there exists a constant C such that

C��k
k��Y
j��

�H��j��k�p � �kmin�	�H������f�����kP �f�� H����
k��Y
j��

H��j��k�p � Ck
k��Y
j��

�H��j��k�p	

For any trigonometrical polynomial R��� with its degree at most �k� by
H�older inequality for p � � and lp�ZZ� � l��ZZ� for � � p � �� we obtain

jR���j � C�max�������p�kkR���k�p	 ������

Thus by �H��� � � and applying the estimate ������ to
Qk��

j��
�H��j��� we get

� � C�max�������p�kk
k��Y
j��

�H��j��k�p

� C�k�min�	�H������f������max�������p��kP �f�� H����
k��Y
j��

H��j��k�p	

�



Hence by Theorem ���� we have

min���H� ��� ��f�� ��� � max��� �� ��p�� �� � � � � ��p 
 �

when limk��A��� fk� X
�
p�q� � �� and

min���H� ��� ��f�� ��� � max��� �� ��p�� �� � � � � ��p � �

when A��� fk� X
�
p�q� is bounded� This proves the �rst and second assertion

by the de�nition of ��f�� ���

By de�nitions of Besov spaces and Triebel
Lizorkin spaces�

lim
k��

�k�k�
b�����k
����
��	kp � �

if � � X�
p�q� and �k�k�

b�����k
����
��	kp is bounded if � � B�
p��� Thus by the

procedure used in the proof of Theorem ���� we get

lim
k��

��������p�kkP �H����
k��Y
j��

H��j��k�p � �

if � � X�
p�q� and ��������p�kkP �H����

Qk��
j�� H��j��k�p is bounded if � � B�

p���
Hence the third and fourth assertion can be proved by the same procedure
used above� �

� Regularity and Cascade Algorithm

In this section� we shall characterize regularity of re�nable distributions �The

orem ����� and establish some relationship between regularity of the re�n

able distribution and convergence and boundedness of the cascade algorithm
�Theorem �����

��� Regularity of Re�nable Distribution

For the regularity of re�nable distributions� there are a lot of papers on this
topics �for instance 
CDM�� 
DL� for H�older spaces� 
J�� and 
LW� for Lp

and Lp
Lipschitz spaces� 
E�� 
V��� 
J�� and 
RS� for Sobolev spaces� 
MS�

	



and 
V�� for Besov spaces and Triebel
Lizorkin spaces�� In 
MS�� regular

ity of re�nable distributions � in X�

p�q is characterized by the behavior of

kR���
Qk��

j�� H��j��k�p� where R belongs to an ideal of trigonometrical poly

nomials� In this subsection� we shall show that the ideal in 
MS� can be cho

sen as the minimal ideal of trigonometrical polynomials containing P �H�����
Precisely we have

Theorem ��� Let � � p� q ��� �� � � �� and let � be the normalized
solution of the re�nement equation ������ Then

��� � � X�
p�q if and only if

��������p�k lim
k��

kP �H����
k��Y
j��

H��j��k�p � �	 �����

�
� � � B�
p�� if and only if there exists a constant C independent of k � �

such that

kP �H����
k��Y
j��

H��j��k�p � C���������p�k	 �����

Proof of Theorem ���� By de�nitions of Besov spaces and Triebel

Lizorkin spaces� we have

lim
k��

��������p�kk�
b�����k
����
��	kp � �

if � � X�
p�q� and there exists a constant C independent on k � � such that

��������p�kk�
b�����k
����
��	kp � C

if � � B�
p��� Then ����� and ����� follow from ���	� and the proof of Theorem

����

Now we prove that � � X�
p�q under the assumption ������ Write

H��� �
P �H�����

�	�H���P �H����
�H���	

��



Then �H��� � �� �H��� �� � and

P �H����
k��Y
j��

H��j�� � ��k	�H���P �H���k��
k��Y
j��

�H��j��	

Furthermore there exists a constant C such that

C��k
k��Y
j��

�H��j��k�p � kP �H���k��
k��Y
j��

�H��j��k�p � Ck
k��Y
j��

�H��j��k�p	

Thus limk�� ����	�H��������p�kk
Qk��

j��
�H��j��k�p � � by ����� and furthermore

by Theorem ��� there exist constants C and � � r � � independent of k � �
such that

