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Abstract

In this paper, a compactly supported distribution which is linearly inde-
pendent, and both m and n refinable for some integer pair (m,n) satisfying
m” # n® for all positive integers r and s, is shown to be essentially a B-spline.
Combining the characterization of compactly supported distributions which
are linearly independent, and both m and n refinable for some integer pair
(m,n) satisfying m” = n® for some positive integers r and s in Q. Sun and Z.
Zhang, J. Approx. Theory, to appear, we give a complete characterization of
compactly supported distributions which are linearly independent, and both
m and n refinable for some integer pair (m,n).
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1 Introduction

For any integer m > 2, a compactly supported distribution f is said to be m
refinable if f(0) =1 and

f=> cf(m-—k) (1)
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for some finitely supported sequence {c }rez. A refinable distribution in this paper
means a compactly supported distribution which is m refinable for some m > 2.
Here the Fourier transform f of an integrable function f is defined by

F© = [ e @

and the one of a tempered distribution is understood by usual interpretation. Ob-
viously an m refinable distribution is m” refinable for any positive integer r. The
refinable distribution is closely related to the construction of various wavelets and
the limit function of a subdivision scheme (see [1], [3] and references therein).

Taking Fourier transform, the m refinability of a compactly supported f is
equivalent to f(0) = 1 and the existence of a trigonometrical polynomial H(§)
with H(0) = 1 such that

f(m&) = H()F(¢). (2)
For any 7 > 0, set

T o= T x>0
10 z<o.

A function g is said to be a spline of degree T with knots x1 < x9 < --- < zy if
g is linear combination of (x — ;)7 ,1 < j < N. A function is said to be a spline
of degree T if it is a spline of degree 7 with some knots z; < zy < -++ < zy, and
to be a spline of degree T on an open interval (a,b) if it equals the restriction of

a spline of degree 7 on (a,b).
For any integer k > 0, define B-spline By of degree k — 1 by

1 —e %k
)
Obviously By is the delta distribution supported on the origin when £ = 0, and
By is a spline of degree k — 1 with knots {0,1,---,k} when & > 1 (see [8]). For
B-spline By, k > 0, there are various properties useful in some applications such as
piecewise polynomial properties and total refinability. Here a compactly supported

distribution is said to be totally refinable if it is m refinable for all m > 2 (See [2],
8] for the applications of total refinability).

Bi(€) = (

As it is well known that there are some trade-off between various properties
of refinable distributions. So it is an interesting problem to understand when a
refinable distribution is essentially a B-spline (see for instance [4]-[7], [10], [11]).
Lawton, Lee and Shen proved in [7] that a refinable distribution which is linearly
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independent and piecewise polynomial, is essentially a B-spline. In other words, B-
splines are essentially the only compactly supported refinable distributions which
are both linearly independent and piecewise polynomial. Here a compactly sup-
ported distribution f is said to be linearly independent if

> dif(-—j)=0 on R implies d; =0 Vje€Z.

JEZ
In [11], Sun and Zhang proved that B-splines are essentially the only compactly
supported refinable distributions which are both linearly independent and totally
refinable.

We say an integer pair (m,n) is of type I if there exist integer p > 2, and
relatively prime positive integers r and s such that m = p" and n = p®. Recall
that a p refinable distribution must be p" refinable. Then a compactly supported
distribution which is both m and n refinable for an integer pair (m,n) of type
I, need not to be a B-spline. In [11], Sun and Zhang proved that a compactly
supported distribution which is linearly independent and both m and n refinable
for an integer pair (m,n) of type I, must be p refinable, where m = p" and n = p*
for some relatively prime positive integers r and s. Also it is shown in [11] that
the B-splines are the only compactly supported distributions which are linearly
independent and both m and n refinable for some types of integer pair (m,n).
In this paper, we shall prove that a compactly supported distribution which is
linearly independent and both m and n refinable for an integer pair (m,n) not
of type I, is essentially a B-spline. Thus we give complete characterization of
compactly supported distributions which are linearly independent and both m and
n refinable for any integer pair (m,n).

In the next section, we give the main result and its proof. The last section is
devoted to remarks.

2 Main Result and Proof

In this section, we shall prove the following result.

Theorem 1 Let the integer pair (m,n) be not of type I and let the compactly
supported distribution ¢ be linearly independent. If ¢ is both m and n refinable,
then there exist integers k > 0 and s € Z such that (n — 1)s/(m — 1) € Z and

¢ = Bi(- — 5/(m — 1)),

To prove Theorem 1, we need some lemmas. For any compactly supported
distribution ¢, there exists an integer o such that ¢ is continuous linear functional
on

C*(R) = {f; fofl oo f@ are continuous}.



By (1) and the straightforward computation, we have

Lemma 2 If ¢ is a compactly supported continuous linear functional of C*(IR)

and ¢(0) = 1, then du(z) = (¢, (x — %) is a continuous function of x, du(z)
is a polynomial of degree o' on (K, o0), and ¢g:,/+1) = ¢ in distributional sense,
where o/ is an integer strictly larger than « and K satisfies supp ¢ N (K, 00) = ().

Furthermore ¢ satisfies the refinement equation

N>
¢a, — mf(a’+1) Z Ck¢a’(m . _k)

k=N1

if ¢ satisfies

No

d): Z Ck¢(m _k)a

k=N1

where cy, cy, # 0.

Lemma 3 Let m,n > 2 be two integers and ¢ be a nonzero distribution supported
on [K,00) for some K. Assume that ¢ satisfies the refinement equation

N>

o= > cd(m-—k) (3)

k=N1

and 5
b= 3 Gdln- —k), (4)

k=N,

where cy,cn, # 0 and ¢y ¢y, # 0. Then

NN
m—1 mn—1

Proof From (3), (4) and the assumption supp ¢ C [K, 00), it follows that
supp ¢ C [max(mle, %), o0). On the contrary, we may assume that % < %

Let K; be the maximal number such that supp ¢ C [ + K;,00). Then 0 <

- m—1
K, < oo since supp ¢ C [, 00) and ¢ # 0. Write (3) as
N2—Ny
o=cnt(6(m™ - +mTINY) = 3 copm (- — k). (5)
k=1

Then the right hand side of (5) is supported in [-2- +min(mK7, K;+1), 00), which
is a contradiction. &



Lemma 4 Let g be a spline of degree T with knots x1 < x9 < --+ < xn. If g is
a nonzero polynomial of degree av on some open subset of (xxn,00). Then T is an
integer larger than .

Proof Observe that ¢ is an analytic function on (xy,00). Then g is a poly-
nomial of degree o on (zy,00) by the assumption. Write

k
g(x) =Y dj(x — ;)7
=
Then )
00 — 1) =
g(z) = apx” + 27 ) an% I —9),
n=1 : =0

where a,, = Z?Zl djx}. This shows that 7 is a nonnegative integer larger than a.

o

Lemma 5 ([7]) Let ¢ be a spline of degree k > 0 with compact support. If ¢
1s m refinable and linearly independent, then there exists an integer s such that

¢ = By (- — s/(m —1)).
Now we start to prove Theorem 1.

Proof of Theorem 1 Let ¢ be a compactly supported distribution being
linearly independent and satisfying the refinement equations (3) and (4). Let
70 > 1 be an integer such that ¢ is a continuous linear functional of C™~}(IR). Set

Ny
m— 1

Or(7) = (0, (x +

—)%)

Then ém is continuous and supported in [0, 00), and satisfies the refinement equa-

tions
No—Np

Q;TO = m_TO_l Z Ck+N1$To(m : _k) (6)
k=0

and o
No—Ny

é‘fo = ni‘mil Z 6k+N1$To(n ’ _k)
k=0
by Lemmas 2 and 3. Thus

{ e

AQETO(ml‘) r € [0,1/m]
Bor, (nx) z € [0,1/n],
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where A=m ™ ley, #0and B =n"" "¢y # 0. Iterating (7), we get
dN)To (z) = AaBbq;To (manbx)’ (8)
when x, m®n’z € [0,1] and a,b € Z.

For any integer pair (m,n) being not of type I, Inn/Inm is irrational. Thus
the set {a + blnn ;a,b € Z} is dense in R. Hence

{m®n® a,b€ Z} isdensein R,. (9)
Here IR denotes the set of all positive numbers.

Let o, ty € (0,1) be chosen as ¢, (x0) # 0 and ¢, (toz) # 0. The existences of
0 and to follow from ¢, # 0 on [0, 1] and the continuity of ¢,,. By (9), there exist
sequences a;, b; € 7Z of even integers such that lim; . |a;| = lim;_,, |b;| = 00 and
lim;_, oo m® n”i = to. By (8), lim;_, A% B exists and is nonzero. Hence

In|A] In|B|

= . 1
Inm Inn (10)
Set 7 = —%. Combining (8) and (10), we obtain
bry () = (M) T hyy (mnz) V0 <z, mn’z <1and a,b € 2Z. (11)

By (9), (11) and the continuity of ¢,,(z), we get
bro(x) =177 (tx) Y t,z € (0,1].
This together with the continuity of d;TO lead to
bn(z) = C2™ Yz €0,1]

and 7 > 0. This shows that ¢,, is a spline of degree 7 > 0 on (—o0,1).

Let K be the maximal number such that ¢., is a spline of degree 7 on (—o0, K1)
for all K; < K. Then K; > 1. Write (6) as

No—Ny

O =t (MM () = 37 i, bn (- — K)). (12)
k=1

It is easy to be checked that the right hand side of (12) is a spline of degree 7 on
(—o0, min(mKy, K; + 1)) for all K, < K;. Thus K; = oo by K; > 1. This implies
that ¢, is a spline of degree 7 on (—oo, K) for any K > 0.
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Notice that supp ¢ C [Ni/(m — 1), No/(m — 1)]. This together with Lemma 2
imply that ¢-, is a polynomial of degree of 7 on ((Ny — Ny)/(m — 1), 00). Thus 7
is an integer larger than 7, by Lemma 4 and ¢,, is a spline of degree 7.

Recall that N
— Ao+ _ !
6= (- L)
by Lemma 2. Then ¢ is a spline of degree of 7 — 79 — 1 when 7 > 735 and linear
combination of delta distributions on finite knots when 7 = 7. Hence ¢(-+21-) =
B,_., by Lemma 5 when 7 > 7. Similarly by the proof of Lemma 5, we have

o(- + D) = By when 7 = 7.

m—1
By taking Fourier transform, we obtain

B(E) = e/ 5 (1 _igig)T_To.

Hence Ni(n —1)/(m — 1) is an integer by (2) and the n refinability of ¢. #
3 Remarks

We say that a Laurent polynomial P is m closed if P(2™)/P(z) is still a Laurent
polynomial. When the linear independence of ¢ in Theorem 1 is left out, we have

Theorem 6 Let the integer pair (m,n) be not of type I, and ¢ be a compactly
supported distribution. Then ¢ is both m and n refinable if and only if there exists
an integer s such that s(n — 1)/(m — 1) is an integer, and a B-spline By and a
sequence {d;};ez with finite length such that (1 — 2)* Y,z d;27 is both m and n

closed, and
s

¢=7> diBi(-

JEZ

m_l—])-

Obviously Theorem 6 follows from Theorem 1 and the following lemma.

Lemma 7 ([11]) Let m,n > 2 be two integers, and let compactly supported dis-
tribution ¢ be both m and n refinable. Then there exist a compactly supported
distribution ¢1 and a sequence {d;}jcz with finite length such that ¢, is linearly
independent, both m and n refinable, and satisfies

¢ = dipi(- —j).

JEZ



Acknowledgement

The project is partially supported by the National Natural Sciences Founda-
tion of China # 69735020, the Tian Yuan Project of the National Natural Sciences
Foundation of China # 19631080, the Doctoral Bases Promotion Foundation of
National Educational Commission of China # 97033519 and the Zhejiang Provin-
cial Sciences Foundation of China # 196083. The second author is also partially
supported by the Wavelets Strategic Research Program, National University of
Singapore, under a grant from the National Science and Technology Board and the
Ministry of Education, Singapore.

References

1]

2]

3]

Cavaretta A. S., Dahmen W. and Micchelli C. A., Stationary subdivision,
Memoir Amer. Math. Soc., 453(1991), 1-186.

Cohen A., Daubechies I. and Ron A., How smooth is the smoothest function
in a given refinable space?, Appl. Comp. Harmonic Anal., 3(1996), 87-89.

Daubechies 1., Ten Lectures on Wauvelets, CBMS-NSF Series in Applied
Math. 61, STAM Publ., 1992.

Goodman T. N. T., Properties of bivariate refinable spline pairs, In Multi-
variate Approzimation, Recent Trends and Results, W. HauBmann, K. Jetter
and M. Reimer (eds), Akademic Verlag, Berlin, 1997, pp. 63-82.

Goodman T. N. T., Characterising pairs of refinable splines, J. Approz.
Theory, 91(1997), 368-385.

Goodman T. N. T. and Lee S. L., Refinable vectors of spline functions, In
Multivariate Methods for Curves and Surfaces I1I, M. Daehlen, T. Lyche and
L. L. Schumaker (eds), Vanderbilt University Press, Nashville, 1998, pp.
213-220.

Lawton W., Lee S. L. and Shen Z., Complete characterization of refinable
splines, Adv. Comp. Math., 3(1995), 137-145.

Niirnberger G., Approzimation by Spline Functions, Springer-Verlag, Berlin,
1989.

Ron A., Smooth refinable functions provide good approximation orders,
SIAM J. Math. Anal., 28(1997), 731-748.

8



[10] Sun Q., Refinable functions with compact support, J. Approz. Th.,
86(1996), 240-252.

[11] Sun Q. and Zhang Z., A characterization of compactly supported both m
and n refinable distributions, J. Approx. Th., To appear



