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ABSTRACT. A long standing problem in Gabor theory is to identify time-
frequency shifting lattices aZ x bZ and ideal window functions x; on intervals
I of length c such that {e=27"b*x;(t — ma) : (m,n) € Z x Z} are Gabor
frames for the space of all square-integrable functions on the real line. In
this paper, we create a time-domain approach for Gabor frames, introduce
novel techniques involving invariant sets of non-contractive and non-measure-
preserving transformations on the line, and provide a complete answer to the
above abc-problem for Gabor systems.
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Preface

A Gabor system generated by a window function ¢ and a rectangular lattice
aZ, x bZ is given by

G(¢,aZ x bZ) := {e 2™ ¢(t —ma) : (m,n) € Z x L}.

Gabor theory could date back to the completeness claim in 1932 by von Neumann
and the expansion conjecture in 1946 by Gabor. Gabor theory has close links to
Fourier analysis, operator algebra and complex analysis, and it has been applied in
a wide range of mathematical and engineering fields.

One of fundamental problems in Gabor theory is to identify window functions ¢
and time-frequency shift lattices aZ x bZ such that G(¢, aZ x bZ) are Gabor frames
for the space L?(R) of all square-integrable functions on the real line R. Denote by
R(¢) the set of density parameter pairs (a,b) such that G(¢,aZ x bZ) is a frame
for L?(R). The range R(¢) is an open domain on the plane for window functions
¢ in Feichtinger algebra, but that range is fully known surprisingly only for small
numbers of window functions, including the Gaussian window function and totally
positive window functions.

The ranges R(¢) associated with general window functions ¢, especially out-
side Feichtinger algebra, are almost nothing known and Janssen’s tie suggests that
they could be arbitrarily complicated. Ideal window functions y; on intervals I are
important examples of such window functions and they have received special atten-
tions. In this paper, we answer that range problem by providing a full classification
of triples (a, b, ¢) for which G(xr,aZ x bZ) generated by the ideal window function
X7 on an interval I of length c is a Gabor frame for L?(R), i.e., the abc-problem
for Gabor systems. For an interval I of length ¢, we show that the range R(x;) of
density parameter pairs (a, b) is neither open nor path-connected, and it is a dense
subset of the open region below the equilateral hyperbola ab = 1 and on the left of
the vertical line a = c.

To study the range R(x;) of density parameter pairs (a,b) associated with
ideal window function x;, we normalize the interval I to [0,¢) and the frequency
parameter b to 1. This reduces the abc-problem for Gabor systems to finding out all
pairs (a, c) of time-spacing and window-size parameters such that G(xjo,c), aZ x 7Z)
are Gabor frames.

Denote by B° the set of all binary vectors x := (x(\))xez with x(0) = 1 and
x(A) € {0,1} for all A € Z, and let D, . contain all real numbers ¢ for which there
exists a binary solution x € BY to the following infinite-dimensional linear system

D Xt =+ Nx(\) =2, ped.
ANEZ
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viii PREFACE

We create a time-domain approach to Gabor frames and show that G(x|o,c), aZ x Z)
is a Gabor frame if and only if D, . = 0.

We do not apply the above empty set characterization of Gabor frames directly,
instead we introduce another set S, . of real numbers ¢ for which there exists a
binary solution x € B° to another infinite-dimensional linear system

D Xoot—p+Xx(\) =1, pea
ANEZ

The set S, is a supset of D, . and conversely D, . can be obtained from &,
by some set operations. Most importantly, S, . is a maximal set that is invariant
under the transformation R, . and that has empty intersection with its black hole
[max(co + a — 1,0), min(¢y — a,0) + a) + aZ, where

t+ |c] if t € [min(¢y — a,0),0) + aZ
Roc(t):=1< t+|c]+1 ifte[0,max(co+a—1,0))+aZ
t if ¢ € [max(co +a —1,0), min(cy — a,0) + a) + aZ.

The piecewise linear transformation R, . is non-contractive on the whole line
and it does not satisfy standard requirement for Hutchinson’s remarkable construc-
tion of maximal invariant sets. In this paper, we show that Hutchinson’s construc-
tion works for the maximal invariant set S, . of the transformation R, ., and even
more surprisingly it requires only finite iterations, i.e.,

So,c = (Rmc)D(R)\([maX(cO +a—1,0),min(¢y — a,0) + a) + aZ)

for some nonnegative integer D, whenever it is not an empty set. Therefore comple-
ment of the set S,  is a periodic set with its restriction on one period consisting of
finitely many holes (left-closed right-open intervals). So we may squeeze out those
holes on the line and then reconnect their endpoints. This holes-removal surgery
yields an isomorphism from the set S, . to the line with marks (image of holes).
More importantly, restriction of the nonlinear transformation R, . onto the set S, .
becomes a linear transformation on a line with marks, and interestingly the set of
marks forms a cyclic group for a € Q.

After exploring deep about locations and sizes of holes, we show that hole-
removal surgery is reversible and the set S, . can be obtained from the real line by
putting marks at appropriate positions and then inserting holes of appropriate sizes
at marked positions. The above delicate and complicated augmentation operation
leads to parametrization of the set S, . via two nonnegative integers for a ¢ Q and
via four nonnegative integers for a € Q. This parametrization yields our complete
answer to the abc-problem for Gabor systems.

The piecewise linear transformation R, . is non-measure-preserving on the
whole line, but certain ergodic theorem could be established. As it involves four-
teen cases (and few more subcases) for full classification of triples (a, b, ¢) such that
G(X[0,c),aZ x bZ) is a Gabor frame for L?(R), an algorithm is proposed for that
intricate verification. The abc-problem for Gabor systems has also close link to the
stable recovery problem of rectangular signals f in the shift-invariant space

Valxoe 2/6) = { D2 AWt =) > [V < oo}
XEZ/b XEZ/b

from their equally-spaced samples f(to+ u), u € aZ, with arbitrary initial sampling
position .
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CHAPTER 1

Introduction

Let L? := L*(R) be the space of all square-integrable functions on the real line
R with the inner product and norm on L? denoted by (-,-) and || - ||2 respectively.
A frame for L? is a collection F of functions in L? satisfying

1/2 1/2
<A= it (3UROP) T < s (B I6)P) T =B <o
2T CgeF I7l2=1 " 4cF
The constants A and B are known as lower and upper frame bounds of the frame F.
Frames for a Hilbert space were introduced in 1952 by Duffin and Schaeffer in the
context of nonharmonic Fourier series [11, 17], and the notion of frames has been
extended to p-frames, Banach frames, g-frames and fusion frames [3, 9, 10, 45].
The reader may refer to the textbook by Christensen [12] and the survey by Casazza
[7] for the extensive literature and historical remarks.

The Gabor system (also called Weyl-Heisenberg system) generated by a window
function ¢ € L? and a rectangular lattice aZ x bZ is defined by

(1.1) G(¢,aZ x bZ) := {e 2" ¢(t —ma) : (m,n) € Z x L};

and a Gabor frame is a Gabor system that forms a frame for L2, i.e., there exist
positive constants A and B such that

Alfle< (X e o —map?) " < BIfl forall f e L2

m,ne”z

Gabor frames have links to operator algebra and complex analysis, and they have
been applied in a wide range of mathematical and engineering field, especially suit-
able for applications involving time-dependent frequency content [6, 12, 20, 21,
24, 25, 26, 29]. The history of Gabor theory could date back to the complete-
ness claim in 1932 by von Neumann on the completeness of the Gabor system
G(v/2exp(—t?),Z x Z) generated by the Gaussian window [35, p. 406], and the ex-
pansion conjecture in 1946 by Gabor [19, Eq. 1.29] on the expansion of the Gabor
system G(v/2 exp(—t?),Z x Z) for all square-integrable functions in his fundamental
paper. Gabor theory become widely studied after the landmark paper [16] in 1986
by Daubechies, Grossmann and Meyer, where they proved that given any positive
density parameters a, b satisfying ab < 1 there exists a compactly supported smooth
function ¢ such that G(¢, aZ x bZ) is a Gabor frame, see the textbook by Grochenig
[20] and the surveys by Janssen [29] and Heil [26] for more detailed and updated
information about Gabor theory and applications.

One of fundamental problems in Gabor theory is to identify window functions
and time-frequency shift sets such that the corresponding Gabor systems are Gabor
frames. Given a window function ¢ € L? and a rectangular lattice aZ x bZ, a well-
known necessary condition for the Gabor system G(¢,aZ x bZ) to be a Gabor
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2 1. INTRODUCTION

frame, obtained via Banach algebra technique, is that the density parameters a
and b satisfy ab < 1[5, 13, 28, 33, 37]. Two other basic necessary conditions for
the Gabor system G(¢,aZ x bZ) to be a Gabor frame are

. ~ _ 2 _ 2
(1.2) 0<inf > [o(t—ma)® < sup > ot —ma)|* < o,
meZ meZ
and
(1.3) 0 < inf Z |p(€ —nb)|? < supz |p(€ —nb)|? < 00
ek ez Ronez

[13, 14]. Here the Fourier transform f is given by

fle) = [ re=car

for an integrable function f on the real line R, with standard extension to tempered
distributions, including square-integrable functions. But the above three necessary
conditions on window functions and density parameters are far from providing an
answer to the fundamental problem.

Denote by R(¢) the range of positive density parameter pairs (a,b) such that
the Gabor system G (¢, aZ x bZ) is a frame for L?. Then the first necessary condition
can be rewritten as

(1.4) R(p) C {(a,b) : ab <1}

for arbitrary window function ¢. An important result proved by Feichtinger and
Kaiblinger [18] states that the range R(¢) is an open domain for a window function
¢ in Feichtinger’s algebra [18], but it is fully characterized unexpectedly only for
few families of window functions ¢ [31, 32, 34, 39, 40], including recent significant
advance made by Grochenig and Stockler for a totally positive function of finite type
[22].

The Gaussian window v/2exp(—nt?) and the “ideal” window x; (the charac-
teristic function) on an interval I have received special attention. For the Gaussian
window, it is conjectured by Daubechies and Grossmann [15] and later proved in-
dependently by Lyubarskii [34] and by Seip and Wallsten [39, 40] via complex
analysis technique that the range of positive density parameters a and b is the open
domain {(a,b) : ab < 1}. For the ideal window on an interval I, it is known that
G(x1,aZ xbZ) is a Gabor frame if and only if G(x1+4, aZ x bZ) is a Gabor frame for
every d € R. Due to the above shift-invariance of Gabor frames, the interval I can
be assumed to be left-closed and right-open, and to have zero as its left endpoint,
ie.,

I=10,¢) forsome ¢ >0.

Thus the range problem for the ideal window on an interval reduces to the so-called
abe-problem for Gabor systems: given a triple (a,b,c) of positive numbers,
determine whether G(X[o,c), aZ x bZ) is a Gabor frame.

Applying (1.2) to the ideal window function xg on a bounded set E yields the
covering property
Umez(E +ma) =R
which becomes a < ¢ for the the ideal window on the interval [0,c) [8]. Similarly
applying (1.3) for the ideal window on the interval [0, c¢) shows that bc is not an
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integer larger than or equal to 2. The above requirements together with (1.4) imply
that

R(X[0,c)) C {(a,b): ab<1,a <c,bc g Z\{1}}.

But there is a large gap between the range R(x[o,)) and its supset {(a,b) : ab <
1,a < ¢,bc € Z\{1}}. In fact the range could be arbitrarily complicated, cf. the
famous Janssen’s tie [23, 30]. In this paper, we introduce a discontinuous periodic
transformation, study its two invariant sets, and use them to provide a complete
answer to the abc-problem for Gabor systems.

Notation: For a real number ¢, we let ¢, = max(¢,0), t— = min(¢,0) =t — t,
|t] be the largest integer not greater than ¢, [¢] the smallest integer not less than ¢,
sgn(t) be the sign of t, and t := (--- ,¢,t,t,---)? be the column vector whose entries
take value t. Specially for the window size parameter ¢, we let ¢o := ¢ — |¢] be the
fractional part of the window size. For a set E, we denote by x g the characteristic
function on it, by | E| its Lebesgue measure, and by #(FE) its cardinality respectively.
We also denote by Q the set of rational numbers; by ged(s, t) the greatest common
divisor such that s/ged(s,t),t/ged(s,t) € Z for any given s and ¢ in a lattice rZ
with » > 0; by AT the transpose of a matrix (vector) A; and by N(A) the null
space of a matrix A. In this paper, we also let £? := ¢2(A) be the space of all
square-summable vectors z := (z(\))aca on a given index set A, with standard
norm [+ [ 1= | - lezny

B :={(x(A\))xez : x(A) €{0,1} for all A\ € Z}

contain all binary column vectors whose components taking values either zero or
one; and

BY .= {(X()\)))\EZ e B: X(O) = 1}

be the set of all binary vectors taking value one at the origin.

1.1. Outlines

Given a triple (a, b, ¢) of positive numbers, one may verify that G(x|o,c), aZ x bZ)
is a Gabor frame if and only if G(xX[o,4c), (ab)Z x Z) is. By the above dilation-
invariance, we can normalize the frequency-spacing parameter b to 1. Thus the
abe-problem for Gabor systems reduces to finding out all pairs (a,c) of positive
numbers of time-spacing and window-size parameters such that G(x(o,c),aZ X 7Z)
are Gabor frames.

It is known that the Gabor system G(x|o,c), aZ x Z) associated with a pair (a, c)
satisfying either @ > 1 or ¢ <1 is a Gabor frame if and only if c=1and 0 < a < 1,
see for instance [16, 23, 30] and also Theorem 7.1. So it remains to consider the
abe-problem for Gabor systems with triples (a, b, ¢) satisfying

0<a<l<ec and b=1.
Define infinite matrices M, (t),t € R, by

(15) Ma,c(t) = (X[O,C) (t — ILI, —+ )\))MEGZ,AEZ’ t S R

The infinite matrices M, .(t),t € R, in (1.5) have been used by Ron and Shen
in [38] to characterize frame property for the Gabor system G(x[o,c),aZ x Z). In
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particular, G(x(o,¢), aZ x Z) is a Gabor frame if and only if

(1.6) 0 < inf inf X Mg c(t)z|l2 <sup sup [|[M,(t)z]2 < oo,
teR

teR ||zl2= z||2=1

see also Theorem 2.4. We observe that infinite matrices M, ((t),t € R, in (1.5) are
binary, their rows contain |c|+{0, 1} consecutive ones, and they have the following
elementary properties about frequency shifts in Z and time shifts in aZ:

(1.7) M, (t = N)z =M, (t)Tvz forall N € Z
and
(1.8) M, (t — 1)z =7, (Mg (t)z) forall i € aZ,

where for a > 0, the shift-operators 7,/,v’ € aZ, are defined by
T2 = (2(v +V))peaz for z:= (2(v))vecaz-

Using special structures for infinite matrices in (1.5), we establish the equivalence
between their uniform stability (1.6) and the non-existence of binary solutions for
the infinite-dimensional linear systems

(1.9) M, (t)x =2, t €R,
or equivalently the empty set property for the set D, . defined by
(1.10) Do = {t €R: M,(t)x = 2 for some binary vectors x € BO},

see Theorem 2.1.

Any binary vector x € B? satisfying M, .(t)x = 2 can be written as the sum
of two binary vectors x; € BY and x5 € B\B such that

(1.11) x=xX1+x2 and M, (t)x; = Mg(t)x2 =1,

see Lemma 2.6. The binary vector x; € B° in the above decomposition (1.11) is
uniquely determined by ¢ (see Lemma 3.12), and multiple binary vector solutions x
could exist for the linear system M, .(¢)x = 2,t € R. So we consider binary vector
solutions x € BY to the linear system

(1.12) M, (t)x=1, teR,
and define
(1.13) Saci={t €R: Mg.(t)x =1 for some vector x € B°}.

The sets D, . and S, . are closely related:

1) they are periodic sets with period a by the time-shift property (1.8);

2) S, is a supset of D, . by the decomposition (1.11); and

3) Dy, can be obtained from S, . via some set operations, see Theorem 2.3.
For pairs (a, ¢) of positive numbers satisfying either ¢ :=c—|c| > a or ¢y < 1—a,
we can construct the set D, . explicitly by applying the above results about the
sets D, . and S, ¢, and then we can determine whether the corresponding Gabor
system G(Xjo,c);@Z X Z) is a frame, see Theorem 7.2. Thus the abc-problem for
Gabor systems reduces further to triples (a, b, ¢) satisfying

O<a<l<e l—a<c<a and b=1.
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Take t € S,.. Let x;, € BY be the unique solution of the linear system
M,..(t)x: = 1, and let A, c(t) (resp. Aq.c(t)) be the smallest positive integer (resp.

the largest negative integer) such that x;(Ag,c(t)) = x¢(Ag,c(t)) = 1. Then
Thae Xt Tx, (1) Xt € B°
and
Moot + Aae(t))Tr, Xt = Mae(t + Ao o(t))75, X0 = Mae(t)x; = 1
by the frequency-shift property (1.7). This yields two maps on the set S, .:
(1.14)  Suedt—t+Ago(t) €Sae and S,cdt —> t+ Agolt) € Sae.

Our inspection shows that the above two maps can be extended to discontinuous
periodic transformations R, . and R, . on the line R respectively, where

t+ |c] ift €[(co—a)-,0)+aZ
(1.15)  Ryc(t):=¢ t+|c]+1 iftel0,(co+a—1)y)+aZ
t ifte(co+a—1)4,(co—a)_ +a)+aZ,
and
(1.16)
} t—lc]—1 iftefe—(cp+a—1);,c)+aZ
Ry.(t)=4¢ t—|c] iftele,c—(co—a)-)+aZ

t iftele—(co—a)-,c+a—(co+a—1);)+aZ,
see Lemma 3.7. So the set S, . is an invariant set under transformations R, . and
R, . and it has empty intersection with their black holes [(co +a — 1), (co —a)_ +
a)+aZ and [c — (co —a)—,c+a — (co +a — 1)) + aZ. Most importantly, the set
Sa,c is mazimal in the sense that any set I satisfying
R.c(E)=FE and EN([(co+a—1)4,(co—a)-+a)+aZ)=10

is a subset of S, , see Theorem 3.4. Due to the above property, we call S, . the
mazimal invariant set.

The piecewise-linear transformations R, . and ]:2(170 are well-defined as (¢p +
a—1); < (co—a)— + a. The black hole [(co +a—1)4,(co — a)— + a) + aZ of the
transformation R, . and the black hole [¢ — (co —a)—,c+a—(co+a—1)4+) +aZ of
the transformation Ram play important role for us to explore the structure of the
maximal invariant set S, .. The following properties for the transformations R, .
and R, . follow immediately from their definitions (1.15) and (1.16):

1) The transformation Ram is the left-inverse of the transformation R, . out-
side its black hole and vice versa (hence the transformations R, . and R, .
are one-to-one outside their black holes), i.e.,

(1.17) { Ravc(Ra,c(t)) =tifte[(cot+a—1)4,a+ (co—a)-)+ aZ,

Ry c(Rgc(t)=tift&lc—(co—a)_,c+a—(co+a—1);)+aZ.
2) The range of the transformation R, . outside its black hole is the comple-
ment of the black hole of the transformation R, . and vice versa, i.e.,

Rac(R\([(co +a—1)1,(co — a)— + a) + aZ))
) =R\([e=(co —a)—,c+a—(co+a—1)y)+aZ),
Rac(R\(le = (co —a)—,c+a—(co+a— 1))+ aZ))

—R\([(co +a— 1)1, (co —a)_ +a) +aZ).

(1.18)
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3) The transformations R, . and RM are measure-preserving outside their
black holes, i.e.,
(1.19)
{ [Rao(E)| = |E| if EN([(co+a—1)+,(co—a)-+a)+aZ) =0,
|Roo(E) =|E| if EN([c—(co—a)—,c+a—(co+a—1)y)+aZ)=0.

As the transformation R, . is non-contractive by the above measure-preserving
property (1.19), its maximal invariant set S, . does not directly follow from the
Hutchinson’s remarkable construction [27]. We observe that invariance of the set
Sq,c under the transformation R, . and its empty intersection with the black hole
[(co+a—1)4,(co —a)— + a) + aZ imply that

(1.20) Sae CNYg(Rac)"RN\([(co+a—1)4,(co — a)— + a) + aZ).

Surprisingly we show that infinite intersection in the above inclusion can be replaced
by finite intersection and the inclusion is indeed an equality whenever S, . # (. This
leads to the existence of a nonnegative integer D such that

(1.21)  Sae = (Rae)*(R\([(co +a—1)4,(co —a)_ +a) +aZ) forall L> D,

see Theorem 4.1. Hence the maximal invariant set S, . consists of finitely many
left-closed and right-open intervals on one period and it is measurable, see Examples
5.1, 6.1 and 6.2 for illustrative examples. Our algorithm to verify frame property for
the Gabor system G(x(o,c), aZ x Z) for given pair (a, c) is based on the observation
(1.21), see Appendix A.

In this paper, we prove the finite iteration (1.21) of the maximal invariant set
S, from exploring its complement R\S, .. We observe that holes (Rq..)™([c— (co—
a)_,ct+a—(co+a—1)4)+aZ),n > 0, obtained from applying the transformation R, .
to the black hole [c— (co—a)_,c+a—(co+a—1)4)+aZ of the transformation R, .
have empty intersection with the maximal invariant set S, ., see Proposition 3.6.
Furthermore, the black hole [(co+a—1)4+,a+ (co —a)_)+aZ of the transformation
R, . and the black hole [c—(co—a)_, c+a—(co+a—1)4)+aZ of the transformation
Ra)c are transformable through periodic holes (R, )" ([c — (co —a)—,c+a — (co +
a—1)4)+aZ),0 <n < D, in finite steps, provided that S, . # 0. Thus

(1.22)  Suc=R\(UL_g (Rae)*([c— (co —a)—,c+a—(co+a—1)4) + aZ))

by its maximal invariance under the transformation R, ., see Theorem 5.2 for a ¢ Q
and Theorems 6.3, 6.4 and 6.5 for a € Q.

Set ¢1 := |¢] —|(l¢]/a)|a. For pairs (a,c) of positive numbers satisfying either
c1 > 2a—1or ¢; = 0, we can construct the set S, . explicitly by applying (1.22), and
then we can determine whether the corresponding Gabor system G(x|o,c), aZ x Z) is
a frame, see Theorem 7.3. Then it remains to consider the abc-problem for Gabor
systems with triples (a, b, ¢) satisfying

O0<a<l<e l—a<cg<a, 0<cp<2a—1 and b=1.

For the parametrization of the maximal invariant set S, ., we need some addi-
tional properties for the transformation R, . and perform a topological surgery for
the maximal invariant set S, .. Recall that the maximal invariant set S, . has its
complement composed by finitely many left-closed right-open intervals, called holes,
on one period by (1.22). So we may squeeze out those holes on the line and then
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reconnect their endpoints. The above holes-removal surgery could be described by
the map

(1.23) Y.ot) :=sgn(t)|[t_,t4) N Sael, t €R

on the line in the sense that it is an isomorphism from the maximal invariant set
Sa,c to the line with marks (image of the holes). In Figure 1 below, we illustrate
the performance of the holes-removal surgery via

aT 3 aexp(2mit/a) — Yo c(a) exp ( — 2miY, o(t)/Ya,c(a)) € Ya,o(a)T,

where (%,23 — 117”), (g, %), (%, I—;) and (%, %) are used as pairs (a,c) in the

four subfigures respectively, c.f. Examples 5.1, 6.1 and 6.2. More importantly, after
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e /\
- /
05 i / /\\
s ! 3 R
7 { / \
0dr s i / \
/ i
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{ah (13171, 7747) {a b {1317, 1, 75A7)

FIGURE 1. The set aexp(2miSa,c/a) contains blue arcs in the big circle,
while the set a exp(2mi(R\Sa,c)/a) is composed of red dashed arcs in the
big circle. The image Yo c(a)exp (2miYa,c(R)/Ya,c(a)) of the map Yo .
is the small circle, and the set Yo c(a)exp (2miKa,c/Ya,c(a)) is circled
marked, where K4 . is the set of marks on the line.

performing holes-removal surgery, the restriction of the nonlinear transformation
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R, . onto the maximal invariant set S, . becomes a linear transformation S(6,..)
on a line with marks, i.e., the following diagram commutes,

Ra,c
Sa,c

(1.24) Yl ly

R/<YG7C(Q)Z) m R/(YG,C(G)Z)

Sa,c

where
9(1,0 = a,c(LCJ + 1)
and
SOa,c)(z+Yec(a)Z) =04c+ 2+ Yec(a)Z, zeR/(Yyc(a)Z),
see Theorem 4.4.

For irrational time-spacing parameter a, holes (R, )" ([c — co,c —co + 1) +
aZ),0 < n < D, in the complement of the maximal invariant set S, . have their
closure being mutually disjoint, see Theorem 5.2. This gives a one-to-one cor-
respondence between those holes of length 1 — a and marks on the line, where
marks are obtained by applying the hole removal surgery and conversely holes
of same length are inserted at marks by the augmentation operation. From the
commutative diagram (1.24) for the transformation R, . and the above one-to-one
correspondence between holes and marks, we conclude that the set of marks are
completely determined by the number of marks on one period [0,Y, .(a)) and the
position Y, (¢ —co+1) + Y, c(a)Z and Y, .(co) + Ya,c(a)Z of two marks associated
with black holes [¢ — ¢p,c —cop + 1 —a) + aZ and [co + a — 1,¢9) + aZ of trans-
formations Ra,a and R, . respectively. Using the above conclusion, we may fully
classify the maximal invariant set S, . by two parameters d; and ds, the numbers
of holes in [0, ¢y +a —1) and [cg, a) respectively. This leads to a characterization of
nontriviality of the maximal invariant set S, ., see Theorem 5.5. Also it gives the
full classification of pairs (a,c) of positive numbers satisfying 0 < ¢; < 2a — 1 and
a ¢ Q such that the corresponding Gabor system G(x(o,¢), aZ x Z) is a frame, see
Theorem 7.4.

For rational time-spacing parameter a, one may easily verify that the set S, . is
finite union of intervals of length ¢— |gc|/q and (|gc/] +1)/q— c on one period, and
it is completely determined by its restriction to the finite set ({0,c} +Z/q) N[0, a),
where a = p/q for some co-prime integers p and ¢. In particular,

(1~25) Sa,c = (Sa,cﬂZ/qu [07 c— LQCJ /Q)) U (Sa,cm (CJFZ/Q) + [0, (chj Jrl)/qfc))a
because infinite matrices M, (¢) in (1.5) has the following property for a € Q:
M. c(lgt]/q+c—lgcl/q) ift—[qt]/q > c—lqc]/q
1.26) M, .(t) = ’ .
020 M0 ={ o it 0 <t lat]/q < c— lacl /g
Furthermore, the maximal invariant set S, . has its complement consisting of pe-
riodic gaps of two different sizes, see Theorems 6.3, 6.4 and 6.5. Also the trans-

formation R, . has its restriction on S, . being of finite order, since there exists a
positive integer D such that

(Ra.o)P(t) —t € aZ forallteS,.

cf. Theorem 4.5. Taking holes-removal surgery described by the map in (1.23)
for the maximal invariant set S, . leads to a line with marks. Interestingly, it
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is shown that the set K, . of marks forms a cyclic group, see Theorem 6.6 and
Corollary 6.7. We observe that the hole-removal surgery is reversible, that is, the
maximal invariant set S, . can be obtained from the real line by putting marks at
appropriate positions and then inserting holes of appropriate sizes at marked posi-
tions, that augmentation operation is much more delicate and complicated than the
holes-removal surgery. Using the above augmentation operation, we characterize
nontriviality of the maximal invariant set S, . for a € Q, see Theorem 6.8. Finally
using the above characterization and the covering property of the maximal invari-
ant set S, in Theorems 3.2 and 3.3, we provide full classification of pairs (a, )
satisfying 0 < ¢; < 2a — 1 and a € Q such that the corresponding Gabor system
G(X[0,c),aZ x 7Z) is a frame, see Theorem 7.5.

The paper is organized as follows. In Chapter 2, we introduce a new character-
ization of frame property for the Gabor system G(x(o,c), aZ x Z) via non-existence
of binary solution of infinite-dimensional linear systems (1.9), and we show that
the set D, . could be obtained from the maximal invariant set S, . by some set
operations. The main results in that chapter are Theorems 2.1 and 2.3.

In Chapter 3, we consider covering property of the set S, . in Theorem 3.2,
and show in Theorem 3.4 that the set S, . has empty intersection with the black
hole [(co +a — 1)4,(co — a)— + a) + aZ of the transformations R, ., and that it
is the maximal set that is invariant under the transformation R, . and has empty
intersection with its black hole. The maximal invariance property for the set S, . is
crucial in our study. Applying the maximal invariance property, we can construct
the maximal invariant set S, . immediately for pairs (a, c) satisfying either ¢y > a
or 0 < cg <1 —a. Important observations in that chapter also include the dense
property of the maximal invariant set S, . around the origin, and unique binary
solution x € B to the linear system M, .(t)x = 1 for any given t € S,., see
Lemmas 3.10, 3.11 and 3.12.

In Chapter 4, we show in Theorem 4.1 that although the transformation R, . is
not-contractive on the whole, the Hutchinson’s remarkable construction [27] works
for its maximal invariant set S, .. The surprising observation given in Theorem 4.4
is that the restriction of the piecewise linear transformation R, . onto the maximal
invariant set S, ¢ is a shift on the line with marks. In Theorem 4.5 of that chapter,
we establish an ergodic theorem for the transformation R, ., even though it is not
measure-preserving on the whole line.

In Chapter 5, we study the maximal invariant set S, . with a ¢ Q. We show that
the complement of the maximal invariant set S, . consists of left-closed and right-
open intervals of same size and it contains a small neighborhood of the origin. After
performing the holes-removal surgery described by the isomorphism Y, . in (1.23),
the maximal invariant set S, . becomes the real line with marks, and conversely
expanding the line with marks by inserting holes [0, 1—a) at every location of marks
recovers the maximal invariant set S, .. Using the above isomorphism Y, . between
the maximal invariant set S, . and the real line with marks, we can parameterize
the maximal invariant set S, . via two nonnegative integer parameters.

In Chapter 6, we study the maximal invariant sets S, . with a € Q. We show
that the set S, . is the union of mutually disjoint intervals of same size, while
its complement may contain holes of two different sizes. We observe that holes
in the complement of the set S, . have cyclic group structure after performing
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the holes-removal surgery. Thus the maximal invariant set S, . could be obtained
from inserting holes of appropriate size at every mark, which forms in a cyclic
group. Using the above augmentation operation, we can parameterize the maximal
invariant set S, . via four nonnegative integer parameters.

In Chapter 7, we provide full classification of all pairs (a, ¢) of time-spacing and
window-size parameters such that G(x[o.c),aZ x Z) are Gabor frames. From our
classification, we see that the range R(x|o,¢)) is neither open nor path-connected,
but it is a dense subset of the open region U, := {(a,b) : 0 < a < max(1/b,c)}, cf.
[18]. Moreover, we confirm a conjecture in [30, Section 3.3.5] that G(xr,aZ x bZ)
is a Gabor frame if (a,b) € U, the product between a and b is irrational, and c is
not a rational combination of a and 1/b.

In Appendix A, we provide a finite-step algorithm to verify whether the Gabor
system G(x(o,¢), aZ x bZ) is a Gabor frame for any given triple of (a, b, ) of positive
numbers.

In Appendix B, we apply our results on Gabor systems to identify all intervals I
and time-sampling spacing lattices bZ x aZ such that signals f in the shift-invariant
space

Valur,bZ) = { 30 a0t = A Y 12 < oo
AELL AEDZ
can be stably recovered from their equally-spaced samples f(to + u), u € aZ, for
any initial sampling position ¢ty € R.



CHAPTER 2

Gabor Frames and Infinite Matrices

Infinite matrices M, .(t),¢ € R, in (1.5) have their rows containing |c| + {0, 1}
consecutive ones. Their rows are obtained by shifting one (or zero) unit of the
previous row with possible reduction or expansion by one unit. In the case that
the time-spacing parameter a is rational, they also have certain shift-invariance in
the sense that their (u 4 ga)-th row can be obtained by shifting p-units of the u-th
row, where p and ¢ are coprime integers with a = p/q, c.f. [30, Eq. 3.3.68]. The
above observations could be illustrated from examples below:

01 1 1 1 1 10
01 1 1 1 1 1 0
111 1 1 10
01 1 1 1 1 0
01 1 1 1 1 10
Ma’c(o)_ 01 1 1 1 1 1 0
01 1 1 1 1 1 0
01 1 1 1 1 10
01 1 1 1 10
01 1 1 1 1 1 0
for the pair (a,c) = (/4,23 — 117 /2) with a ¢ Q; and
01 1 1 1 1 0
01 1 1 1 1 0
01 1 1 1 1 0
0 1.1 1 1 0
01 1 1 1 0
01 1 1 1 1 0
01 1 11 10
Ma’c(o)_ 0 1 1 1 1 0
01 1 1 1 0
01 1 1 1 1 0
01 1 1 1 10
01 1 1 1 0
01 1 1 1 0
01 1 1 1 1 0

11
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for the pair (a,c) = (13/17,77/17) with a € Q, cf. Examples 5.1 and 6.1. Those
special structures for infinite matrices in (1.5) help us to characterize frame property
for the Gabor system G(x|o,c), aZ X Z) from uniform stability of infinite matrices to
non-existence of trinary vectors in their null spaces, and further to non-existence
of binary solution of infinite-dimensional linear systems (1.9).

THEOREM 2.1. Let 0 <a <1 <c¢, Mg(t),t € R, be infinite matrices in (1.5)
and let D, . be as in (1.10). Then the following statements are equivalent.
(i) G(X[0,e), aZ x Z) is a Gabor frame.
(ii) Infinite matrices Mg o(t),t € R, have the uniform (*-stability property
(1.6).
(iii) For everyt € R, only zero vector 0 is contained in the intersection between
B — B and the null space of M, .(t), i.e.,

N(M,.(t))Nn(B—B)={0} foreverytecR.
(iv) Dg,e = 0.
The implication (iv)=-(i) in the above theorem has been implicitly used in

[23, 30] for their classifications.

The statement (iv) in the above theorem can be rewritten as follows: for any
t € R, there does not exist x € B such that M, .(t)x = 2. In the next theorem,
we show that it suffices to verify nonexistence of binary solutions x of infinite-
dimensional linear systems M, .(t)x = 2 for finitely many ¢, cf. Theorem 3.1 for
the set Sgc.

THEOREM 2.2. Let 0 < a <1 <c¢, My,(t),t € R, be infinite matrices in (1.5),
and let Dq ¢ be as in (1.10). Define

e ({0, ¢} + ged(a, 1)Z) N [0,a) if a € Q.

Then Dy = 0 if and only if Dy N Oq.c = 0.

The set D, is a periodic set with period a,
(2.1) Da,c =D+ al
by the shift property (1.8), and it can be obtained from the maximal invariant set
Sa,c in (1.13) by some set operations.

THEOREM 2.3. Let 0 < a <1 <c. Then

Da,c = (Sa,c N (Uke[l,[cj—l]ﬁZ(Sa,c - )\)))

(2.2) U(Sae N (0, (¢ — Le] +a—1)4) +aZ) N (S — [e))).

For pairs (a,c) of positive numbers satisfying either ¢y :== ¢ — |¢] > 1 —a, or
co > a, or |¢|] =1, we can construct the set D, . explicitly. Hence Theorem 2.1
can be used to determine whether Gabor systems G(x[o,¢), aZ x Z) corresponding

to those pairs are frames, see Theorem 7.2 and the statement (VIII) of Theorem
7.3 for details.

The organization of this chapter is as follows. We recall the characterization of
Gabor frames by Ron and Shen [38], the equivalence between statements (i) and (ii)
of Theorem 2.1, in Section 2.1. To prove the implication (iv)==(i) of Theorem 2.1,
we introduce a characterization for D, . = ( via uniform boundedness of lengths
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of consecutive twos in range spaces M, .(t)B,t € R, in Section 2.2. In Section 2.3,
we give a proof of Theorem 2.1. In addition, we provide a frame bound estimate
(2.23) via maximal length @, . of consecutive twos in range spaces M, .(t)B,t € R,
in Remark 2.8 of that section. We postpone the proofs of Theorems 2.2 and 2.3 to
Sections 3.5 and 3.4 of next chapter respectively.

2.1. Gabor frames and uniform stability of infinite matrices

In this section, we recall the equivalence between frame property for the Gabor
system G(x[o,c), aZ x Z) and uniform stability of infinite matrices M, .(t),t € R, in
(1.5), i.e., the equivalence of statements (i) and (ii) of Theorem 2.1.

THEOREM 2.4. Let (a,c) be a pair of positive numbers. Then G(x|o,c), aZ X Z)
is a Gabor frame if and only if M, (t),t € R, have the uniform (?-stability property
(1.6), i.e., there exist positive constants A and B such that

Allzllz € |[Mac(t)z|2 < Bzl for all z € ¢* and t € R.

Furthermore,
. N2
(2.3) it (> [LOP) =il il Mtz
[l fll2=1 teR [|z]l2=1
$€G(X0,c),aZXZL)
and

ey s (X 1hoR) s s (M0l

112=1 " 4eG(x 10,01 azx2) PER flzll2=1

The above theorem was proved in [38] for arbitrary Gabor system G(¢, aZ x
Z) generated by a window function ¢ € L?. From the equivalence in Theorem
2.4, we see that necessary conditions (1.2), (1.3) and (1.4) for the Gabor system
G(X[0,c),aZ x Z) to be a frame become the nonzero column property for uniform
stable matrices M, (t), nonexistence of exponential vectors (exp(2min&y))nez, o €
R, in null spaces N(M, .(t)), and the non-thinness property for infinite matrices
M, .(t) respectively. The interested reader is referred to [36, 43] for various criteria
and necessary conditions for the ¢£2-stability of an infinite matrix.

For the completeness of this paper, we include a short proof of Theorem 2.4.
PRrOOF. First the sufficiency. Take ¢, € [0,1), a sufficiently small positive

number € € (0,1 — tp), and a nonzero vector z := (z(\))rez having finitely many
nonzero entries. Define

fe,to (t) - 671/2 Z Z()‘)X[O,e) (t —to— )‘)

AEZ

Then

I feto 13

et /R \ > z(AN)xpo,0(t — to — N|Pdt

AEZ

= D [ ol to = Vit = [zl

AEZ
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where the second equality holds as ([0,€) + X)) N ([0,€) + A')) = 0 for all distinct
integers A and )\'; and

> (et D)

?€G(X[0,c),aZXL)

- Y ¥ /0 1 (3 Feolt 4+ Mxioy (¢ — ) )e>mnar]

HEAL NEL AEZ
1 2
= Z / ’ Zfe,to(t+)\)X[o#)(t*ﬂ‘i’)\)' dt
weaz’9 ez
to+e 2
= ! Z / Z z(A)X[0,e) (T — o + /\)‘ dt
peaZ o A\EZ

= M. (to)zll3,

where the last equality follows from

Z z(A)X[o,0)(t —p+A) = Z z2(A)X[0,c)(to —p+ ) for all t € [to, to + €]
AEZ ANEZ

by the assumption that the vector z has finitely many nonzero entries and € > 0 is
sufficiently small. Combining the above two equalities with frame property for the
Gabor system G(x(o,c), aZ x Z), we obtain

. 2
0 < ||fl|ﬁf=1 > [(f, &)

$€G(X0,c),aZXZ)

< inf inf |Mg.c(t)z||3 = inf inf |[|M,..(t)z|3
< il M7l = o o, M0l
< sup sup Mg (t)z]3= sup sup [Ma.(t)z]3
tER ||z[|o=1 t€[0,1) [|z[l2=1
(2.5) < sup > [{f, )7 < oo.

I fll2=1 $E€G(X (0.0 ,aLXE)

This proves the sufficiency.

Then the necessity. For a compactly supported function f € L?(R),

! 2
Sl = X [ xealt-ue s a
$EG(X[0,0),0ZX L) peaz”0 ez
! 2
> inf |Mg.(t)z X t+\)|?)dt
[t ectwele) < (e )

2 2

> (i

> (inf b [Moc(0)zl) 113

and similarly

2
S WP < (s sw [Mac(bzle) 113

teR =
$€G(X0,c),aZXZL) €R ||z[|2=1
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Combining the above two estimates, we have

0 < inf inf [ M,.(t)z]?
g inf M (023
i Y. KAaP< sw Y. lhePr
277 $€G (X0, 0),aZXZ) I£1l2=1 $€G(X[0,¢),aZXZ)
(2.6) < sup sup |[Mg.(t)z]3 < co.
t€R ||z]l2=1

This completes the proof of the necessity.
Finally bound estimates in (2.3) and (2.4) follow immediately from (2.5) and

(2.6). O
2.2. Maximal lengths of consecutive twos in range spaces of infinite
matrices
For any ¢t € R and x € B, let
0 if K(t,x)=10
Qac(t,x) =14 sup{ne N’ [4, o+ na) N aZ

C K(t,x) for some 1 € aZ} otherwise,
where
K(t,x) := {p € aZ| Mq(t)x(p) = 2}.
Define the maximal length @, . of consecutive twos of vectors in range spaces
M, (t)B,t € R, by

(2.7) Qac:= sup Qqclt,x).
teR,xeB

Obviously,

Qa,c =400 if Da,c 7é @7
because Qg (t,%x0) = 400 for any ty € D, and x¢ € B satisfying M, .(to)xo = 2.
The converse is shown to be true in the next theorem. Hence D, . = @ if and
only if the maximal length @), . of consecutive twos of vectors in range spaces
M, .(t)B,t € R, is finite, cf. Lemma 5.6 for the empty set property for S, ..

THEOREM 2.5. Let 0 < a <1< ¢. Then Do =0 if and only if Qq,c < +00.

PRrROOF. The sufficiency is obvious. Now the necessity. Suppose, on the con-
trary, that Q. = 4+00. Then for every n > 1 there exist ¢, € R, p,, € aZ and
X, € B such that

Mg o(tn)xn(p) =2 for all  p, < p < p, + 2na.

Applying (1.7) and (1.8) for time-frequency shifts of infinite matrices M, .(t), we
may assume, without loss of generality, that ¢, € [0,1) and

(2.8) (Mg o(tn)xn)(p) =2 for all p € [—na,na] N aZ,

otherwise replacing ¢, by the unique number ¢/, € [0,1) satisfying ¢, — p,, — na —
t! € Z and x, by Tt —tn+untnaXn. Furthermore, we can assume that x, :=
(xn (1)) pez € B%,n > 1, satisfy

(2.9) X (A) = xp(A) forall A € [-n,n]NZ and n’ > n,
and

(2.10) {tn}o2; is a monotone sequence,
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otherwise replacing them by their subsequences satisfying (2.9) and (2.10).
Denote by too the limit of {t,}52; and x the limit of {x,}>2,. Clearly
too € [0,1] and %o, € B°.
If there exists ng such that t, =ty for all n > ng, then for any given u € aZ,
(Ma,C(tOO)XOO)(ﬂ) = (Ma,C(tn)Xn)(N) =2

for sufficiently large n by (2.9). Thus My (teo)Xoo = 2 and te € Dy, which
contradicts to the empty-set assumption for D, .
If {t,}22, is a strictly decreasing sequence, then for any given A € Z and
W E aZ,
(2.11) X[0,0) (foo = i+ A) = X[o,e) (tn — p 4 A)
for sufficiently large n. This together with (2.8) and (2.9) implies that
(Mg c(tos)Xo0) (1) =2 for any given p € aZ,

which contradicts to the assumption that D, . = 0.
If {t,}52 is a strictly increasing sequence, then for any given A\ € aZ and
u € aZ,

X(0,¢] (tOO —p+ )‘) = X][0,¢) (tn — B+ >‘)
for sufficiently large n. This together with (2.8) and (2.9) yields that
Z X (0,6 (too = 1t + A)Xoo(A) =2 for all p € aZ.
AEZ

Thus ¢ — to € D¢, which is a contradiction. O

2.3. Uniform stability and null spaces of infinite matrices

In this section, we prove Theorem 2.1 by showing (i)=-(ii)==>(iii)=(iv)==(i).

PROOF OF THEOREM 2.1. The implication (i)==(ii) has been given by The-
orem 2.4.

Next we prove the implication (ii)=>(iii). Suppose, on the contrary, that there
exist tp € R and a nonzero vector x = (x(\))ez such that

(2.12) M, c(to)x = 0 and x(A) € {—1,0,1} for all A € Z.
Then ||x||2 = 400 by (2.12) and the assumption (ii). Set

xy = (X(A)X[=~,N)(A)rez, N > 2.
Then we obtain from (1.5) and (2.12) that

limy o0 [[Xn |2 = 00,
[Ma,c(to)xn oo < [[Ma,c(to)l]|c < ¢+ 1, and

(Mg,c(to)xn) () =0 forall p—to &[N —¢, NJU[-N —¢c,—N].

Therefore

M, .(t

i Mac(to)xnllz _ 0,
N—o00 HXN||2

which contradicts to the assumption (ii).

Then we establish the implication (iii)==-(iv). To do so, we need a technical
lemma about binary solutions of the infinite-dimensional linear system (1.9).
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LEMMA 2.6. Let 0 < a < 1 < ¢,t € R and x := (x(\))xez € B° satisfy
M, (t)x = 2. Then there exist binary vectors x1 € B° and xo € B\B® such that
(1.11) holds.

PRrROOF. Let K be the set of all A € Z with x(A\) = 1, and write K = {), :
J € Z} for a strictly increasing sequence {\;}52_ with Ag = 0. For any u € aZ,
it follows from M, .(t9)x = 2 that K N (—tg + p + [0, ¢)) is either {Xg;, Agj41} or
{A2j-1,A9;} for some j € Z. One may then verify that x; := (2] (\))rez,l = 1,2,
defined by xj(A) = 1 if A = Agj_;41 for some integer j and x; () = 0 otherwise,
are binary vectors satisfying (1.11). O

Let us return to the proof of the implication (iii)==-(iv). Suppose, on the
contrary, that there exist ¢ty € R and a vector x € B° such that M, (to)x = 2. Let
X1, X2 be the binary vectors satisfying (1.11). The existence of such binary vectors
follows from Lemma 2.6. Then z* := x; — x5 is a nonzero trinary vector in the null
space N(M, (to)), which contradicts to the assumption (iii).

Finally we prove the implication (iii)==-(iv). This is the most technical part
of the whole proof. We need the stability inequality (2.13).

LEMMA 2.7. Let 0 < a <1< ¢ and Qq, be as in (2.7). If Qq.c < +00, then

(2.13) S [(Ma)2) ()] > —[2(0)

2c
0<pu<aQq,c+a+c+1
for allt € [0,1) and vectors z = (z(\))rez.

ProoF. For t € [0,1), let A\g = 0, o = [t/a]a and let dg > 0 be the integer in
[c4+po—t—1,c+ po—t). If §o = 0, then (2.13) holds as [(M, .(t)z)(uo)| = |z(0)]
and po <t <aQqc+a+c+1.

Now we prove (2.13) in the case that do > 1. Take an integer A\* € [1, dp] with
(2.14) 5] = s [0
Let us construct a binary vector x € B° such that x(0) = x(A\*) = 1, x(\) = 0 for all
A < 0, and M, .(t)x has maximal length of consecutive twos. To do so, we introduce
families of triples (Mg, pg, 0x) € Z x aZ x Z,0 < k < M, iteratively. For k = 0, we
let A\g =0, o = |t/a]a, and &y be the unique integer in [c + pg —t — 1,¢+ po — t).
Similarly for k =1, we let Ay = A*, 3 = [(t+ A1)/aa and 67 be the unique integer
inf[c+p —t—1,c+ g —t). Inductively suppose that we have defined all triples
(A oy On) with m < k, we set M =k if 0y > ¢+ px — t + a — 1, and otherwise
we define the triple (Ag+1, k1, Ok+1) bY Akg1 = Op—1 + L, g1 = [+ Agr1)/ala
and 0x11 € [+ pp+1 —t — 1, ¢+ ppy1 —t) NZ. By the above construction of triples
(Aks ptks 0%), 0 <k < M,

(2.15) )\kE[/Lk—t,uk—t—l—a) HoO<k<M

' Met2 €lc+pug —t,ce+pp—t+a) Hf0<E<M-—2,
(2.16) [upe —t+c,ppr—t+e+a)NZ=0 if M < oo,
and

(2.17) {32, and {ux 1AL, are strictly increasing sequences.
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Define x := (x(A))aez by x(A) = 1if A = Ay, for some 0 < k < M, and x(A) =0
otherwise. Then x € B® by (2.17), and for po < pu < ppr—1,

Mo = (3 3 )xeet-n+ )

0<k<M,k even O0<Ek<M,k odd

X[0,110] (N) + Z X(kamltk](ﬂ)
2<k<M,k even

+X(t+z\1—c7ul](u) + Z X(H}c—zyltk](/u’) =2,
3<k<M,k odd
where the second equation follows from
(k-2 + a, ] C (E+ Ae — ¢t + Ai] C (p—2, 6 + @), 2 <k <M

which holds by (2.15). Thus maximal length of consecutive twos for the vector
M, (t)x is at least (uapr—1 — fto + a@)/a, which leads to the following estimate:

(2.18) tavi—1 — to +a < aQqpec.
By (2.15) and (2.17),
(2.19) wnvt — pa—1 < ppr — pvi—2 <Ay +t— Ay —c+t—a)<a+e
Combining (2.18) and (2.19) and recalling po <t < 1, we have
(2.20) pn < aQae +c+ 1.
By (2.20), M < oco. Applying (2.15) and (2.16), we obtain
(2.21) (Mo o(6)2) (28)] + (Moo (8)2) (i + @) = [2ey2) — 20|
for all integers 0 < k < M — 2, and
(222)  [(Mac(t)2)(uar)| + (Moo (8)2) (a1 + )] = laO0nr)]

By (2.14), (2.20), (2.21) and (2.22), we get
2 > |(Ma,c(t)z) (1))

0<u<aQa,ct+atct+1

M/2
> > [(Mac(t)2) (p2r)] + [(Ma,o(£)2) (nar + a)
k=0
M/2-1
> ) [2(Aakr2) — 2(ak)| + [2(A)] = [2(Xo)| = [2(0))]
k=0

if M is even, and

26 S [(Mac)2)()

0<pu<aQq,c+a+c+1
(M—-1)/2

> [(Mac(O)z)(po)l + 60 > (I(Maco(t)z)(p2rs1)]
k=0

+|(Ma,c(t)2) (k41 + a)l)
> | 30 2|+ bolz(A)] = [2(0)]
0<A<30
if M is odd. This proves (2.13) in the case that dp > 1. O
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Let’s return the proof of the implication (iv)==(i). Let Q.. be as in (2.7).
Then Q,.. < oo by Theorem 2.5. For any f € L2,

(Quet XY S P

#€G(X(0,c),aZXZ)

(Que+ 22D S > >

peaZ 0<p'<aQq,c.+a+c+l neZ

| /0 (3 Mot = 1+ NG+t ) ) e

AEZ

- Y (@t oy

HEAZ 0<p’'<aQq,c+a+c+l

2
| Xt = + N f(E+ D) )dt
AEZ

> /01( > ‘ZX[O,C)(t—M/-F)\)f(t—&-u—i-)\)Dth

pnear 0<p' <aQq,c+a+ct+l ANEZ

> X [ ra = Bl

4c?
pneaz

v

Y

where the third inequality follows from Lemma 2.7, and

> WLP

$€G(X0,c),aZXZ)
2

Z/O ‘ZX[O,C)(t+)‘)f(t+)\+M) dt

neaz AEZ

e+ Y / S ooy (t+ NIF(E+ A+ o) 2t

pneaZ ANEZ
< (le) +1)(Le/a) + DIIFIIE.

Hence G(x|o,c), aZxZ) is a Gabor frame. This completes the proof of the implication
(iv)==(i) and the proof of Theorem 2.1. O

IN

REMARK 2.8. From the argument used to prove the implication (iv)=-(i) of
Theorem 2.1, we have the following frame bound estimate for the Gabor frame
G(X[0,c), aZ x Z) via the maximal length Q, . of consecutive twos in range spaces
of infinite matrices M, .(t),t € R:

a®[1/a] ,
462(0Qa,c+2a+c+ 1)2 = Hfll\rzf=1 ( Z ‘<f7 ¢>|2)

»€G(X[0,c),aZXZ)

1/2

AN

< s (Y whap)”
lIlfll2=1 $EG(X[0,e),aZXZL)
(2.23) < (le)+ 1)([e/a) +1).






CHAPTER 3

Maximal Invariant Sets

The set D, in (1.10) can be used to characterize frame property of the Gabor
system G(X[o,c),aZ x Z), and it can be obtained from the set S, . in (1.13) by
set operations, see Theorems 2.1 and 2.3. In this chapter, we consider various
properties of the set S, .. The advantages to study the set S, . instead of the set
D, include:

1) Fort € S,.., there is a unique binary solution x € B° to the linear system
M, .(t)x = 1, while for ¢t € D, . multiple binary solutions y € B° could
exist for the linear system M, .(t)y = 2, see Lemma 3.12.

2) Both S, and D, . are invariant under the transformation R, . and have
empty intersection with its black hole, but &, . is its maximal invariant
set, see (3.7) and Theorem 3.4.

3) Both S, . and D, can be constructed explicitly by finite steps, but
Hutchinson’s remarkable construction applies only for the set S, ., see
Theorems 2.3, 4.1, 5.2, 6.3, 6.4 and 6.5.

4) The set S, can be fully parameterized, see Theorems 5.5 and 6.8.

The set S, has period a,

(3.1) So,c =Sac+al
by the time-shift property (1.8); it is a supset of the set D, . in (1.10),
(3.2) Da,c C Sac

by the decomposition (1.11), which is confirmed in Lemma 2.6; and it is not an
empty set if and only if it contains some particular points, cf. Theorem 2.2 for the
set Dy c.

THEOREM 3.1. Let 0 < a <1 < c and define

0 { {0) if a g Q.
ae {0,¢— (|¢/ged(a,1)] + 1)ged(a, 1)} if a € Q.

Then Sq.c # 0 if and only if Sq.c N Qq,c # 0.
The set S, is either an empty set or its (|¢| + 1) copies cover the whole line.

THEOREM 3.2. Let (a,¢) satisfy 0 < a < 1 < ¢, and either 1) a & Q or 2)
a € Q and ¢ € ged(a, 1)Z. Assume that S # 0. Then

(33)  (SacN([0,(c—le] +a—1)3)+aZ)+ [e]) U (UL " (Sae+ k) =R,

As an application of the covering property in Theorem 3.2, we have that D, . =
() if and only if the covering in (3.3) is mutually disjoint, or equivalently the sum of
measurement of their restrictions onto one period is a.

21
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THEOREM 3.3. Let (a,c) satisfy 0 < a < 1 < ¢, and either 1) a ¢ Q or 2)
a € Q and ¢ € ged(a, 1)Z. Assume that Sqc # 0. Then Dy = 0 if and only if

(3.4) Le][Sa,e N[0, @) + [Sae N[0, (c = [c] +a=1)4)[ =a.
The set S, . has empty intersection with black holes of transformations R, .

and Ra,c; and it is a maximal set that is invariant under the transformation R, .
and that has empty intersection with its black hole.

THEOREM 3.4. Let 0 < a < 1 < ¢ and set ¢ = ¢ — |c|. Then the following
statements hold.
(i) The set S, has empty intersection with black holes of transformations

Ry and R ¢,
{ Sa,cN([(co+a—1)4,a+ (co—a)-) +aZ)=10
SacN(e=(cg—a),e+a—(co+a—1)1)+aZ)=0.
(ii) The set Sy is invariant under transformations Rq . and Ra,c,
(3.6) RacSae =S and RqcSac=Sae

(ili) Any set E satisfying Rq,cE = E and having empty intersection with the
black hole [(co +a — 1)4,a+ (co — a)_) + aZ of the transformation R, .
is contained in S, .

The maximal invariance property for the set S, . is crucial in our study. So
we call the set S, . as mazimal invariant set. We remark that it follows from (1.11)
and (3.6) that the set D, . in (1.10) is also invariant under transformations R, .
and Ram

(37) Ra,cDa,c = Da,c and Ra,cDa,c = Da,o

For some pairs (a,c) of positive numbers, applying the maximal invariance in
Theorem 3.4 gives explicit expression for the maximal invariant set S, .

THEOREM 3.5. Let 0 < a <1< ¢, and set
co=c—|c|], 1 =c—cop—|(c—co)/a]a.

Then the following statements hold.
(i) If co =0, then

(3.8) Sac=R.
(ii) Ifco > a and ¢o <1 — a, then
(3.9) Sae = 0.

(i) If co > a and ¢ > 1 — a, then Sgc # 0 if and only if a € Q and
co > 1—ged(le] +1,a). Furthermore,

(3.10) So.c = [—ged(le] + 1,a),¢0 — 1) + ged(|c] + 1, a)Z.

(iv) If 0 < ¢ < a and ¢g < 1 —a, then S,c # 0 if and only if a € Q and
co < ged(|c], a). Furthermore,

(3.11) Sa.c = [co,ged([c],a)) + ged(|e), a)Z.
(v) If0<c¢y<a,a<co<l—aandc, >1—2a, then Sy c = 0.
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(vi) If0<cop <a,a<cy<1l—aandcy =1-—2a, then

(3.12) Sa.c =1[0,c0+a—1) + aZ.
(vil) If0 < cg < a,a<cyg <1—a and c; =0, then
(3.13) Sa.c = [co,a) + aZ.

Having the above expression of the set S, . (hence the set D, . by Theorem 2.3),
we can apply Theorem 2.1 to determine whether Gabor systems G(x|o,c), aZ % 7Z)
corresponding to those pairs with either ¢; > 1 — 2a or ¢; = 0 are frames for L?,
see Theorem 7.3 for details.

This chapter is organized as follows. In Section 3.1, we start from a piv-
otal observation to binary solutions of the infinite-dimensional linear system (1.12)
(Lemma 3.7) and a crucial characterization of the maximal invariant set S, .
(Lemma 3.9), and we then use them to prove Theorem 3.4. In Section 3.2, we apply
the maximal invariance property and the empty intersection property in Theorem
3.4 to prove Theorem 3.5. In Section 3.3, we study density of the maximal invariant
set Sq,c around the origin (see Lemmas 3.10 and 3.11) and use it to prove Theorem
3.1. We use the last two sections to prove Theorems 2.2 and 2.3 of Chapter 2.
We postpone the proof of Theorems 3.2 and 3.3 to Section 4.3 of Chapter 4, as we
need the property that S, . N[0, a) is union of finitely many left-closed right-open
intervals, which follows from Theorem 4.1.

3.1. Maximality of invariant sets

Let 0 < a <1 < c. Define

(3.14) Ay = (Rgc)"(Jc—(co —a)—,c+a—(co+a—1);1)+aZ)
and
(3.15) A= (Rae)"([(co+a—1)1,a+ (co—a)_) +aZ),n > 0.

In this section, we prove Theorem 3.4 and the following proposition about holes A,,
and A,,n > 0.

PROPOSITION 3.6. Let 0 < a < 1 < ¢, and let A, and A,,n > 0, be as in
(3.14) and (3.15) respectively. Then

(3.16) A, NSpc=0 and A, N Sac=10 foralln>0,
(3.17) AN Ay Cllcota—1)y,a+ (co—a)-)+aZ forall n#n’,
and

(3.18) A, NAy Cle—(co—a)_,c+a—(co+a—1)y)+aZ foralln#n

To prove them, we need several lemmas about the linear system (1.12), invariant
sets of transformations R, . and R, ., and a characterization for a real number
belonging to the set S, .

LEMMA 3.7. Let 0 < a <1< c. Then for anyt € Sy and x = (x(A\))rez € B°
satisfying M, .(t)x =1,
[0 if Rye(t) =t <A< Rae(t)—t and X #0,
(3:.19) x(A) = { 1 if A= Rac(t) — 1,0, Ra.o(t) — t.
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PROOF. By (1.8), we may assume that ¢ € [0,a). Let A; be the smallest
positive integer such that x(A1) = 1. Then

)\1 Z |_CJ
because
(3.20) 1= X0,00(t) < Xo.0) (1) + X(0.00(t + A1) D Xo,e)(E+ X)x(N) = 15
A\EZ
and
)\1 S |_CJ +1

since otherwise
Z X[O,c) (t —a+ /\)X()\) =0.
AEZ
If Ay = |c], then t > ¢o by (3.20); and if \y = [¢] + 1, then t < ¢y +a—1 as
1= Xpo.)(t = a+Nx(A) = Xjo.0)(t — a+ [c] +1).
Aez
Thus
t€(co+a—1)y,a+(co—a)-) and A = Rg.(t) —t.
This implies that

(3.21) SaeN ([(co+a—1)4,a+ (co—a)-)+aZ) =0
and
(3.22) x(\) = { ! ii?fﬁ)_(? "
For the above vector x € B° satisfying M, .(t)x = 1, one may verify that
M,o(c—t)x =1,
where
(3.23) Ma.c(t) = (X(0,d(t = 1+ A))peaz ez, t € R,

and X = (x(—=\))aez € B°. Mimicking the argument used to establish (3.21) and
(3.22), we obtain that

(3.24) SacN(le—a—(co—a)-,c—(co+a—1)y)+aZ) =0,
and
o [0 Hf0< A<t = Ra.(t)
(3:25) () = { 1 if A=t — R,.(t).
Combining (3.22) and (3.25) proves (3.19). O

Let F have empty intersection with the black hole [(co + a — 1)1,a + (co —
a)_) + aZ. Then the invariance R, (E) = E of the transformation R, . implies
that

(3.26) R..(E)CE and R,.E)CE

by the first equation in (1.17). The converse is true by the second equation in
(1.17) if we further assume that F has empty intersection with the black hole
[c = (co —a)_,c+a— (co +a—1)1) + aZ of the transformation R, .. This,
together with (1.17), leads to the following characterization of invariant sets of
transformations R, . and Ra,c~
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LEMMA 3.8. LetO<a<l<ec. If
En([(co+a—1)4,a+(co—a)_)+aZ) = EN([c—(co—a)_, cta—(co+a—1)y)+aZ) = 0,
then Ry .(E) = E if and only if Ry..(E) = E if and only if (3.26) holds.

The following characterization of the set S, . is important for us to establish
the maximality of the invariant set S, ..

LEMMA 3.9. Let0 < a <1 <c. Thent & S, if and only if either (Rqc)"(t) €
[(co+a—1)y,a+ (co —a)_) +aZ for somen >0 or (Rq.)™(t) € [c —a— (co —
a)_,c— (co+a—1);)+aZ for some m > 0.

PROOF. («<=) For any t € S, . and x € B° satisfying M, .(t)x = 1, it follows
from (1.7) and Lemma 3.7 that

Mo, ¢(Rae(t) TR, .(t)-t% = Mao(Rae()Th, 1y X = Mac(t)x = 1.
Thus
(3.27) RocSac C Sae and Ry Sac C Sac

This together with (3.21) and (3.24) proves the sufficiency.

(=) Take t € S, .. Suppose, on the contrary, that (R,.)"(t) & [(co +a —
Dy,a+(co—a)_)+aZ for alln > 0 and (Ry,c)"(t) € [c—a—(co—a)—,c— (co+
a—1)4) + aZ for all m > 0. Define

(Rae)™(t) ifn>1
th=19q T ifn=0
(Rae) ™) ifn<-—1,
and A\, =t, —t,n € Z. Then
totm = (Ra,c)™(tn) forallneZand 0<meZ
and
(3.28) An € Z and A1 — Ay € {lc], |c] +1} forallneZ

by the definitions (1.15) and (1.16) of transformations R, . and Rq.., and the left-
inverse properties (1.17) between them. Define x := (x()\))xez € BY by x(\) = 1 if
A = A, for some n € Z and x(\) = 0 otherwise, and let p,, € aZ be so chosen that

tn =ty — ftn € [0,a). Then {p,}nez is a strictly increasing sequence with

(3.29) lim p, =+ocoand lim u, =—o0

n—-+oo n—

by (3.28), and
D Xio.oy = i A XX =D Xjo.0)(E = fn + Am)

AEZ meZ
(330) = Z X[0,¢) (t’m - Mn) = X[0,c) (tn - ,un) =1 forallneZ,
meZ

where the first equation follows from the definition of the vector x and the third
one holds as
b — i <t —pp—1<0 forall m<n

and

bt — o = (bpp1 — tn) + (bn — tin) = A1 — An) + (tn — pin) > ¢ for all m > n.
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Similarly for any p € aZ with p, < p < piny1,

(3.31) Y Xt =+ AXN) =D Xjo.e)(tm — 1) = 1
AEZ mez
as
tn — U <th—pu<pip+a—p<0 for m<n,
0<tpy1—pnt1 <tm —p<tpy1 —pn—a<c for m=n+41,
and
tm — 0 > tpgo — fpy1 +a>c for m>n+2.

Combining (3.29), (3.30) and (3.31) proves M, .(t)x = 1, which contradicts to the
assumption t € S, .. [l
Now we have all the ingredients to prove Theorem 3.4 and Proposition 3.6.

PROOF OF THEOREM 3.4. (i): The empty-intersection property (3.5) for the
set Sg,c has been given in (3.21) and (3.24).

(ii): The invariance (3.6) follows from (3.5), (3.27) and Lemma 3.8.

(iii): Take t € E. Then
(3.32) (Rac)"(t) € E foralln>0
by the invariance of the set E. By (1.18) and the invariance £ = R, .(F), we have
that
(3.33) En(c—a—(co—a)_,c—(co+a—1);)+aZ)=0.
This together with the characterization in Lemma 3.8 implies that R, .(E) C E.
Hence
(3.34) (Rac)™(t) € E for all m > 0.
Combining (3.32), (3.33) and (3.34) with Lemma 3.9 proves that ¢t € S, .. This
proves the inclusion £ C S, . and hence maximality of the invariant set S .. O

PROOF OF PROPOSITION 3.6. Suppose, on the contrary, that the first equa-
tion in (3.16) does not hold. Then there exists a nonnegative integer m such that

(Rae)"([c=(co—a)—,cta—(co+a—1);)+aZ)NSac#0
and

(Rac)"(c—(co—a)—,c+a—(co+a—1)1)+aZ) NS, =0
for all 0 < n < m. We observe that m is a positive integer by (3.24). Take

t € (Rae)™(c—(co—a)oyeta—(co+a—1)1)+aZ)NS,e.
Then

t=Rgyc(s)
for some s € (Ro o)™ H(je—(co—a)—,c+a—(co+a—1);)+aZ). If s € [(co+a—
1)y,a+ (co —a)-)+aZ, then t = s by (1.15), which contradicts to the assumption
onm. fs¢€[(co+a—1)y,a+ (cg —a)_) + aZ, then
5= Ravc(t) € Sac
where the equality follows from (1.17) and the inclusion (3.6) in Theorem 3.4. Hence
$€ (Rae)™ e~ (co—a)_,c+a—(co+a—1)1)+aZ)NSae,

which is a contradiction. This proves the first equality in (3.16).
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The second equality in (3.16) can be established by using similar argument.
We leave the detailed arguments to the reader.

Suppose that (3.17) does not hold. Then there exists nonnegative integers n, n’
and y & [(co+a—1) a+ (co —a)_) +aZ such that n > n’ and y € A, N A,,. Thus
there exist 21,22 € [c— (cg —a)—,c+a— (cg + a— 1)) + aZ such that

Y= (Ra.c)"(21) = (Ra,C)n,(z2)-
Applying (1.17) leads to
2 = (Ra,C)nin,(zl)v
which contradicts to the range property (1.18) of the transformation R, .. This
completes the proof of the mutually disjoint property (3.17) for holes A,,n > 0.

The mutually disjoint property (3.18) for holes A,,n > 0, can be proved by
similar argument. (I

3.2. Explicit construction of maximal invariant sets
In this section, we prove Theorem 3.5.

PROOF OF THEOREM 3.5. (i): In this case, the black hole [(co+a—1)1,a+
(co —a)_) + aZ of the transformation R, . is the empty set. Then the conclusion
(3.8) follows from the maximality given in Theorem 3.4.

(ii):  In this case, the black hole [(co + a — 1)4,a + (o — a)—) + aZ of the
transformation R, . is the whole line. Hence the empty set property (3.9) holds by
the empty intersection property (3.5) in Theorem 3.4.

(ili): (=) Take tg € Sg,c- Then
(Rae)"(to) =to+n(le] +1) € Sge, n>0
by Theorem 3.4 and the definition (1.15) of the transformation R, .. Set
E:={n(le]+1)+aZ, n>0}.

Observe that £ is dense in R if a € Q, and £ = ged(|¢] + 1,a)Z if a € Q. This
observation with to+n(|c|+1) & [co+a—1,a)+aZ,n > 0, by Theorem 3.4 implies
that a € Q and to+ged(|c] +1,a)Z € S,,.. This together with Theorem 3.4 implies
that the length 1 — ¢y of the black hole [¢o+a—1, a) +aZ of the transformation R, .
on one period must be strictly less than ged(|c]+1,a), i.e., 1 —c¢o < ged(|c| +1,a).

(<) Set

F = [_ng( |_CJ + ]-70‘)’ Co — 1) + ng(LcJ + ].761).

Then F has empty intersection with the black hole [cg+a — 1, a) 4+ aZ of the trans-
formation R, . and it is invariant under the transformation R, ., i.e., Ry o(F) = F.
Thus

(3.35) F CSae

by Theorem 3.4, and hence the sufficiency follows.

Now we prove (3.10). For any t ¢ F, we may write ¢t = to + s for some ¢y €
[co—1,0) and s € ged(|c] +1,a). One may verify that (R,..)"(t) € [co —a,a) +dZ,
where n is smallest nonnegative integer such that s + n(|c] + 1) € aZ. Thus
Sa,c C F. This together with (3.35) proves (3.10).

(iv): We may apply the similar argument used in the proof the third statement
and (3.11), and leave the details to the reader.



28 3. MAXIMAL INVARIANT SETS

(v) By Theorem 3.4 and Proposition 3.6, it suffices to prove
(3.36)  [co—a,co+a—1)+aZ CUE_ (Ry)"([c — co,c — co + 1 —a) + aZ),
where L = max(|(co+a—1)/(c1 +1—2a)|,|(a—co)/(a —c1)]).

For any t € [0,¢o+a—1), write t = l(¢c; + 1 —2a) +¢' for some t' € [0, min(c; +
1—2a,c0+a—1)) and 0 <! < L. Then

t € (Rao)(t)+aZ C (Rae)'([0,¢1 +1—2a) + aZ)

(3.37) C UE_(Rape)" (e —co,e—co+ 1 —a) + aZ)
for all t € [0,¢9 + a — b), where the last inclusion holds as ¢; < a.

Similarly for any s € [¢o — a,0), let s =1'(¢c; — a) + &' for some s’ € [max(c; —
a,cop —a),0) and 0 <" < L. Then

5 € (Rae)'(s")+aZ C (Rae)" ([ — a,0) + aZ)

(3.38) C UL (Rape)"([c—cosc—co+1—a)+aZ)
for all s € [c; — a,0). Combining (3.37) and (3.38) and applying the periodic
property (3.1) proves (3.36).

(vi) Mimicking the argument used to prove the statement (v), we can show
that

o o(Rae)"([c—co,c—co+1—a)+aZ) =[co+a—1,a) + aZ.

This together with (1.17) and Theorem 3.4 proves the desired conclusion (3.12).

(vii) The conclusion (3.13) can be obtained by mimicking the argument used
to prove the statement (v). (]
3.3. Maximal invariant sets around the origin

In this section, we prove Theorem 3.1. To do so, we need two important
lemmas about the maximal invariant set S, . near the origin for a ¢ Q and a € Q
respectively.

LEMMA 3.10. Let0<a<1l<canda ¢ Q. If Sqc # 0, then

(3.39) (0,6)NSyc #0
and

(3.40) (—€,0) NSy #0
for any € > 0.

PrOOF. For ¢y = 0, the dense properties (3.39) and (3.40) follows from the first
conclusion (3.8) of Theorem 3.5. So hereafter we assume that ¢o > 0. In this case,
a+(co—a)- —(co+a—1)4 > 0 and the black hole [(co+a—1)4,a+ (co—a)_)+aZ
of the transformation R, . is not an empty set. Take t; € S,., and let ¢, :=
(Ra.c)"(to) and £, :=t,, — |t,/ala,n > 0. Then

(3.41) tn € SacN[0,a) C[0,(co+a—1)y)U[a+ (co—a)_,a)
by (3.1), (3.5) and (3.6); and
(3.42) tn — tm # 0 whenever n # m

by (3.6) and the assumption a ¢ Q. Thus without loss of generality, we assume
that ¢,, # 0 for all n > 0, otherwise replacing ¢y by t,, for a sufficiently large ng.
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Suppose, on the contrary, that (3.39) does not hold. Then there exists 0 < ¢ <
a+ (cp —a)— — (co + a—1)4 such that

(3.43) tn € (0,¢) for alln > 1.

As t,,,n > 0, lie in the bounded set (0, a), there exist integers n; < no such that
0 < |tn, —tny| < e

by (3.42). Therefore either

tnystn, € [6’ (CO +a-— 1)+)

or

tnystny € la+ (co —a)-,a)
by (3.41). This implies that
ol — tny41 = tny — Tny
and
Foit — Enss € Tny — Ty + aZ.
Thus either
Bt —Fo s = B —
or
(a1 = tny 1] = @ — [Fny — T, |-
The second case does not happen as in that case either £,,, .1 € [0,€) or £, 11 € [0, €),
which contradicts to (3.43). Thus

trgik — tnyik = tny —tn, forall k> 1,

which implies that {fn1+j(n2_nl)}]?’io is an arithmetic sequence with common dif-
ference 0 # t,,, — tn, € (—¢,¢€). This contradicts to ,, € (0,a) for all n > 0.
The conclusion (3.40) can be proved by using similar argument. O

To prove Theorem 3.1, we also need the density property that (—e, €)NS, . # 0
for sufficiently small € > 0, for a € Q,

LEMMA 3.11. Let 0 <a <1 <canda € Q. If S, # 0, then there exists a
positive number € > 0 such that
(i) at least one of two intervals [0,€) and (co — a)— + a + [0,€) is contained
in Sac;
(ii) at least one of two intervals [—¢,0) and (co+a—1)1 +[—¢,0) is contained
in Sq.c; and
(iil) at least one of two intervals [0,€) and [—¢,0) is contained in S, c.
PRrOOF. By Theorem 3.5, the statements (i), (ii) and (iii) hold for either ¢y <
1—a or ¢y > a. So hereafter we assume that 1 —a < ¢y < a and write a = p/q for
some co-prime integers p and q.

(i) Suppose on the contrary that both [0,€) and [co, cg + €) are not contained
in Sg.c. Set

(3.44) € = { 1117(111(6 —lgel/q, (lge] +1)/q —©) i Z i %3.

Without loss of generality, we assume that ¢ < e;. Then

Sa,c N [0, 6) = Sa,c n [CO, co+ 6) = @
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by (1.25). This together with (3.5) implies that
(3.45) Suc C ([e,co+a—1)Ulco + € a)) + aZ.

Thus S, c — €/2 has empty intersection with the black hole [¢g +a — 1, ¢o) + aZ of
the transformation R, ., and it is invariant under the transformation R, . because

Ry c(Sac—€/2) = Ry c(Sa,c) —€/2=Sq,c —€/2

by (1.15), (3.6) and (3.45). Thus by the maximality of the set Sg . in Theorem 3.4,
we have that

Sa.c—€/2C Sy,

which contradicts to (3.45) and the assumption S, . # 0.
(ii) Suppose on the contrary that both [—¢,0) and [cp+a—1—€,¢c0+a —1)
are not contained in S, . for some sufficiently small € > 0. Then

[—6,0)0NSyc=[co+a—1—€co+a—-1)NS, =10
by (1.25). Following the argument in the proof of the first conclusion, we have that
Rao(Sac+€/2) = Sac+€/2
and
(Sa,c +€/2)N([co+a—1,¢c0) +aZ) = 0.
Hence
Sa.ct+€/2C Sac

by Theorem 3.4, which contradicts to the assumption S, . # 0 and S, .N[—¢,0) = 0.
(iii) Suppose on the contrary that both [0, €) and [—¢,0) are not contained in
S, for sufficiently small € > 0. Then

(3.46) 0,6)NSpe=[-60NS,c=0
by (1.25); and
(3.47) [co,co+€) CSgcand[co+a—1—¢€co+a—1)€S,.

by the first two conclusions of this lemma. We claim that there exists a nonnegative
integer 1 < D < (2p — q)/(q — p) such that

(3.48) (Ra.c)?([c = coyc—co+1—a) +aZ) N ([co+a—1,¢c0) +aZ) # 0.

PROOF OF CLAIM (3.48). Suppose on the contrary that (3.48) does not hold.
Then

(Rac)"([c—co,c—co+1—a)+aZ)N([co+a—1,¢c0)+aZ)=10

for all 0 < n < (2p — ¢q)/(¢ — p). This together with the one-to-one property of
the transformation R, . out of its black hole and the range property (1.18) implies
that (Rg.c)"([c —co,c—co+1—a)+aZ),0 <n < (2p—q)/(qg—p), are mutually
disjoint. So
|UZE P (R, )7 (e — e, — co + 1 — a) + aZ) N ([0,a)\[co + a — 1, ¢0))|
= |p/(a=p)l(a—p)/a>1[0,a)\[co +a—1,co)
by (1.19), which is a contradiction. This proves (3.48). O
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Now returning to the proof of the third statement of Lemma 3.11. By (3.48),
we may assume that the nonnegative integer D in (3.48) is the minimal integer.
Hence

(3.49) (Ra.c)"([c —co,c—co+1—a)+aZ),0 <n < D, are mutually disjoint.

Now let us verify the following claim:

(3.50) (Ra,e)"([c—co,c—co+1—a)+aZ)=[b, +a—1,b,) +aZ
for some b,, € (0,a]N (¢ +2Z/q),0 <n <D, and
(3.51) (Ra.c)P([c — cosc—co+1—a) +aZ) = [co+a—1,c) + aZ.

PRrROOF OF CLAIM (3.50) AND (3.51). If D = 0, then (3.50) and (3.51) follow
from (3.5) and (3.47). Now we consider D > 1. Let Ty = [c—¢g,c—co+1—a)+aZ
and define T,,,1 < n < D, inductively by

_ Ra,c(Tn—l) if 0 ¢ Tn—l,
(3.52) Tn = { Ry c(Th-1)U(c—co,c—co+1—a)+aZ) if 0€T,_;.

Clearly

TO = [b0+a71,b0)+aZ
for some by € (0,a]N(c+Z/q) as the periodic set Ty has length 1 —a on one period.
Inductively, we assume that

T, = [bn, by) + aZ

for some by,, b, with b,, € (0,a] and 1—a < bn—bn < a,0 <n < D. Here b, —b, < a
by the assumption S, . # () and the emptyset intersection property 7, NS, = @ by
Proposition 3.6. If 0 ¢ T, then either [b,,b,) C (0,co 4+ a — 1) or [by, b,) C [co, a)
by (3.49) and (3.50). This implies that

Toui1 = Rao(Th) = [Rac(bn), Rac(bn) + by — by) + aZ
(3.53) = [bps1,bny1) +aZ
for some Bn+labn+1 with bny1 € (0,a] N (c+7Z/q) and byy1 — Bn+1 =b, —b,. If
0 € T, then b, < 0. Moreover b, > cyg—a and b,, < ¢g+a— 1, as otherwise T}, has
nonempty intersection with the black hole [co+a—1, ¢g) +aZ of the transformation
R,.., which contradicts to (3.48) and the observation that T,, C UZ,_(Rq.c)™([c —
co,¢—co+1—a)+ aZ). Therefore

Towt1 = Rac(Tn)U([c—co,c—co+1—a)+aZ)
= [l;n—l—LcJ,bn—i—LcJ—i—l—a)—i—aZ
(3.54) = [bps1,bpy1) +aZ

for some Bn+1, bp41 with

boi1 € (0,a)N(c+7Z/q) and byiy — bpy1 = by — by +1—a.
Combining (3.53) and (3.54) proceeds the inductive proof that
(3.55) T, = [bn, bn) + aZ

such that b, € (0,a]N(c+7%/q),0 <n < D and b, —b, € [(1—a),a)N(1—a)Z,0 <
n < D is an increasing sequence. Observe that

(Ra,C)D([cfco,cfco+1fa)+aZ) cTp C U,?:O(Rayc)”([cfco,cfcoJrlfa)JraZ).
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Then Tp has nonempty intersection with the black hole [co +a — 1, ¢g) + aZ of the
transformation R, . by (3.49). This together with (3.55) implies that either
[co+a—1—e,co+a—1)CTp,
or
[Co, co + 61) cTp
or
TD = [CO+a_ 1760)—’_0’2;

where ¢; is given in (3.44). Recall that Tp N S, = @ by Proposition 3.6. Then
both [co +a—1—€1,c0+a—1) and [cg, co + €1) have empty intersection with T
by (3.47). Thus
(356) Tp = [Co +a—1, C()) + aZ.
This together with (3.52), (3.53) and (3.54) implies that
(3.57) by >0and b, —b, =1—aforall 0 <n<D.
The desired conclusions (3.50) and (3.51) then follow. O

Let us return to the proof of the conclusion (iii). By (1.25), (3.47), (3.49),
(3.50), (3.57) and Proposition 3.6, either

[bp +a—1,b,) C [e1,¢c0 +a—b)
or
[bn—l—a— 1,b,) C [C()+61,a), 0<n<D.

This implies that
(3.58) Royclbp+a—1—¢/2)+aZ =bpt1+a—1—¢€/2+aZ
for all 0 <n < D —1. By (3.47), (3.50), (3.51), (3.58) and Theorem 3.4, we have
that

(Rac)"(co+a—1—¢/2) +aZ

= (Ree)"(bp+a—1—€/2)+aZ

= (Roo)" 'bp_14+a—1—¢€/2)+aZ=---
= bpnta—1—€/24aZCSse, 0<n<D.

Hence
—€/2+aZ = Ry c(c—co—€/2) +aZ = (Ry )P (co+a—1—¢€/2) +aZ € Sy,
which contradicts to (3.46). O

We finish this section with the proof of Theorem 3.1.

ProOOF OF THEOREM 3.1. The sufficiency is obvious.

Now the necessity for a ¢ Q. By Lemma 3.10, there exist t, € R and
x, € BY,n > 0, such that M, .(t,)x, = 1 and {¢,}52, is a decreasing sequence
convergent to zero. Without loss of generality, we may assume that x,, converges,
otherwise replacing it by its subsequence. Therefore

M, (0)x = lim M, .(tn)x, =1,
n— oo

where x € B° is the limit of x,, as n — oo. This proves that 0 € S, . and the
necessity for a € Q.
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The necessity for a € Q follows directly from (1.25) and Lemma 3.11. O

3.4. Gabor frames and maximal invariant sets

In this section, we shall prove Theorem 2.3.
To prove Theorem 2.3, we need the uniqueness of binary solutions x € B° to
the linear system M, .(t)x = 1 for t € S

LEMMA 3.12. Let 0 < a <1 < c. Then for any t € S, there exists a unique
vector x € BY satisfying M, .(t)x = 1.

PROOF. Suppose, on the contrary, that

Ma,c(t)XO = Ma,c(t)xl = 1
for two distinct vectors xg,x; € B%. Then there exists 0 # \g € Z such that
x0(Ao) # x1(Xo)
and
xo(A) = x1(A)  for all || < |Agl.

Without loss of generality, we assume that xo(Ag) = 1,x1(Ao) = 0 and Ao > 0. Let

A1 be the largest integer strictly less than A\g such that xg(A\1) = x1(A1) = 1. Thus
both 7x,%¢ and 7x,%; belong to BY,

Ma’c(t + )\1)7’)\1X0 = Ma’c(t + )\1)7’)\1)(1 =1,
and
Mo — A1 =Rt + A1) — (t+ A1)
by Lemma 3.7. Applying Lemma 3.7 to 7y, %3 leads to 7y,x1(Ag — A1) = 1, which
contradicts to x1(Ag) = 0. O
Now we prove Theorem 2.3.

PROOF OF THEOREM 2.3. We use the double inclusion method to prove (2.2).
Take t € D, ., let x € BY satisfy M, .(t)x = 2. Let K be the set of all A € Z with
x(A) =1, and write K = {}; : j € Z} for a strictly increasing sequence {A;}32_
with Ag = 0. By Lemma 2.6, the binary vectors x; := (2;(\))xez,! = 0,1, defined
by x;(A) = 1if A = Ag;_; for some integer j and x;(\) = 0 otherwise, satisfy

(3.59) x=x9+x1 and M, (t)xo = M, (t)x1 = 1.
Then either t € [0,(co +a — 1)) + aZ or [(co — a)—,0) + aZ, because

Dy, N ([(co +a—1)4,a+ (co —a)-) +aZ) =0
by (3.2) and Theorem 3.4. For the first case that t € [0,(co + a — 1)) + aZ, we
have that

Ao =|c]+1
by (3.19). Hence A; is an integer in [1, [¢]] and ¢t + A\ € Sy ¢ as
Mgc(t)x; =1 and x3(A\;) =1

by (3.59). Thus
(3.60) t € (Sa,e N ([0, (co+a —1)4 +aZ)) N (UL} (Sae— )

for the first case.



34 3. MAXIMAL INVARIANT SETS

Similarly for the second case that ¢t € [(co —a)—,0) + aZ, we obtain from (3.19)
that

A2 =[],
which together with (3.59) implies that
(3.61) t € (Sac N ([(co = a)—,0) +aZ)) N (UL (Sae = N))

for the second case. Combining (3.5), (3.60) and (3.61) proves the first inclusion
Dae C  (Saen([0,(co+a—1)4+aZ)N (S — L))
(3.62) U(Sae N (UK (Sae — M)
Conversely, take
t€8acN([0,(co+a—1)y)+aZ)N(Sgec—A)
for some A\* € [1, |¢]] N Z. Then there exist x¢,x; € BY such that

(363) Ma,c(t)x() = Ma,c(t + )\*)Xl =1.
Define x = x¢ + 7_x+x1. By (1.7) and (3.63),
(3.64) M,.(t)x = Mg (t)x0 + Mg o(t + A")x; = 2.