k
k��Y
j��

�H��j��k�p � C�����	�H��������p�krk	

Let � �H be the normalized solution of the re�nement equation ����� with
symbol �H� Then

k�
b�����k
�d� �H�
��

	kp � k�
b�����k
�d� �H��

�k
�
k��Y
j��

�H���j��
��	kp

� C������p�kk
k��Y
j��

�H��j��k�p � C�����	�H����krk	

Hence � �H � B��	�H���
p�q � Observe that

����� � C
P �H����

��i��	�H���
�� �H����

where C is a constant� Then � � B�
p�q and � � X�

p�q by Lemma ����

Similarly we can prove that ����	�H��������p�kk
Qk��

j��
�H��j��k�p is bounded�

� �H � B�
p�� and hence � � B�

p�� under the assumption ������ �

��



��� Convergence and Boundedness of Cascade Algo�

rithm

For �� � � � �� we say that the initial distribution f� is adaptable to
convergence of the cascade algorithm with rate � if�����

��f�� ��� � ��H� ���� � �� � ���� ��nf�g�
��f�� �� 
 min�� � �� ��H� ��� ���

D
 �F���� � �� � � � � � ��

and that the initial distribution f� is adaptable to boundedness of the cascade
algorithm with rate � if�����

��f�� ��� � ��H� ���� � �� � ���� ��nf�g�
��f�� �� � min�� � �� ��H� ����

D
 �F���� � �� � � � � � ��

where

F� �

�
f� � �f������ � � ��
f�� � � �	

Obviously the adaptability of convergence and boundedness of the cascade
algorithm with rate � is equivalent when � � � and � are not nonnegative
integers� De�ne

Fk � T k
c F�� k � �	 �����

Then

Fk �

�
fk � �f������ � � ��
fk� � � �	

In this subsection� we shall prove the following result about convergence
and boundedness of the cascade algorithm under the initial is chosen good
enough�

Theorem ��� Let � � p� q ����� � �� � ��� and let � be the normal�
ized solution of the re�nement equation ����� and Fk� k � � be as in �
����
Assume that f� � X�

p�q is compactly supported� Then we have

��� If � � X���
p�q and f� is adaptable to convergence of the cascade algorithm

with rate �� then limk��A��� Fk� X
�
p�q� � ��

��



�
� If � � X���
p�q and f� is adaptable to boundedness of the cascade algorithm

with rate �� then A��� Fk� X
�
p�q� is bounded�

��� If � � X���
p�� and f� is adaptable to convergence of the cascade algorithm

with rate �� then A��� Fk� X
�
p�q� is bounded�

By Theorems ��� and ���� we have

Corollary ��� Let p� q� �� � be as in Theorem 
�
 and Fk� k � � be as in
�
���� Assume that � � � and f� is adaptable to convergence of the cascade
algorithm with rate � and satis�es F� �� �� Then � � X���

p�q if and only if
limk��A��� Fk� X

�
p�q� � ��

By Theorems ���� ��� and ���� and the fact that ��H� ��� � � holds for
all �� � ���� ��nf�g if the integer translates of the normalized solution � are
stable� we have

Corollary ��� Let � � � and � � p � �� Assume that the integer trans�
lates of � � X���

p�q are stable and that f� � X�
p�q is a compactly supported

distribution with �f���� � �� Then we have

��� ��kkfk � �kX�
p�q

converges to zero if and only if D
 �f���� � D
 �����
holds for all � � � � � and f� satis�es moment conditions of order
m�� � �� p��

�
� ��kkfk � �kX�
p�q

is bounded if and only if D
 �f���� � D
 ����� holds for
all � � � � � and f� satis�es moment conditions of order �m��� �� p��

Remark By letting � � �� � � p � � and q � � in Corollary ���� we
see that under the stable assumption on � and the assumptions f�� � � X�

p�q�
the necessary conditions in Theorems ��� and ��� are also su�cient� which
is proved by Jia �
J��� for � � � and � � p � � and by Jia� Jiang and Lee
�
JJL�� for all nonnegative integers � and p � �� In general� the necessary
conditions in Theorems ��� and ��� are not su�cient for � � p � ��

Example � 	continued
 Let � � p � �� � � q �� and �� � l��� 
�
where max��� ��p � �� � 
 � min��� ��p � ��� Then m���� p� � l � � and

��



Bl � X��
p�q� Let f� � X��

p�q be any nonzero compactly supported distribution

with �f���� � � and only satis�es moment conditions of order l � �� Then
P �f�� H���� � �e�i� � ��l��� By computation� there exists a constant C such
that

kP �f�� H����
k��Y
j��

H��j��k�p � ��lkk�e�i�
k����l��

k��Y
j��

���e�i�
j��k�p � C���l���p�k	

Hence fk does not converge to � in X��
p�q by Theorem ����

By Corollary ���� and the fact that m��� �� p� � �m��� �� p� 
 �� � if
p � � and �� � is not a nonnegative integer� we have

Corollary ��� Let � � p � �� � � � be not a positive integer and � � �
be not a nonnegative integer� Assume that f� � X�

p�q is compactly supported

with �f���� � � and the integer translates of � � X���
p�q are stable� Then

��kkfk � �kX�
p�q

converges to zero if and only if ��kkfk � �kX�
p�q

is bounded�

To prove Theorem ���� we need the following lemma�

Lemma ��� Let R��� be a trigonometrical polynomial with R��� � �� Then
we have

��� Suppose that � � � and limk�� ������p�kk
Qk��

j�� R��
j��k�p � �� Then

lim
k��

������p�kk
�� e�i�

k�

�� e�i�
�

k��Y
j��

R��j��k�p � �	

�
� Suppose that � � � and ������p�kk
Qk��

j�� R��
j��k�p is bounded� Then

������p�kk
Qk��

j�� R��
j��� ��� e�i�

k������ e�i��k�p is bounded�

��� Suppose that there exist constants C and � � r � � such that

��k�pk
k��Y
j��

R��j��k�p � Crk	

Then ��k�pk
Qk��

j�� R��
j��� ��� e�i�

k������ e�i��k�p is bounded�

��



Proof� Let �l and �l� l � � be ��
periodic functions which satisfy the
following conditions�

� For any � � � there exists a constant C
 independent of l � � such
that

jD
�l���j� jD
�l���j � C
�
l
�

� supp �l � 
���l�������l���
��l�� ��l���� and supp �l � 
���l�� ��l���

�
P

l�l� �l��� � �l���� � � for all l� � ��

SetRk��� �
Qk��

j�� R��
j��� rk � ������p�kk

Qk
j��R��

j��k�p and p� � min�p� ���
Then

			�� e�i�
k���

�� e�i�
Rk���

			�
p

�
� kX
l��

�k�l���
�� e�i�

k�

�� e�i�
Rk���k

�
p�

p�
���p�

� k�k���
�� e�i�

k�

�� e�i�
Rk���k

�
p

� C
� kX
l��

�			�l���Rk���

�� e�i�

			�
p

�p����p�
� Ck�k���

�� e�i�
k�

�� e�i�
Rk���k

�
p	 �����

By the construction of �l and �l� l � �� there exists a constant C such
that

j
Z ��

�
e�in��k���

�� e�i�
k���

�� e�i�
Rk���d�j � C�� � ��kjnj������p

and

j
Z ��

�
e�in��l������ e�i����Rl���d�j � C�� � ��ljnj������p� � � l � k	

Hence

k�k���
�� e�i�

k�

�� e�i�
Rk���k

�
p � C�k�p �����

and

�k�l������ e�i����Rk���k
�
p�

p

� �k�l������ e�i����Rl���Rk�l��
l����k�p�

p

��



� C

�������
P

n�ZZ

P
m�ZZ�� � ��ljm� �l��nj������pjRk�l���n�j

p��
supm�ZZ

P
n�ZZ�� � ��ljm� �l��nj������p

�p��
� p � �P

n�ZZ

P
m�ZZ�� � ��ljm� �l��nj��p��jRk�l���n�j

p� � � p � �

� C�������p�kp��lprpk�l��� �����

where
P

n�ZZ Rk�n�e
�in� � Rk���� Hence the assertions follow from �����


����� and the assumptions� �

By the procedure used in the proof of Theorem ���� we obtain the equiv

alence of the following two statements for any trigonometrical polynomial R
with R��� � ��

� limk�� ������p�kk
Qk

j��R��
j��k�p � �	

� There exist constants C and � � r � � such that

������p�kk
kY

j��

R��j��k�p � Crk	

Then by using Lemma ��� for several times� we have

Corollary ��� Let �� be a nonnegative integer and let R��� be a trigono�
metrical polynomial with R��� � �� Then we have

��� Suppose that � � ��� and limk�� ������p�kk
Qk

j��R��
j��k�p � �� Then

lim
k��

�����������p�kk
kY

j��

�
� � e�i�

j�

�
�����R��j��k�p � �	

�
� Suppose that � � ��� and ������p�kk
Qk

j��R��
j��k�p is bounded� Then

�����������p�kk
kY

j��

�
� � e�i�

j�

�
�����R��j��k�p

is bounded�

��



��� Suppose that � � ��� and limk�� ������p�kk
Qk

j��R��
j��k�p � �� Then

�����������p�kk
kY

j��

�
� � e�i�

j�

�
�����R��j��k�p

is bounded�

Proof of Theorem ��� By Theorem ���� it su�ces to prove the asser

tion under additional assumption ��f�� �� � ��H� ��� Write

H��� �
P �H�����

�	�H���P �H����
�H���	

Then

P �H����
k��Y
j��

H��j�� � ��k	�H���P �H���k��
k��Y
j��

�H��j�� �����

and

P �f�� H����
k��Y
j��

H��j��

� ��k��f����P �f�� H���k��
k��Y
j��

�
� � e�i�

j�

�
�	�H������f���� �H��j��	 �����

Hence the assertions follow from ������ ������ Theorems ��� and ���� Corollary
��� and the assumptions� �

� Application to Nonhomogeneous Re�nement

Equation

In this section� we shall consider the compactly supported solution of such a
nonhomogeneous re�nement equation

��x� � �
NX
n��

c�n����x� n� � f��x�� �����

��



with � �� � and
PN

n�� c�n� � � in Besov spaces and Triebel
Lizorkin spaces�

The nonhomogeneous re�nement equation appears in the construction of
wavelets on bounded domain� multiwavelets and biorthogonal wavelets on
non
uniform meshes �see 
CDD�� 
CES�� 
GHM�� 
Me�� 
S�� for instance�� The
existence of compactly supported solutions of the nonhomogeneous re�ne

ment equation ����� is well
studied �see 
DH�� 
JJS�� 
StZ� and 
S����

It is easy to be checked that f� �
P�

k�� �
kfk is a solution of the non


homogeneous re�nement equation ����� when
P�

k�� �
kfk converges in some

sense� In 
S��� the author showed the convergence of f� �
P�

k�� �
kfk in

L��p � F �
p��� � � � under the assumption that � � j�j � � and

��������p�kj�jkk
k��Y
j��

H��j��k�p � Crk

holds for some constant C and � � r � �� A characterization of convergence
of
P�

k�� �
kfk in Lp with � � p � � is given in 
StZ�� In this section� we

�rst characterize the convergence of
P�

k�� �
kfk in Besov spaces and Triebel


Lizorkin spaces by using the characterization of convergence of the cascade
algorithm�

Theorem ��� Let � � p� q � �� �� � � � �� � �� � and f� � X�
p�q be

compactly supported and �p� �B�� �B�� be as in Theorem ���� Then the following
three statements are equivalent to each other�

���
P�

k�� �
kfk converges in X�

p�q�

�
� limk�� ��������p�kj�jkkP �f�� H����
Qk��

j�� H��j��k�p � � and Dl �f���� �
� holds for all � � l � ln� j�j�

��� �p� �B�� �B�� � ������pj�j�� and Dl �f���� � � holds for all � � l � ln� j�j�

Proof� The equivalence of the second statement and the third one in
Theorem ��� follows from Theorem ����

From ��� it follows that limk�� j�j
kkfkkX�

p�q
� �� Hence ��� holds by

Theorem ���� This proves that ��� implies ����

��



Conversely� there exists � � r � � such that �p� �B�� �B�� � ������prj�j���
Then

j�jkkP �f�� H����
k��Y
j��

H��j��k�p � C���������p�krk

holds for some constant C independent of k � �� Therefore by Theorem ���
and the assumption� A�ln��rj�j�� fk� X

�
p�q� is bounded� Thus j�jkkfkkX�

p�q
�

Crk and
P�

k�� �
kfk converges in X�

p�q� �

Now we give the existence of compactly supported solution of the non

homogeneous re�nement equation ����� in Besov spaces and Triebel
Lizorkin
spaces�

Theorem ��� Let �� p� q� �� f� be as in Theorem ���� and let � be the nor�
malized solution of the re�nement equation ������ Suppose that

Dl�� �f� ��
������ � � �����

if � 
 � and l� � ln� � is a nonnegative integer� Assume that

lim
k��

��������p�kj�jkkP �f�� H����
k��Y
j��

H��j��k�p � �	

Then there is a solution of the nonhomogeneous re�nement equation ����� in
X�

p�q�

Proof� Let g � X�
p�q be a compactly supported distribution chosen later�

Set
�f� � f� � �Tcg � g	

Then
�X
k��

�kT k
c
�f� � f� � �Tcg

is a solution of the nonhomogeneous re�nement equation ����� in X�
p�q if it

converges in X�
p�q� By Theorem ���� it su�ces to �nd such a function g such

that P �f�� H� is a factor of P � �f�� H� and satis�es

Dlc�f���� � �� � � l � ln� j�j	 �����

�	



Obviously it su�ces to choose g � � when j�j � �� Now we start to choose
the function g when j�j � �� Write

�g��� �
P �f�� H����

�i��min���f�����	�H����
b�g���� �����

where �g � X��min���f�����	�H����
p�q is chosen that

Dlc�f���� � �� � � � l � ln� j�j	

Then P �f�� H� is a factor of P � �f�� H� by ������ ������ and

c�f���� � �f���� � �H�
�

�
��g�

�

�
�� �g���	

Hence it remains to prove the existence of �g such that ����� hold� By com

putation� we can write ����� as

�����l��Dl�g��� � Dl �f������
�l�

l��X
s��



l
s

�
Dl�sH���Ds�g���� � � l � ln� j�j	

�����
Obviously there is unique solution of the linear equation ����� if � � �� or
� � � and ln� � is not an integer� If ln� � is an integer� then there is unique
solution of the following linear equation

�����l��Dl�g��� � Dl �f������
�l�

l��X
s��



l
s

�
Dl�sH���Ds�g���� � � l � ln� j�j��	

�����
By ������ the right hand side of ����� equals zero for l � ln� � �see Theorem ���
in 
S���� So we obtain a solution of ����� by setting Dl�g���� � � l � ln� j�j��
in ����� and Dl�g��� � � for l � ln� � when ln� � is an integer� Therefore for
any j�j � � we can �nd a solutionDl�g���� � � l � ln� j�j of the linear equation
������ By ������ we see that Dlb�g���� � � l � ln� j�j is uniquely determined by
Dl�g���� � � l � ln� j�j� On the other hand for any numbers al� � � l � ln� j�j
there exists a compactly supported distribution in �g � X��min���f�����	�H����

p�q

such that Dlb�g��� � al� � � l � ln� j�j� This proves the existence of �g such
that ����� holds� �

��



Remark The condition ����� in Theorem ��� is the necessary condition
in 
S�� such that there exists a compactly supported solution of the nonho

mogeneous re�nement equation� The relationship between regularity of the
solution of the nonhomogeneous re�nement equation ����� and convergence
of the cascade algorithm seems di�erent to the corresponding one of a re

