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�� Introduction and Results

We say that a local integrable function K on Rn�Rnnf�x� x�� x � Rng is a kernel
of Calderon�Zygmund type if jK�x� y�j � Cjx�yj�n and j �

�x
K�x� y�j�j �

�y
K�x� y�j �

Cjx� yj�n�� for all x � y	 For a kernel K of Calderon�Zygmund type and a real�
valued polynomialQ on Rn�Rn� de�ne an oscillatory singular integral T considered
later by

Tf�x� 

Z
Rn

eiQ�x�y�K�x� y�f�y�dy� ���

The above oscillatory singular integral T arises in Fourier analysis on lower dimen�
sional variations and has various applications such as Radon transform� Hilbert
transform etc	 The boundedness of the operator T on various spaces such as un�
weighted and weighted p�integrable function spaces for � � p ��� weak integrable
function space w�L�� unweighted and weighted Hardy spaces are considered in ����
�������	 Especially they emphasize the connection between the oscillatory singular

integral T and the following truncated Calderon�Zygmund operator �T de�ned by

�Tf�x� 

Z
Rn

K�x� y���jx� yj�f�y�dy� ���

where K is a kernel of Calderon�Zygmund type and � is a �xed nonnegative smooth
function satisfying ��t�  � on ��� �� � and ��t�  � on �����	

In this paper� we will consider the behaviour of the oscillatory singualr integral
T on weighted local Hardy spaces h��pw 	 To this end� we introduce some notations
and de�nitions	

We say that w is a Muckenhoupt Ap weight if

�

jBj

Z
B

w�x�dx
� �

jBj

Z
B

w�x��
�

p�� dx
�p��

� C

holds for all balls B when � � p �� and

Mw�x� � Cw�x�

holds for all x � Rn when p  �� where constant C independent of the balls B
when � � p �� and independent of x � Rn when p  �	 Hereafter M denotes the
Hardy�Littlewood maximal operator de�ned by

Mf�x�  sup
x�B

�

jBj

Z
B

jf�y�jdy

as usual where the supremum is taken over all balls B containing x	

De�nition �� Let � � p ��	 A function a is called an atom of weighted local

Hardy spaces h��pw if there exists a ball B such that suppa � B� kakp�w � w�B�
�

p��

and either
�i� r�B� � � and

R
a�x�dx  �



�

or
�ii� r�B� � ��

Hereafter B is called the supporting ball of h��pw atom a� we denote kfkp�w 

�
R
jf�x�jpw�x� dx�

�
p for � � p � �� w�B� 

R
B
w�x�dx and r�B� denotes the

radius of B	 Also let Lpw  ff � kfkp�w ��g be the weighted p�integrable function
spaces for � � p � �	 For simplity we use jBj instead of w�B� and Lp instead of
Lpw when w 	 �	

De�nition �� Let w � A� and � � p ��	 The weighted local Hardy spaces
h��pw is the set of all tempered distributions f which can be written as

f 
X
j�Z

�jaj ���

for a family of h��pw atoms aj and a sequences f�jg with
P

j�Z j�jj ��	

Obviously h��pw is a Banach spaces for every � � p �� under the norm

kfkh��pw
 inf�

X
j�Z

j�j j��

where the in�mum is taken over all possible representation ��� of f 	 For simplity
we use h��p instead of h��pw when w 	 �	 The local Hardy space h��� was introduced
by Goldberg ��� who used the local square function to de�ne it and proved the
equivalence with the above de�nition of h���	 In comparison with the weighted
Hardy spaces ����� the only di�erence between them is that the vanishing moment
condition on atoms in h��pw is deleted when the radius of its supporting ball B is
larger than one	 On the other hand� h��pw is an subspace of L�

w� and furthermore a
proper subspace of L�

w in general	

In Section �� we will consider the boundedness of osciallatory singular integral T
on h��pw for Muckenhoupt A� weight w when Q�x� y�  P �x�y� for some real�valued
polynomial P with P ���  � and its degree deg�P � � �	 Precisely we have proved
the following result�

Theorem �� Let w � A�� � � p � � and K be a kernel of Calderon�Zygmund
type� Assume Q�x� y�  P �x�y� for some real�valued polynomial P with P ���  �

and its degree deg�P � � �� Then �T � T � the di�erence between the corresponding
oscillatory singular integral T and the corresponding truncated Calderon�Zygmund
operator �T � is bounded on weighted local Hardy space h��pw �

Denote the weighted Hardy space by H�
w for w � A� ����	 Therefore H

�
w � h���w �

L�
w	 We say that an oscillatory singular integral T is of convolution type if

Tf�x� 

Z
eiP �x�y� �K�x� y�f�y�dy



�

for some real�valued polynomial P and a local integrable function �K on Rnnf�g such
that �K�x � y� is a kernel of Calderon�Zygmund type	 Recall that the conclusion
f � H�

w and f�Rjf � L�
w are equivalent� where Rj �� � j � n� denote Riesz

transforms as usual	 Observe that Rj maps H�
w to H�

w for every w � A� and
RjT  TRj when the oscillatory singular integral T is of convolution type	 Also

observe that �T maps H�
w to L�

w by the Calderon�Zygmund theory	 Therefore T

maps H�
w to H�

w by Theorem � when �T is a bounded operator on L�� w � A��
deg�P � � � and the oscillatory singular integral T is of convolution type� which is
the case considered by Pan and Hu in ���	

In Theorem �� the bound constant of the operator T � �T is dependent on the
sum of absolute values of the coe�cients in P 	 It is easy to prove that

Z
������jxj��

j

Z
jx�yj��

ei��x�y�
� �

x� y
dyjdx 

�

�
ln��� � O���
 ���

as � 
 �� where O��� denotes a term bounded by a constant independent of

� � � � �	 Therefore the bound constants of the operators T � �T corresponding to
K�x� y�  �x� y��� in ��� and P �x�  �x� tends to in�nity as �
 �	 The author
believe that the fundamental reason why this phenomenon happens to local Hardy
space and does not happen to p�integable spaces is that local Hardy space has not
good dilation invariance	

In Section �� we will consider the behaviour of the oscillatory singular integral T
de�ned by ��� for general polynomial Q on Rn �Rn	 First the oscillatory singular
integral T de�ned by

Tf�x� 

Z
eixy

x� y
f�y�dy

does not map h��p to L� for all � � p �� �see Example ��	 Generally the oscillatory
factor would damage the vanishing moment on h��pw atom which plays an important
role	 Also the oscillatory factor Q�x�x�� y�y�� is completely di�erent from Q�x� y�
in the sense of damaging the vanishing moment	 These make us to consider the
su�cient and necessary condition on polynomials Q on Rn � Rn under which the
corresponding oscillatory singular integral T maps h��pw to L�

w	

Theorem �� Let � � p �� and w � A�� Assume that Q is a real�valued polyno�
mial on Rn�Rn which cannot be written as R��x��R��y� for some polynomials R�

and R�� and K is a kernel of Calderon�Zygmund type with jK�x� y�j � Cjx� yj�n

for all � � jx�yj � �� If the corresponding oscillatory singular integral T de�ned by
��	 is bounded on Lpw� then the following statements are equivalent to each other

�	 T maps h��pw to L�

w�
�	

P
��j�log

�
min���A�x���

��� w
�
B�x�� �

jr�
�
��jnmin

�
�� B�x��

�
� Cw

�
B�x�� r�

�
holds for all � � r � �� x� � Rn and a constant C independent of r and x� but de�
pendent ofQ� where A�x�� 

P
������ ��� ja���x��jr

j�j�j�j� B�x�� 
P

� ��� ja���x��jr
j�j�

and a���x�� be the coe�cient of Q�x � x�� y � y��� i�e�� Q�x � x�� y � y�� P
�

P
� a���x��x

�y��



�

The condition �� in Theorem � seems not very computable	 In Section �� we

will give some remarks on condition �� in Theorem � and give a condition on �T for

which �T � hence T � is bounded on h��pw 	 We prove that

Theorem ��� Let p� w�Q� T� a���x�� be the same as Theorem �� Furthermore we
assume that the weight w satis�es

C��w�y� � w�x� � Cw�y�

for all jx�yj � �� jxj � C and some constant C� Therefore the following statements
are equivalent to each other


�	 T maps h��pw to L�
w�

�	
P

� ��� ja���x��j
�
j�j � C

P
������ ��� ja���x��j

�
j�j�j�j holds for all x� � Rn and

some constant C independent of x� where a���x�� is de�ned as in Theorem ��

�� Semi�convolution Type

In this section� we will give the proof of Theorem �	

Write

�T � �T �f�x� 

Z
�eiP �x�y� � ��K�x� y���jx� yj�f�y�dy

�

Z
eiP �x�y�K�x� y���� ���jx� yj�f�y�dy

T�f�x� � T�f�x��

Observe that the kernel of T� satis�es

j�eiP �x�y� � ��K�x� y���jx� yj�j � Cjx� yj��n�jx�yj���

Therefore the proof of Theorem � reduces to

Theorem �� Let � � p �� and w � A�� Assume that a local integrable function
K on Rn �Rnnf�x� x��x � Rng satis�es jK�x� y�j � Cjx� yj��n�jx�yj�� for some
constant C � � and � � 	 � n� Then the operator T� de�ned by

T�f�x� 

Z
Rn

K�x� y�f�y�dy

is bounded on h��pw �

Theorem �� Let � � p �� and w � A�� Assume that P is a non�zero real�valued
polynomial with its degree deg�P � � � and K is a kernel of Calderon�Zygmund type
with suppK � f�x� y� � jx� yj � �g  �� Then the operator T� de�ned by

T�f�x� 

Z
Rn

eiP �x�y�K�x� y�f�y�dy



�

is bounded on h��pw �

Proof of Theorem �� Obsverve that T� is a linear operator	 Hence it su�cies
to prove

kT�akh��pw
� C ���

for every h��pw atom a and some constant C independent of a	 Denote the supporting
ball of a by B which has radius r  r�B� and center x�	 Observe that

suppT�a � B�x�� r � ���

Hereafter B�z� s� denotes the ball with its center z � Rn and its radius s � � and
tB denotes the ball with the same center as the one of B and radius t times the
one of B for t � �	 First we know

kT�akp�w � CkMakp�w � Ckakp�w � Cw�B�x�� r��
�
p���

where M denotes the Hardy�Littlewood maximal operator as usual and the second
inequality follows from the Lpw boundedness of M provided � � p � � and w �
Ap � A�	 Therefore C��T�a is an h��pw atom when r � � and ��� holds when the
supporting ball B of a having radius r � �	 Thus the matter reduces to proving
��� when the supporting ball B of a has its radius r � �	 Write

T�a  �T�a���B �
X

k��k��

�T�a���k��Bn�kB


X

��k�k�

T k
� a�

where k� is an integer satisfying �k� � r � � � �k���	 Observe that

w�B�x�� �
kr�� ���kr�ninfx�B�x��r�Mw�x� � C��kr�ninfx�B�x��r�w�x�

�C�knw�B�xo� r��
���

and Z
B

w�x�dx
�Z

B

w�
�

p�� �x�dx
�p��

� CjBjp ���

for every w � A�	 Therefore we have

kT �
� akp�w � Cr�kMakp�w � Cw�B�

�
p��r�

and
kT k

� akp�w �C��
kr���nkak�w��

k��B�
�
p

�C��kr���nkakp�w�

Z
B

w�
�

p�� �x�dx�
p��
p w��k��B�

�
p

�C��kr��w��k��B�
�
p���



	

where third inequality follows from ��� and ���	 On the other hand� for every
f � Lpw supported in B�  B�x�� s� for some s � �� we can write

f �f � c�f�hB�� � c�f��hB� � h�B�� �   

� c�f��h�k�B� � h�k���B�� � c�f�h�k���B� �

where c�f� 
R
f�x�dx� k� is chosen such that �k�s � � � �k���s� h�kB�  ck

��k��B�n�kB� � �E denotes the characteristic function of the set E and ck is chosen

such that
R
h�kB��x�dx  �	 Therefore we get

kfkh��pw
� Ckfkp�ww�B�x�� s��

�� �
p � Cj

Z
f�x�dxjw�B�x�� s��s

�nlogs��� �
�

Observe that suppT k
� a � B�x�� �

k��r�� Therefore

kT�akh��pw
�

X
k����kr��

kT k
� akh��pw

�C
X

k����kr��

��kr�� �
X

k����kr��

kT k
� ak�w�B�x�� �

k��r����kr��nlog��kr���

�C � C
X

k����kr��

��kr���w��k��B��
�
p

�

Z
�k��B

w�
�

p�� �x�dx�
p��
p ��kr��nlog��kr���

�C � C
X

k����kr��

��kr��log��kr��� � C�

and ��� holds true�

To prove theorem �� we will use the following lemmas	

Lemma �� Let Q�K and T� be the same as in Theorem � Then T� is bounded
on Lpw provided � � p �� and w � Ap�

Proof of Lemma �� Lemma � is proved by Liu and Zhang ���	 For complete�
ness of this paper� we give the sketch of their proof here	 De�ne

T �
j f�x� 

Z
eiP �x�y�K�x� y�
j�jx� yj�f�y�dy ���

for j � �� where 
j are smooth functions satisfying 
j�t�  
���jt��j � �� andP
j�� 
��

�jt�  � on �����	 Therefore we can write

T�f 
X
j��

T �
j f�

Obviously we have
kT �

j fkp�w � CkMfkp�w � Ckfkp�w ���






for � � p �� and w � Ap	 On the other hand� we have

kT �
j k� � C���jkfk� ����

for some � � � independent of f c	f	 ���	 Recall that there exists p � � � � � �
for every w � Ap and � � p � � such that w��� � Ap�� ���	 Therefore by
Marcinkiewicz real interpolation theorem ��� between ��� and ����� we get

kT �
j fkp�w � C���jkfkp�w

for some C and � independent of f and j � �� and

kT�fkp�w �
X
j��

kT �
j fkp�w � Ckfkp�w�

Lemma � is proved�

Lemma �� Let Q�x� y� 
P

�

P
� a��x

�y� be a real�valued polynomial� De�ne

Skf�x� 

Z
B

eiQ�x�y�f�y�dy��kB�x��

for k � �� where B is a ball with its center zero and its radius r  r�B�� Therefore
there exist constants C and � � � independent of k and f for every � � p� q � �
such that

kSkfkp � C�� � g�r� k����j�krj
n
p rn�

q��
q �kfkq

where we denote g�r� k� 
P

������ ��� ja��j��
kr�j�jrj�j�

Proof of Lemma �� Obviously we have

kSkfk� � C��kr�nkfk� � Cj�krjnrn�
q��
q �kfkq ����

and
kSkfk� � Ckfk� � Crn�

q��
q �kfkq� ����

On the other hand� we have

kSkfk
�
�

���kr�n
Z Z

f�y�f�y��dydy�
Z

ei
�
Q��krx�y��Q��krx�y��

�
�x�dx

�C��kr�nkfk�q
�Z

jyj�r

Z
jy�j�r

dydy�j

Z
ei
�
Q��krx�y��Q��krx�y��

�
�x�dxj

q
q��

� q��
q

�C��kr�nr
�n�q���

q kfk�q�Z
jyj���jy�j��

�
� �

X
����

j
X
�

a��r
j�j�y� � y�

�
�j��kr�j�j

����dydy�� q��
q

�C��kr�nr
�n�q���

q kfk�q

�

Z
jyj��

�� �
X
����

�j
X
� ���

a��r
j�jy�j�

X
� ���

rj�jja��j���
kr�j�j����dy�

q��
q

�C��kr�nr
�n�q���

q �� � g�r� k����kfk�q�
����



�

where  is a positive smooth function satisfying �x�  � on fx � jxj � �g and
�x�  � on fx � jxj � �g� ��� �� and � are su�cient small constants independent
of f� r and k� and the third inequality follows the following estimate of of Van de
Corput type� see ��� for example��

Z
jyj��

�� � jQ�y�j���dy � C�� �
X
�

jq�j�
��

holds for some constant C� �� �� dependent of the degree of Q only� where Q�y� P
� q�y

�	
Therefore Lemma � follows from the Marcinkiewicz real interpolation theorem

��� between ���� � ���� and �����

Proof of Theorem �� Recall that T� is a linear operator	 Therefore it su�cies
to prove

kT�akh��pw
� C ����

for every h��pw atom a and some constant C independent of a	 We divide two cases
to prove ����	

Case �	 The supporting ball B of a has its radius r  r�B� � �	
Write

T�a �T�a���B �
�X
k��

�T�a���k��Bn�kB

f� �
�X
k��

fk�

Recall that suppf� � �B� T� is boundedon Lpw for every � � p �� and w � Ap by
Lemma �	 Therefore we get

kf�kp�w � kT�akp�w � Ckakp�w � Cw�B�
�
p��� ����

On the other hand we have

jfk�x�j �C�
�k�n���r�nkak� � C��knr�nj

Z
eiP �x�y�a�y�dyj

Ik�x� � IIk�x�

on �k��Bn�kB for k � �	 For w � A�� there exist constants p� � � and C for every
q � � such that

�jBj��

Z
B

w�x�p�dx�
�
p� � CjBj��

Z
B

w�x�dx ��
�

and

�jBj��

Z
B

w�x��qp�dx�
�
p� � CjBj��

Z
B

w�x��qdx� ����



��

by reverse H�older inequality ���	 Write P �x� y� 
P

a��x
�y�	 Thus a�� �	 � for

	 � �� � � � by our assumption deg�P � � �	 Recall that suppfk � �k��B and
suppa � B	 Therefore we get

kIkkp�w �C�
�k�n���r�nkak�w��

k��B�
�
p

�C��k�n���r�nkakp�w�

Z
B

w�x��
�

p�� dx�
�

p��w��k��B�
�
p

�C��kw��k��B�
�
p��

����

by ��� and ���� and we also get

kIIkkp�w �C�
�knr�n�

Z
�k��B

w�x�p�dx�
�

pp� �

Z
�k��B

j

Z
eiP �x�y�a�y�dyj

pp�
p��� dx�

p���

pp�

�C��knr�nw��k��B�
�
p r

n�q���
q kakq�� � g�r� k����

�C�� � g�r� k����w��k��B�
�
p���

����
where g�r� k� 

P
������ ��� ja��j��

kr�j�jrj�j� q  pp�
p�p��� � p� the second inequality

follows from ��
� and Lemma � �in fact we use pp�
p��� as the p in Lemma ��� and the

third one from the H�older inequality

kakq � kakp�w�

Z
B

w�x��
q

p�q dx�
p�q
pq

and ����	 Recall that r � � and a�� �	 � for 	 � �� � � �	 Combining ���� and
����� we get

kT�akh��pw
�kf�kp�ww�B�

�� �
p �

X
k��

kfkkp�ww��
k��B���

�
p

�C � C
X
k��

g�r� k��� � C � C
X
k��

��k� � C

and ���� holds in Case �	

Case �	 The supporting ball B of a has its radius r  r�B� � �	
Write

T�f 
X
j��

T j
� f

as in the proof of Lemma �	 Recall that
R
a�y�dy  � by the de�nition of h��pw atom	

Therefore we have

jT j
�a�x�j �

Z ��K�x� y���jx� yj��K�x� x����jx� x�j�
��ja�y�jdy

�jK�x� x��jj��jx� x�j�

Z
jeiP �x�y� � eiP �x�x��jja�y�jdy

�C��j�n���rkak� � C��jn
X
�

X
� ���

ja��j�
jj�jrj�jkak��

����



��

where x� is the centre of B and

kT j
� akp�w �C�

�j�n���rkak�w�B�x�� �
j��

�
p

� ��jn
X
�

X
� ���

ja��j�
jj�jrj�jkak�w�B�x�� �

j��
�
p

�C���jr �
X
�

X
� ���

ja��j�
jj�jrj�j�w�B�x�� �

j��
�
p���

����

Observe that

jT j
� a�x�j � C��j�n���rkak��jx�x�j�C�j �x�

� jK�x� x��jj��x� x��jj

Z
eiP �x�x��y�a�y � x��dyj

�I� � I��

By same argument as in ���� we get

kI�kp�w � C��jrw
�
B�x�� �

j��
�
p���

On the other hand we get

kI�kp�w �C�
�jn�

Z
jxj�C�j

j

Z
eiP �x�x��y�a�y � x��dyj

pw�x� x��dx�
�
p

�C��jn�

Z
jxj�C�j

j

Z
eiP �x�x��y�a�y � x��dyj

pp�
p��� dx�

p���
pp�

�

Z
jxj�C�j

w�x� x��
p�dx�

�
pp�

�C�� �
X

������ ���

ja��j�
jj�jrj�j���

�
w
�
B�x�� �

j�
� �
p��

�

where the last inequality follows from Lemma � and ��
�	 This proves

kT j
� akp�w � C

�
��jr � �� �

X
������ ���

ja��j�
jj�jrj�j���

�
w
�
B�x�� �

j�
� �
p��

� ����

Recall that suppT j
� a � B�x�� �

j���� Therefore by ���� and ���� we have

kT�akh��pw
�C

X
j��

��jr

C
X
j��

min
�X

�

X
� ���

ja��j�
jj�jrj�j� �� �

X
� ����� ���

ja��j�
jj�jrj�j

���
��

Let j� be the least positive integer such that

X
������ ���

ja��j�
jj�jrj�j � �� ����



��

Then j� � Clogr��	 Let �	�� ��� be the index satisfying ja���� j�
jj��jrj��j �

ja��j�
jj�jrj�j for all 	 � �� � � �	 Therefore we have

kT�akh��pw
�C � C

X
��j�j�

X
�

X
� ���

ja��j�
jj�jrj�j � C

X
j�j�

�ja���� j�
jj��jrj��j���

�C � C
X

������ ���

ja��j�
j�j�jrj�j

� Cj�
X
� ���

ja��jr
� � C�ja���� j�

�j�j��jrj��j���

�C

and ���� holds in Case �	 Theorem � is proved�

�� Non�convolution Type

We begin with an example of polynomial Q on Rn � Rn and a kernel K of
Calderon�Zygmund type in one spatial dimension� for which the corresponding os�
cillatory singular integral does not map h��p to L� for every � � p ��	

Example �� Let n  �� K�x� y�  �
x�y and Q�x� y�  xy	 Then the oscilla�

tory singular integral T de�ned by

Tf�x� 

Z
R

eixy

x� y
f�y�dy

does not map h��p to L� for every � � p ��	

In particular� for fr�y�  r��ei�r
��y���r���r��r���r	�y� �� � r � ����� the h��p

norm kfrkh��p � C holds for some constant C independent of � � r � ���	 On the
other hand� we have

kTfrk� �r
��

Z �

�r

j

Z r

�r

eixy

x� y
dyjdx

�r��

Z �

�r

j

Z r

�r

�

x� y
dyjdx� �r��

Z �

�r

Z r

�r

jyjdydx

�

Z �

�r

�

jxj
dx� �  log��r��� � �
� �r
 ���

This show that T does not map h��p to L� boundedly	

Proof of Theorem �� At �rst we prove �����	 Obviously it su�ces to proving

kTx�akL���x��w
� C ����



��

for every h��pw atoms a with its supporting ball B having center zero and radius
r  r�B�� where we de�ne

Tx�f�x� 

Z
Rn

eiQ�x�x��y�x��K�x� x�� y � x��f�y�dy

and ��x��w��  w�� x��	 Hereafter the big letter C denotes a constant indepen�
dent of x� and � � r � �� but would be di�erent at di�erent occurances	 We divide
two cases to prove ����	

Case �	 r  r�B� � �
As in the proof of Theorem �� write

Tx�a  f� �
�X
k��

fk�

Therefore we have

kf�k��	�x��w � kTx�akp�	�x��w
�
��x��w

�
��B�

p��
p � C

kfkk��	�x��w � kfkkp�	�x��w
�
��x��w

�
��k��B�

p��
p

� C
�
��k � �� � gx��r� k�

���
��

where gx��r� k� 
P

������ ��� ja���x��j��
kr�j�jrj�j and constants C� � � � are inde�

pendent of k and a	 We say index �  ���� ��� �n� � �  ���� ��� �n� if �i � �i
for all � � i � n	 Observe that a���x��  a����� for all index pairs �	� �� and
x� � Rn for which there does not exist index pairs ��� �� such that a
���� � ��
��� �� � �	� ��� � � 	 and � � �	 Therefore gx��r� k� � C�ks holds for some
constants C and s independent of x� and k provided r � �	 This shows that

kTx�ak��w �
X
k��

kfkk��w � C � C
X
k��

��ks� � C

and ���� holds in Case �	

Case �	 r  r�B� � ��
Write

Tx�a  f� �
�X
k��

fk ����

as in Case �	 As in Case � in the proof of Theorem �� we have

kf�k��	�x��w � C�

and

kfkk��	�x��w �kfkp�	�xo�w���x��w���
k��B�

p��
p

�C��k � Cmin
�
gx��r� k� �

X
� ���

ja���x��jr
j�j� �� � gx��r� k��

��
�

��kn
�
��x��w

�
��kB�

�
��x��w

�
�B����



��

where gx��r� k� 
P

������ ��� ja���x��j��
kr�j�jrj�j as in Case �	 De�ne the �rst

positive integer k such that gx��r� k� � � by k� if it exists and de�ne k�  �
otherwise	 Observe that

�kgx��r� �� � gx��r� k� � �Nkgx��r� ��

for some positive integer N 	 Thus we get

C�log
�
min��� gx��r� ���

���
� k� � C�log

�
min��� gx��r� ���

���
��
�

for some constants C� � C� � � independent of x� and r � �	 Therefore

kTx�ak��	�x��w �C � C
X
k��k

gx��r� k�
�� � C

X
��k�k�

gx��r� k�

� C
X

��k�k�

��kn
�
��x��w

�
��kB�

�
��x��w

�
�B���

min���
X
� ���

ja���x��jr
j�j�

�C � Cmin���
X
� ���

ja���x��jr
j�j�

X
��k� log

�
min���gx� �r����

���

��kn���x��w���
kB����x��w��B�

��

�C ���

where the �rst inequality follows from ��� and the second one from our assumption
��� X

k�j��k

��jn
�
��x��w

�
��jB� � C

X
��j�k

��jn
�
��x��w

�
��jB�� ����

��� and �
�	 Thus ���� holds in Case �	

Secondly we prove �����	 Let a be an h��pw atom with its supporting B having
radius r  r�B� � � and center zero	 Write

Tx�a  f� �
�X
k��

fk

where fk are de�ned as in ����	 Observe that

jfk�x�j �jK�x� x�� x��jj

Z
ei
P

� ��� a���x��y
�

a�y�dyj

�jK�x� x�� x��jj

Z X
������ ���

ja���x��j��
kr�j�jrj�jja�y�jdy

�

Z
jK�x� x�� x���K�x� x�� y � x��jja�y�jdy

����



��

on �k��Bn�kB for k � �	 Also we know from ��
� that gx��r� �� � CrN and �kr � �

for all k � ��log
�
min��� gx��r� ���

���
� where C�N and � � �� � � are constants

independent of x� and r � �	 Recall that ����� ���� and jK�x� x�� x��j � Cjxj�n

for all jxj � � and x� � Rn by our assumption	 Therefore we get

j

Z
ei
P

� ��� a���x��y
�

a�y�dyj
X

��k�log
�
min

�
��gx� �r���

����

r�n��kn���x��w���
kB�

�C

Z
Rn

jTx�a�x�j���x��w��x�dx

� C
X

��k���log
�
min

�
��gx��r���

����

�
��k �

X
������ ���

ja���x��j��
kr�j�jrj�j

�

�kTx�ak��	�x��w � C � C�

where the �rst inequality follows from ��� � and the last one from our assumption
��	 Therefore the matter reduces to

min
�
��
X
� ���

ja���x��jr
j�j
��
��x��w

�
�B���rn

� C sup
a
j

Z
ei
P

� ��� a���x��y
�

a�y�dyj�

����

where the supremum on a is taken over all function a satisfying suppa � B��� r��R
a�y�dy  � and kakp�	�x��w �

�
��x��w

��
B��� r�

� �
p��

	 Observe that

kakp�	�x��w �
�
��x��w

�
�B��� r��

�
p��

provided kak� �
�
��x��w

��
B��� r�

���
	 Denote

R�
N 

�
R�y� 

X
� ���

a�y
�� R is real�valued polynomial� degR � N

�
�

Therefore the matter reduces to

Lemma �� Let R�
N be de�ned as above� Thus

sup
a
j

Z
eiR�y�a�y�dyj � Cmin��� kRk� ����

holds for all R � R�
N and a constant C independent of R� where the supremum on a

is taken over all function a satisfying suppa � B��� ���
R
a�y�dy  � and kak� � ��

and we de�ne kRk 
P

� ��� ja� j for all R � R�
N �

Proof of Lemma �� Denote

kRk�  sup
a
j

Z
R�y�a�y�dyj



��

for all R � R�
N � where the supremum on a is taken over the same region as in

����	 Obviously kRk� � �� kCRk�  jCjkRk� and kR� � R�k� � kR�k� � kR�k�
for all R�R�� R� � R�

N and real number C	 Furthermore kRk�  � impliesR
R�y�a�y�dy  � for all bounded functions a satisfying suppa � B��� �� andR
a�y�dy  �	 Therefore

�

jB��� ��j

Z
B�����

jR�y�j�dy  �
�

jB��� ��j

Z
B�����

R�y�dy���

where jB��� ��j denotes the Lebesgue measure of B��� ��� and R must be a constant	
Recall that R � R�

N 	 Thus R  � � and kRk�  � implies R  �	 Hence we prove
that k  k� is a norm on R�

N 	 By the equivalence of two norms on �nite dimensions
spaces� we get kRk� � C�kRk for all R � R�

N and some constant C�	
Observe that

jeiR�y� � �� iR�y�j � kRk�

for all jyj � � by Taylor formula	 Hence we get

sup
a
j

Z
eiR�y�a�y�dyj � kRk� � kRk

�

� C�kRk � kRk
� �

C�

�
kRk�

when kRk is chosen su�cient small	
As in the procedure to prove kRk�  � holds only for R  �� we get

sup
a
j

Z
eiR�y�a�y�dyj  �

holds only for R  �� where R � R�
N and the supremum on a is taken over all

bounded functions a satisfying suppa � B��� �� and
R
a�y�dy  �	 Observe thatR

eiR�y�a�y�dy is continuous on R � R�
N for all bounded functions a	 Therefore

the matter reduces to proving that ���� holds for all R � R�
N when kRk is large

enough	
De�ne

RB����� 
�

jB��� ��j

Z
B�����

eiR�y�dy�

Therefore by estimates of Van de Corput type ���� we get

kRB�����k � CkRk��

holds for all R � R�
N � where constants C and � � � is independent of R � R�

N 	
Observe that Z

B�����

�
e�iR�y� � �RB������B������y�

�
dy  �

and
je�iR�y� � �RB������B������y�j � ��



�	

Therefore we get

sup
a
j

Z
eiR�y�a�y�dyj

�
�

�

Z
jeiR�y� �RB������B������y�j

�dy

�
�

�
jB��� ��j � CkRk��� �

�

�
jB��� ��j�

provided that kRk chosen large enough	 Lemma � and hence Theorem � is proved�

Example �� �revised� Let Q�x� y�  xy	 Then a���x��  x�� a���x�� 
�� a���x��  x�� a���x��  x�� and a���x��  � otherwise	 Now the condition ��
in Theorem � becomes

min��� jx�jr�

Z x���

x���

w�x�
�
� �

jx� x�j

r

���
dx � C

Z x��r

x��r

w�x�dx

for all x� � Rn� � � r � �� The authors believe that a weight w � A� satisfying the
the above condition does not exist	