Now let us verify that x := (x(\))aez € BY. Observe that x(\) € {0,1,2} for all
A € Z and x(0) > x0(0) > 1. Then it suffices to prove that x(\) # 2 for all X € Z.
Suppose, on the contrary, that x(Ag) = 2 for some Ag € Z. Then
Xo()\o) =1 and T_)\*Xl(>\0) = 1.

Hence 7,X0, Ta,—a<X1 € B® and

Ma,c(t + )\O)TAOXO = Mayc(t + )\0)T)\0_A*X1 =1
by (1.7) and (3.63). Thus Tx,Xo = Tr,—a+X1 by Lemma 3.12, which is a contra-
diction because 7_x:x1(A\*) = x;(0) = 1 by the assumption that x; € BY, and
xo(A*) = 0 by (3.19) and the assumption that ¢ € [0, (co +a — 1)) NSy . Thus
x € B°. This together with (3.64) proves that
(3.65) Sa,cN([0,(co+a—1)4)+aZ)N(Sge—A*) CDgp
for all positive integers A\* € [1, |¢] — 1] N Z. Applying similar argument leads to
(3.66) Sa.c N ([(co —a)—,0) +aZ) N (Sqc — A*) C Dqc

for all integers A\* € [1, |¢] —1]. The desired equality (2.2) then follows from (3.62),
(3.65) and (3.66). O

3.5. Instability of infinite matrices
In this section, we shall prove Theorem 2.2.

PROOF OF THEOREM 2.2. The necessity is obvious. We divide four cases to
verify the sufficiency.

Case 1: ¢5 = 0.

In this case, the sufficiency follows as D, = S, = R by Theorems 3.5 and
2.3.

Case 2: a ¢ Q and either ¢cg > aor0<cy <1-—a.

In this case, the sufficiency holds since D, . = Sq,c = 0 by (3.2) and Theorem
3.5.
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Case 3: a¢Qand 1 —a < ¢y < a.

Suppose on the contrary that D, . # (). Following the argument used in the
proof of Lemma 3.10, we can find t,, € D, N (0,a) and x,, € B%,n > 1, such that
{tn}5°, is a decreasing sequence that converges to zero, x,, converges to X, € B°,
and M, .(tn)x, = 2. Recall from (2.11) used in the proof of Theorem 2.5 that
given any A € Z and p € aZ,

X[0,0)(tn =+ A) = X[0,0) (=1 + )

for sufficiently large n. Thus Mg ((0)xe = 2 and 0 € D, .. This leads to the
contradiction.

Case 4: a € Q and ¢y > 0.
Write a = p/q for some co-prime integers p and ¢. By (1.26), we obtain
Do = (Da,c NZ/q+[0,c— chJ/q)) U (Dmc N(c+Z/q)+10,(lge] +1)/q — c))

Thus D, # 0 if and only if D, . N ({0,¢} +Z/q) # 0. This together with the
periodicity Dg . = Dq.. + aZ proves the sufficiency. U






CHAPTER 4

Piecewise Linear Transformations

The piecewise linear transformations R, . and Rmc are non-contractive on the
real line. They do not satisfy standard requirements for Hutchinson’s remarkable
construction of their maximal invariant sets [27]. Define

(4.1) Em = (Rae)"(R\([(co +a—1)4,(co —a)- +a) +aZ), m > 0.

By the invariance property (3.6) in Theorem 3.4, we obtain the following inclusion
by applying the transformation R, . iteratively,

(4.2) Sue C M2 oEm.

In this chapter, we first show that infinite intersection in the above inclusion can
be replaced by finite intersection and the inclusion is indeed an equality.

THEOREM 4.1. Let 0 < a <1 < ¢ and En,m > 0, be as in (4.1). Then the
following statements hold.

(i) If a € Q, then

(43) Sa,c = <c/‘a/gcd(a,l)'
(i) If a € Q and S,.c # 0, then
(4.4) Sa,c = Ela/(1-a)]-

Combining (4.2) and Theorems 3.4 and 4.1 leads to the following characteriza-
tion whether the maximal invariant set S, . is an empty set, cf. Theorem 5.5.

COROLLARY 4.2. Let 0 < a <1< canda & Q. Then S, # 0 if and only if
Ela/(1—a)| 18 a nonempty set invariant under the transformation R, ..

By Theorem 4.1, we have the following topological property for the maximal
invariant set Sgc.

COROLLARY 4.3. Let 0 < a <1 < c. Then complement of the mazimal invari-
ant set S, . consists of finitely many left-closed right-open intervals on one period.

In next theorem, we show that the restriction of the transformation R, . onto
its maximal invariant set S, . is a linear isomorphism on the line with marks, i.e.,
the commutative diagram (1.24) holds.

THEOREM 4.4. Let 0 < a < 1 < c¢. Assume that S, . # (. Then under the
isomorphism Y, . from S, . to the line with marks, the restriction of the piecewise
linear transformation R, . onto the mazimal invariant set S, . becomes a shift on
the line with marks; i.e.,

(4.5)  Yic(Rac(t) +aZ) =Yoc(t)+Yoc(le] +1) + Y, c(a)Z forallt €S,

37
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Recall that the piecewise linear transformation R, . is not measure-preserving
on the whole line, but it has measure-preserving property on the maximal invariant
set Sgc by (1.19). In this chapter, we also establish an ergodic theorem for the
transformation R, .. The reader may refer to [48] for ergodic theory of various
dynamic systems.

THEOREM 4.5. Let 0 < a <1 < c. Then for all continuous periodic functions
f with period a, the limit

(4.6) Flt) = tim im0 (Boc)"(0)

n—00 n

ezists for any t € R. Moreover
7|Sa,crlw[0,a)\ fSa’Cﬂ[O,a) f(s)ds ifteS,.and a g Q
(4.7) Ft) =1 5500 f(Rae)* (1)  ift€S,canda€Q
Flto) if £ Saer
where D > 0 is a nonnegative integer and to € [(co +a — 1)y, (co —a)— + a) + aZ
is the limit of (Rgc)™(t) as n — oo fort & S,.c.
Applying the above theorem, we conclude that S, . = 0 if and only if

oy bz S (Rac)* (1)

n—00 n

=0,teR

for all periodic functions f vanishing on the black hole [(co +a — 1)1, (co — a)- +
a) + aZ of the transformation R, ¢, cf. Theorems 5.5 and 6.8 and Corollary 4.2.

This chapter is organized as follows. In Section 4.1, we show that Hutchison’s
remarkable construction works for the maximal invariant set S, . of the transforma-
tion R, . and prove the first conclusion in Theorem 4.1. In Section 4.2, we discuss
the restriction of the transformation R, . on its maximal invariant set and establish
Theorem 4.4. In Section 4.3, we consider covering properties of the maximal invari-
ant set S, . and prove Theorems 3.2 and 3.3 in Chapter 3. The proofs of Theorem
4.5 and the second conclusion of Theorem 4.1 will be given in Section 5.1 and 5.3
of next chapter respectively, as we need additional information about complement
of the maximal invariant set S, . with a ¢ Q in Theorem 5.2.

4.1. Hutchinson’s construction of maximal invariant sets

In this section, we prove the first conclusion of Theorem 4.1 and postpone the
proof of the second conclusion to Section 5.1.

PROOF OF THEOREM 4.1. (i) For ¢y = 0, the conclusion (4.3) is obvious be-
cause in this case S; . = R by Theorem 3.5, the black hole [(co +a — 1)1, (co —
a)— +a)+ aZ is an empty set, and £, = R for all L > 0. So it remains to consider
the case that ¢y > 0.

Write a = p/q for some co-prime integers p and g. Then by (4.2) and Theorem
3.4, it suffices to prove that the set &, is invariant under the transformation R, ..
Take t € £,. Then there exists s such that

t= (Ra,C)p(S)

(4.8) tn = (Ra.c)"(s) & [(co+a—1)4,(co —a)- +a)+aZ, 0 <n<p.
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Ast, —t€{0,1,...,p—1}/q+ aZ,0 < n < p, there exist two distinct integers n;
and nq such that

(4.9) tn, —tn, €aZ and 0<n; <ng <p.
By (1.17), (4.8) and (4.9), we have that

(Roe)™ ™ (s) — s € aZ.
Let 81 = Ry (s) and s3 = (R, .)"2 "™ ~1(s). Then

Ra,C(t) = (Ra,C)p(Sl) and Ra,c'(t) = (Ra,C)p(SQ)
with
(Ra,c)n(31)7 (Ra,c)n(SQ) S {t07 e 7tn27n171} + aZ. C [(Co — (1)7, (CO +a— 1)+) + aZ

for all 0 < n < p. This proves that R, (t), Rac(t) € &, for any t € £, and hence
invariance of the set &£, under the transformation R, . follows. ([l

4.2. Piecewise linear transformations onto maximal invariant sets

In this section, we prove Theorem 4.4.

ProoF oF THEOREM 4.4. Recall that the maximal invariant set S, . is a mea-
surable periodic set by (1.25) and Corollary 4.3. Then the map Y, . is well-defined
and its restriction on S, . is periodic by (1.23),

(4.10) Voot +a) = Yao(t) + Yaela) forall t €S,

Hence it remains to verify (4.5) for ¢t € [0,a) N Sy,c = ([0, (co +a — 1)4) U [(co —
a)_ + a,a)) NS,,., where the last equality follows from (3.5).
For t € [0, (co+a—1)4+) NSqy.c, we obtain from (1.15), (1.19), (1.23) and (3.6)
that
Ya,c(Ra,c(t)) = |[07 R(l,c(t)) N S(l,c|
= Yo,c(Ra,c(0) + |[Ra,c(0), Rac(t)) N Sacl
= Yi,c(Ra,c(0)) + [Ra,c([0,2) N Sac)|
(4.11) = Yoc(Rac(0) + Yo c(t).

Q

Similarly for t € [(¢co — a)— + a,a) NS, ¢, We get ¢p < a and

Ya,c(Ra,C(t)) = |[Ra,c(00)a Ra,c(t)) N Sa,c| + Ya,c(Ra,c(CO))
= |Ra.c([co,t) NSae)| +1[0,c0 + [c] +a) N Sacl
—|[eo + e, co + Le] +a) N Sacl
= |[co,t) N Sael + 1[0, le] +1) N Sa ¢l
+|Ra.c([0,c0 +a—1)) N Sae|l — Ya.c(a)
(4.12) = Yoo(t) + Ya,c(Ra,c(0) — Yo c(a).

Combining (4.11) and (4.12) proves (4.5) for ¢ € [0,a) NSy, and hence all t € S, ¢
by (4.10). O
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4.3. Gabor frames and covering of maximal invariant sets

In this section, we prove Theorems 3.2 and 3.3 in Chapter 3.

PROOF OF THEOREM 3.2. Set
Ax:=8acN[0,(co+a—1)1)+ A+ dZ
and
By :=8,cN[(co—a)-+a,a)+A+aZ, NEZ.
We divide the proof into two cases.

Case 1: a ¢ Q.
Take tg € Sy.c. Then (Rq,c)"(to) € Sa,c by Theorem 3.4. Write

(Ra,c)n(tO) = tO + kna
with k,, € Z,n > 0, are defined inductively by ko = 0 and

(4.13) bk le]+1 ifto+k,€[0,(co+a—1)+)+aZ
’ nAL TR A e if to + ky, € [(co —a)- +a,a) + aZ.
Then for any nonnegative integer [,
to+l = totkn+({—k,)
c|—1 c
(4.14) e (U By, U (Ui, Ay)

by (4.13), where k,, is so chosen that k,, <! < k,, 1. Therefore
{to+1—[(to+1)/ala] 0< 1€ Z}
- ( Ug\zjz_ol By, N [07 a)) U (Uk?:o A)q n [O, a))

by (3.1) and (4.14). Observe that the left hand side of the above inclusion is a dense
subset of [0,a) by the assumption a ¢ Q, while its right hand side is the union of
finitely many intervals that are right-open and left-closed by Corollary 4.3. Thus

[0,0) = (UL (Sue +£) N[0,0)) U ((Sa,e N[0, (co +a—1)1) + [¢]) N [0,a))

and the conclusion (3.3) follows.
Case 2: a € Q and c € ged(a,1)Z

Write @ = p/q for some coprime integers p and ¢q. Take tg € Sy, N ged(a, 1)Z.
The existence of such a point ¢y follows from (1.25) and the assumption that S, . #

(). Following the argument in (4.15), we have that

(4.15) to+1e (UYL, Ay u (U By,)

for all 0 <[ € Z. Observe that {tg,to+1,...,to+a/ged(a,1)—1}+aZ = ged(a, 1)Z.

The above observation together with (4.15) implies that
(4.16) ged(a, 1)Z € (UL, Ay, U (UKL By,).
Combining (1.25) and (4.16) proves the desired covering property (3.3).

We finish this section with the proof of Theorem 3.3.
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PROOF OF THEOREM 3.3. (=) By Theorem 2.3 and the assumption that
Dy, = 0, we then have that
t+Ag S, forallt €S, .N0,(co+a—1)y)and A€l |c|]]NZ;
and
t+AE S, forallt € S,cNilco—a)- +a,a) and X € [1,|c] — 1] NZ.
Therefore the sets Sq.c N[0, (co+a—1)4) + A +aZ, A\ € [0,|c|]]NZ, and S,.c N
[(co—a)—+a,a)+Aa+aZ, s € [0, |c] —1]NZ, are mutually disjoint. This together
with the covering property in Theorem 3.2 and the periodic property (2.1) for the
set Sq,c implies that
a = Z [(Sa,cN[0,(co+a—1)4)+ A +aZ)N[0,a)]
AL€[0,[c]lnz
+ Z [(Sa,cN[(co—a)— +a,a) + A2 +aZ)N[0,a)]
A2€[0,]c]—1]NZ
= > USae N0 (co+a—1)4)+ M +aZ) N [Ar,a+ A)|
A1 €[0,[c]]NZ
+ Y (Sacn((co—a)- +a,a)+ Xy +aZ) N Az, a+ X))
A2€[0,lc]—1]NZ
= (le] + DISa,c N0, (co +a—=1)1)[+ [¢][Sa.c N [(co — a)- +a,a)],
which proves (3.4).
(<) Set
Ay = (Sa,eN[0,(co+a—1)y)+A+aZ)N[0,a)
and
By = (SacN|(co—a)- +a,a) + A+ aZ)N[0,a),\ € Z.
By Theorem 3.2, the sets Ay,,\1 € [0, |¢]]NZ and Bj,, A2 € [0, [¢] — 1] N Z form

a covering for the interval [0,a). This together with the assumption (3.4) and the
periodic property (2.1) for the set S, . implies that

a = (L] +1[Sa,eN[0,(co+a—1)4)[+ [c][SaeN]cosa)|
= Y A+ DY) By
ALE[D, [c]]NZ A2€[0,[c]—1]NZ
> ‘( Uniefo,lefinz Ax) U (Unsepo,[e)-11nz Ba)| = a.

Thus the intersection of any two of those sets Ax,, A1 € [0, [c]] NZ and By,, X2 €
[0, |c] — 1] NZ, has zero Lebesgue measure. Hence they have empty intersection as
those sets are finite union of intervals that are left-closed and right-open by (1.25).
This together with Theorem 2.3 proves that D, . = 0. O






CHAPTER 5

Maximal Invariant Sets with Irrational Time Shifts

Let ¢y := ¢ — |c] be the fractional part of window parameter c. For either
cop < 1—aorcy > a, the maximal invariant set S, . has been explicitly constructed,
see Theorem 3.5. In this chapter, we consider the maximal invariant set S, . with

(5.1) 0<a<l<e l—a<c<a and a Q.
Before exploring further, let us have an illustrative example.

EXAMPLE 5.1. Take a = /4 ~ 0.7854, and ¢ = 23 - 117/2 = 5.7212. The
black holes of the corresponding transformations R, . and R, . are [17—21m/4,18—
117/2)+nZ/4 and [5—37/2,6—"7m /4)+7Z/4 respectively, which can be transformed
back and forth via the hole [11 — 77/2,12 — 157 /4) + nZ/4; i.e.,

Ry ([5—=3m/2,6 — Tn/4)+ wZ/4) = [11 — Tn /2,12 — 157 /4) + 7wZ/4
(Rao)*([5—3m/2,6 — Tr/4) + wZ/4) = [17 — 217 /4,18 — 117/2) + 7Z /4,
and

{ Ra.o([17 - 217 /4,18 — 117/2) + nZ/4) = [11 — T /2,12 — 157/4) + 7Z/4
(Ra.e)?([17 — 217 /4,18 — 117/2) + 7Z/4) = [5 — 37/2,6 — Tr/4) + 7Z/4.
Therefore for the pair (a,c) = (/4,23 — 117/2),
Sue = [18—237/4,11 — 7r/2) U[12 — 157/4,5 — 37/2)
U[6—"7r/4,17 — 217 /4) + nZ /4
~ [—0.0642,0.0044) U [0.2190, 0.2876) U [0.5022,0.5066) + 0.78647Z

by Theorem 3.4, which consists of intervals of different lengths on one period and
contains a small neighborhood of the lattice 7Z/4, cf. Figure 1.

For arbitrary a € Q, the black hole [cy + a — 1, ¢p) + aZ of the transformation
R, and the black hole [¢ — ¢p,c — ¢o + 1 — a) 4+ aZ of the transformation R, . are
inter-transformable through mutually disjoint periodic holes
(Roe)"([c—co,c—co+1—a)+aZ) = (RG?C)D_”([CO +a—1,¢0)+aZ),0<n <D,

in finite steps, provided that S, . # 0, where D < |a/(1 —a)] — 1 is a nonnegative
integer. This together with the maximal invariance property in Theorem 3.4 leads
to the following conclusion for the set S, ., cf. Example 5.1.

THEOREM 5.2. Let (a,c) satisfy (5.1). Assume that Sq . # 0. Then there exists
a nonnegative integer D < |a/(1 —a)] —1 such that A,, :== (Rq,.)"([c — co,c—co+
1—a)+aZ),0 <n <D, satisfy the following properties:

(5.2) A, = (Rg.e)"(c—co)+[0,1 —a)+aZ, 0<n<D;
(5.3) closure of A,, 0 <n < D, are mutually disjoint;

43
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(5.4) Ap =[co+a—1,¢) + aZ;
and
(5.5) R\Su.c = UP_ A,

For a € Q, it follows from Lemma 3.10 and Theorems 3.5 and 5.2 that the max-
imal invariant set S, . consists of finitely many left-closed and right-open intervals
on one period (hence it is measurable) and it contains a small neighborhood of the
origin.

COROLLARY 5.3. Let 0 <a <1< c and a ¢ Q. Assume that S, c # 0. Then
the following statements hold.

(i) The set Sy, contains finitely many left-closed and right-open intervals on
one period and it contains a small neighborhood of the lattice aZ.

(ii) The complement of the set S, contains finitely many left-closed right-
open intervals of length 1 — a on one period whose closure are mutually
disjoint.

Combining Theorems 4.4 and 5.2 , we have the following result about the marks

Ka.c.

s

COROLLARY 5.4. Let (a,c) satisfy (5.1). Assume that S, # 0. Then the set
Ka,c of marks is given by

(5.6) Kae={nYec(lc] +1),1<n<D+1}+Y,.(a)Z,
where D is the smallest nonnegative integer satisfying (5.4).

After performing the holes-removal surgery, the maximal invariant set S, .
becomes the real line with marks in K, .. This suggests that for the case that
a ¢ Q we can expand the line with marks by inserting holes [0,1 — a) at every
location of marks to recover the maximal invariant set S, . by Theorem 5.2. Using
the equivalence between the application of the piecewise linear transformation R, .
on the set S, . and a rotation on the circle with marks given in Theorem 4.4, we can
characterize the non-triviality of the maximal invariant set S, . via two nonnegative
integer parameters d; and dy for the case that a € Q.

THEOREM 5.5. Let (a,c¢) be a pair of positive numbers satisfying |c] > 2,0 <
cg:=c—co— |(c—cp)/ala <2a—1 and (5.1). Then S, # 0 if and only if there
exist nonnegative integers di and do such that

(57) (dl +dsy + 1)61 —Co + (dl + 1)(1 — a) S aZ,

(5.8) (di+1)(1—-a)<co<1—(d2+1)(1-a),

and

(5.9) #E, . =d,

where
_ (d1 +do+1)e; —co+ (di + 1)(1 - a)
o a

and

E.,. = {n €l,dy +dy+ 1]‘ n(c; —m(l —a))

(5.10) € [O,CO — (dl + 1)(1 — a)) + (a — (dl +do + 1)(1 — a))Z}
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The nonnegative integers d; and dp in Theorem 5.5 satisfy (dy + do + 1) <
a/(1 —a) by (5.8), and they are uniquely determined by the pair (a,c¢) of positive
numbers by (5.7) and the assumptions that |¢| > 2 and a ¢ Q. We also notice
that the nonnegative integer parameters d; and dy in Theorem 5.5 are indeed the
numbers of holes contained in [0, ¢y +a — 1) and [cg, a) respectively, and the set of
marks is given by

Kae = {n(ci —m(1 — )} %+ 4 (0 — (dy + d2 +1)(1 — a))Z.

For pairs (a,c) satisfying |¢| > 2,0 < ¢; < 2a — 1 and (5.1), we can apply
Theorem 5.5 to determine whether the corresponding Gabor systems G(x(o,¢), aZ X
Z) is a frame, see Theorem 7.4 for details.

This chapter is organized as follows. In Section 5.1, we prove Theorem 5.2,
Corollary 5.4 and the second conclusion of Theorem 4.1. In Section 5.2, we param-
eterize the maximal invariant set S, . and establish Theorem 5.5. In Section 5.3,
we consider the ergodic theory associated with the transformation R, . and prove
Theorem 4.5 of Chapter 4.

5.1. Maximal invariant sets with irrational time shifts
In this section, we prove Theorem 5.2, Corollary 5.4 and the second conclusion
of Theorem 4.1.

PROOF OF THEOREM 5.2. By Proposition 3.6, A,,n > 0, have empty inter-
section with the maximal invariant set S, ,

(5.11) AnNSae=0,

and they have the following mutual intersection property:

(5.12) ApnNA, Cleo+a—1,¢0) +aZ whenever m # n.
Let D be the smallest nonnegative integer such that

(5.13) Ap N ([co+a—1,¢0) +aZ) #0

if it exists, and set D = oo if A, N([co+a—1,¢9)+aZ) = for all n > 0. By (1.19)
and the definition (5.13) of the integer D, A, N[0,a),0 < n < D, have the same
Lebesgue measure 1 — a. On the other hand, A, N[0,a),0 < n < D, are mutually
disjoint sets contained in [0, a)\[co +a — 1,¢o) by (5.12) and (5.13). Therefore

D<la/(1-a)| - 1.

By (5.11), (5.13) and Lemma 3.10, we can prove immediately that .4,N[0,a),0 <
n < D, are intervals of length 1 — a contained either in [0,¢9 + 1 — a) or in [cg, a)
(and hence (5.2) follows) by induction on n > 0.

Now we prove (5.3). Suppose, on the contrary, there exist 0 < n # m < D
such that

(5.14) (Roe)*(c—co)+1—a€ (Rye)"(c—co) +aZ

by (5.2) and (5.12). This together with the assumption a € Q and the definition of
the transformation R, . implies that

(5.15) le] =1, m=n+1, and (Rq.)"(c—co) € [co,a)+ aZ.
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Applying (5.14) and (5.15) repeatedly gives that
UrtE A, = ((Rae)™(c—co) +[0,1 —a) + aZ)
U ((Rae)* (c—co)+1—a+10,1—a)+aZ)
U U((Rae)"(c—co)+ L(1 —a)+[0,1 —a) + aZ)
= (Rae)"(c—co)+[0,(L+1)(1—a))+aZ,
where L > 0 is largest nonnegative integer such that
(Ra,e)"(c—co) +L(1 —a)+[0,1—a) C [co,a) + aZ.
This contradicts to the density property in Lemma 3.10 as
(—€,0) C (Rae)"(c — co) + [0, (L + 1)(1 — a)) + aZ

for sufficiently small € > 0.
By (5.2) and (5.13), we may write

Apn0,a) =[up,up +1—a)
for some up satisfying
(5.16) co+2a—2<up < cg.
Then the proof of (5.4) reduces to showing
(5.17) up =cp+a— 1

Suppose that
co+2a—2<up<cg+a-—1.

Take t € Sy, N (0, €) with sufficiently small € > 0, where the existence follows from
Lemma 3.10. Then

(Rao)?T () €[up +1 —a,up +1—a+e€) +aZ C[co+a—1,¢) + aZ,
which implies that ¢ € S, . by Lemma 3.9. On the other hand,
(Ra,e)7FH(t) € Sacc
by (3.6). This leads to a contradiction. Thus

(5.18) up € (co+2a—2,¢0+a—1).
Similarly we can prove that
(5.19) up & (co+a—1,cp).

Combining (5.16), (5.18) and (5.19) proves (5.17) and hence (5.4).
Define

Tae = R\( Ur?:o (Ra,c)"([c—co,c—co+1—a)+ aZ)).
The proof of (5.5) reduces to showing
(5.20) Sue = Tae-
By Proposition 3.6, we obtain that
Sac C Taye-

Therefore it remains to prove
7:1,c - Sa,ca
which in turn reduces to establishing

(5.21) Rao(Tae) = Tae
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by Theorem 3.4 and the observation that 7, . has empty intersection with the black
hole [co +a — 1,¢0) + aZ. We first make the following claim:

Claim 1: Ry c(Tac) C Tac-
Proor. Take t € 7,... Therefore it suffices to prove that
Rac(t) 2 U2 (Ryo)"([c — coyc — co + 1 —a) + aZ)
by (1.18). Suppose on the contrary that
Ryc(t) € (Roe)"([c —co,c—co+1—a)+aZ)
for some 1 < n < D. Recall that
(Rae)P([c — cosc —co+1—a) +aZ) = [co+a—1,c) + aZ.
Then
t € (Rae)" *(Je — coc—co+1—a)+aZ)

by (1.17) and the fact that t & [co + a — 1,¢g) + aZ, which is a contradiction. [

Using similar argument, we have the following claim:

Claim 2: Roo(Tarc) C Tase.

The invariance (5.21) of the set 7, . under the transformation R, . follows from

the above two claims and Lemma 3.8. This completes the proof of the equation
(5.20) (and hence (5.5)). O

PROOF OF COROLLARY 5.4. By Theorem 5.2, (Ry.c)"(c—co+1—a)+[a—
1,0] + aZ,0 < n < D, have their closures being mutually disjoint, and

R\Su.c = U2 ((Rac)"(c—co+1—a)+ [a—1,0) + aZ).
Therefore (Rgc)"(c—co+1—a) € Sy for all 0 <n < D, and
Kae = U’r[L):O{Ya,C((Ra7C)n(C —c+1—a))+ Ya,C(a)Z}
= UP_{(n+ DYacelc—co+1—a)+Y,c(a)Z}
Upti{mYae(le) +1) + Yac(a)Z}

where the second equality follows from (4.10) and Theorem 4.4. This proves (5.6).
O

Finally we prove the second conclusion of Theorem 4.1 of Chapter 4.

PrOOF OF THEOREM 4.1. (ii) For ¢y = 0, the conclusion (4.4) holds because
Sa,c =& =R for all L > 0 in this case. So we may assume that ¢y > 0 from now
on.

By a ¢ Q, Theorem 3.5 and the assumptions S, . # 0, we have that 1 —a <
co < a. By (4.2) and Theorem 3.4, it suffices to prove that

Ela/(1-a)) C Saye-
Suppose, on the contrary, that there exists t € £|,/(1—q)) and t € Sq . Then
t = (Raﬁc)La/(lfa)J (s)
for some s € R\([co + a — 1, ¢p) + aZ); and
t=(Ra,)"(s0)

for some nonnegative integer n < |a/(1—a)|—1, and sg € [¢c—cp,c—co+1—a)+aZ
by Theorem 5.2. As R, . is one-to-one outside its black holes by (1.17), we then
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have that so = (Rq,.)%/(1~®]1="(s), which contradicts to the range property (1.18)
of the transformation R, . [l

5.2. Nontriviality of maximal invariant sets with irrational time shifts

In this section, we prove Theorem 5.5. The necessity follows essentially from
Theorem 5.2. For the sufficiency, we perform the augmentation operation by insert-
ing hole [0, 1 —a) from the line with marks at {n(c; —m(1 —a)) It 4 (g~ (dy +
da + 1)(1 — a))Z and then show that the set obtained through the augmentation
operation is invariant under the transformation R, ..

PROOF OF THEOREM 5.5. (=) Assume that S, . # (. Let D < |a/(1—a)|—
1 be the nonnegative integer in Theorem 5.2 such that

(6.22) [an,an+1—a):= ((Rec)"([c—co,c—co+1—a)+aZ))N[0,a),0 <n < D,

are mutually disjoint;

(5.23) Sae =R\ (UL, ([an, an + 1 —a) + aZ));

(5.24) (Rae)P([c — coyc—co+1—a) +aZ) = [co+a—1,c) + aZ;
and

(5.25) an — (Ra,c)"(c—co) €aZ, 0 <n < D.

Applying (5.25) with n = D and using (5.22) and (5.24), we obtain

(5.26) cota—1—(c—co+di(lc)] +1)+ds|c]) € aZ,

where dy, dy are the numbers of the indices n € [0, D — 1] such that [an,a, +1—a)
is contained in [0, co + a — 1) and in [¢g, a) respectively. Then the desired inclusion
(5.7) follows from (5.26).

Observe that
(527) D =d; +ds
because it follows from (5.22) and (5.24) that

[an,an +1—a)C[0,a)

and

[an,an +1—a)N[co+a—1,c0) = [an,an +1—a)N[ap,ap+1—a)=0
for every 0 < n < D —1. Recall that there are d; (resp. dz) mutually disjoint holes
of length 1 — a contained in [0,cq + a — 1) (resp. [cg,a)) by (5.22), (5.27) and the
definition of integer parameters dy and do; and that (—e,e) C S, . for sufficiently
small € > 0 by Corollary 5.3. Therefore

di(l—a)<cp+a—1=][0,¢c0 +a—1)
and
do(1—a) < a—co=|lco,a)l,

which proves (5.8).

Let 04,c := Yy c(c—co+1) be as in Theorem 4.4, and set éam =Y, c(c1). Then

(5.28) Yoela) =a— (di +dy +1)(1 - a)
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by (5.22) and (5.23); and

(5.29) Ogc € Yo clc—co)+Yec(@)Z =Y, c(c—co+1—a)+Y, (a)Z = 04 c+Y, (a)Z

by (4.10) and the fact that the black hole [¢ — ¢g, ¢ — ¢ + 1 — a) of the transforma-
tion R, . having empty intersection with the set S, (see (3.2) in Theorem 3.2).
Combining (5.22), (5.23), (5.28), (5.29) with Theorem 4.4, we conclude that the
marks are located at

M0a.c + (a — (di +do +1)(1 —a))Z,1 <n < dy +dy + 1,

with the first mark 9~a7c +aZ and the last mark (d; +ds + l)éa’c + aZ being obtained
from the holes [¢ — cp,c—co+1—a) + aZ and [co + a — 1, ¢y) + aZ respectively. As
there are dy holes contained in [0,¢y + @ — 1), we have that

Yoclco+ta—1)=c+a—-1—di(l—a)
by the definition of the map Y, .. Thus

(530) Cco — (dl + 1)(1 — a) — (dl +ds + 1)91170 S (a — (d1 +ds + 1)(1 — a))Z

Let m be the number of holes [a,,a, +1—a),0 < n < dj + da, contained in [0, ¢1).
By the definition 6, . = Y, .(c1) and the one-to-one correspondence between holes
and marks,

m=#{1<n<d+dz+1nbac € [0,04.c) + (a— (di +do +1)(1 — a))Z}.

This, together with the observation that the black hole [¢1,¢; + 1 — a) of the trans-
formation R, . has empty intersection with the set S, ., implies that

(5.31) fac = c1 —m(l —a).
Let m be another integer such that
(dy + dy + 1)0a.c € ma — (dy + dy +1)(1 = a)) + [0,a — (dy + dz + 1)(1 — a)).
We want to prove that
(5.32) m=m.
For any 1 <[ < m, there exists one and only one 1 < n; < dy + ds + 1 such that
1104, € lla — (dy +da +1)(1 = a)) + [0, 04.),

which implies that m < m. Now we prove that m < m. Suppose on the contrary
that m > . Then there exists an integer 1 < n < d; + dy 4+ 1 such that

0. € 0,00.) + (a — (dy + do + 1)(1 — a))(Z\{1, ..., m}).
This implies that
nae > (M +1)(a— (dy +da +1)(1 — a)),
which is a contradiction as
Oa,c < nbae < (di +da+ 1)0gc < (m+1)(a— (di +do + 1)(1 — a))

by the definition of the integer m, and hence (5.32) is established.
From (5.30), (5.31) and (5.32), it follows that

(i +de+1)(c1—m(l—a)) = (di+da+1)0s.
= ¢—(di+1)([1—-a)+ma—(di +da+1)(1 —a)),



50 5. MAXIMAL INVARIANT SETS WITH IRRATIONAL TIME SHIFTS

which implies that
(5.33) ma = (dy +do + 1)e; — co + (d1 + 1)(1 — a).

Then the condition (5.9) follows from (5.30), (5.31) and (5.33), and the definition
of the integer d;.

(<) Let d; and dz be nonnegative integers in (5.7) and (5.8), and ¢; =

¢—co— |(¢c—cp)/ala. Then
O<c<axl

by a € Q; and
—a < —cp+1—a < (di+do+1)c1—co+(di+1)(1—a) < (di+do+1)cr < (di+de+1)a
by (5.7) and (5.8). Also from (5.7) and (5.8), we see that
(di+da+1)er —co+(di+1)(1—a) € (di+da+1)|c] —c+ |c] +(d1+1)+aZ = aZ.
Thus
(5.34) (dy+da+ 1) —co+ (di +1)(1 —a) =ma
for some integer 0 < m < dy + da. Set
(5.35) e =c1 —m(l —a).
Then

(6.36) (di+da+1)0gc=co— (di+1)(1—a)+m(a—(di +da+1)(1—a))

by (5.34). This together with 0 < m < d; +ds and 0 < ¢9 — (d1 + 1)(1 —a) <
a — (dy +ds + 1)(1 — a) implies that

(537) F)a,c S (O,CL — (d1 +do + 1)(1 — a))

We next claim that

(5.38) (n =104 & (a— (d +da +1)(1 — a))Z
forall0 <n#n' <d; +ds+ 1.

PRrOOF OF CrAM (5.38). For n —n' = +(dy + dz + 1), the conclusion (5.38)
follows from (5.8) and (5.36). Then it remain to prove (5.38) for 1 < |n —n/| <
d1 4 d2. Suppose on the contrary that (5.38) are not true. Then

k0o, = l(a— (dy +dz +1)(1 — a))
for some integers [ € Z and k € [1,d; + dy] N Z. Then
k(m—|c])=U(dy+dy+1) and k(m— [(|c]/a)]) = I(dy + dy + 2)
by the assumption a ¢ Q. Thus
L=Fk([(lc]/a)] = Le]),

which is a contradiction as 1 <1 < k by (5.37). O
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Denote
Koo = {nbac 22t 4 (o — (dy +do + 1)(1 — a))Z
and rewrite Ky . as {2, }20%2 T 4 (¢ — (dy + da + 1)(1 — a))Z for some increasing
sequence
0<21 <22 <...<2Zdy4dp+1 <a—(d1+d2—|—1)(1—a).

The existence of such a positive strictly increasing sequence {z,}* %% follows
from (5.38). Given any 6 € (0,¢o — (d1 + 1)(1 — a)) (respectively ¢ € (co — (d1 +
(1 —a),a — (dy +da + 1)(1 — a))), it follows from (5.36) and (5.37) that for

any integer k € [0,m] (resp. k € [0,m — 1]) there is one and only one integer
n € [1,d; 4+ da + 1] such that

0a,c € k(a— (dy +dz +1)(1 = a)) +[6,6 + 0a.c)
and for k € Z\[0,m] (resp. | € Z\[0, m — 1]) there is no integer n & [1,dy + da + 1]
such that R R

nbgc € k(a— (di +da +1)(1 —a)) +1[6,0 + ba.c).
The above observations together with (5.37) and (5.38) imply that
(5.39)  #([0,0 + 0ae) N ({2} T2 +{0,a — (dy +da + 1) (1 —a)}) =m +1
for § € (0,¢o — (dy +1)(1 — a)), and
(540)  #([0,0 4 0ac) N ({2372 +{0,a— (dy +d2 + 1)1 —a)}) =m
for6 € (co— (d1+1) (1 —a),a— (d1 +da + 1)(1 — a)).

Now let us expand marks located at {zl}?;‘fdﬁl +a—(di+do+1)(1—a))Z
to holes of length 1 — a located at {yl}f;ﬁﬁl + aZ on the real line by
(5.41) w=u+0—-1)1—a), 1<I<dy +dy+1.
Clearly
0<y1 <y2 <...<¥Ydi+dyo+1 < Q.

Now let claim that
(5.42) (Ra,e)"(c—co) +aZ = yyny +aZ for all 0 <n < dy + da,

by induction on 0 < n < dy + da, where I(n) € [1,d; + d2 + 1] is the unique integer
such that

2in) € (M4 1)04,c + (a — (di +d2 +1)(1 — a))Z.
Proor orF CLAIM (5.42). Applying (5.39) gives
0,6 +0ac) N ({2} 2T +{0,a — (di +do + 1)(1 — a)}) = {21, Zmr1 )
where § > 0 is so chosen that
0<z and (Bge,0ac+0)N {21, .. 2d 4dps1} = 0.
Thus we obtain that
(5.43) Zma1 = Oac
which together with (5.35) implies that
(5.44) Yi(0) = Ymt1 = Zms1 +m(l —a) = fac+m(l—a)=ci.
Combining (5.9) and (5.36) gives
(5.45) 24,41 = co+a—1—dy(1—a) = (dy+dy+1)0,.c—m(a—(dy +da+1)(1—a)).
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Thus
(5.46) Yi(dy+do) = Ydi+1 = Zay41 +di(1 —a) = co +a — 1,

Having the above information about ;) and y;(4,+d,), we now prove (5.42) by
induction on n. Clearly the conclusion (5.42) for n = 0 follows from (5.44). Induc-
tively we assume that (5.42) holds for n = k < dj + dy — 1. Then

21y # o — (d1 + 1)(1 — a)
by (5.36), (5.38) and the observation that (k) # di +da + 1. If 2y < co — (d1 +
1)(1 — a), then
Yy < co+a—1
by (5.46) and
(Ra,c)k+1(c - CO) = Ra,c((Ra,c)k(C - CO)) S Ra,c(yl(k)) +aZ
Yiw) + L] + 1+ aZ
21k + éa,c + (m+1U(k)(1 —a)+ aZ.

(5.47)
Note that either

Zi(k+1) = 2i(k) T éa,c
or

2(k+1) = 2k(1) + ba,c — (@ — (d1 +do + 1)(1 — a)).
For the first case,
k+1)=Uk)+m+1

because

iy 21y + Oane) 0 (L2} 252 +{0,a — (di +da + 1)(1 —a)}) =m+ 1
by (5.39) and hence

(Rae)* " (c—co) € Zik) + Oac + (m+1(k))(1 —a) + aZ
(5.48) = 2 + Uk +1) = 1)1 = a) + aZ = Y41 + aZ.
Similarly for the second case,

Ik+1)=lk)+m+1—(d+da+1)
since
#([0, zyk+1)) + (a — (d1 + d2 + 1)(1 — a))
N({z 2 1 {0,a — (di +d2 + 1) (1 — a)}))
#((10, z10)) N L2} R U ([zigwy s 21y + Oae) N {2} 02 71))
= I(k)—14+m+1=m+I(k)
by (5.39). Thus
(Rao)" M c—co) € zuy +0ac+ (m+1(k)(1—a)+adZ
= Zhy1) + (@ = (d1 +d2 +1)(1 —a))
+(U(k+1)+ (dy +d2 +1) = 1)(1 — a) + aZ

(549) = Yik+1) + al.

This shows that the inductive conclusion holds when 2y < co — (dy + 1)(1 — a).
Similarly we can show that the inductive conclusion (5.42) holds when z;) >
Co — (dl —+ 1)(1 — a).
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We continue our proof of the sufficiency. From (5.42), we see that for any
O§n§d1+d271,
(Rae)"([c —co,c—co+ 1 —a)) +aZ = [yin), Yin) + 1 — a) + aZ
is contained either in [0,¢o + a — 1) + aZ or [cg, a) + aZ, and
(Rae)P([c—co,c—co+1—a))+aZ =[co+a—1,¢c) +aZ
by (5.42). Therefore S, . is the complement of Uflj()@([yl(n),yl(n) +1—a)+ aZ),
which implies that its restriction on [0, a) has measure a — (dy +dz+1))1 —a) > 0
and hence it is not an empty set. O
5.3. Ergodicity of piecewise linear transformations

In this section, we prove Theorem 4.5 of Chapter 4. Define
Qa.c = supsup Qq o (t, x),

teR x€B
where
K(t,x) = {p € aZ : Mo c(t)x(u) = 1}.
Let _
. 0 ) if K(t,x)=10
Qa,c(t,x) = q sup{n € N| [u, u + na) C K(t,x)
for some u € aZ} otherwise,

cf. the index Q. in (2.7). Following the argument used in the proof of Theorem
2.5, we have the following result.

LEMMA 5.6. Let 0 <a <1< c. Then
Su.c = 0 if and only if Qa,c < 00.
To prove Theorem 4.5, we need another technical lemma, cf. Lemma 3.9.

LEMMA 5.7. Let 0 < a <1 < c. Then then exists a nonnegative integer L such
that

(5.50) (Rao) (t) €[(co+a—1)4,(co—a)_+a)+aZ foralltgS,.,.

PRrROOF. For a € Q, the conclusion (5.50) with L = a/gcd(a, 1) follows from
Theorem 3.4 and the first conclusion of Theorem 4.1.

For a ¢ Q and S, # 0, the conclusion (5.50) with L = |a/(1 — a)] holds by
Theorem 3.4 and the second conclusion of Theorem 4.1.

Now it remains to prove (5.50) under the assumption that S, . = 0. Suppose,
on the contrary, there exists ¢ € R such that

(5.51) (Rae)"(t) & [(co+a—1)4, (co —a)- +a) + aZ

for all L > 0. Define x = (x;()\))xez by x¢(A) = 1if A = (R4.0)E(t) — t for some
nonnegative integer L, and x;(\) = 0 otherwise. Then x; € Bas0 # (Ry.c)L(t)—t €
Z for all L > 1. Following the argument in Lemma 3.9, we have that

(5.52) M, (t)xi(n) =1 forall 0<pu € aZ,
which implies that Q%c = +o00. This is a contradiction by Lemma 5.6. ([l

Now we prove Theorem 4.5.
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PROOF OF THEOREM 4.5. We divide three cases to verify (4.6) and (4.7).
Case 1: t¢ S,.
In this case, there exists L > 0 by Lemma 5.7 such that
(Rae)"(t) = (Ra,e)" () € [(co + a— 1)+, (co — a)- +a) + aZ
for all n > L. Thus (4.6) and (4.7) follow.
Case 2: ac Qand t € Sy .
In this case, t, = (Ra,c)"(t) € Sy, for all n > 0. Following the argument

used in the proof of Theorem 4.1, there exists a nonnegative integer D such that
tpy+1 —t € aZ, which in turn implies that

(5'53) (Ra,c)n+D+1(t) - (Ra,c)n(t) € al
for all » > 0. This together with the periodicity of the function f proves (4.6) and
(4.7).

Case 3: a ¢ Qand t € Sg .

If cg = 0, then S, = R by Theorem 3.5; and R, (t) = |c| for all ¢t € R. Thus
(4.7) follows from ergodic theorem for irrational rotation [48].

Now we consider cg > 0. In this case, we further assume that 1 —a < ¢y < a
by Theorem 3.5. Define g on the real line by

(5.54) 9g(Ya.c(t) = f(t), t € Sac,

where Y, . is given in (1.23). The function g is well-defined as Yj, . is an isomorphism
between the maximal invariant set S, . to the line with marks. Furthermore it
follows the periodic of the function f that g is piecewise continuous and satisfies

(5.55) g(u+Yac(a)) = g(u), ueR.

By Theorem 4.4, we then have that

S kmo F(Ra)* (1) _ XiZg 9(Yaet) + kYar(le] +1)
n n

Then by (5.54), (5.55), (5.56) and the ergodic theorem for irrational rotation [48],
it remains to prove that

(5.56)

Yoe(le] +1)

(5.57) Yoo (a)

¢ Q.

Suppose, on the contrary, that %ﬂ)l) € Q. Let r,s be co-prime nonnegative

integers with o
Y. .(lc 1 r
Denote the number of holes in the interval [0, |¢]+1) and [0, a) by M, N respectively.
Then it follows from (1.23), (5.58) and Theorem 5.2 that
s(le] +1 =M1 —a)) =r(a— N(1—a)),
which together with a ¢ Q implies
(5.59) s(le] +1—=M)=—-rN and sM =r(N+1).

Thus
r=s(lc] +1).
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Substituting the above equality into (5.58) gives
Yocllel +1) € Y, (a)Z,

which is a contradiction as [¢] + 1 = Rqc(0) € Suc and [¢] +1 & aZ by a € Q.
This proves (5.57) and completes the proof of (4.6) and (4.7) for Case 3. O






CHAPTER 6

Maximal Invariant Sets with Rational Time Shifts

In this chapter, we study maximal invariant sets S, . for pairs (a, ¢) satisfying
(6.1) 0<a<l<e l—a<c<a and a€Q.
Before doing that, let us have some illustrative examples.

ExAMPLE 6.1. For the pair (a,c) = (13/17,77/17), black holes of the corre-
sponding transformations R, . and R, . are [5/17,9/17)+13%/17 and [3/17,7/17)+
13Z/17 respectively. Applying the transformation R, . to the black hole of the
transformation Ra,c, we obtain that

Rao([3,7)/17 +13Z/17) = ([5,7) U [10,12))/17 + 13Z/17,

U
(Ra.e)?([3,7)/17 4 13Z/17) = ([5,7) U [0, 2))/17 + 13Z/17,
(Rae)?([3,7)/17 + 13Z/17) = [5,9)/17 + 13Z/17.
Thus
Sue = ([2,3)U[9,10)U[12,13))/17 4+ 13Z/17

[0.1176,0.1764) U [0.5294, 0.5882) U [0.7059,0.7647) + 0.7647Z

consists of intervals of same length 1/17 on the period [0,13/17) and contains
small left neighborhood of the lattice 13Z/17. On the other hand, its complement
R\S,.. = ([0,2) U [3,9) U [10,12))/17 + 13Z/17 contains one big gap of size 6/17,
two small gaps of size 2/17 on the period [0,13/17), and a small gap attached to
the right-hand side of the lattice 13Z/17.

For the pair (a,c) = (13/17,73/17), the maximal invariant set S, . = ([0,1) U
[7,8) U [10,11))/17 + 13Z/17 contains a small right neighborhood of the lattice
13Z/17, while its complement R\S, . = ([1,7) U [8,10) U [11,13))/17 + 13Z/17
contains a small gap attached to the left-hand side of the lattice 13/17.

For the pair (a,c) = (13/17,75/17), the maximal invariant set

Soe = ([0,3)U][7,10)U[10,13))/17 4+ 13Z/17
= [0,0.1765) U [0.4118,0.5882) U [0.5882, 0.7647) + 0.7647Z
consists of intervals of “same” length 3/17 and contains small left and right neigh-
borhoods of the lattice 13Z/17. On the other hand, its complement R\S, . =

[3,7)/17 + 13Z/17 contains one big gap of size 4/17 and two small gaps of size
“zero” at {0,10/17} on the period [0,13/17), c.f. Figure 1.

EXAMPLE 6.2. For the pair (a,c) = (6/7,23/7 + §) with —1/14 < § < 1/14,
black holes of the corresponding transformations R, . and R, . are [1/7 +0,2/7 +

57
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0) +6Z/7 and [3/7,4/7) + 6Z/7 respectively. Observe that
Ra.o([3/7,4/7) + 6Z/7) = [0,1/7) + 62,7
(Rac)?([3/7,4)7) + 6Z/)7) = ([4/7,5/7T+8) U[1/7 +6,1/7)) + 6Z/7
(Ra.o)*([3/7,4/7) + 6Z/7) = [1/7+6,2/7 + 0) + 6Z/7

if § <0, and
a.c([3/7,4/7) +6Z/7) =10,1/7) + 6Z/7
( aC) ([3/7 4/7) + 6Z/7) = [4/7,5/7) + 6Z/7
(Rac)?([3,4)/7+62)7) = [1/7,2/7) + 6Z/7
(Ra )4([3 4)/7T4+62/7) = (([5/7,5/7T+0)U[1/T+6,2/7)) +6Z/7
(Ra)?([3,4)/T+6Z)7) = [1/7+6,2/T+ ) + 6Z/7,
if 6 > 0. Therefore for the pair (a,c) = (6/7,23/7 + §)
Sae = [2/T+6,3/T)U[5/T+0,6/7)+6Z/)7

consists of intervals of length 1/7 — ¢, while its complement R\S, . = ([0,2/7+J)U
[3/7,5/7 + 0)) 4+ 6Z/7 contains a small left neighborhood of the lattice 6Z/7, c.f.
(1.25) and Figure 1.

For arbitrary a € Q, as shown in Lemma 3.11, the set S, . contains at least
one of two intervals [0, €) and [—¢, 0) whenever it is not an empty set, where € > 0
is sufficiently small. For the case that the set S, . contains a small neighborhood
of the origin, the restriction of its complement R\S, . on one period consists of
finitely many left-closed right-open intervals of length 1 — a, cf. Theorem 5.2 and
Example 6.2 with (a,c) = (13/17,75/17).

THEOREM 6.3. Let (a,c) satisfy (6.1). Define
Ay = (Ro.c)"([c—co,c—co+1—a)+aZ), n>0.
Let N be the smallest nonnegative integers such that
(6.2) An N ([eo+a—1,c0) + aZ) # 0.

Assume that [—¢,€) C Sgc for some sufficiently small € > 0. Then the following
statements hold for gaps A,,0 <n < N.

(i) Their restrictions on one period are intervals of length 1 — a,
(6.3) Ap = (Ro)"(c—co+1—a)+[a—1,0)+aZ, 0<n<N.

(ii) The last gap Ay concoides with the black hole [co +a — 1, co) + aZ of the
transformation R, c,

(6.4) An =[co+a—1,¢) + alZ.
(iii) Their closures A,,0 <n < N, are mutually disjoint,
(6.5) AN Ay =0 forall 0<n#n <N.

(iv) Their union is same as the complement of the mazimal invariant set Sq c,
(6.6) R\S,,c = UY_oA,.

For the case that only one of two intervals [0, €) and [—e¢, 0) is contained in the
set Sg,c, the restriction of its complement R\S, . on the period [0,a) consists of
finitely many gaps of two different sizes, cf. Examples 6.1 and 6.2.
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THEOREM 6.4. Let (a,c) satisfy (6.1). Assume that
[—€,0) C S, and [0,¢) CR\S,c
for some positive e > 0. Define
(6.7) d =sup{e € (0,c0+a—1], [0,e) CR\S,.},
Ap = (Roc)"([c—co,e—co+1—a+0)+aZ), n>0,
and
B, = (Rayc)m([co +a—1-06,¢co+a—1) +aZ), m > 0.
Then there are nonnegative integers N, D with
(6.8) N <D <1/ged(a,1) -1,
such that periodic gaps A,,0 <n < N, and B,,,0 < m < D— N, have the following
properties:
(i) Big gaps A,,0 < n < N, have their restrictions on one period being
intervals of length 1 —a + 9,
(6.9) A, =(Ro)" (c—co+1—a+d)+[a—1—-6,0)+aZ, 0<n<N.
(ii) The last big gap An concoides with the gap [co +a — 1 — d,¢) + aZ
containing the black hole of the transformation R, .,
(6.10) An =[co+a—1—0,c0) + aZ.
(iii) Gaps A,,0 <n < N, and B,,,1 <m < D — N, has their closures being
mutually disjoint,
/Enﬂ.gn/:@for all0 <n#n <N,
(6.11) {lnﬁl’)im:@forallogng]\fand1§m§D—N,
BnNBy =0 foralll <m,m <D-—N.
(iv) Small gaps B,,1 < m < D — N, have their restrictions on [0,a) being
intervals of length ¢,

(6.12) B, = (Ra,c)™(co) +[-6,0) +aZ, 1 <m <D —N.
(v) The last small gap Bp_n is [0,9) + aZ,
(6.13) Bp_n = [O, 5) + aZ.

(vi) The union of big gaps A,,0 < n < N, and small gaps B, 1 <m < D—N,
is the complement of the mazimal invariant set S, .,

(6.14) R\S,.c = (UN o A,) U (ULZY Br).

m=1
THEOREM 6.5. Let (a,c) satisfy (6.1). Assume that
[0,6) C Sue and [—€,0) CR\S,.
for some positive e > 0. Define
(6.15) 8 =inf{—€ € [co — a,0), [—€,0) C R\S,},
Ap = (Roe)"(c—co+0,c—coy+1—a)+aZ), n>0,

and

B i= (Ra,e)" ([co, co — &') + aZ), m > 0.
Then there are nonnegative integers N and D with N < D < 1/gced(a,1) — 1, such

that periodic gaps A,,0 < n < N, and B,,,0 < m < D — N, have the following
properties:
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(i) A, = (Rae)"(c—co+1—a)+[a—1+08,0)+aZ, 0<n<N;
(i) Ay =[co+a—1,¢9 — &) + aZ;
(iii)) A,,0 < n < N, and B,,,1 < m < D — N, have their closures being
mutually disjoint;
(iv) By = (Rae)™(co—9')+1[8,0)+aZ, 1 <m <D — N;
(v) Bp_n =18",0) + aZ; and
(Vl) IR\Sa,c = ( Ui:/:O 'An) U (Uﬁ;]lv Bm) .

For a € Q, the black hole [co + a — 1,¢p) + aZ of the transformation R, .

and the black hole [¢c — cg,c¢ — ¢g + 1 — a) + aZ of the transformation R,M are
inter-transformable in the sense that

RCLC RG/C
[c—co,c—co+1—a)+aZ—= - —[co+a—1,¢0) + aZ

and . )

[coJrafl,co)JraZM e [c—co,c—co+1—a)+dZ,
i.e., there exists a nonnegative integer L such that

(Ra,C)L([cf co,c—co+1—a)+aZ)=[co+a—1,¢)+aZ
and

(RG7C)L([CO +a—1,¢0)+aZ)=[c—co,c—co+1—a)+adZ,
see (6.62), (6.63) and (6.64). But gaps (Ra.c)"([c — co,c —co+1—a)+aZ),0 <
n < L, and (Ry)"([co + @ — 1,¢0) + aZ),0 < n < L, to connect black holes of
transformations R, . and R, . could have overlaps, see Examples 6.1 and 6.2 and
compare Theorem 5.2.

For a ¢ Q, the complement R\S, . of the maximal invariant set S, . is composed
of gaps of length 1 — a by Theorem 5.2, while for a € Q it may contain gaps of two
different sizes by Theorems 6.3, 6.4 and 6.5. For a ¢ Q, the maximal invariant set
Sa,c is the union of intervals of different size (see Example 5.1), while we show in
the next theorem that for a € Q, it is union of intervals of same size.

THEOREM 6.6. Let (a,c) satisfy (6.1). Assume that S, # 0. Let
(6.16) Gae :={(Rae)" (c—co+1—a+08)} o+ aZ

where
d=inf{e>0, c—cy+1—a+ec€S,.}
and D 1s the smallest nonnegative integer such that
(6.17) (Rao)P™M(c—co+1—a+8)—(c—co+1—a+d)€al.

Then the mazimal invariant set S, . is the union of mutually disjoint intervals of
same size,

(6.18) Sa,c = Ga,e + [0, 1),

and

(6.19) (a+10,h))N(B+[0,h)) =0 for all distinct a, 8 € Gq,
where h > 0.

By Theorems 4.4 and 6.6, we obtain the following cyclic group structure for
the set Ky . of marks on the line, i.e., images of gaps in the complement of the set
Sa,c under the isomorphism Y, . in (1.23).
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COROLLARY 6.7. Let (a,c) satisfy (6.1). Assume that S,. # 0. Then the
following statements hold.

(1) If Suc contains small neighborhood of the origin, then
(6.20) Kae={(n+1)Y,clc—co+1—a)}_o+Ya(a)Z,

where N is the nonnegative integer in Theorem 6.5.

(ii) If either [0,€) or [—¢,0) is contained in R\S, . for sufficiently small e > 0,
then the set Ko . of marks on the line form a finite cyclic group generated
by Yo clc—co+1—a)+Y,c(a)Z. Moreover,

Ya.c(a)
’ Z
D+17"

where D 1is the nonnegative integer in Theorems 6.4 and 6.5.

(6.21) Ko = gcd(Ya,C(c —c+1—a), Ya,c(a))Z =

After performing the holes-removal surgery, the maximal invariant set S,
becomes the real line with marks, and the set of marks form a cyclic group. This
suggests that for the case that a € Q we can start from a cyclic group, put marks on
the real line using elements in that group, and then expand the line with marks by
inserting holes of appropriate size at every location of marks to recover the maximal
invariant set S, .. Using the above augmentation operation, we can characterize
the non-triviality of the maximal invariant set S, . via four nonnegative integer
parameters d;, 1 < i < 4, for a € Q.

THEOREM 6.8. Let (a,c) satisfy (6.1) and
(6.22) 0<er:=le)—[(le)/a)|a <2a—1,|c|] >2 and ¢ € ged(a, 1)Z.

Then S, # 0 if and only if the pair (a, c) of positive numbers is one of the following
three types:

1) co < ged(cq,a).
2) 1 —¢p < ged(eq +1,a).
3) There exist nonnegative integers dy,dg, ds,ds such that

(6.23) 0<Bg:=a—(di+da+1)(1—a)e (D+1)ged(a,1)Z;
(624) (D + ].)Cl + (dl +ds + 1)(1 — a) € at;

(6.25) (di+do+1)((D+)er + (dy +ds+1)(1—a)) — (di +ds +1)a € (D +1)aZ:

(6.26) co=(di+1)(1—a)+ (di +d3s+1)Bg/(D+1) +~
for some v € (—min(Bg/(D +1),a — ¢p), min(Bgy/(D + 1),c0 + 1 — a));
(6.27) ged((D+1)er + (dy +ds + 1)(1 —a), (D + 1)a) = a;
and
(6.28) #Eq. = di,
where D =dy +do +ds +ds +1 and
El, = {nel,di+dy+1]| n((D+1)er + (dy +ds + 1)(1 — a))

(6.29) € (0, (d1 + d3 + 1)a) + (D + 1)aZ}.
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In Theorem 6.8, we insert a gap of large size at the origin for the first two cases,
while a gap of small size is inserted at the origin for the third case. For the first two
cases, no gaps of small size have been inserted at any location of marks and the size
of gaps inserted is always ¢ for the first case and 1 — ¢y for the second case. For
the third case, the nonnegative integer parameters di,ds are indeed the numbers
of gaps of size 1 — a + || inserted in [0,co + a — 1) and [¢g, a) respectively, and the
nonnegative integer parameters ds, d, are the numbers of gaps of size || inserted
in [0,co +a— 1) and [cg, a), excluding the one inserted at the origin, respectively.

Recall that for ¢ & ged(a, 1)Z, G(Xx(0,¢),aZ x Z) is a Gabor frame if and only
if both G(X(0,|c/ged(a,1)|ged(a,1)), AZ X Z) and G(X[o, |¢/ged(a,1)+1)ged(a,1)), AL X L) are
Gabor frames [30, Section 3.3.6.1]. Then for pairs (a, ¢) satisfying [¢| > 2,0 < ¢; <
2a—1 and (5.1), we can apply Theorem 6.8 and the above observation to determine
whether the corresponding Gabor systems G(x[o,¢), ¢Z X Z) is a frame for L?, see
Theorem 7.5 for details.

This chapter is organized as follows. In Section 6.1, we consider maximal
invariant sets S, . containing a small neighborhood of the origin and prove Theorem
6.3. In Section 6.2, we discuss maximal invariant sets S, . containing a small
half neighborhood of the origin and prove Theorems 6.4 and 6.5. In Section 6.3,
we consider the group structure of the set of marks and prove Theorem 6.6 and
Corollary 6.7. Finally in Section 6.4, we parameterize maximal invariant sets S, .
and prove Theorem 6.8.

6.1. Maximal invariant sets with rational time shifts I
In this section, we prove Theorem 6.3.

PrOOF OF THEOREM 6.3. We follow the arguments used in the proof of The-
orem 5.2. Write a = p/q for some co-prime integers p and ¢. By Proposition 3.6,
the holes A,,,n > 0, have the following properties:

(6.30) Ay NSy =10, n>0,
and
(6.31) Amn N A, Cleo+a—1,¢0) +aZ whenever m # n.

Following the argument used in the proof of Theorem 5.2, a nonnegative integer N
satisfying (6.2) exists and satisfies

N<a/(1—a)-1.
From (6.2) and (6.31) it follows that
(6.32) A, N ([co+a—1,¢0) +aZ) =0 forall 0 <n < N.

By (6.30), (6.32) and Theorem 3.4, the proof of (6.3), (6.4) and (6.5) reduces to
showing that

(6.33) Ap = [bn +a—1,b,) + aZ

for some b, € (0, a] with

(6.34) by — (Rae)"(c—co+1—a) €aZ,
and

(6.35)  [bn+a—1—co,bp+a—1)U[bn,by+€0) +aZ C Saey, 0<n<N
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for some sufficiently small €5 > 0.

PROOF OF (6.33), (6.34) AND (6.35). Observe that
[c—co—€p,c—cp) CSgcand c—co+1—a,c—co+1—a+e) CSye
because for sufficiently small ¢y > 0,

[C — Co — €0,C— CO) = Ra,c[_e()a 0) C Ra,csa,c = Sa,c

and
[c—co+1l—a,c—co+1—a+e)=Ruc(0,6)+a)CSue

where the last inclusion holds as S, . is the maximal invariant set under the trans-
formation R, . by Theorem 3.4. Then the conclusions (6.33), (6.34) and (6.35)
holds for n = 0. Hence the proof is finished if N = 0 and we may assume that
N > 1 from now on. Inductively we assume that the conclusions (6.33), (6.34) and
(6.35) hold for all n < k < N —1. By the inductive hypothesis and Proposition 3.6,

(6.36) [br +a—1,b;) C leo,co+a—1—€g)U[eo + €0,a — €),
which implies that (6.33) for n = k + 1. Applying (6.36) again and using the
conclusion (6.33) for n = k + 1, we have that
b1 +a—1—ep,bpp1+a—1)+aZ =Ry (b +a—1—e€g,bp +a—1)+aZ)
and
[bk+1,bk4+1 + €0) + aZ = Rq o([bk, bi, + €0) + aZ).
The above equalities together with the inductive hypothesis and the invariance of

the set Sy, given in Theorem 3.4 prove (6.34) and (6.35) for n = k + 1. This
completes the inductive proof (hence (6.3), (6.4) and (6.5) are proved). O

We can follow the argument used in the proof of Theorem 5.2 to prove (6.6),
and then leave the details to the reader. O
6.2. Maximal invariant sets with rational time shifts II

In this section, we will prove Theorems 6.4 and 6.5.

PROOF OF THEOREM 6.4. Let § € (0,¢0 + @ — 1] be as in (6.7). As [0,0)
is the maximal interval contained in the complement of the set S, ., there exists
sufficiently small ¢y > 0 such that

(6.37) [0,0 +€) C Sae provided that & < co+a—1.

By Lemma 3.11 and the assumption about the set S, . around the neighborhood
of the origin, we have that

(6.38) [—60, 0) C Sa’c and [Co, co + 60) C Sa,c
for some sufficiently small ¢y > 0. Therefore
(639) [C — Co — €0,C— CO) = Ra,c[_eOa 0) - Ra,csa,c = Oa,c

by (1.15), (6.38) and Theorem 3.4;

[c—co+1l—a+d,c—co+1—a+3d+e)
B Ryc[6,0 +e)—a f0<d<cp+a-—1
a R, c[co,co + €0) ifod=c+a—1
(6.40) C Ra7c$a7c: a,c
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by (1.15), (6.37), (6.38) and Theorem 3.4; and
[c—co,c—co+1—a+d)NSy.c
= (Rmc[—a,é —a)U[c—¢co,c—co+1— a)) NSac
(641) = Ra,c([_aa 0 — a’) N 8070) = @
by (1.15), Theorem 3.4 and the assumption [0,6) C [0,co+a —1). Thus [c—co,c—
co+1—a+9)isagap (ie., a left-closed right-open interval with empty intersection
with Sg,c) with length 1 —a + ¢ and boundary intervals of length €j at each side in

the maximal invariant set Sg ..
Let N be the smallest nonnegative integer such that

(6.42)  (Rae)N([c—co,c—co+1—a+0d)+aZ)N([co+a—1,c0) +aZ) # D
if it exists and N = 400 otherwise.
At first we verify (6.9) and (6.10) about big gaps A,,0 <n < N. For N =0,

the conclusions (6.9) and (6.10) follows from (6.39), (6.40) and (6.41). So we may
assume that 1 < N < oo. Thus

(6.43) Ap N ([co+a—1,¢0) +aZ) =0, 0<n<N.

We claim that A,,,0 < n < N, have the following properties for 0 < n < N:

(6.44) Ap=1[bn+a—1-16,b,) 4+ aZ

for some b, € (0, a] satisfying

(6.45) [bp +a—1—06—€p,by +€0) C[0,¢0+a—0b)UJco,a),

(6.46) ([on+a—1—=168,b,) +aZ)NS,,c =0,

and

(6.47) bp+a—1—06—e€g,by+a—1—0)U by, by +e)+aZ C Sy

PROOF OF (6.44), (6.45), (6.46) AND (6.47). For n = 0, write

(Rae)"(c—coc—co+1l—a+6)+aZ) = [c—cy,c—co+1—a+0)+aZ

= [bot+a—1-16by)+aZ
with by € (0,a]. Then the conclusions (6.44), (6.45), (6.46) and (6.47) for n = 0
follow from (6.39), (6.40), (6.41), (6.43) and the empty intersection property in
Theorem 3.4. Inductively we assume that the conclusions (6.44), (6.45), (6.46) and
(6.47) hold for all 0 <n <k < N — 1. Then for n =k + 1,
(Rae)"([c—co,c—co+1—a+0)+aZ)
Roclbr+a—1—108,b) +aZ (by (6.44) with n = k)
= [Ruclby+a—1—-9),Ryclbs+a—1—-0)+1—a+0)+aZ
(by (6.45) with n = k)
= [bes1+a—1—060byy)+aZ
for some br1+1 € (0, a],
([br41 +a—1—=08,bkr1) +aZ)NS,c
= Ra,c(([bk +a—1-4, bk) + G,Z) N Smc)
(by (1.17),(6.43),and (6.45) for n = k)
= 0,
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bry1+a—1—0—eg,bpy1 +a—1—19)+aZ
[Roc(by +a—1—0) —€o, Ry (b +a—1—0))+aZ
= Ruclbr+a—1-0—¢€,bp+a—1—-0)+aZ
(by (6.46) with n = k)
(Ra.o)f e —co —€o,c—co) +aZ C S, (by (6.39))

and similarly

[bk+17 br+1 + 60) + aZ
= (Ra’c)kﬂ[c—co+1—a+67c—co+1—a+(5—|—60)—|—aZCSa,C
by (6.40), (6.44), (6.45) and (6.47) for n = k, the definition (1.15) of the trans-

formation R, ., and the invariance property (3.6) in Theorem 3.4. Those together
with (6.43) completes the inductive proof of (6.44), (6.45), (6.46), and (6.47). O

By (6.43) and Proposition 3.6, (Rq,c)" ([c—co, c—co+1—a)+aZ),0 <n < N, are
mutually disjoint. This together with (6.44), (6.45), (6.46), (6.47) and the inclusion
(Rae)"([c—co,c—co+1—a)+aZ) C A,,0<n <N, shows that A,,0 <n <N,
are mutually disjoint, i.e.,

(6.48) A, NAy =0 forall 0<n=#n"<N.
This together with (6.44) implies that
(6.49) 1< N <1/ged(a,1) —1.

Applying (6.44) and (6.47), we obtain (6.9) immediately by inductive proof. Next
we can show that (6.10) holds by (6.38), (6.42), (6.44) and (6.45), because (R,,.)™ [c—
co,¢—¢op+ 1 —a+9) is a periodic set with its restriction on one period being an
interval of length 1 —a+ § by using (6.44) and (6.45) with n = N — 1, and its right
neighborhood (R, o)™ ([c—co+1—a+d,c—co+1—a+d+¢€y)+aZ) is contained in
Sa,c by (6.47), while [co,co + €9) C Sq,c by (6.38) and S, . has empty intersection
with the black hole [co +a — 1,¢9) + aZ.

Let D be the minimal nonnegative integer such that
(6.50) (Rae)” M(lco+a—1-68,co+a—1)+aZ)N([0,8) +aZ) #

if it exists and D = +oo otherwise.
Secondly we divide three cases to verify (6.12) and (6.13) for small gaps By, 0 <
m<D-—N.

Case 1: D= N.
In this case, the conclusions (6.12) and (6.13) hold as
[—Go,O)U[CO—a+1—5—60,00+a—1—5) CSa,c
for sufficiently small ¢ > 0 by (6.38) and (6.47); and [0,d) C R\S,. by the
assumption.
Case 2: D= N+ 1.

In this case,

(6.51) Raclco+a—1—6,co4+a—1)+aZ=[by —6,by) + aZ
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for some by € (0,a] with by — 8 — Ry..(co+a—1—0) € aZ, since [co+a—1—8,¢o+

a—1) C[0,¢0 +a—1). Recall that
[co+a—1—68—e€p,co+a—b—3)Ulcg,co+€0) C Sae

by (6.38) and (6.47). We then obtain from (6.51) and Theorem 3.4 that

(6.52) [b1 — 6 — €0, b1 — 0) C Sac and [by, by + €0) C Sac.

Therefore [51 — 0, l~)1) is a gap of length § with boundary intervals of length ¢y at
each side in the set Sg .. Thus

[51 — (5,61) n ([Co +a— 1,60) —|—aZ) =0
as the gap containing [co+a—1,¢q) is (Ra,c)" [¢ — o, ¢ — co +1 —a+6) + aZ which
has length 1 — a 4+ § and boundary intervals of length € at each side in S, .. By
the definition of the nonnegative integer D,

([b1 — 6,b1) + aZ) N ([0,68) + aZ) # 0.
This together with (6.38), (6.52) and [0,4) € R\S,,. implies that b; = § and
(6.53) Ryclco+a—b—46,co+a—0b)+aZ=][0,0)+ aZ.
The conclusion (6.12) and (6.13) for D = N + 1 follow from (6.51) and (6.53).

Case 3: N+2<D < +oo.

In this case, following the arguments used to prove (6.44), (6.45), (6.46) and
(6.47), and the conclusions (6.12) and (6.13) for D = N + 1, we may inductively
show that

(6.54) B = [bm — 6,bym) +aZ, 1 <m < D — N,

for some by, € (0,a] with

(6.55) [ — 6 — €0, brm + €0) C [0,¢0 +a — 1) U|co, a),
(6.56) BpNSsc=0,1<m<D-N,

and

(6.57) b — 6 — €0, b — 6) U b, b + €0) C Sae-

Using (6.44), (6.47), (6.50), (6.54) and (6.57), we obtain that

(6.58) BN ([co+a—1,¢0)+aZ)=0 forall 0<m<D-—N.

Next we prove that
(6.59) B NBp =0 forall0 <m#m' <D-— N.

Suppose, on the contrary, that B,,, N B, # 0 for some 0 < m; < ma < D — N.
Then

B, = B,
by (6.54), (6.56), and (6.57). This, together with (6.43), (6.58) and the one-to-one
correspondence of the transformation R, . on the complement of [cop+a—1, cy)+aZ,
leads to
(Rae)™ ™ ([e—co,c—co+min(d,1—a))+aZ) = [c—co,c—co+min(d, 1 —a)) +aZ,

which contradicts to the range property (1.18). This proves (6.48).
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Combining (6.54) and (6.48), we conclude that the restriction of B,,,0 < m <
D — N, on one period [0, a) are mutually disjoint interval of length ¢. This implies
that

D < 4o0.

Applying (6.54) with m = D — N — 1, and recalling the definition of the integer
D < oo we obtain that

(6.60) Bp-n +aZ =10,6) + aZ
and
(6.61) [—€0,0) U[d,0 + €0) € Sac

Therefore the conclusions (6.12) and (6.13) for N +2 < D < oo follow from (6.54),
(6.60) and (6.61).

In the third place we prove the mutually disjointness property (6.11) for periodic
gaps A, 0 < n < N, and B,,,1 < m < D — N. Observe that the big gaps
A,,0 < n < N, have their restrictions on one period being intervals of length
1—a+ ¢ by (6.10), (6.38), (6.40), (6.44), (6.45), (6.46), (6.47) and (6.48). Then
their mutually disjointness follows from (6.42) and (6.48).

Observe that small gaps B,,,,1 < m < D — N, have their restrictions on one
period being intervals of length ¢ by (6.54), (6.55), (6.57), (6.60) and (6.61). Recall
that big gaps A,,0 < n < N, have their restrictions on one period being intervals
of length 1 — a + §. Therefore small gaps B,,,1 < m < D — N, and big gaps
A,,0 <n < N, have their closure being disjoint.

Recall that small gaps B,,,1 < n < D— N, have their restrictions on one period
being intervals of length §. This together with (6.59) and (6.60) proves the mutual
disjointness of the closure of small gaps B,,,1 <n <D — N.

Next we establish the upper bound estimate (6.8) for D. For D = N, the upper
bound estimate (6.8) has been given in (6.49). For D > N + 1, we observe that

A, if0<n<N

(Ra,c) ([C — Cp,C— Co + min(5, 1-— (L)) + QZ) C { Bn—N if N+1 <n< l)7

which implies that (Rg.c)"([c — co,¢ — co + min(d,1 — a)) + aZ),0 < n < D, are
mutually disjoint. Also observe that (R, )" ([c—co,c—co+min(d,1—a))+aZ),0 <
n < D, have their restriction on one period being intervals with left endpoints in
ged(a, 1)Z. Therefore D 4+ 1 < 1/ged(a, 1) and (6.8) follows.
_ Finally we prove (6.14). Write § = lo(1 —a) + 6 for some 0 < Iy € Z and
0 € (0,1 —a]. From (6.9)—(6.13), we obtain that
(Ra.c)"([c — co,c—co+1—a)+ aZ)

b, _i(ps1y T11 —a) =6+ [a—1,0) +aZ i
) ifOSZL—Z(D+1)ngorsomeOglglo,
an(D+1)7N+l(1—a) —~5+[a—1,0)—|—aZ i
(6.62) = . ifN+1§~n—l(D+1)SDforscimeoglgl—l,
((bn—1(p11)-~ +[=0,0)) Ufco +a—1,¢c0 = 6)) + aZ

if Nt1<n—I(D+1)<D,
((bn—(l+1)(D+1) + [—5, 0)) U [CO +a— ]., Co — 5)) + al.

ifo<n—-({+1)(D+1) <N,
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where
bp = (Rae)"(c—co+1—a+6),0<n<N,
and 3
b, = (Ra,c)™(c0),1 <m <D — N.
Therefore
(UN_pAn) U (UDZYBim) = UD_o(Rae)"(fc = co,c —co+ 1 —a+6) + aZ)
(6.63) = YlfVPIOFN (R e = co,c — o + 1 — a) + aZ,
and

(6.64) (Ra’c)(l”l)(DH)"’N[c —cg,c—cot+1l—a)+aZ =[co+a—1,¢)+ aZ.

Hence the union of the gaps A,,0 <n < N, and B,,,1 < m < D — N, is invariant
under the transformation R, . and contains the black holes of the transformations
R, and Ra,c~ It also indicates that any points not in that union will not be in
that union under the transformation R, .. Thus R\((UN_,A,) U (UPZVB,,)) is

invariant under the transformation R, .. This together with Theorem 3.4 proves
(6.14). O

We finish this section with the proof of Theorem 6.5.

PROOF OF THEOREM 6.5. We follow the argument used in the proof of Theo-
rem 6.4 with 6, N, D replaced by ¢’ in (6.15), the smallest nonnegative integer such
that

(Ra.e)M([c —co+ 6 c—co+1—a)+aZ)N ([co+a—1,c0) +aZ) # 0,
and the minimal nonnegative integer such that
(Ra.c)? N ([co,co — 8') +aZ) N ([¢',0) + aZ) # 0

respectively. We leave the detailed arguments to the reader. (Il

6.3. Cyclic group structure of maximal invariant sets

In this section, we prove Theorem 6.6 and Corollary 6.7.

PROOF OF THEOREM 6.6. We divide into three cases to establish (6.18) and
(6.19).

Case 1: The maximal invariant set S, . contains a small neighborhood of the

origin.
In this case, 6 = 0 as
(6.65) (Roe)"(c—co+1—a)+0,¢) €Sy, n>0,

by (6.3), (6.6), Theorem 3.4 and the assumption on the neighborhood of the origin.
Observe that

(Rae)*(c—co+1—a)€gad(a,1)Z forall n>0
by a € Q. Then there exist two distinct integers m,n > 0 such that
(Rae)™(c—co+1—a) = (Rae) (c—co+1—a) € dZ.
This together with (1.17), (6.65) and Theorem 3.4 implies that
(Rac)™ ™M(c—co+1—a)—(c—co+1—a)€al.
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Then the existence of a nonnegative integer D satisfying (6.17) follows and the set
Ga,c in (6.16) is well-defined. Furthermore,

(Roe)*(c—co+1—a) = (Rae)"(c—co+1—a)gaZ foral0<n#m<D,
and
(6.66) N <D <1/ged(a,1)—1

by (6.3) and (6.5), where N is given in Theorem 3.4.

By (6.6) and (6.65), the restriction of the maximal invariant set S, . on [0, a)
is finitely union of finitely many left-closed right-open intervals. More precisely,
Sa,c N [0,a) is union of mutually disjoint intervals [by, by + hy),0 < k < D,

(6.67) Sae N[0, a) = Ulolbr, by + hi)

and

(6.68) [bk, bk + hi) O [brr, b + her) = 0 if k # K,
where

br € (Ra.c)*(c —co+1—a)+aZ)N0,a)
and by, + hj, is chosen so that either

(6.69) b + by € Uy 1 (Rae)" (e —co+1—a)+aZ
or

(6.70) b+ hi + 0,1 —a) c UN_ A,.
Therefore the proof of (6.18) and (6.19) reduces to showing that
(6.71) hyp =ho, 1 <n < D.

Suppose on the contrary that h,, # hg for some 1 < m < D. Then either h,, > hg
or h,, < hg. For the case that h,, > hg,

(6.72) (B, b + o] € [Bins b + Bm) C Sae-
Observe that
(6.73) (Ra.c)™ ([bm, bm + ho] 4+ aZ) = [bo, by + ho] + aZ C Sa.c

by (6.72) and Theorem 3.4. This together with (6.69) and (6.70) with & = 0 implies
that the existence of a unique N < m’ < D such that

by + ho € (Ra,c)ml (c—co+1—a)+aZ.
Applying (R, )™ leads to

b + ho € (Ra,e)™(bo + ho) + aZ = (Ra, )™ (¢ — co + 1 — a) + dZ,

where 0 < m” < D is the unique integer with m +m’ —m’” € DZ. Hence [b,,, by, +

hm) O [bimry by 4+ humr) has nonempty intersection, which contradicts to (6.68).
Therefore
h, <hg forall 1<n<D.

Using similarly argument, we can prove that
h, > hg forall 1<n<D.

Hence (6.71) is established, and (6.18) and (6.19) are proved.
We remark that
a—(N+1)(1-a)

h:
D+1
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because
|[O’a)\8a,c| = (N + 1)(1 - a)
by (6.3), (6.5), and (6.6); and

D
[Sa.eN[0,a)] =Y hy = (D +1)hg
n=0

by (6.67), (6.68) and (6.71).

Case 2: The maximal invariant set S, . and its complement R\S, . contain a
small left and right neighborhood of the origin respectively.

In this case, ¢ is the same as the one in (6.7) and D satisfying (6.17) is the
same as the one in Theorem 6.4. Thus G, . is well-defined. Let N be as Theorem
6.4. Set

Ap = (Rao, )" ([c—co,c—co+1—a+3d)+aZ),n>0
and
By = (Ra.c)™([co+a—1—0,c0+a—1)+aZ),m > 0.
Recall that the mutually disjoint big gaps A,,,0 <n < N, and small gaps B,,,1 <
m < D — N, have neighborhood of length ¢; at each side are contained in the
maximal invariant set S, .. Therefore

Sae = (UN_g ([bns b + ) + aZ)) U (URZY ([bys b + b)) + aZ)),
where h,,,0 <n < N, and iL,ml <m < D — N, are so chosen that
[bn, + By by + by 4+ €0) + 0Z CR\Sg e, 0 <n <N
and 5 o 3
[bm + By by + By +€0) +0Z CR\Sg e, 1 <m < D—-N
for sufficiently small €9 > 0. As [0, d)+aZ and [cg+a—1, cg)+aZ are contained in the
union of the mutually disjoint gaps, each of the intervals [br, bp, + hp) +aZ,0 <n <
N, and [bym, by +hm)+aZ,1 <m < D— N, is contained either in [0, co+a—1)+aZ
or in [cp, a)+aZ, and its boundary interval of length €y at each side is not contained
in the set ;. Recall that
bp — (Ra,c)"(c—co+b—a+6) €aZ,0<n<N,
and ~
b — (Rae)™ ™ N(c—co+1—a+6)€aZ,1<m<D-N
by Theorem 6.4. Hence the interval [by, b, + hy) + aZ = (Rq,c)" [bo, bo + ho) + aZ
and [bm, by + hin) + aZ = (Ry o)™ N1[bg, by + ho) + aZ. This together with the
measure-preserving property (1.19) implies that the length of intervals contained
in the set S, . are the same, i.e.,

hy,=hp=h foral0<n<Nand1<m<D-N

where h > 0. This completes the proof of (6.18) and (6.19) in Case 2. We remark

that

a—(N+1)(1—-a)

D+1

because the measure of the gaps contained in [0,a) is equal to (N +1)(1—a+9) +

(D — N)J§, while the measure of the intervals contained in S, N[0, a) is (D + 1)h.
Case 3: The maximal invariant set S, . and its complement R\S, . contain a

small right and left neighborhood of the origin respectively.

h = -6
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In this case, § = 0 and D satisfying (6.17) is the same as the one in Theorem
6.5. Following the argument used in Case 2, with applying Theorem 6.4 replaced
by using Theorem 6.5, we can prove (6.18) and (6.19) in Case 3. Also we have
a—(N+1)(1—-a)

D+1

where N, ¢’ are given in Theorem 6.5. d

h = +¢

PrROOF OF COROLLARY 6.7. (i): In this case, it follows from Theorem 6.3 that
the complement of the maximal invariant set S, . is the union of gaps (R4.c)"(c —
co+1—a)+[a—1,0),0 <n < N, which have their closure being mutually disjoint.
Therefore

Koe = {Yac((Rao)* (c—co+1—a)), 0<n<N}+Y,.(a)Z
{(n+1D)Y,elc—co+1—a)}l o +aZ,

where the last equality follows from Theorem 4.4, and hence (6.20) is proved.
(ii): We divide our proof into two cases.

Case 1: The maximal invariant set S, . and its complement R\S, . contain a
small left and right neighborhood of the origin respectively.
Let D and § be as in Theorem 6.4. Then

ICa,c = {Ya,c((Ra,C)n(c —c+l—a+ 5))7 0<n< D} + Ya,C(a)Z

by Theorem 6.4. This, together with Theorem 4.4 and the fact that [0, ) is con-
tained in R\S, ¢, implies that

Kae = Yoce(Rec(d)—a)+{nYsclc—co+1—-a)0<n<D}+Y,(a)Z
(6.74) = {nYaclc—co+1—a)|1<n<D+1}+Y,.(a)Z.

On the other hand,
(Roe)"(c—co+1l—a+d)gc—co+1l—a+d+aZ
foralll <n <D and
(Ra,c)D+1(c—60+1—a+6) €c—cg+l—a+d+aZ
by Theorem 6.4. This together with Theorem 4.4 leads to

(6.75) nY,clc—co+1l—a)¢Y,c(a)Z,1 <n<D.
and
(6.76) (D+1)Y,clc—co+1—a) €Y, (a)Z

Combining (6.74), (6.75) and (6.76) proves (6.21).

Case 2: The maximal invariant set S, . and its complement R\S, . contain a
small right and left neighborhood of the origin respectively.

To prove (6.21), we can follow the argument used in the proof of Case 1 with §
and Theorem 6.4 replaced by 0 and Theorem 6.5 respectively. We omit the details
here. (]
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6.4. Nontriviality of maximal invariant sets with rational time shifts

In this section, we prove Theorem 6.8. The necessity of Theorem 6.8 follows
essentially from Theorems 6.3, 6.4, 6.5 and 6.6. We examine five cases to verify
the sufficiency. For the case 1) ¢ < ged(cr,a), we show that [co,ged(c1,a)) +
ged(er,a)Z is an invariant set under the transformation R, . and it has empty
intersection with black holes of transformations R, . and Ra,c. This together with
the maximality of the set S, . implies that S, . # (. Similarly for the case 2)
1—co < ged(a, e1 + 1), we verify that [0, ged(a,c1 +1) — 14 ¢o) +ged(a, c1 +1)Z is
invariant under the transformation R, . and it has empty intersection with black
holes of transformations R, . and éac For the case 3), we start from putting
marks at hZ and insert gaps of size 1 — a+ |y| at marks located at Imh+ NhZ,1 <
I <djy+dy+1, and |y| at other marked locations, where D = dy +do +ds +dy + 1,
h=(a—(di+d2+1)(1—a))/(D+1)—|y| and m = ((D+1)c1+(d1+ds+1)(1—a))/a.
We then show that the gaps just inserted form a set that is invariant under the
transformation R, . and that contains black holes of the transformations Ra,c and
Rac.

PROOF OF THEOREM 6.8. (=) By Lemma 3.11, there exists a sufficiently
small € > 0 such that one of the following three cases holds:

(1) [—€,€) C Sgpe; or
(ii) [—€,0) C S4c and [0,€) C R\S, ¢; and
(iii) [0,€) C Sa,c and [—€,0) C R\S, .
Define
0 if [—€,0) C Sy,c and [0,€) C R\S, ¢
vy=2< 0 if [—€€) CSue
o' it [0,€) C S4c and [—€,0) C R\S, e,

where 6, are given in Theorems 6.4 and 6.5 respectively. Then
co—a<v<cy+a-—1.
Now we divide the proof of necessity into five cases.
Case 1: y=c¢p+a—1.
Let D, N be as in Theorem 6.4. Then
D=N
and (Rq.c)"([c1,¢1 + o) + aZ),0 < n < N, are mutually disjoint gap with
(Ra.c.)™([c1, 1+ co) + aZ) = [0,¢0) + aZ
by Theorem 6.4 and the assumption on . Thus
N>1
by the assumption ¢; > 0. Observe that
(Rae)"([e1,¢1 4+ o) + aZ) = [e1,¢1 + o) +n(c1 —a) +aZ, 0<n <N
because —a < ¢; —a < 0 and

(Ra,c)"([c1,¢1 + o) +aZ) Clco,a) +aZ forall 0<n<N-—1
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Replacing n by N in the above equality and recalling that (R,..)" ([c1,¢1 + co) +
aZ) = [0,¢cp) + aZ gives
(6.77) c1+ N(cp —a) =ka
for some integer k. Thus
N +1 € aZ/ged(eq,a).
This together with mutual disjointness of gaps [c1,¢1 + ¢o) + n(c1 — a) + aZ,0 <
n < N, implies that
N +1=a/ged(eq, a),
as otherwise a/ged(c1,a) < N and
([er,c1 + co) +aZ) N ([e1,¢1 + o) +n(c1 —a) +aZ) = [c1,¢1 + o) +aZ # O
for n = a/ged(c1,a) < N. Thus

UN_o(n(er — a) + aZ) = Ua/ng(cl’a)_l(n(Cl —a)+aZ) = ged(eq,a)Z.

n=0
Therefore the mutual disjointness of the gaps [c1, c1+cg)+n(c1—a)+aZ,0 <n < N,
becomes
co < ged(eq, a).
Observe that
UN_ole1, ertco)+n(cr—a)+aZ = Ui/fgd(cl’a)_l([O, ged(er, a))+nged(cr, a)+aZ) =R

if ¢g = ged(e1,a), which contradicts to S, # 0. This proves the desired first
condition ¢y < ged(eq,a) in the theorem.

Case 2: 0 <y<cp+a—1.
Let D, N be as in Theorem 6.4. Then

N>0 and D>N-+1
by Theorem 6.4 and the assumption on . Denote by dj, ds the number of big gaps
Ap = (Roe)"(c—co+[0,1—a+7))+aZ, 0<n<N-—1,
of length 1—a++ contained in [0, co+a—1—=)+aZ and in [cg, a) + aZ respectively,
and similarly denote by d3 and d4 the number of small gaps
B i= (Ruc)™(co — 7o)+ aZ, 1<m < D - N,

of length « contained in [y, cog+a—1—)+aZ and in [cg, a) + aZ respectively. Now
let us verify (6.23)—(6.28) for the above nonnegative integer parameters di, ds, ds
and dy.

Proof of (6.23). By Theorem 6.4, the big gaps A,,0 <n < N — 1, and the
small gaps B,,,1 < m < D — N — 1, are either contained in [y,co+a—1—7)+aZ
or [c,a) + aZ. Hence

(6.78) N =dy +ds
and
(6.79) D—N-—1=ds+dy.

Combining (6.10), (6.13), (6.18), (6.19), (6.78) and (6.79), we obtain that there
are (dq +d2 + 1) gaps of length 1 — a + v and (ds + d4 + 1) gaps of length -y, and
D +1:=dy +ds+ds+ds + 2 intervals of length h on one period [0, a). Therefore

(6.80) 0 < Byg:=a—(dy +da+1)(1—a)=(D+1)(h+~) € (D + 1)ged(a,1)Z.
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This proves (6.23) and

d
0<y< .

TSD+1

Proof of (6.24). By (6.10), (6.13) and the definition of nonnegative integers
d;, 1 <1i < 4, we obtain that

(6.81) c—co+1l—a+0+di(le] +1)+dzc] € co + aZ,
and
(6.82) co+ L] =0+ ds(lc] +1)+dylc] € aZ.

Adding (6.81) and (6.82) leads to
c+ (dl +d3 + 1)(LCJ + 1) + (dg +d4)LCJ € co + aZ.

Then (D + 1)c; + (dy +ds + 1)(1 — a) € aZ and (6.24) is true.

Proof of (6.26). By Theorem 6.4 and the definition of the integers d; and ds,
the interval [0,¢p +a — 1 — ) is covered by d; gaps of length 1 —a+, d3 + 1 gaps
of length ~, and d; +d3 + 1 intervals of length h. This together with (6.80) leads to

cota—1-v = di(l—a+7)+(ds+1)y+(d +ds+1)h
(6.83) = di(l—a)+(di+ds+1)Bs/(D+1).
This proves (6.26).
Proof of (6.25).  Substituting the expression (6.83) into (6.81), we obtain
that
aZ > c—co+1l—a+d—co+di(lc]+1)b+da|c|] —dia
= di(le)]+1)+dale] +|e]+1—(d1+1)a
—(d1 +1)(1 —a) — (di +ds +1)Bg/(D + 1)
= (di+d2+1)[c] — (dy +d3+1)Ba/(D +1).
Multiplying D +1 at both sides of the above equation leads to the desired inclusion
(6.25).

Proof of (6.27). Define

(D+1)cr + (dy +d3 +1)(1 —a))
- .

(6.84) m=

Then m is a positive integer in [1, D] by (6.24) and the observation that
0 < (D4+1)er+(dy+ds+1)(1—a)
< (D+1)(2a—1)+ (di +d3+1)(1 —a) < (D + 1)a.

Let Y, . be as in (1.23) and let m; be the nonnegative integer in [0, D] such that
Yoclen +1—a) € mh+Y, (a)Z. We claim the following:

(6.85) mp =m.
Recall that
(Ra,c)N([cl,cl +1l—a+vy)4+aZ)=[co+a—1—",¢0) + aZ

by Theorem 6.4, and that there are dj +d3+1 gaps in the interval [0,co+a—1—7).
This together with Theorem 4.4 that

(6.86) (dy + dy + 1)myh — (dy + d3 + 1)h € Yy o(a)Z = (D + 1)hZ.
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Then the number of gaps of length 1 — a + 7 contained [0, ¢1) is
(di +dy +1)mih — (dy +d3s +1)h _ (di +da + 1)my — (dy +d3 + 1)

Yo c(a) D+1

This implies that there are m; gaps contained in [0,¢1) with ((dy + da + 1)mq —
(di +d3s+1))/(D +1) of them are gaps of length 1 — a + . Hence

(d1+d2+1)m1—(d1 +d3+1)
cT = m1h+ (m1 — D+1 )’Y
(di +da + 1)my — (dy +d3 + 1)
1—
* D+1 (1—a+9)
- mla—(dl—i—dg—i—l)(l—a)
N D+1 '

This together with (6.84) proves (6.85).
We return to the proof of (6.27). The above claim (6.85), together with (6.78),
(6.79), and the cyclic group property (6.21) for the set /C, . of marks, proves (6.27).
Proof of (6.28). Applying (6.84) and (6.85), and recalling that [c1,¢1 +1—a)
is a gap in the complement of the maximal invariant set S, ., we have that

Y, c(c1) —mh € (D + 1)hZ.
Then n € E¢_ if and only if (R,.)"[c1,c1 +1 —a +6) is a big gap contained in

a,c
[0,¢0 +a — 1) + aZ. This implies that the cardinality of the set E¢ _ is equal to dy
from the definition of the nonnegative integer d.

This completes the proof of the necessity for the case that v € (0,¢9 + a — 1).

Case 3: v=0.
Let N and D be as in Theorems 6.3 and 6.6 respectively. Then

N>0 and D>N+1

Denote by di,ds the numbers of gaps (R,.)"(c —co+1[0,1 —a)),0 <n <N -1,
of length 1 — a contained in [0,¢9 + a — 1) + aZ and in [cg,a) + aZ respectively,
and similarly denote by ds and d4 the numbers of (Rqc)™(co),1 < m < D — N,
contained in (0,co +a — 1) + aZ or [cg, a) + aZ respectively. Then we may follow
the argument for Case 2 line by line and establish (6.23)—(6.28) with the above
nonnegative integer parameters di, ds,ds and dy.

Case 4: v € (¢p — a,0).

Let N, D be as in Theorem 6.5. By Theorem 6.5, N > 0 and D > N+1. Denote
by dy, da the numbers of big gaps (Rq,c)" (c—co+[y,1—a)),0 <n < N—1, of length
1—a—+ contained in [0,co+a—1)+aZ and in [¢y — 7, a+) + aZ respectively, and
similarly denote by ds and d4 the numbers of small gaps (Rqc)™([co,c0 —7)),1 <
m < D— N, of length —y contained in [0, co +a—1)+aZ and in [co —y,a+7) +aZ
respectively. We may follow the argument for the second case and prove the desired
properties (6.23)—(6.28) with the above nonnegative integers di, ds, ds and dy.

Case 5: vy =¢y —a.

We follow the argument used in Case 1. Let D, N be as in Theorem 6.5. Then
D = N by the assumption on v, and (Rq,.)"([c1+co—a,c1+1—a)+aZ),0 <n < N,
are mutually disjoint gap with (R,..)" ([c1 +co — a,c1 +1—a) + aZ) = [co +a —
1,a) + aZ by Theorem 6.5. Thus N > 1 as ¢; < 2a — 1. Observe that

(Rae)"([e1+co—a,c1+1—a)+aZ)=[c1+co—a,c1+1—a)+n(ci+1—a)+aZ
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for all 0 <n < N, because 0 < ¢; +1 —a < a and
(Rae)"([er +co—a,c1+1—a)+aZ) C[0,co+a—1)+aZ, 0<n<N-1
Replacing n by N in the above equality, recalling that (R,..)" ([e1 4+ co — a,c1 +
1—a)+aZ)=[co+a—1,a)+ aZ and applying mutual disjointness of [¢; + ¢y —
a,c1+1—a)+n(c; +1—a)+aZ,0<n <N, we obtain
N+1=a/ged(c; + 1,a),

Hence the desired second condition 1 —¢q < ged(eq +1,a) follows from the assump-
tion S, # 0 and the mutual disjointness of the gaps (Rq.)"([c1 +¢o —a,c1 +1 —
a)+aZ),0 <n < N.

(«<=) We examine five cases to prove the sufficiency.

Case 1: ¢y < ged(cy, a).

Let D = a/ged(cq,a) — 1 and define

T = (UL_q [co. ged(e1, @) +n(a — e1)) + aZ.
Then
T = (U2 [co,ged(cr,a)) +iged(cr,a)) + aZ
(6.87) — [0, ged(er, @) + ged(cr, a)Z,
and T has empty intersection with black holes of the transformations R, . and Ra,e,
since
T'N[0,c0) =TN[er,c0+ 1) =0,
and for any t € T',
Ry c(t) =t+c1 € [co,ged(cr,a)) + 1 + ged(er,a)Z = T.

Therefore T' C S, (in fact T' = S, ) as Sq ¢ is the maximal invariant set that has
empty intersection with the black hole of the transformation R, . by Theorem 3.4.
Thus S, . is not an empty set as the restriction of the set T' on [0, a) consists of
a/gcd(cy, a) intervals of length ged(cr,a) — ¢p > 0.

Case 2: 1 —c¢y < ged(a,cq +1).

Let D = a/ged(a,c1 + 1) — 1 and define

T = (UZy[0,gcd(a,e; +1) —1+¢p) +i(c1 +1—a)) +aZ
= [0,gcd(a,c1 +1) — 14 ¢g) + ged(a, ¢ + 1)Z.

We may follow the argument used in Case 1 to show that 7" has empty intersection
with black holes of the transformations R, . and Ra,c, and it is invariant under the
transformation R, .. Then S, . D 7" is not an empty set.

Case 3: There exist nonnegative integers dy, da, d3, d4 and v € (0, min(Bg/(D+
1),c0 + a — 1)) satisfying (6.23)—(6.28).

In this case, we set

_a—(d1+d2—|—1)(1—a)
h = Dl v >0,
(D+1)ep + (dy +d3 +1)(1 —a)

)

a

and
iy — (di +do+1)m — (dy +d3 + 1)
N D+1 ’
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Then
0<hegeda,1)Z
by (6.23) and (6.26); m is a positive integer no larger than D, i.e.,
m € ZN[1,D]
as
0<(D+Def/a<m<(D+1)(2a—1)+ (d1+ds+1)(1—a))/a<D+1,
and m is a nonnegative integer no larger than m,
(6.88) me[0,mNZ
by (6.25). Moreover,

a—(d1+d2+1)(1—a) -
m Dol +m(l—a)
1
(689) = mn - dl +d3 + (1 —Cl,) =cC1.

D+1"" D+1
In order to expand the real line R with marks at hZ to create an invariant set
under the transformation R, ., we insert gaps [0,1 — a + ) located at Imh + (D +
1)hZ,1 <1 < dy +ds + 1, and gaps [0,0) otherwise. Recall from (6.27) that
(I —=U)Ymh & (D+1)hZ for all 1 <1 # 1" < D+ 1. Therefore we have inserted
dy+da+1 gaps [0,1—a++y) and d3+ds+1 gaps [0,7) on the interval [0, (D +1)h).
Thus after performing the above expansion, the interval [0, (D + 1)h) with marks
on [0, (D + 1)h) N hZ becomes the interval

0,(D+1h+(di+de+1)(1—a+v)+(ds+ds+1)y) =1[0,a)
with gaps [yi,y; + h;),0 < i < D, where 0 = yp < y1 < ... < yp and h; €
{1—a+7,7},0<i<D. Now we want to prove that
(6.90) Ym = C1.
For that purpose, we need the following claim:
CLAM 6.9. For s € [0, D] NZ, the cardinality of the set {l € [1,dy +dz + 1] N

Z| Ilmh € sh+ [0,mh) + (D + 1)hZ} is equal to m+ 1 if 1 < s <dj +ds+1, and
m otherwise.

ProOOF. For any i € Z, let k; = [((D+1)i+m+ s —1)/m] the unique integer
such that k;mh € [sh,sh +mh) + i(D + 1)h. Therefore 1 < k; < dy +da + 1 if
and only if m < i(D+1)+m+s—1< (d; +d2 +1)m+m — 1 if and only if
1-s<i(D+1)<(di+dy+1)ym—s=(D+1)m+(di +ds+1—s). Therefore

#{l € [1,d1 + da + 1] N Z] Imh € sh + [0,mh) + (D + 1)hZ}
= Y #{l€[l,di+do+1]NZ| Imh € sh+[0,mh) +i(D + 1)h}
i€EL
= > #hicldi+d+1]NZ}
i€z
= #([1-9)/(D+1),m+(d+ds+1—-35)/(D+1)]NZ).
Counting the number of integers in the interval [(1—s)/(D +1),m+ (dy +d3+1—
s)/(D + 1)] proves the claim. O
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We return to the proof of the equality (6.90). By Claim 6.9, we have inserted
m interval of length 1 —a+~ and m — m interval of length ~ in the marked interval
[0,mh). So after performing the expansion, the mark located at mh on the line
becomes the gap located at mh + (m —m)y+ m(1 —a+ §), which is equal to ¢; by
(6.89). This completes the proof of the equality (6.90).

Next we show that
(691) Ydi+ds+1 = Co + @ — 1—7.
By (6.28), we have inserted d; gaps of length 1 —a+§ and (dy +ds+1) —d; intervals
of length ~ in the marked interval [0, (d1 + d3 + 1)h). Therefore the mark located
at (di + ds + 1)h becomes
(d1+d3+1)h+d1(b—a+7)+(d3+1)7:co+a—b—7

after inserting gaps, where the last equality follows from (6.26). Hence (6.91)
follows.

Then we prove by induction on 0 < k£ < D that
(6.92) (Rae)f(c— o) +aZ = yygy + aZ, 0 < k < dy + da,
and
(6.93) (Rac)™(cot+a—1—79)+aZ = Yymtd,+dy) +aZ, 1 <m <dz+dy+1,

where I(k) € (k+1)m+(D+1)Z. We remark that [(0) = m, (d1+da+ds+ds+1) =
I(D) =0 and I(d; + d2) = dy + d3 + 1, where the last equality follows from (6.25).

PROOF OF (6.92) AND (6.93). The conclusion (6.92) for £ = 0 from (6.90) and
the observation that [(0) = m. Inductively, we assume that the conclusion (6.92)
holds for some 0 < k < dj+dy—1. Thenl(k) # 0,d1+d3+1 as l(d1+d2) = d1+ds+1
and (D) =0. If 0 < i(k) < dy +ds + 1, then

Yie+y = i) T (Mm+1)1 —a+7v)+ (m—m—1)y+mh
(6.94) = yptatl-a
if i(k+1)—1(k) =m, and
Wiy ta =y + M+ 1)1 —a+7)+ (m—m—1)y+mh
(6.95) = Yy tat+l—a

ifi(k+1)—1(k) =m— (D +1), where (6.94) and (6.95) hold as we have inserted
m+ 1 gaps of size 1 —a+~ and m — (m + 1) gaps of size v on [I(k)h, (I(k) + m)h)
by Claim 6.9. Also we obtain from (6.91) that y;x) € [0,c0 +a — 1 — ) when
0 < Il(k) < dy 4+ d3 + 1, which together with the inductive hypothesis implies that

(Ra,c)kJrl(C - CO) +aZ = Ra,c(yl(k)) + aZ
(696) = yl(k) + C1 + 1-— a —|— aZ.
Combining (6.94), (6.95) and (6.96) leads to
(6.97) (Ra,e)* " (c — co) + aZ = yy41) + aZ

if 0 < l(kﬁ) <d; +ds+ 1.
Similarly if d; + ds + 1 < I(k) < D, we have that

(6.98) Yi(k+1) — Yik) € €1 + aZ
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because we have inserted m gaps of size 1 — a + § and m — m gaps of size é on
[[(k)h, (I(k) +m)h) by Claim 6.9; and

(6.99) (Ra.o)f ™ (c = co) + aZ = Yik) + €1+ a,
since (k) € [co,a) by (6.91). Combining (6.98) and (6.99) yields
(6.100) (Ra,e)* " (c = co) + aZ = yy41) + aZ

if dy +ds +1 < (k) < D. Therefore we can proceed our inductive proof by (6.97)
and (6.100). This completes the proof of the equalities in (6.92).
Notice that yi(4, +dy) = Ydy+ds+1 = co +a — 1 — 0 by (6.91). Hence

(Ra,e)™(co+a—1—06)+aZ = (Rac)” (Yi(dy+ds)) + 0

(6.101) = (Rae)" "% (y0)) + aZ = (Ra,e) ™% (¢ — ¢o) + aZ
for all 1 <m < d3+dy+ 1. Then we can follow the argument to prove (6.92) to
show that (6.93) holds. O

Finally from (6.92) and (6.93) the mutually disjoint gaps we have inserted are
(Rac)*(c—co) +[0,1 —a+7) +aZ,0 < k < di +dy, and (Rae)™(co+a—1—7)+
[0,7) +aZ,1 <m < d3 + d4 + 1. Moreover

(Rac)dﬁdz(cfco)+[O,1—a+’y)+aZ: [co+a—1—=46¢c)+aZ

)

by (6.91) and I(dy + d2) = d1 + d3 + 1; and
(Ra, o)™ (g +a—1—7) +[0,) + aZ
= (Rae)"(co+a—1-7)+[0,7)+aZ=[0,7) + aZ
by (6.101) and I(D) = 0. Notice that the union of the above gaps is invariant
under the transformation R, . and contains the black holes of the transformations
R, and R, .. Therefore its complement is the set S, . by Theorem 3.4, whose

restriction on [0,a) has Lebesgue measure (D + 1)h. Thus the conclusion that
Sac # (0 is established for this case.

Case 4: There exist nonnegative integers dy, d2,ds,ds and v = 0 satisfying
(6.23)—(6.28).

In this case, we set
a — (d1 +d2+1)(1—a)

h= D+1

and
(D + 1)61 + (dl + d3 + 1)(1 - a)

)

a

and expand the real line R with marks at hZ by inserting gaps [0,1 — a) located
at Imh + (D + 1)hZ,1 <1 < dj +da + 1, and gaps of zero length otherwise, c.f.
the fourth subfigure of Figure 1. Then after performing the above operation, the
interval [0, (D + 1)h) becomes the interval [0, a) with gaps [y;, y; + h;),0 < i < D,
where 0 =yo < y1 <...<yp and h; € {1 —a,0},0 <i < N —1. We follow the
argument in Case 3 to show that y,,, = ¢1,Yd,+ds = co + @ — 1 and by induction on
0 <k <N —1 that

(Rae)"(c — co) + aZ = yypy + aZ, 0 < k < dy + da,

and
(Ra,e)™(co) + aZ = Yi(mad, +dy) + 0L, 1 <m < dg+dy +1,
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where I(k) € (kK + 1)m + (D + 1)Z. Thus the union of gaps of size 1 — a is
uhtiz(R, )" ([e—co, c—co+1—a)+aZ with (R,..) " T ([c—co, c—co+1—a)+aZ) =
[co+a—1,¢9) + aZ. Therefore S, . is the complement of the above union of finite
gaps and the sufficiency in the fifth case follows.

Case 5: There exist nonnegative integers dy, da, d3, ds and v € (— min(Bg/(D+
1),a — ¢p),0) satisfying (6.23)—(6.28).

In this case, we define
a—(d1—|—d2—|—1)(1—a)

h= D+1

+7

and
(D + 1)01 + (dl + d3 + 1)(1 — a)

a

We expand the real line R with marks at hZ by inserting gaps [y+ a — 1,0) located
at Imh+ (D+1)hZ,1 <1< dy+dz+1, and gaps [y, 0) otherwise. After performing
the above augmentation operation, the interval [0, (D + 1)h) with marks [0, (D +
1)h) N hZ becomes the interval [0,a) with gaps [y; + hi,v:),0 < @ < D, where
O0<y1 <...<ypy1=aand h; € {y+a—1,7},1 <i < D+ 1. We follow the
argument used in Case 3 to show that ¥, = c1 +1 — @, Y4, +ds+1 = co — 7y and for
0<k<D,

(Ra,e)¥(c = co + 1) + aZ = yyy + aZ, 0 < k < dy + da,

and
(Rae)™(co =) +aZ = yypy +aZ, 1 <m < dsz+dsy+1,
where [(k) € (k+ 1)m + (D + 1)Z. Therefore

Sa.e =R\ ((Uiif)dz iy +a—b+7, i) +aZ) U (UEEET [y +6, ar)) +aZ)),

whose restriction on [0, a) has Lebesgue measure (D + 1)h > 0. This proves the
sufficiency for Case 4. O



CHAPTER 7

The abc-problem for Gabor Systems

In this chapter, we provide full classification of all pairs (a, ¢) of positive num-
bers of time-spacing and window-size parameters such that G(xo,c),aZ x Z) are
Gabor frames for L2.

Let us start from recalling some known classification of pairs (a,c), see for
instance [16, 23, 30].

THEOREM 7.1. Let a,c > 0, and let G(X[o,),aZ x Z) be the Gabor system
in (1.1) generated by the characteristic function on the interval [0,¢). Then the
following statements hold.

(I) If a > ¢, then G(x(0,¢),aZ x Z) is not a Gabor frame.
1) If a = ¢, then G(Xo.c),aZ X Z) is a Gabor frame if and only if a < 1.
[0,¢)
1IV) If a < c and ¢ < 1, then G(Xj0.c), 0Z X Z) is a Gabor frame.
[0,¢)
(IT) Ifa <c¢,1 <c and a > 1, then G(xo,¢), aZ x Z) is not a Gabor frame.

The conclusions in Theorem 7.1 are illustrated in the red and low right-triangle
green regions of Figure 1 below, where on the left subfigure we normalize the
frequency-spacing parameter b to 1, while on the right subfigure we normalize the
window-size parameter ¢ to 1 and use the frequency-spacing parameter b as the
y-axis, cf. Janssen’s tie in [30].

Apply the equivalences in Theorem 2.1 and the explicit construction of the set
Sa,c in Theorem 3.5, we take one step forward in the way to solve the abc-problem
for Gabor systems.

THEOREM 7.2. Let 0 < a < 1 < ¢, and let G(x|o,c),aZ X Z) be the Gabor
system in (1.1) generated by the characteristic function on the interval [0,c). Set
co = c— |c]. Then the following statements hold.

(V) If co > a and co < 1 —a, then G(x|o,¢), aZ x Z) is a Gabor frame.
(VI) If co > a and co > 1 — a, then G(xo,c), aZ X Z) is not a Gabor frame if
and only if a € Q and either
1) ¢co >1—ged(|e] +1,a) and ged(|c] + 1,a) # (|c] + 1)ged(a, 1), or
2) ¢g > 1 —ged(le] + 1,a) + ged(a,1) and ged(|e] + 1,a) = (|e] +
1)ged(a, 1).
(VIT) If co < a and co < 1 —a, then G(Xxo,c),aZ x Z) is not a Gabor frame if
and only if either
3) co=0; or
4) a€Q, 0< ¢y <ged(lc],a) and ged(|c],a) # |c|ged(a,1); or
5) a €Q,0< ¢y <ged(|c],a)—ged(a,1) and ged(|c|,a) = |c|ged(a, 1).

The statement (V) in the above theorem is given in [30, Section 3.3.3.2]. The
conclusions in Theorem 7.2 are illustrated in the green, yellow and purple regions of

81
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“indow size parameter o
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FIGURE 1. Left: Classification of pairs (a,c) such that G(x[o,c),aZ x
Z) are Gabor frames. Right: Classification of pairs (a,b) such that
G(X0,1), aZ x bZ) are Gabor frames.

Figure 1. In the green region, G(x[o,¢), aZ x Z) are Gabor frames by Conclusion (V)
of Theorem 7.2. In the yellow region, it follows from Conclusion (V) of Theorem 7.2
that the set of pairs (a, ¢) such that G(x[o,c), aZ x Z) are not Gabor frames contains
needles (line segments) of lengths ged(|c] + 1,p)/q — {0,1/¢} hanging vertically
from the ceiling |c| 4+ 1 at every rational time shift location a = p/q. In the purple
region, we obtain from Conclusion (VII) of Theorem 7.2 that the set of pairs (a, ¢)
such that G(xjo,c), aZ x Z) are not Gabor frames contains floors |c] > 2 and also
needles (line segments) of lengths ged([c],p)/q — {0,1/q} growing vertically from
floors |c] at every rational time shift location a = p/q.

Using the expression of the set S, . in Theorem 3.5, we can determine whether
Gabor systems G(x|o,¢), aZ x Z) corresponding to those pairs with either ¢; > 1—2a
or ¢; = 0 are frames for L2.

THEOREM 7.3. Let 0 <a<1<candl—a<cy<a, and let G(X[o,c), aZ X Z)
be the Gabor system in (1.1) generated by the characteristic function on the interval
[0,¢). Set c1:= |c|] — |(lc]/a)]a. Then the following statements hold.

(VIOD) If [c| = 1, then G(X[o,c), aZ X Z) is a Gabor frame.
(IX) If [c] > 2 and ¢; > 2a — 1, then G(X[o,c), aZ % Z) is a Gabor frame.
(X) If le] > 2 and c1 = 2a — 1, then G(Xx|0,¢), aZ X Z) is not a Gabor frame if
and only if a € Q, ¢co <1 —a+ged(a,1) and a = (|c| + 1)ged(a, 1).
(XI) If [c] > 2 and c1 = 0, then G(X(o,¢), aZ x Z) is not a Gabor frame if and
only if a € Q, ¢g > a — ged(a, 1) and a = [c]ged(a, 1).

The statement (VIII) in the above theorem can be found in [23, 30]. The
conclusions in Theorem 7.3 are illustrated in the blue and dark blue regions of
Figure 1.
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Applying the parametrization of the maximal invariant set S, . in Theorem 5.5,
we take another step forward in the direction to solve the abc-problem for Gabor
systems.

THEOREM 7.4. Let0<a<l<e¢l—-a<c¢ <a,|c] >22,0<c¢ <2a-1
and a ¢ Q. Let G(Xo,¢),aZ X Z) be the Gabor system in (1.1) generated by the
characteristic function on the interval [0,c¢). Then the following statement holds.