�nement equation� For example for any Schwartz function g with compact
support� g satis�es the following nonhomogeneous re�nement equation�

g�x� � g��x� � f��x�

where f��x� � g�x� � g��x�� It can be proved that that fk�x� � g��kx� �
g��k��x� and

P�
k�� fk converges to g��x� in X�

p�q only when � � ��p�

References


CDM� A� Cavaretta� W� Dahmen and C� A� Micchelli� Stationary subdivision�
Memoir Amer� Math� Soc�� �����		��� �
����


CDD� A� Cohen� W� Dahmen and R� Devore� Multiscale decomposition on
bounded domains� Trans� Amer� Math� Soc�� To appear�


CDP� A� Cohen� I� Daubechies and G� Plonka� Regularity of re�nable function
vectors� J� Fourier Anal� Appl�� ���		��� �	�
����


CES� A� Cohen� L� M� Echeverry and Q� Sun� In preparation�


D� I� Daubechies� Ten Lectures on Wavelets� SIAM� Philadelphia� PA �		��


DL� I� Daubechies and J� L� Lagarias� Two
scale di�erence equation II� local
regularity� in�nity products of matrices and fractals� SIAM J� Math�
Anal�� ����		��� ����
���	�


DH� T� Dinsenbacher and D� P� Hardin� Nonhomogeneous re�nement equa

tions� Contemporary Mathematics� Vol� ���� Amer� Math� Soc�� �		��


E� T� Eirola� Sobolev characterization of solutions of dilation equation�
SIAM J� Math� Anal�� ����		��� ����
�����

��




GHM� J� Geronomi� D� Hardin and P� Massopust� Fractal functions and wavelet
expansions based on several scaling functions� J� Approx� Th�� ����		���
���
����


J�� R� Q� Jia� Subdivision schemes in Lp spaces� Adv� Comput� Math��
���		��� ��	
����


J�� R� Q� Jia� Characterization of smoothness of multivariate re�nable
functions in Sobolev space� Trans� Amer� Math� Soc�� �����			��
���	
�����


JJL� R� Q� Jia� Q� Jiang and S� L� Lee� Convergence of cascade algorithm in
Sobolev spaces and integrals of wavelets� Preprint �		��


JJS� R� Q� Jia� Q� Jiang and Z� Shen� Personal communication� �		��


LW� K�
S� Lau and J� Wang� Characterization of Lp
solutions for the two

scale dilation equations� SIAM J� Math� Anal�� ����		��� ����
�����


MS� B� Ma and Q� Sun� Compactly supported re�nable distribution in
Triebel
Lizorkin spaces and Besov spaces� J� Fourier Anal� Appl��
���			�� ��
����


 Me� Y� Meyer� Ondelette due l�intervale� Rev� Mat� Iberoamericana� ���		���
���
����


MiS� C� A� Micchelli and T� Sauer� On vector subdivision�Math� Z�� ��	��		���
���
����


R� A� Ron� Characterization of linear independence and stability of the
shifts of a univariate re�nable functions in terms of its mask� CMS
Technical Report ����� University of Wisconsin� Madison�


RS� A� Ron and Z� Shen� The Sobolev regularity of re�nable functions�
Preprint� �		��


Sh� Z� Shen� Re�nable function vectors� SIAM J� Math� Anal�� �	��		���
��	
����


StZ� G� Strang and D�
X� Zhou� Inhomogeneous re�nement equation� J�
Fourier Anal� Appl�� To appear�

��




S�� Q� Sun� Convergence and Boundedness of Cascade Algorithm In Besov
Spaces and Triebel
Lizorkin Spaces� Part I� Adv� Math� China� to
appear�


S�� Q� Sun� Nonhomogeneous re�nement equation� existence� regularity
and biorthogonality� Preprint �		��


V�� L� F� Villemoes� Energy moments in time and frequency for two
scale
di�erence equation solution and wavelets� SIAM J� Math� Anal�� ����		���
���	
�����


V�� L� F� Villemoes� Wavelet analysis of re�nement equations� SIAM J�
Math� Anal�� ����		��� ����
�����

��


