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Abstract

In this paper� direct estimate of Sobolev exponent of re�nable dis�

tributions and its application to the asymptotic estimate of Sobolev

exponent of M band Daubechies� scaling functions are considered�

� Introduction

Fix integer M � �� We say that a tempered distribution � is re�nable if it
satis�es such a re�nement equation

��x� �
X
k�ZZ

ck��Mx � k�� ���

where the coe	cients ck are summable and satisfy
P

k�ZZ ck � M � De�ne the
symbol H of the re�nement equation ��� by

H��� �
�

M

X
k�ZZ

cke
�ik�� ���
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Generally the symbol H can be put into the factorized form

H��� �
� �� e�iM�

M �Me�i�

�NL���� �
�

where N � � and L is bounded�
De�ne the Fourier transform of an integrable function f by

�f��� �
Z
IR
e�ix�f�x�dx�

The Fourier transform of a tempered distribution is understood as usual� For
a distribution f with measurable Fourier transform� the Sobolev exponent
sp�f� is de�ned by

sp�f� � supf�

Z
IR
j �f���jp�� � j�j�p�d� ��g� � � p ��

and
s��f� � supf�
 j �f���j�� � j�j�� is boundedg�

The H�older exponent ��f� of a continuous function f is de�ned by

��f� � supf�
 f � C�g�

where C� denotes the usual H�older class� Then

sp�f� �
�

p
� sq�f� �

�

q
���

for any compactly supported distribution f and � � p � q � �� and

s��f�� � � s��f� � ��f� � s��f�

for any compactly supported continuous function f �
There are considerable literature devoted to estimate the Sobolev expo�

nent and H�older exponent of the re�nable distribution �� for instance �E��
�HW�� �Vi� for s����� �CD� for s����� �Her� and �FL� for sp���� The following
are two elementary estimates of Sobolev exponent ��D� Lemmas ����� and
��������
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Theorem ��� Let M � �� � be the re�nable distribution in ���� H be the
symbol with the factorized form ��� and f��� ��� � � � � �P��g � ��	� 	� be any
non�trivial invariant cycle for the map 
� � �� �modulo �	�� which means
�m � 
�m��� m � �� � � � � P � �� 
�P�� � �� and �� �� �	 If ������ �� �� then for
all integer k � � there exists a constant C � � independent of k such that

j����kP�����j � C�� � j�kP����j��N��K�

where �K �
PP��

m�� ln jL��m�j��P ln ��	

Theorem ��� Let M � �� � be the re�nable distribution in ��� and H be the
symbol with the factorized form ���	 Suppose that ��	� 	� � D�	D�	� � �	DQ

and there exists q � � so that

������
�����

jL���j � q� � � D��
jL���L����j � q�� � � D��

			
			

jL���L���� � � �L��Q����j � qQ� � � DQ�

Then j�����j � C�� � j�j��N�K� where K � ln q� ln �	

Combining ��� and the estimates in Theorems ��� and ���� we obtain the
following estimate of Sobolev exponent

N � K � s���� � N � �K ���

and

sp��� � N �K � �

p
� ���

De�ne

aM�N�s� �
X

s������sM���s

M��Y
j��

�
N � � � sj

sj

	
�sin

j	

M
���sj � � � s � N � �

���
and

PM�N��� �
N��X
s��

aM�N�s� sin
�s �

�
� ���






Let LM�N��� be a trigonometric polynomial with real coe	cients satisfying

jLM�N���j� � PM�N����

and let �M�N be the re�nable distribution in ��� with corresponding sym�

bol � ��e�iM�

M�Me�i�
�NLM�N���� The functions �M�N above are the well�known

Daubechies� scaling functions when M � � ��D��� So we call the functions
�M�N as M band Daubechies� scaling functions� The functions �M�N were
introduced by Heller in �H� and independently by Bi� Dai and Sun in �BDS��

There are a much large literature devoted to estimate the regularity of
Daubechies� scaling functions �see �D�� �CD�� �LS� and references therein�� For
M � �� Volker ��V��� independently Cohen and Conze ��CC��� proved that

s�����N� � ��� ln 
� ln ��N � o�N��

In �BDS�� Bi� Dai and Sun improved the asymptotic estimate above as

s�����N� � ��� ln 


ln �
�N �

lnN

� ln �
�O���

by using the estimate ��� and precise estimates of L��N � Recently in �LS��
Lau and Sun gave more precise asymptotic estimate

�C�N � sp����N��N � ln jL��N��	�
�j� ln � � � ���

when � � p �� and

s�����N� � N � ln jL��N��	�
�j� ln ��

where C is a constant independent of N � This a	rms the phenomenon

lim
N��

sp����N�� sq����N� � �� 
 � � p� q � �

observed by Cohen and Daubechies in �CD�� By the method used in �FS��
C�N in the lower bound estimate in ��� can be improved by CrN for some
constants C and � � r � � independent of N �

For M � 
� Bi� Dai and Sun ��BDS�� proved that

s���M�N� �
�N ln�sinM	���M � ����� � lnN

� lnM
�O���

�



when M is even and

s���M�N� �
lnN

� lnM
�O���

when M is odd� Independently Soardi ��So�� proved

�����N� � �N ln sin �	��

� ln �
� o�N�

and

���M�N� �
lnN

� lnM
� o�lnN�

when M � 
� �� Heller and Wells ��HW�� gave similar estimate of s���M�N�
for M � 
� ��

The purpose of this paper are to establish a direct estimate of Sobolev
exponent of re�nable distributions and to apply the direct estimate above
to the asymptotic estimate of Sobolev exponent of the M band Daubechies�
scaling functions�

The paper is organized as follows� In Section �� we shall establish the same
upper bound estimate of Sobolev exponent sp���� � � p � � as the one of
s���� �Theorem ����� Obviously it is impossible to obtain precise estimate
of sp���� � � p �� by combining ��� and estimate of s����� So we estimate
the lower bound of sp���� � � p � � directly under natural assumptions
���� and ��
�� The lower bound estimate in Theorem ��� seems complicated�
but precise� In Section 
� we shall consider the application of the lower
and upper bound estimates above of sp��� to the M band Daubechies� scal�
ing functions� and hence generalize the corresponding result in �LS�� where
only � band Daubechies� scaling functions are considered �Theorem 
���� By
the relationship between H�older exponent and Sobolev exponent� we obtain
similar asymptotic estimate of H�older exponent of the M band Daubechies�
scaling functions �Corollary ����� From Theorem 
��� we see that the phe�
nomenon in �CD� for the � band Daubechies� scaling functions appears for
the M band Daubechies� scaling functions too when M � 
 �Corollary 
�
��
The technical estimates of LM�N and aM�N�s� are another important part of
Section 
 �Theorems 
���
��� 
���� 
��� and 
������ They are used to obtain
the asymptotic estimate of sp��M�N� and are interesting themselves� The
corresponding estimates for L��N can be found in �D�� �CS� and �LS��

�



� Direct Estimate of Sobolev Exponent

In this section� we shall discuss the upper and lower bounds of Sobolev ex�
ponent of re�nable distributions with corresponding symbol having the fac�
torized form �
��

��� Upper Bounds

Theorem ��� Let � be the re�nable function in ���� H be the corresponding
symbol with the factorized form ���� and f��� ��� � � � � �P��g � ��	� 	� be any
non�trivial invariant cycle for the map 
� � M� �modulo �	�� which means
�m � 
�m��� m � �� � � � � P � �� 
�P�� � �� and �� �� �	 Assume that H and
�� are continuous and ������ �� �	 Then

sp��� � N � �K� � � p � �

where �K �
PP��

m�� ln jL��m�j��P lnM�	

Theorem ��� is proved by the method in �CDR� and its modi�cation in
�LS�� For the perfection we include the proof here�

Proof� By taking Fourier transform at both sides of ���� we obtain

����� � H���M������M�� ����

Thus by using ���� for k times� we get

����� �
kY

j��

H���M j������Mk�� ����

Without loss of generality� we assume that L��m� �� �� � � m � P � ��
Recall that f��� � � � � �P��g is a non�trivial cycle� Then M�m �� �	ZZ and L
is continuous at �m� m � �� �� � � � � P � � by the factorized form �
� and the
continuity of H� Thus there exists � � 
 � � for any � � � such that

jL��m � ��j � ��� ��jL��m�j� 
 � � ��
� 
�� m � �� �� � � � � P � �

and
j����� � ��j � ��� ��j������j � �� � � ��
� 
�

�



by the continuity of �� at �� and L at �m� By computation� we have

M j�� � �j� modulo �	

if j � � j modulo P � Thus it follows from ���� that

j���MPk�� � ��j � CM�PkN��� ��Pkj
P��Y
m��

L��m�jk� 
 � � ��
� 
��

Hence

Z MPkj��j��

MP �k���j��j��
j�����jpd� � C

Z �

��
j���Mpk�� � ��jpd�

� CM�pPkN��� ��Pkp
� P��Y
m��

jL��m�j
�kp




and Theorem ��� follows� �

��� Lower Bounds

We say that Dm� � � m � Q be an partition of ��	� 	� if Dm are mutually
disjoint and ��	� 	� � 	Q

m��Dm�

Theorem ��� Let q � �� � be the re�nable distribution in ��� and H be
the corresponding symbol with the factorized form ���	 Suppose that Dm� � �
m � Q is an partition of ��	� 	�� and L��� satis�es

������
�����

jL���j � q� � � D��
jL���L�M��j � q�� � � D��

			
			

jL���L�M�� � � �L�MQ����j � qQ� � � DQ�

����

and ������
�����

jL���j � rq� � � D��
jL���L�M��j � �rq��� � � D��

			
			

jL���L�M�� � � �L�MQ����j � �rq�Q� � � DQ�

��
�

�



where � � r � �� D� � ��	� 	� and
Dm � f� � Dm
M

j� � D���	ZZ for some � � j � m��g� � � m � Q�

Then for any integer R � � and � � p ��� we have

sp��� � N � K� ln
P

	��������R
�f��������M��gR r
p�	��������R


Rp lnM

and
s���� � N �K�

where K � ln q� lnM and 
���� � � � � �R� denotes the cardinality of the set
J���� � � � � �R� de�ned by

J���� � � � � �R� � f� � j � R� �
 �	M j�
RX
i��

�iM
�i � ���M�R�� � D� � �	ZZg�

Obviously the lower bound estimate in Theorem ��� reduces to ��� when
r � �� For � � r � �� the lower bound estimate above of Sobolev exponent
is better than the one in ��� when D� contains a small interval�

To prove Theorem ���� we need a lemma� De�ne

Ik��� � fj
 � � j � k � �� M j� � D� � �	ZZg
and ik��� as the cardinality of the set Ik���� Then we have

Lemma ��� Let L be as in Theorem 
	
	 Then there exists a constant C
independent of k such that

k��Y
j��

jL�M j��j � Crik	�
qk� ����

Proof� We prove ���� by induction� It is easy to see that ���� holds
for all k � Q by letting the constant C chosen large enough� Inductively we
assume that ���� holds for k � k��

For � � Dm� � � m � Q� we have

k�Y
j��

jL�M j��j �
m��Y
j��

jL�M j��j �
k�Y
j�m

jL�M j��j

� �qr�m �
�
Crik����m	Mm�
qk����m

�
� Crik���	�
qk����

�



where the �rst inequality follows from ��
� and the induction assumption�
and the last one holds because of ik������ � m� ik����m�M

m���
For � � DmnDm� � � m � Q� we have ik������ � ik����m�M

m�� and

k�Y
j��

jL�M j��j �
m��Y
j��

jL�M j��j �
k�Y
j�m

jL�M j��j

� qm �
�
Crik����m	Mm�
qk����m

�
� Crik���	�
qk����

Hence ���� holds for k � k� � � by the assumption on Dm� � � m � Q� �

Proof of Theorem ���� For �Mk��	 � j�j � �Mk	� it follows from
�
�� ���� and Lemma ��
 that

j�����j � Cj�j�N
k��Y
j��

jL�M�k�j��j

� CM�kNqkrik	M
�k�
�

Therefore
s���� � N �K�

For any integer R � �� it is easy to prove that

ikR��	�
X
j��

�jM
�j �M�kR��� �

kX
j��


��	j��
R� � � � � �jR�� � � ��� ���

Thus for � � p �� and k � �� we getZ
�MkR����j�j��M�k���R���

j�����jpd� � C
Z �MkR�

�MkR���
j�����jpd�

� CM�kNRpqkRp
Z �MkR�

�
rpikR	M

�kR�
d�

� CM�kNRpqkRp
X

���j�M�����j�R

� � � X
���j�M���	k��
R���j�kRZ �

�
rpikR	��	

PkR

j��
�jM�j�M�kR�

d�

� CM�kNRpqkRp
X

���j�M�����j�R

� � � X
���j�M���	k��
R���j�kR

kY
i��

rp�	��i���R��������iR


� CM�kNRpqkRp
� X
	��������R
�f��������M��gR

rp�	��������R

�k
�

�



Hence

sp��� � N �K � ln
P

	��������R
�f��������M��gR r
p�	��������R


Rp lnM
�

�

� Asymptotic Estimate

In this section� we shall prove an asymptotic estimate of Sobolev exponent
sp��M�N� of the M band Daubechies� scaling functions and some estimates
of aM�N�s� and LM�N �

��� Asymptotic Estimate of Sobolev Exponent

In this subsection� we shall apply Theorems ��� and ��� and some estimates
of LM�N �Theorems 
�� and 
��� to the following asymptotic estimate of
sp��M�N�� � � p � ��

Theorem ��� Let �M�N and LM�N be de�ned as above	 Then there exist
constants C and � � r� � � independent of N such that

�CrN� � sp��M�N��N �
ln jLM�N�M	��M � ���j

lnM
� �� � � p � �

when M is even� and

�CrN� � sp��M�N��N �
ln jLM�N�	�j

lnM
� �� � � p ��

and

s���M�N� � N � ln jLM�N�	�j
lnM

when M is odd	

For the terms jLM�N�	�j and jLM�N�M	��M � ���j in Theorem 
��� we
can use PM�N in ��� to compute them directly� By comparing the estimate
in �BDS� and the one above� we also have the following asymptotic estimate

ln jLM�N�	�j � N lnM � lnN�� �O���

��



for odd M and

ln jLM�N

� M	

M � �

�
j � N

�
lnM � ln�sin

M	

�M � �
���
�
� lnN

�
�O���

for even M �see also Theorem 
������

By Theorem 
��� we have

Corollary ��� Let �M�N and LM�N be de�ned as above	 Then there exist
constants C and � � r � � independent of N such that

�CrN � ���M�N��N �
ln jLM�N�M	��M � ���j

lnM
� �

when M is even and

�CrN � ���M�N��N �
ln jLM�N�	�j

lnM
� �

when M is odd	

By Theorem 
��� we also have

Corollary ��� Let �M�N be de�ned as above	 Then

lim
N��

sp��M�N�� sq��M�N� � �� 
 � � p� q � ��

The phenomenon above was observed by Cohen and Daubechies in �CD�
and a	rmed by Lau and Sun in �LS� when M � ��

Because Theorem 
�� is proved in �LS� when M � � after little modi�ca�
tion� we assume that M � 
 from now on� To prove Theorem 
��� we need
some estimates of

P
	��������R
�f��������M��gR r

�	��������R
 and LM�N �

Lemma ��� Let M � � be even� � � r � � and D� � ���M � ��	�M� �M �
��	�M �	 Then

X
	��������R
�f��������M��gR

r�	��������R
 � �� � �M � ��r��� � �M � ��r�R���

��



Proof� By computation� we have

�	�
��
M

� ���
�

M
�� � D� � �	ZZ

when �� � f�� �� � � � �M � �g and �� �� M���M��� �� and

�	�
��
M

�
��
M�

� ���
�

M�
�� � D� � �	ZZ

when �� � M�� and �� �M��� Hence


���� ��� � � � � �R� � � � 
���� � � � � �R�
when �� �� M���M��� �� or �� � M�� and �� �M��� Recall that


���� � � � � �R� � 
�M � �� ��� � � � �M � �� �R��

Then we get X
	��������R
�f��������M��gR

r�	��������R


�
X

	��������R
�f��������M��gR��� ��M	��M	���

r�	��������R


��
X

	��������R
�f��������M��gR����M	�

r�	��������R


� �M � ��r
X

	��������R
�f��������M��gR��

r�	��������R


��r
X

	��������R
�f��������M��gR�����	M	�

r�	��������R


��
X

	��������R
�f��������M��gR������M	���

r�	��������R


� �� � �M � ��r�
X

	��������R
�f��������M��gR��

r�	��������R


� � � �
� �� � �M � ��r�R��

X
�R�f��������M��g

r�	�R


� �� � �M � ��r��� � �M � ��r�R���

�

��



Lemma ��� Let M � 
 be odd� � � r � � and D� � ���M � ��	�M� �M �
��	�M �	 Then

X
	��������R
�f��������M��gR

r�	��������R
 � �� � �M � ��r�R�

Proof� By computation� we have

�	�
��
M

� ���
�

M
�� � D� � �	ZZ

when �� �� �M � ����� Thus


���� � � � � �R� � � � 
���� � � � � �R�

when �� �� �M � ����� Hence we obtain

X
	��������R
�f��������M��gR

r�	��������R


�
X

	��������R
�f��������M��gR��� ��	M��
	�

r�	��������R


�
X

	��������R
�f��������M��gR����	M��
	�

r�	��������R


� �� � �M � ��r�
X

	��������R
�f��������M��gR��

r�	��������R


� � � �
� �� � �M � ��r�R��

X
�R�f��������M��g

r�	�R
 � �� � �M � ��r�R�

�

Theorem ��� Let M � � be even and LM�N be de�ned as above	 Then there
exist constants � � r�� r� � � and C such that

jLM�N���j � jLM�N�
M	

M � �
�j� � � �� M	

M � �
�
M	

M � �
� ����

and

jLM�N���LM�N�M��j � ���CrN� �
�jLM�N�

M	

M � �
�j�� j�j � �

M	

M � �
� 	�� ����

�




Furthermore

jLM�N���j � CrN� jLM�N�
M	

M � �
�j� � � ���M � ��	

M
�
�M � ��	

M
� ����

and

jLM�N���LM�N�M��j � C�r�N� jLM�N�
M	

M � �
�j�� j�j � �	 � �M � ��	

M�
� 	��

����

Theorem ��	 Let M � 
 be odd and LM�N be de�ned as above	 Then there
exist constants � � r� � � and C such that

jLM�N���j � jLM�N�	�j� � � ��	� 	� ����

and

jLM�N���j � CrN� jLM�N�	�j� � � ���M � ��	

M
�
�M � ��	

M
�� ����

We postpone the proof of Theorems 
�� and 
�� to next subsection� For
a moment� we assume that the estimates of LM�N in Theorems 
�� and 
��
hold and start to prove Theorem 
�� by using the estimates of LM�N above
and Theorems ��� and ����

Proof of Theorem ���� The upper bound estimate follows from The�
orem ��� and the facts that f�M	��M � ���M	��M � ��g is a non�trivial
invariant cycle when M is even and that f	g is a non�trivial invariant cycle
when M is odd�

We divide two cases to prove the lower bound estimate of sp��M�N��
Case �� M is even
By Lemma 
��� Theorem 
��� and by letting D� � ���M � ��	�M� �M �

��	�M �� D� � ��M	��M � ���M	��M � ���� D� � ��	��M	��M � ��� 	
�M	��M � ��� 	�� q � �� � CrN� �jLM�N�M	��M � ���j and r � CrN� in
Theorem ���� we obtain

s���M�N� � N � ln jLM�N�M	��M � ���j� ln�� � CrN� �

lnM

��



and

sp��M�N� � N � ln jLM�N�M	��M � ���j� ln�� � CrN� �

lnM

� ln�� � Cp�M � ��rNp
� � �R ln�� � Cp�M � ��rNp

� �

pR lnM
� ����

Hence the assertion for even M is proved by letting R tend to in�nity in ����
and � � r� � max�r�� r���

Case � M is odd	
By Lemma 
��� Theorem 
�� and by letting D� � ���M � ��	�M� �M �

��	�M �� D� � ��	� 	�� q � jLM�N�	�j and r � CrN� in Theorem ���� we
obtain

s���M�N� � N � ln jLM�N�	�j
lnM

and

sp��M�N� � N � ln jLM�N�	�j
lnM

� ln�� � Cp�M � ��rNp
� �

p lnM
� ����

Hence the assertion for odd M is proved by letting � � r� � r�� �

��� Estimates of LM�N

In this subsection� we shall prove Theorems 
�� and 
�� and give some ele�
mentary estimates of aM�N�s� and LM�N �Theorems 
��� 
���� 
��� and 
������

Set

h���� �
sin����� cos�M����

cos����� sin�M����
�

Then h���� � ��M � h��	�M� � � and

d

d�
h���� �

sinM� �M sin �

� cos������ sin��M����
� ��

Thus h� decreases strictly on ��� 	�M � and there exists unique ��x� � ��� 	�M �
for � � x � � such that h����x�� � �� � x��M � Furthermore there exists a
constant such that

C��x�	� � ��x� � Cx�	��

��



For � � x � �� de�ne

x�j�x� �
sin����x����

sin� j	�M � sin����x����
� � � j �M � � ��
�

and

Dx � f�x�� � � � � xM���
 � � xj � x�
M��X
j��

xj � xg�

To estimate aM�N�s�� we introduce an auxiliary function F on Dx�

F �x�� � � � � xM��� �
M��X
j��

�� � xj� ln�� � xj�� xj lnxj � �xj ln sin
j	

M
� ����

Theorem ��
 Let � � s � N �� and aM�N�s� be de�ned by ���	 Then there
exists a constant C independent of N and s such that

C��N�C � aM�N�s� exp���N � ��F �x���
s

N � �
�� � � � � x�M���

s

N � �
�� � CNC �

To prove Theorem 
��� we need two lemmas�

Lemma ��� Let F be de�ned by �
�� and � � x � �	 Then F takes its
maximum at �x���x�� � � � � x�M���x�� and its maximum is

� lnM � ��� x� ln sin�
��x�

�
� ln sin�

M��x�

�
�

Lemma 
�� was proved in �BDS� for x � ��
Proof� First we prove �x���x�� � � � � x�M���x�� � Dx� � � x � �� Set

h��t� � �M��
M��Y
j��

�sin�
j	

M
� t��

Then for t � sin� ���

h��t�t �
�� cos �

�
� �M��

M��Y
j��

�cos � � cos
�j	

M
� �

�� cosM�

�
� sin�

M�

�
�

��



and
d

dt
h��t� �

M sin�M�� sin������� sin � sin��M����

sin � sin������
�

Obviously
M��X
j��

x�j�x� � �t d
dt

lnh��t� � �th
�
��t�

h��t�

where t � sin� ��x���� Hence

M��X
j��

x�j�x� � �M cos�M��x���� sin���x����

cos���x���� sin�M��x����
� � � x�

Observe that

��

�xi�xj
F �x�� � � � � xM��� �


 ��xj�� � xj��
��� j � i

�� j �� i�

Then F is strictly convex� Set

Dinner
x � f�x�� � � � � xM��� � Dx
 � � xj � x� � � j �M � �g

Then Dinner
x is open and convex� �x���x�� � � � � x�M���x�� � Dinner

x and Dx is the
closure of Dinner

x � By computation� we have

�

�xj
F �x�� � � � � xM��� � ln

� � xj
xj sin

��j	�M�
�

Thus
�

�xj
F �x���x�� � � � � x�M���x�� � � ln sin�

��x�

�

is independent of � � j � M � �� Hence the maximum of F on Dx is taken
at �x���x�� � � � � x�M���x���

By ��
� and ����� we get

F �x���x�� � � � � x�M���x�� �
M��X
j��

ln�� � x�j�x��� x�j�x� ln sin
� ��x�

�

�
M��X
j��

ln sin�
j	

M
� ln j sin� j	

M
� sin�

��x�

�
j � x�j�x� ln sin

� ��x�

�

� � lnh��sin
� ��x�

�
� � lnh����� x ln sin�

��x�

�

� ��� x� ln sin�
��x�

�
� ln sin�

M��x�

�
� � lnM�

��



�

Lemma ���� Let F be de�ned by �
��	 If xj � � and

jxj � x�j�x�j � C��N� � � j �M � ��

then

jF �x�� � � � � xM���� F �x���x�� � � � � x�M���x��j � C
lnN

N
�

Proof� By ����� we have

�

�xj
F �x�� � � � � xM��� � ln

� � xj
xj sin

��j	�M�
� ln�� � x��j �� ln sin�

j	

M
�

For j��x�j � C��
p
N with some su	ciently large constant C�� we have

jx�j�x�j � �C��N and jxjj � C��N because jxj � x�j�x�j � C��N � So we
obtain

j �
�xj

F �x�� � � � � xM���j � C lnN

and

jF �x�� � � � � xM���� F �x���x�� � � � � x�M���x�j
� C lnN max

��j�M��
jxj � x�j�x�j � ClnN�N� ����

For j��x�j � C��
p
N � we have jx�j�x�j � C�N and jxjj � C�N � So we get

jF �x�� � � � � xM���� F �x���x�� � � � � x�M���x��j
� jF �x�� � � � � xM���j� jF �x���x�� � � � � x�M���x��j ����

� CN�� � C max
��x�C	N

jx lnxj � C lnN�N�

Hence Lemma 
��� follows from ���� and ����� �

Proof of Theorem ��
� By the Stirling formula

k� � kke�k
q
�	�k � ���� � o�����

��



there exists a constant C independent of s and N such that

C��N�C exp
�
�N � ��F �

s�
N � �

� � � � � sM��

N � �
�
�

�
M��Y
j��

�
N � � � sj

sj

	
�sin

j	

M
���sj ����

� CNC exp
�
�N � ��F �

s�
N � �

� � � � � sM��

N � �
�
�
�

Hence it follows from ���� and Lemma 
�� that

aM�N�s� �
X

s������sM���s

M��Y
j��

�
N � � � sj

sj

	
�sin

j	

M
���sj

� CNC
X

s������sM���s

exp
�
�N � ��F �

s�
N � �

� � � � � sM��

N � �
�
�

� CNC exp
�
�N � ��F �x���

s

N � �
�� � � � � x�M���

s

N � �
��
�
�

Conversely let sj��� � � j �M � � be integers such that
PM��

j�� sj�� � s and

j sj��
N � �

� x�M���
s

N � �
�j � C

N
� � � j �M � ��

Then we get

aM�N�s� �
M��Y
j��

�
N � � � sj��

sj��

	
�sin

j	

M
���sj��

� C��N�C exp
�
�N � ��F �

s���
N � �

� � � � � sM����

N � �
�
�

� C��N�C exp
�
�N � ��F �x���

s

N � �
�� � � � � x�M���

s

N � �
��� C lnN

�

� C��N�C exp
�
�N � ��F �x���

s

N � �
�� � � � � x�M���

s

N � �
��
�
�

where the third inequality follows from Lemma 
���� �

By the proof of Theorem 
�� and the method used in �BDS�� we have

Theorem ��
� Let aM�N�s� be de�ned by ��� and � � 
 � �	 Then there
exists a constant C independent of N and s such that

C��N��	� � aM�N�s� exp���N���F �x���
s

N � �
�� � � � � x�M���

s

N � �
�� � CN��	�

��



hold for all 
�N � �� � s � N � � and N � �	

To estimate jLM�N���j� we introduce auxiliary functions

g��� �

���
��
jM sin������ sin�M����j� j�j � 	�M�
M j sin�����j� 	�M � j�j � 	�
g�x� �k	�� � � �k	 � ��	� 	��

����

and

�F �x� �� � F �x���x�� � � � � x�M���x�� � �x ln j sin �
�
j

� � lnM � ��� x� ln sin�
��x�

�
� ln sin�

M��x�

�
� x � ��� �������

Theorem ���� Let g and LM�N be as above	 Then there exists a constant
C independent of � such that

C��N�Cg���N � jLM�N���j � CNCg���N �

For M � �� Cohen and Sere ��CS�� proved jL��N���j � g���N and Lau
and Sun ��LS�� showed C��N�Cg���N � jL��N���j� To prove Theorem 
����
we need two lemmas�

Lemma ���� Let F �x�� � � � � xM��� and g��� be de�ned by �
�� and �

� re�
spectively	 Then

max
	x������xM��
�Dx���x��

F �x�� � � � � xM��� � �x ln j sin �
�
j � � ln g����

Proof� By Lemma 
�� and the fact that �F �x� �� and g��� are �	 periodic
even functions� it su	ces to prove

max
��x��

�F �x� �� � � ln g���� � � � � 	�

��



By ��
� and ����� we get

d

dx
F �x���x�� � � � � x�M���x��

�
M��X
j��

�

�xj
F �x���x�� � � � � x�M���x���

d

dx
x�j�x�

� ln
�

sin����x����

M��X
j��

d

dx
x�j�x� � ln

�

sin����x����
�

where the last equality follows from
PM��

j�� x�j�x� � x� Therefore for � �
� � 	�M � �F �x� �� takes its maximum when x satis�es ��x� � �� and for
	�M � � � 	� �F �x� �� takes its maximum at x � �� Hence Lemma 
���
follows from Lemma 
��� �

Lemma ���� Let �F �x� �� be de�ned by �
�� and let z���� be �	 periodic
function with its restriction on ��� 	� satisfying ��z����� � �� � � ��� 	�M �
and z���� � � when � � �	�M� 	�	 If jx� z����j � C��N � then there exists a
constant C independent of N and � such that

j �F �x� ��� � ln g���j � C lnN�N�

Proof� Obviously it su	ces to prove the assertion for � � ��� 	�� By the
proof of Lemma 
���� we obtain

d

dx
�F �x� �� � ln

sin� ���

sin� ��x���
�

For � � �C��
p
N� 	� with some su	ciently large constant C�� we have

jz����j � �C��N and jxj � C��N for all jx � z����j � C��N � Thus j��x�j �
C�
p
N and

j d
dx

�F �x� ��j � C lnN�

Hence

j �F �x� ��� � ln g���j � j �F �x� ��� �F �z����� ��j � C lnN�N� �
��

��



For � � ��� C��
p
N �� we have jz����j � C�N and jxj � C�N � Recall that

there exists a constant C such that C��x�	� � ��x� � Cx�	�� Then

j �F �x� ��j � �j ln M sin ��x���

sin�M��x����
j� �jx ln sin ��x�

�
j

� Cj��x�j� � Cjx lnxj� Cjxj � C lnN�N

and

� ln g��� � �
��� ln M sin ���

sin�M����

��� � Cj�j� � C

N
�

Thus we have
j �F �x� ��� � ln g���j � C lnN�N� �
��

Hence Lemma 
��
 follows from �
�� and �
��� �

Proof of Theorem ����� Obviously it su	ces to prove

C��N�Cg����N � jLM�N���j� � CNCg����N �

By Theorem 
�� and Lemma 
���� there exists a constant C independent
of N and � such that

jLM�N���j� � CNC
N��X
s��

exp��N � �� �F �
s

N � �
� ���

� CNC exp���N � �� ln g���� � CNCg����N � �
��

Let � � u � N � � be an integer such that

j u

N � �
� z����j � �

N � �
�

Then by Theorem 
�� and Lemma 
��
� there exists a constant C independent
of N and � such that

jLM�N���j� � C��N�C exp��N � �� �F �
u

N � �
� ���

� C��N�C exp��N � �� �F �z����� ��� C lnN�

� C��N�Cg����N � �

�

Hence Theorem 
��� follows from �
�� and �

�� �

��



For jLM�N���j� we also have

Theorem ����� Let g and LM�N be as above and � � 
 � 	�M 	 Then
there exists a constant C independent of � and N such that

C��min��� N��	�jj�j � 	

M
j��	��g���N � jLM�N���j

� Cmin��� N��	�jj�j � 	

M
j��	��g���N

for � � ��	��	�M � 	 �	�M� 	�� and

C��g���N � jLM�N���j � Cg���N

for � � ��	�M��
� 	 �
� 	�M �	

Proof� Obviously it su	ces to prove the assertion for � � �
� 	�� Recall
that

d

dx
�F �x� �� � ln

sin� ���

sin� ��x���
�

Then d
dx

�F �x� �� � � when � � x � z���� � � and d
dx

�F �x� �� � � when
z���� � x � �� By computation� we have

d�

dx�
�F �x� �� � �cos ��x���

sin ��x���
� d��x�

dx
� ��

Then there exist positive constants 
� � z������� �� and �� such that

����x� z�����
� � �F �x� ��� �F �z����� ��� ln

sin� ���

sin� ��z�������
�x� z�����

� ����x� z�����
� �
��

holds for all z���� � 
� � x � min��� z���� � 
�� and � � �
� 	�� Hence by
Theorems 
�� and 
��� we obtain

X
��s�	z�	�
���
	N��


aM�N�s� sin
�s �

�

� CNC
X

��s�	z�	�
���
	N��


exp
�
�N � �� �F �

s

N � �
� ��
�

� CNC exp
�
�N � �� �F �z����� 
�� ��

�
� �
��

�




and

X
	z�	�
���
	N��
�s�N��

aM�N�s� sin
�s �

�

� CNC
X

	z�	�
���
	N��
�s�N��

exp
�
�N � �� �F �

s

N � �
� ��
�

� CNC exp
�
�N � �� �F �z���� � 
�� ��

�
�
��

if z���� � 
� � �� and

X
	z�	�
���
	N��
�s�min	N���	z�	�
���
	N��



aM�N�s� sin
�s �

�

� N��	�
X

	z�	�
���
	N��
�s�min	N���	z�	�
���
	N��



exp
�
�N � �� �F �

s

N � �
� ��
�

� N�	�
Z min	��z�	�
���


z�	�
���
exp��N � �� �F �x� ���dx� �
��

Hereafter A � B means C��A � B � CA for some absolute constant C
independent of parameters in the terms A and B�

For � � �	�M� 	�� we have z���� � �� Thus by �
�� we obtain

Z �

z�	�
���
exp��N � �� �F �x� ���dx

� g����N
Z �

z�	�
���
exp

�
�N � ��� ln

sin� ���

sin� 	���M�
�x� ��� ���x� ����

�
dx

� C�g���
�N min�N��	�� N��j� � 	

M
j���

and similarly

Z �

z�	�
���
exp��N � �� �F �x� ���dx � C�g���

�N min�N��	�� N��j� � 	

M
j����

This shows thatZ �

z�	�
���
exp��N � �� �F �x� ���dx � g����N min�N��	�� N��j� � 	

M
j�� �
��

when � � �	�M� 	��

��



For � � �
� 	�M �� we have z���� � �� Similarly by �
�� we obtain

Z min	��z�	�
���


z�	�
���
exp��N � �� �F �x� ���dx

� g����N
Z min	��z�	�
���


z�	�
���
exp

�
� ���N � ���x� z�����

�
�
dx � C�g���

�NN��	�

and Z min	��z�	�
���


z�	�
���
exp��N � �� �F �x� ���dx � C�g���

�NN��	��

Therefore

Z min	��z�	�
���


z�	�
���
exp��N � �� �F �x� ���dx � N��	�g����N � �
��

when � � �
� 	�M �� Hence Theorem 
���� follows from �
����
�� and jLM�N���j� �PN��
s�� aM�N�s� sin

�s �
�
� �

To prove Theorems 
�� and 
��� we need the following property of g����

Lemma ���� Let g be de�ned by �

�	 Then g��� increases strictly on ��� 	�	
Furthermore

� � g���g�M�� � jg� M	

M � �
�j�� j�j � �

M	

M � �
� 	�� ����

and there exists � � r� � � such that

g���g�M�� � r��jg�
M	

M � �
�j�� j�j � �	 � �M � ��	

M�
� 	� ����

when M is even	

Proof� By computation� we have

d

d�

�sinM�

sin �

�
�

cos � cosM�

sin� �
�M tan � � tanM�� � �� � � ���

	

�M
��

Hence sinM�� sin � decreases strictly on ��� 	���M�� and g increases strictly
on ��� 	� by �����

��



Observe that

d

d�
�sin

�

�
sin

M�

�
� �

�

�
cos

�

�
cos

M�

�
�tan

M�

�
� tan

�

�
� �� �� � � �

M	

M � �
� 	�

and

sin
�

�
sin

M�

�

���
���

� �

when M is even� Then j sin �
�
sin M�

�
j decreases strictly on � M�

M��
� 	�� Recall

that

g���g�M�� � M�j sin �
�
sin

M�

�
j� � � �

M	

M � �
�
�M� � ��	

M�
��

Then g���g�M�� decreases strictly on � M�
M��

� 	M
���
�
M� ��

For � � � 	M
���
�
M� � 	�� we have

� � g���g�M�� � g�	�g�
	

M
� � M� sin�

	

�M

� M� sin�

	

�
�M� sin�

M	

��M � ��
� g�

M	

M � �
���

This proves �����
From the proof of ����� we see that ���� holds for

r� �
�cos��M � ��	���M��� sin��M � ��	���M��

sin��M	���M � ���

��	�
� �

�

Now we start to prove Theorems 
�� and 
���

Proof of Theorem ���� Recall that

jLM�N���j� �
N��X
s��

aM�N�s��sin
�

�
��s�

Then

jLM�N���j � jLM�N�
M	

M � �
�j� � � �� M	

M � �
�
M	

M � �
�

and ���� holds�

��



By Theorem 
��� and Lemma 
���� we have

jLM�N���j � CNCg���N � CNCrN� g�
M	

M � �
�N

� CrN� jLM�N�
M	

M � �
�j� 
 � � ���M � ��	

M
�
�M � ��	

M
��

and

jLM�N���LM�N�M��j � CNC�g���g�M���N � Cr�N� jg� M	

M � �
�j�N

� C�r�N� jLM�N�
M	

M � �
�j�� 
 j�j � �	 � �M � ��	

M�
� 	��

where r� � g� 	M��
�
M

��g� M�
M��

�� r� � r� � � and r� � r� � �� This proves
���� and �����

By ����� it su	ces to prove ���� for � � � M�
M��

� 	 � 	M��
�
M� �� Recall that

max��x�� F �x� �� � �F ��� �� and �F �x� �� increases strictly about � � x � ��
Then there exist constants C and � � r� � � by Theorems 
�� and 
��� such
that X

s�
	N��


aM�N�s��sin ����
�s � CNC exp��N � �� �F ��� ���

� CrN�

N��X
s��

aM�N�s��sin
�

�
��s�

when � � ��	 � �M � ��	�M����M � ��	�M � 	 ��M � ��	�M� 	 � �M �
��	�M��� where � � 
���M�� By computation� we have M� �M	 � ��M �
��	�M�M	��M � ���� Hence we get

N��X
s��

aM�N�s��sin
�

�
��s � �� � CrN� �

X
s	
	N��


aM�N�s��sin
�

�
��s

and

jLM�N���LM�N�M��j � ���CrN� �
�

X
k�l	
	N��


aM�N�k�aM�N�l� sin
�k �

�
sin�l

M�

�
�

Set

Fk�l��� � sin�k
�

�
sin�l

M�

�
� ��N � �� � k� l � N � ��

��



Then

d

d�
Fk�l��� �

�

�
�k tan

M�

�
�Ml tan

�

�
� sin�k��

�

�
sin�l��

M�

�
sin�M�� sin ��

For � � � M�
M��

� 	 � 	M��
�
M� �� we have sin � sin�M�� � ��

�k tan
M�

�
�Ml tan

�

�
�
���
��M�		M��


� �����M	���k �Ml� tan
M	

��M � ��

� �N � ���M� � �� tan
M	

��M � ��
� ��

and
d

d�
�k tan

M�

�
�Ml tan

�

�
� � ��

Therefore k tan M�
�

�Ml tan �
�
� � and d

dx
Fk�l��� � � on � M�

M��
� 	 � 	M��
�

M� ��

So Fk�l��� decreases on � M�
M��

� 	 � 	M��
�
M� �� Hence for � � � M�

M��
� 	 � 	M��
�

M� ��
we obtain

jLM�N���LM�N�M��j � �� � CrN� �
�

X
k�l	
	N��


aM�N�k�aM�N�l�Fk�l�
M	

M � �
�

� �� � CrN� �
�jLM�N�

M	

M � �
�j��

�

Proof of Theorem ��	� Recall that

jLM�N���j� �
N��X
s��

aM�N�s��sin
�

�
��s�

Then we have jLM�N���j � jLM�N�	�j�
By Theorem 
��� and Lemma 
���� there exists a constant C such that

jLM�N���j � CNCg���N � CNCrN� g�	�
N � CNCrN� jLM�N�	�j

� CrN� jLM�N�	�j� � � ���M � ��	

M
�
�M � ��	

M
��

where r� � g� 	M��
�
M

��g�	� � � and the last inequality holds by letting
r� � r� � �� �

��
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