(XI) The Gabor system G(Xo,c),aZ x Z) is not a frame for L? if and only if
there exist nonnegative integers dy and ds such that
(a) a#c—(di+1)(lc]+1)(1—a)—(d2+1)|c|](1—a)€aZ;
(b) le]+(d+1)(1—a)<c<|e]+1—(d2+1)(1-a); and
(¢c) #Euc=d1, where m = ((d1 +d2 +1)cx —co + (d1 + 1)(1 — a))/a
and E, . is given in (5.10).

In the above theorem, we insert d; and ds holes contained in intervals [0, co +
a—1) and [co, a) respectively, and put marks at U2 (n(¢; —m(1 —a)) + (a —
(di +d2 + 1)(1 = a))Z).

Applying the characterization for S, . # @ in Theorem 6.8, we reach the last
step to solve the abe-problem for Gabor systems.

THEOREM 7.5. Let0 <a<l<c¢l—a<c <a,lc] >20<c¢ <2a-1
and a € Q. Let G(Xo,¢),aZ X Z) be the Gabor system in (1.1) generated by the
characteristic function on the interval [0,c). The following statements hold.

(XIII) If ¢ € ged(a, 1)Z, then G(xo,c), Z X Z) is not a Gabor frame if and only
if the pair (a,c) satisfies one of the following three conditions:
6) co < ged(a,cr) and |c](ged(a, 1) — o) # ged(a, cq).
7 1—¢ < ged(a,eq +1) and (|¢] + 1)(ged(a,c1 + 1) +co — 1) #
ged(a,c1 +1).
8) There exist nonnegative integers dy,ds,ds,dy such that (a) 0 < a —
(d14+da+1)(1—a) € (D+1)ged(a, 1)Z; (b) (D+1)c1+(dy+ds+1)(1—
a) € aZ; (c) (di+da+1)((D4+1)e1+(di+ds+1)(1—a)) — (dy +ds +
1)a € (D+1)aZ; (d) ged((D+1)c1+(di+ds+1)(1—a), (D+1)a) = a;
(e) #E$ , = di; (f) co = (di+1)(1—a)+ (d1 +ds+1)Ba/(D+1) +7~
for some some v € (—min((a — (dy +d2 +1)(1 —a))/(D 4+ 1),a —
o), min((a — (d + da + 1)(1 — 0))/(D + 1),co + 1 — a)); and (g)
V|4+a/((D+1)[c|+(di+d3+1)) # (a—(d1 +d2+1)(a—1))/(D+1),
where D :=d; +dy +ds +ds +1 and Eg’c is defined by (6.29).
(XIV) If ¢ & ged(a,1)Z, then G(Xjo,c),aZ x Z) is a Gabor frame if and only
if both G(X[0,¢),aZ X Z) and G(X[0,é4gcd(a,1))s 0L X Z) are Gabor frames,
where ¢ = |c¢/ged(a, 1) |ged(a, 1).

In Case 6) of Conclusion (XIII) in Theorem 7.5, the set Cy . of marks is
(ged(a, ¢1) — ¢9)Z and gaps inserted at marked positions have same length ¢g. In
Case 7) of Conclusion (XIII) in Theorem 7.5, K, . = (ged(a,c1 + 1) + ¢ — 1)Z
and gaps inserted at marks in K, . are of size 1 — ¢g. In Case 8) of Conclu-
sion (XIII) in Theorem 7.5, K, . = hZ,Y,.(a) = (D + 1)h and gaps inserted
at marked positions Imh + (D + 1)hZ,1 < I < N, have size |1 — a| + |y| for
1 S l S d1+d2+1 and "'}/| for d1+d2+2 S l S N, where D = d1+d2+d3+d4+1, h =
(a—(di+de+1)(1—0a)/(D+1)—|y|,m=((D+1ec1+(d1+ds+1)(1—a))/a
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and y=co—(d1+1)(1—a)—(di+d3s+1)(a—(d1 +d2+1)(1 —a))/(D+1). The
statement (XIV) can be found in [30].

The conclusions of Theorems 7.4 and 7.5 are illustrated in the white region

of Figure 1. It has rather complicated geometry for the set of pairs (a,c) in the

white region such that G(x[o,),aZ x Z) are not Gabor frames. That set contains
some needles (line segments) on the vertical line growing from rational time shift
locations and few needle holes (points) on the vertical line located at irrational time
shifts by Theorems 7.4 and 7.5.

Combining Theorems 7.1-7.5 gives a complete answer to the abc-problem for
Gabor systems. The classification diagram of pairs (a,c) in Theorems 7.1-7.5 is
presented below:

«J(V)Cozﬂacoﬁlfa‘

T(VI)COZa,co>1fa‘

co<a,co>1—a

4(\/11) co<a,c0§1—a‘

(VIII) [c] =1

(XT) =0|___|
’ (XIII) a € Q, c € ged(a, 1)Z ‘ m

aGQ‘ ’(X)61:2a—1‘

From Classifications (V)—(IX) and (XII) in Theorems 7.2-7.4, it confirms a
conjecture in [30, Section 3.3.5]: Ifab < 1 < be,ab € Q and ¢ & aQ + Q/b, then
G(X[0,¢), @Z X VZ) is a Gabor frame for L?. This, together with Classification (IV) in
Theorem 7.1 and the shift-invariance, implies that the range of density parameters
a,b such that G(xr,aZ x bZ) is a Gabor frame is a dense subset of the open region
U :={(a,b) : 0 < a < max(1/b,c)}, where c is the length of the interval I.

7.1. Proofs

In this section, we give the proofs of Theorems 7.1-7.5.

PROOF OF THEOREM 7.1. The conclusions in Theorem 7.1 can be found in
[30, Sections 3.3.1.2, 3.3.1.4, 3.3.1.5, and 3.3.2.1]. We include a short proof for the
convenience.

(I):  The conclusion follows from the necessary condition (1.2) for a Gabor
system to be a Gabor frame.

(IT):  The sufficiency holds since

> (Lo = Y0 D W+ na)xpa, e ™)

?€G(X[0,c),aZXZ) n€Z meZ

Y IFC+na)xpwls = I£15, € L?,

nez
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provided that a < 1.
In the case that a > 1, we observe that {e’Qmm'X[O,a) :m € Z} is not a frame

on L%([0,a)) (the space of square-integrable functions on the interval [0,a)), and
that

(f, X[0.0) (- = ma)e™ 2™ /) = 0
for allm € Z, 0 # n € Z and f € L? supported in [0,a). Hence G(X(0,a), 0Z X Z) is
not a Gabor frame if a > 1, and thus the necessity follows.

(IIT):  For any f € L2,

> HROP = 3D napa e

#€G(X[0,c),aZXZ) n€EZ meZ

DG+ na)xonl

neZ

/R |f(x)\2(z X[0,0) (% — na))dx.

nez

This together with the observation that

le/al < Z Xjo,e)(® —na) < |c/a] +1 forall z € R,
neL

proves that G(xo,c), aZ x Z) is a Gabor frame.

(IV): For a > 1, the non-frame property for the Gabor system G(x(o,c), aZ x Z)
holds by (1.4). Then it suffices to consider a = 1. In this case, the infinite matrix
M, (0) in (1.5) is a banded bi-infinite Toeplitz matrix (A(X — 1))u repz, Where
AN) =0if A € Z\[0,¢) and A(X) = 1if A € ZN[0,¢). Take 6 = exp(—2mi/(ko+1))
and define zg = (0*) ez, where ko = |c/a] > 1 by our assumption. One may verify
that zy is a bounded sequence with M, .(0)zg = 0. Thus M, .(0) does not have
the ¢2-stability. This together Theorem 2.4 proves that G(X[0,c),Z x Z) is not a
Gabor frame. O

PROOF OF THEOREM 7.2. (V): By (3.2) and Theorem 2.1, it suffices to
prove S, = ), which follows from the second statement of Theorem 3.5. We
remark that the conclusion (V) was established in [30, Section 3.3.3.2].

(VI): (=) By Theorem 2.1,

(7.1) Dy # 0,

which together with the supset property (3.2) implies that S, . # 0. Hence
(7.2) co >1—ged(lc] +1,a)

and

(7.3) Sa.c = [—ged(|e] +1,a),¢0 — 1) 4+ ged(|e] + 1,a)Z

by Theorem 3.5. Recall from the set D, . can be obtained from the maximal
invariant set S . given in Theorem 2.3, we have that

(7.4) Dye = Sae N (UL (Sue — V).

Combining (7.1), (7.2), (7.3) and (7.4) leads to the necessity.
(<=) In this case,

Sa.e = [—ged(le] +1,a),¢0 — 1) + ged([c] + 1,a)Z
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by Theorem 3.5; and
Da,c - Sa,c N ( Ukﬂl (Sa,c - )\))

by Theorem 2.3. Therefore D, . # 0, which proves the sufficiency by Theorem 2.1.

(VII): The conclusion can be proved by following the arguments used in the
proof of the conclusion (VI), except showing Dy . = S, = R for ¢g = 0, and
replacing (7.3) and (7.4) by

Sa,c = [007 ng(LCJ ’ CL)) + ng( LCJ ’ a)Z

and
Doy = Sa,c N (Ukﬂfl (Sa,c - )\))

)

for ¢g > 0. O

PROOF OF THEOREM 7.3. (VIII): The conclusion follows from the results in
[30, Section 3.3.3.5, 3.3.3.6 and 3.3.4.3]. We include a different proof here. Suppose
on the contrary that G(x|o,c),aZ x Z) is not a Gabor frame. Then by Theorem 2.1
there exist ¢t € R and (x(\))aez € B such that

(7.5) Z X[0,e)(t =+ A)x(A) = 2 for all pu € aZ.
AEZ

By the assumption |[¢] = 1 and ¢ > 1, given any ¢ € R and u € aZ, the equality
X[0,e)(t — 4 A) = 1 holds for at most two distinct A € Z. This together with (7.5)
that x(\) =1 for all A € Z, and also that

(7.6) t—p ¢ c,2)+ Z for all p € aZ.

If a ¢ Q, then there exists pug € aZ by the density of the set aZ + Z in R such
that t — po € [¢, 2) + Z, which contradicts to (7.6).
If a € Q, then a = p/q for some positive coprime integers p and g. Hence
t¢ [Ca2)+Z/q:Ra

where the first conclusion follows from (7.6) and the equality holds as 2 — ¢ =
1—cog>1—a>1/q by the assumption 0 < 1 —a < ¢g < a. This is a contradiction.

(IX): The conclusion follows from Conclusion (v) of Theorem 3.5, the supset
property (3.2) and Theorem 2.1.

(X): By Conclusion (vi) of Theorem 3.5, we have that
(7.7) Sac =1[0,c0+a—1) + aZ.

From the assumption on ¢; it follows that a € Q. We write a = p/q for some
coprime integers p and ¢. Clearly p > 2 as 1 —a < ¢g < a. By the assumption that
¢y = 2a — 1, we have that |¢] + 1 € pZ, which implies that

Ryc(t)—te€aZ forallteS,.=1[0,c0+a—1)+aZ.

This together with Theorems 2.1 and 2.3 implies that the Gabor system G(x(o,c), aZx
Z) is a frame of L? if and only if D, . = 0 if and only if

([0,c0+a—1)+aZ)N([0,co+a—1)+A+aZ)=0 forall Xell,|c]]NZ.
Observe that
([0,co+a—1)+aZ)N([0,co +a—1)+A+aZ)=[0,co+a—1)+aZ # 0
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for A =p € [1, |¢]] NZ provided that |¢|] > p, and also that
(0,c0+a—1)+aZ)N([0,co+a—1)+X+aZ)=[1/q,co+a—1)+aZ #D
for A =k € [1,lc¢]]NZ where 1 < k < p — 1 is the unique integer such that
gk — 1 € pZ, provided that |¢] +1 = p and ¢g + a — 1 > 1/q. Therefore the
assumptions that [c| +1 = p and ¢g + a — 1 < 1/q are necessary for the Gabor

system G(x(o,c), aZ X Z) being a frame of L2. On the other hand, if |¢| +1 = p and
¢o +a—1<1/q, one may verify that

([0,c0+a—1)+aZ)N([0,c0+a—1)+ A+ aZ)
= ([0,co+a—1)+aZ)N([0,c0 +a—1)+k(N)/q+aZ)=10
for all A € [1,|c]] N Z, where k(\) is the unique integer in [1,p — 1] such that
k(N)/q— X € aZ. Therefore the assumptions that [¢]+1=pand ¢p+a—1<1/q

is also sufficient for the Gabor system G(x(o,c), aZ X Z) to be a frame for L2
(XI) By Conclusion (vii) of Theorem 3.5,

(7.8) Su.c = [co,a) + aZ.

Now we can apply similar argument used in the proof of the conclusion (X) of
this theorem. From the assumption that ¢; = 0, it follows a = p/q for some
coprime integers p and ¢ with p > 2 and |¢] € pZ. By (7.8) and Theorems
2.1 and 2.3, we can show that G(xo,c),aZ x Z) is a frame of L? if and only if
([co,a) + aZ) N ([co,a) + A+ aZ) = 0 for all X € [1, |¢] — 1] NZ. Then the desired
necessary condition for the Gabor system G(x[o,c),aZ x Z) being a frame of L?
follows from the observation that

([co,a) + aZ) N ([co, a) + p + aZ) = [co, a) + aZ #
if [¢] > p+1, and that
([co,a) + aZ) N ([co, a) + k + aZ) = [co,a — 1/q) + aZ # O

if [c] =panda—cy>1/qg where 1 < k < p—1 is the unique integer such that
gk + 1 € pZ. The sufficiency for the conditions that [¢] = p and a — ¢y < 1/ holds
as

([co, @) + aZ) N ([co,a) + A+ aZ) = ([co, a) + aZ) N ([co,a) — k(N)/q+ aZ) =

for all A € [1,|c]] N Z, where k(\) is the unique integer in [1,p — 1] such that
k(A)/q+ X € aZ. O

PROOF OF THEOREM 7.4. (XII): We observe that G(xjo,c),aZ x Z) is not a
Gabor frame if and only if D, . # 0 if and only if S, . # 0 and (3.4) does not hold
if and only if the pair (a,c) satisfies (5.7), (5.8), (5.9) and

c—(le)+D(di+ 1)1 —a) — |[c](de+ 1)(1 —a) # a.

In the above argument, the first equivalence holds by Theorem 2.1, the second one
follows from (3.2) and Theorem 3.3, and the last one is obtained from Theorem 5.5
and the observation that (3.4) holds if and only if

¢—(leJ + D(di+ (1 —a) = [¢](da +1)(1 —a) =a

as there are dq holes of length 1 —a in S, . N [0,co + @ — 1) and dy holes of length
1—ain S, NJco,a) by Theorem 5.2. O
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PROOF OF THEOREM 7.5. (XIII): By (3.2) and Theorems 2.1 and 3.3, we
see that G(x[o,c), aZ x Z) is not a Gabor frame if and only if Sy # () and

(le] +1)|Sa,e N [0,¢0 +a—1)| + [¢][Sa,c N [co,a)| # a.

For the case that the pair (a,c) satisfies the first condition in Theorem 6.8, it
follows from the argument used in the proof of Theorem 6.8 that

Sa,cN[0,co+a—1)=0
and
Su.c N co,a) = UN y[co, ged(a, 1)) +iged(a, 1),

where N + 1 = a/gcd(a, ¢1). Hence (3.4) holds if and only if

(N +1)[c|(ged(a,c1) — o) = a
if and only if

le|(ged(a, ¢1) — o) = ged(a, ¢1).

For the case that the triple (a, ¢) satisfies the second condition in Theorem 6.8,
Sa,cNlco,a) =10
and
Sa.cN[0,c0+a—1) =UN [0, ged(cy 4+ 1,a) — 14 ¢o) +iged(ey + 1, a),
where N = a/ged(c; + 1,a) — 1. Hence (3.4) holds if and only if
(N+1)(le) +1)(ged(e1 +1,a) =1 +¢p) =a
if and only if
(Le) + D (ged(er + 1,a) — 1+ ¢p) = ged(cq + 1,a).

For the case that the pair (a,c) satisfies the third condition in Theorem 6.8,
there are d; +ds + 1 intervals of length h contained in [0,co+1—a) and dy +dy+ 1
intervals of length h contained in [cg,a), where

h+[v]=Ba/(D+1)
and
Bi=a—(di+d3s+1)(1 —a).
Therefore (3.4) holds if and only if
(\_CJ +1)(dy +de + )R + |_CJ (do+dys+1)h=a

if and only if
a

h= (D+1)c] + (dy +ds + 1)

if and only if
a Bd

+ = —2.
G PR A Ay Rt il o
Therefore the conclusion (XIII) holds by Theorem 6.8.

(XIV): This conclusion is given in [30, Section 3.3.6.1]. Here is a different
proof using the set D, .. (=) Write a = p/q for some coprime integers p and gq.
For any tg € D, |4c)/q N Z/q # 0, there exists x = (x(\))xez € B such that

Z X[0,1qe) /q) (to — o+ A)x(A) = 2
AEZ
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for all p € aZ. Thus

> Xioo(to+c— lgel /g — p+Nx(\) =2 for all u € aZ,
ANEZ
as

X[0,0)(t + ¢ = ac)/a) = X(o,14¢) /9) ()
for all ¢t € Z/q. This proves that
(7.9) ¢—1g¢]/q+ Da,qe)/q NV Z/q C Dayc.
Therefore G(x(o,qc|/q)> @Z % Z) is a Gabor frame by (1.25), (7.9), Theorem 2.1, and
the assumption that G(x[o,c), aZ x Z) is a Gabor frame.

Similarly we notice that
(7.10) Dy, (lge)+1)/qa NV Z/q C Da,c
because
X[0,¢) (t) = X[0,(Lge)+1)/9)(t)

for all t € Z/q. Hence G(X[o,(|qe]+1)/q)> ¢Z X Z) is a Gabor frame by (1.25), (7.10),
Theorem 2.1, and the assumption that G(x[o,c),aZ x Z) is a Gabor frame.

(<=) Suppose that G(x|o,¢),aZ x Z) is not a Gabor frame. Then D, . # () by
Theorem 2.1. Take any t € D, ., one may verify that

lat]/q € Da,(lgc)+1)/q
if t — [qt]/q > ¢ — |gc]/q, and
lgt]/q € Da,qc)/q

otherwise. Therefore either G(xo,(|qe)+1)/q)> @%Z X Z) or G(Xo0,|qc|/q)» @Z X Z) is not
a Gabor frame by Theorem 2.1, which is a contradiction. O






APPENDIX A

Algorithm

In this appendix, we provide a finite-step algorithm to verify whether the Gabor
system G(X|o,c), aZ % bZ) is a Gabor frame for any given triple of (a, b, c) of positive
numbers.

Given a triple (a, b, ¢), we divide two cases ab ¢ Q and ab € Q to verify whether
G(X[0,c), aZ % bZ) is a Gabor frame for L?. First we normalize the frequency-spacing
parameter b to 1 by defining a = ab,c = bc and b = 1. Set ¢y = ¢ — |¢] and
c1 =c—co—|(c—co)/ala. We set Gabor = 1 if the Gabor system G(x[o,c), aZ x bZ)
is a Gabor frame for L? and Gabor = 0 otherwise.

Algorithm for a ¢ Q, Part I, based on Theorems 7.1 and 7.2:

if a > ¢, Gabor = 0;
elseif a=c
if a <1, Gabor =1;
else, Gabor =0; end
else Ja<c
if a>1, Gabor = 0;
elseif ¢ <1, Gabor =1;
/% The value of Gabor is obtained from Theorem 7.1.
else % 0<a<l<e
If co > a, Gabor =1;
elseif ¢y <1—a, ho<a<l<ec<a
if ¢g =0, Gabor =0;
else, Gabor =1; end
% The value of Gabor is obtained from Theorem 7.2.
else, do algorithm part 2;
end /0<a<l<candl—a<cy<a
end
end

Algorithm for a ¢ QQ, Part II, based on Theorems 3.3, 5.2, 7.3 and 7.4:

if [¢] =1, Gabor =1;
else J0<a<l<c¢gl—a<cy<a and [c]>2
if ¢; >2a—1, Gabor =1;
Zec1#2a—1 and ¢ #0 as a € Q
else J0<a<l<el—a<c<a,lc]>20<c <2a-—1.
sl=co+a—1; s2=a—cp;
Hole=c¢;; N=|a/(1—a)];
for n=1: N
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if Hole < cg+2%a—2, Hole = Hole+|c|+1—|(Hole+
lc] +1)/a] xa and sl =sl—1+a;
elseif Hole < cy+a—1, sl =—a and break;
elseif Hole =cy+a— 1, break;
elseif Hole < ¢y, $2 = —a and break;
elseif Hole <2xa—1, Hole = Hole+ |c] — [(Hole+
lc])/a] *a and s2 =382 —1+a;
else, s2 = —a and break
end
% s1=184,N[0,c0+a—1)| and s2=|S,.N][co,a)| if
Sac # 0; and either s1 < 0 or s2 < 0 if Syc =0
by Theorem 5.2

m=(lc])+1)*sl+ |c|*s2;

if s1 <0, Gabor =1;

elseif s2 <0, Gabor =1;

elseif m =a, Gabor =1; [ by Theorem 3.3

else, Gabor =0; end

end
end

Now consider the algorithm for a € Q. Write a = p/q for some coprime
integers p and ¢. Recall that G(x|o,c), aZ x Z) is a Gabor frame if and only if both
G(X[0,1qc) /q)s @Z % Z) and G(X[0,(|gc|+1)/q) AL X Z) are Gabor frames [30]. So in the
following algorithm, we assume that ¢ € Z/q.

Algorithm for a = p/q € Q and ¢ € Z/q, Part III, based on Theorems 7.1
and 7.2:

if a>c, Gabor =0;
elseif a=c
if a <1, Gabor =1;
else, Gabor =0; end
else Ja<c
if a>1, Gabor =0;
elseif ¢ <1, Gabor =1;
% The value of Gabor ts obtatined from Theorem 7.1.
else /0<a<l<ec

If ¢ > a,
it o> 1—ged(|c)+1,p)/q and ged(lc|+1,p) # [c]+1,
Gabor = 0;

elseif ¢y > 1 —ged(|c] +1,p)/q + 1/q and ged([c] +
1,p) = |c] + 1, Gabor =0;
else, Gabor =1; end
elseif ¢cp<1—a % 0<a<l<ce<a
if ¢g =0, Gabor =0;
elseif ¢y < ged(|el,p)/q and ged(|cl,p) # ||, Gabor =

0;
elseif ¢y < ged(|cl,p)/q¢ —1/q and ged(|cl,p) = |c],
Gabor = 0;

else, Gabor =1; end



end
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% The value of Gabor is obtained from Theorem 7.2.

else do algorithm part 4;

end

Algorithm for a = p/q € Q and c € Z/q, Part IV, based on Theorems 3.3,
6.3, 6.4, 6.5,7.3 and 7.4:

if |e] =1, Gabor =1;

else

end

J0<a<l<c¢gl—a<cy<a and |[c] >2

if ¢y >2a—1, Gabor =1;

elseif ¢; =2a—1

if qg<1—a+1/q and [c¢] +1=p, Gabor =0;

else Gabor =1; end

elseif ¢ =0

if ¢g <a—1/q and |c] =p, Gabor =0;

else Gabor =1; end
f10<a<l<ecl—a<c<a,|c]>2,0<c¢ <2a-—1.

sl=co+a—1; s2=a—cp;

Holel =cy;Hole2 =c1+1—a; D =p;

forn=1:D+1

else

end

end

m =

if Holel <cy+a—1, Hole2 = min(Hole2,co+a—1);
holelength = Hole2 — Holel; Holel = Holel+ |¢|+1—
|(Holel + |c] 4+ 1)/a]a; Hole2 = Holel + holelength;
and sl = sl — holelength;

elseif Hole2 < ¢y, break

elseif Hole2 <a, Holel = max(Holel,cy); holelength =
Hole2—Holel; Holel = Holel+|c|—[(Holel+|c])/a]a;
Hole2 = Holel + holelength; and s2 = s2— holelength;
else, sl = —a and break;

end

% s1=|83.N[0,c0+a—1)| and s2=1|S,.N]co,a)| if
Sae # 0; and s1 < 0 4if Sgc = 0 by Theorems 6.3,
6.4 and 6.5

(le]) + 1) sl + |c]) * s2;

if s1 <0, Gabor =1;

elseif s2 <0, Gabor =1;

elseif m =a, Gabor =1; % by Theorem 3.3
else, Gabor =0;

end






APPENDIX B

Uniform sampling of signals in a shift-invariant
space

An interesting problem in sampling in shift-invariant spaces is to identify gen-
erators ¢ and sampling-shift lattices aZ x bZ such that any signal f in the shift-
invariant space

(B.1) Va(,bZ) = { ST ANt - N Y A < oo}

AEbZ AELZ

can be stably recovered from its equally-spaced samples f(tg + p),n € aZ, for
arbitrary initial sampling position #g, i.e., there exist positive constants A and B
such that

(B2) Alflz < (3 1o+ i) < Bifla

pea’z

for all f € Va(¢,bZ) and ty € R. For fixed initial sampling position tg, the stability
requirement (B.2) is well studied, see [2, 4, 44, 46, 47, 49]. On the other hand,
for arbitrary initial sampling position g it is known only for few generators ¢.
For instance, the classical Whittaker-Shannon-Kotel’'nikov sampling theorem states
that (B.2) holds for signals bandlimited to [—o,0] if and only if a < b = 7/0.
For the uniform spline generator x[o) * - - * X[o,5), Obtained by convoluting the

n times

characteristic function on [0,b) for n times, (B.2) holds if and only if @ < b [1, 42,
46]. In this appendix, we consider the range problem of sampling-shift pairs (a, b)
for any given generator 7, the characteristic function on an interval I, such that
the stability requirement (B.2) holds.

We say that {¢(- — X) : X € bZ} is a Riesz basis for the shift-invariant space
Va(¢, bZ) if there exist positive constants A and B such that

@3 A( X anE) " <] 2 aet-n|, <B( 3 ae)
AELZ AELZ

AELZ

for all square-summable sequences (d(A))aepz. For an interval I = [d, c+d), {x1(-—
A) : A € bZ} is a Riesz basis for the shift-invariant space Va(x71, bZ) except that 2 <
¢/b € Z. Therefore except that 2 < ¢/b € Z, one may easily verify that any signal f
in V4 (1, bZ) can be stably recovered from its equally-spaced samples f(tg+ u), p €
aZ, for any initial sampling position tg if and only if infinite matrices Ma/b’c/b(t), te
R, in (1.5) have the uniform stability property (2.4), c.f. [2, 47, 49]. This together
with the characterization of frame property of the Gabor system G(xr,aZ X Z) in
[38] leads to the following equivalence between our sampling problem associated
with the box generator x; and the abc-problem for Gabor systems.
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ProrosiTIiON B.1. Let a,b > 0 and I be an interval with length ¢ > 0. Except
that 2 < ¢/b € Z, the following two statements are equivalent.

(i) Any signal f in the shift-invariant space Va(xr,bZ) can be stably recov-
ered from equally-spaced samples f(to + p), u € aZ, for arbitrary initial
sampling position ty € R.

(i) G(xr,aZ x Z/b) is a Gabor frame for L?.

If I =[d,c+d) with 2 < ¢/b € Z, then the shift-invariant space Va(xr,bZ)
is not closed in L2, but its closure is the shift-invariant space generated by xp/
where I' = [d, b+ d). Therefore for the case that I = [d,c+ d) with 2 < ¢/b € Z,
any signal f in Va(xr,bZ) can be stably recovered from equally-spaced samples
flto + p),n € aZ, for any initial sampling position ¢, € R if and only if any
signal f in Va(X{d,p4a),bZ) can be stably recovered from equally-spaced samples
flto+ p), p € aZ, for any initial sampling position ¢y € R if and only if a < b. This
together with Theorems 7.1-7.5 and Proposition B.1 provides the full classification
of sampling-shift lattices aZ x bZ such that any signal f in Va(xr, bZ) can be stably
recovered from equally-spaced samples f(tp + ), 1 € aZ, for any initial sampling
position tg € R.

Our results indicate that it is almost equivalent to the abc-problem for Gabor
systems, and hence geometry of the range of sampling-shift parameters could be
very complicated. We remark that two statements in Proposition B.1 are not
equivalent for the case that 2 < ¢/b € Z and a < b. The reason is that under
that assumption on the triple (a,b,c), G(xr,aZ x Z/b) is not a Gabor frame by
Theorems 7.1 and 7.2, while any signal f in Va(xr,bZ) can be stably recovered
from equally-spaced samples f(to + u), n € aZ, for any initial sampling position
to € R.

Oversampling, i.e., a < b, helps for perfect reconstruction of band-limited sig-
nals and spline signals from their equally-spaced samples [1, 2, 47]. Our results
indicate that oversampling does not always implies the stability of sampling and
reconstruction process for signals in the shift-invariant space V2(¢, bZ).
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