�� Remarks

Observe that �kr � � when k � ��log
�
min���

P
������ ��� ja���x��jr

j�j�j�j�
���

�

where �� � � is a constant independent of x� and r � �	 Therefore condition �� in
Theorem � is equivalent to

min
�
��
X
� ���

ja���x��jr
j�j
�
log
�
min

�
��

X
������ ���

ja���x��jr
j�j�j�j�

����
� C ����

holds for all x� � Rn and � � r � �� provided w � A� and

C��w�y� � w�x� � Cw�y� ����

holds for all jx� yj � �� jxj � C and a constant C	

Example �� w�x�  jxj���n � 	 � � satis�es ����	

Observe that
log
�
min

�
��

X
������ ���

ja���x��jr
j�j�j�j

����

is equivalent to

log
�
min

�
��

X
������ ���

ja���x��j
�

j�j�j�j r
����

� ����

Therefore ���� is equivalent to

min��� ja���x��jr
j�j�log

�
min��� g�x��

j�jrj�j�
���

� C ����



�


for all � � �� where g�x�� 
P

������ ��� ja���x��j
�

j�j�j�j � Recall that a���x�� 

a����� � � for all index pair �	� �� for which there does not exist index ��� ��
satisfying a
���� � �� ��� �� � �	� ��� � � 	 and � � �	 Thus

g�x�� � C� ����

for some constant C� independent of x� � Rn	 Now we can prove

ja���x��j
�
j�j � Cg�x���

Conversely there exists a sequence xk � Rn �k � �� such that

ja���xk�j
�
j�j � kg�xk� ��
�

Recall g�xk� � C� by ����	 Hence ja���xk�j
�
j�j � kC� � � when k is large enough	

Let rk  ja���xk�j
� �

j�j � �	 Then g�xk�rk � k�� and

min
�
�� ja���k�jr

j�j
k

�
log
�
min

�
�� g�xk�

j�jr
j�j
k

����
� j�jlogk�

which contradicts to ����	 Therefore we prove

Theorem 	� Let w � A� satisfy ���	� Then condition �	 in Theorem � is equiv�
alent to X

� ���

ja���x�j
�
j�j � C

X
������ ���

ja���x��j
�

j�j�j�j

holds for all x � Rn and some constant C independent of x�

Combining with Theorem � and �� we get Thereom ��	

Example �� Let Q�x� y�  �x� y��y	 Then a���x��  x�� a�
�x��  �� a���x��
 x�� a���x��  ��x�� a���x��  ��� a���x��  � and a���x��  � otherwise	
Furthermore we have

X
������ ���

ja���x��j
�

j�j�j�j  � � �
�
� � j�x�j

�
� �

and X
� ���

ja���x��j
�
j�j  � � jx�j

�
� �

This shows the condition �� in Theorem �� holds for Q�x� y�  �x � y��y in one
spatial dimension	

Now we give a condition for which �T � hence T � is bounded on h��pw 	

Theorem 
� Let w � A� and � � p ��� Assume that �T is bounded on Lpw and
furthermore

j

Z
Rn

�Ta�x�dxj � Cw�B�x�� r��
��rn�logr����� ����



��

holds for all h��pw atom a with its supporting ball B�x�� r� having radius r � ��

Then �T is bounded on h��pw �

Proof of Theorem 
� Let a be a h��pw atom and B�x�� r� be its supporting

ball with radius r and center x�	 Observe that supp �T � B�x�� r � ��	 Therefore

k �Takh��pw
� Ck �Takp�ww�B�x�� �r��

�� �
p � C

when r � �	 Hence the matter reduces to r�B� � �	

Let hk  ck�B�x���k��r�nB�x���kr��x� and dk 
R
Rn� �Ta��x��RnnB�x���kr��x�dx�

where ck 
R
�B�x���k��r�nB�x���kr��x�dx	 Write

�Ta � �Ta��B�x���r� � d�h�

�
X

��k�k�

�� �Ta��B�x���k��r�nB�x���kr� � dkhk � dk��hk���

 �f� �
X

��k�k�

�fk

�

where k� is an integer such that �k�r � � � �k���r	 Obviously
R
Rn

�fk�x�dx  ��

supp �fk � B�x�� �
k��r� and

k �fkkp�w �Cr
�n��kkak�w�B�x�� �

k��r��
�
p

�C��kw�B�x�� �
k����

�
p��

for all k � �	 On the other hand� we have

supp �f� � B�x�� �r�� k �f�kp�w � w�B�x�� �r��
�
p��

and

j

Z
�f��x�dxj j

Z
� �Ta��x��B�x���r��x�dx� d�j

j

Z
� �Ta��x�dxj � Cw�B�x�� r��

���logr������

Therefore we get kf�kh��pw
� C by �
� and

k �Takh��pw
�
X
k��

k �fkkh��pw
� C � C

X
k��

��k � C�

This proved Theorem ��

Remark� Let K be a kernel of Calderon�Zygmund type	 De�ne

T �f�x� 

Z
Rn

K�x� y�f�y�dy

Observe that Z
Rn

j

Z
K�x� y���� ���jx� yj�a�y�dyjdx � Crkak�

provided
R
Rn a�x�dx  �	 Hence

R
T �a�x�dx  � implies ���� and �T satis�es ����

when T � is bounded on weighted Hardy space H�
w	
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