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Abstract

In this paper� the existence� regularity and biorthogonality of the

solution of the nonhomogeneous re�nement equation
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X
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are considered
 Also new class of biorthogonal wavelet basis on a

non�uniform grid is constructed
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� Introduction

��� Overview

Fix d� and d with d� � d as the dimensions of spaces and N as the length of
vectors� Let gj� � � j � N be compactly supported distributions and ck� k �

ZZd� be a family of N � N matrices such that ck �� � for only �nite indices
k � ZZd� � Set ��x� � ����x�� � � � � �N�x��

T and G�x� � �g��x�� � � � � gN�x��
T �

In this paper	 we shall consider the existence	 regularity and biorthogonality
of the solution of such a nonhomogeneous re�nement equation

��x� �
X

k�ZZd�

ck��
x� k� �G�x�� x � IRd� ���

Hereafter we identify k� � ZZd� �resp� x� � IRd�� to �k�� �� � ZZd �resp�
�x�� �� � IRd�� Obviously any solution of the equation ��� can be written
as the sum of a �xed solution of the equation ��� and a solution of the
corresponding re�nement equation

��x� �
X

k�ZZd�

ck��
x� k�� x � IRd� �
�

So we call the equation ��� as the nonhomogeneous re�nement equation� For
the re�nement equation	 there is a much large literature �for instance �CDP
	
�D
	 �GHM
	 �HC
	 �H
	 �HSW
	 �J
	 �Ji
	 �JiS
	 �LCY
	 �MS
	 �RS
��

��� Motivation

The nonhomogeneous re�nement equation appeared in the constructions of
wavelets on bounded domain	 multiwavelets and biorthogonal wavelets at
non�uniform grid �see for instance �Me
	 �CDD
	 �CDV
	 �Ma
	 �GHM
	 �HM
	
�HSW
	 �CMS
��

In the multiresolution approximation on the unit interval ��� �
	 the ap�
proximation space of scale n is spanned by interior functions	 left edge func�
tions and right edge functions� Generally the interior functions are the scaling
functions on the line with their support contained in ��� �
	 which satisfy re�
�nement equations	 and the left and right edge functions are modi�ed from
restriction of scaling functions on the line	 which satisfy nonhomogeneous
re�nement equations�






Let � be an orthonormal scaling functions supported on ��� N 
� In the
multiresolution approximation proposed by Meyer��Me
�	 ��
nx�k�� � � k �

n�N are chosen as its interior functions	 ��
nx�k��������x�� � � k � N��
as its left edge functions and ��
nx � 
n � k��������x�� � � k � N � � as its
right edge functions	 where ������ is the characteristic function on ��� �
� Set

�L
n�x� � ���
nx � ��� � � � � ��
nx �N � ���T�������x�

and

�R
n �x� � ���
nx� 
n �N � ��� � � � � ��
nx� 
n � ���T�������x��

Then for su�ciently large scale n	 �L
n and �R

n satisfy the nonhomogeneous
re�nement equation

�L
n�x� � A��

L
n���x� �GL

n�x� � A��
L
n�
x� �GL

n�x�

�R
n �x� � A��

R
n���x� �GR

n �x� � A��
R
n �
x� �GR

n �x�

where A�� A� are constant matrices and GL
n � G

R
n are vectors with linear com�

bination of interior functions as their components�
In the multiresolution approximation on the interval proposed by Cohen	

Daubechies and Vial��CDV
�	 ��
nx� k�� a � k � 
n �N � b are chosen as
its interior functions	 
nlxl�

P
k�� Pl�k���


nx�k�� � � l � N� as its left edge
functions and 
nlxl �

P
k��n�N Pl�k���


nx� k�� � � l � N� as its right edge
functions	 where a� b are nonnegative integers and Pl� � � l � N� are some
polynomials with degree at most l such thatX

k�ZZ

Pl�k���x� k� � xl� � � l � N��

Similarly the vector with left edge functions as its components and the one
with right edge functions as its components satisfy the following type of
nonhomogeneous re�nement equation

��x� � A��
x� �G�x�� ���

In �Ma
	 Madych studied multiresolution approximation on ��� �
 through
discrete orthogonal transform� After appropriate choose of matrix A and
function G in ���	 the solution of the nonhomogeneous re�nement equation
��� together with interior functions span the approximation space of scale n�

�



The multiresolution approximation on the interval in �CDV
 is general�
ized to the one on bounded domain in high dimensions by Cohen	 Dahmen
and Devore��CDD
�� The edge functions also satisfy a nonhomogeneous re�
�nement equation of the form ��� with G as linear combination of interior
functions� In the wavelet construction on bounded domain	 the regularity
and biorthogonality of edge functions are known�

Nonhomogeneous re�nement equation also occurs in the multiwavelet
construction� For example	 let h be the hat function de�ned by

h�x� �

�
�� jxj� x � ���� �
�
�� otherwise�

and wc satisfy a nonhomogeneous re�nement equation of the form

wc�x� � h�
x� �� � c�wc�
x� � wc�
x� ����

Then �h� wc� leads to the symmetric orthogonal continuous scaling vector
when c � ��

�
	 and the pair �h� wc� and �h� w�c� with �c � �c��

�c��
and �� � c �

��� leads to a family of symmetric biorthogonal scaling vector �see �GHM
	
�HM
��

The perturbation of Daubechies� orthonormal scaling functions and wavelets
in �HSW
 is another example to use a solution of a nonhomogeneous re�ne�
ment equation and a scaling function as two components of a new orthonor�
mal scaling vector� Let �D and �D be Daubechies� orthonormal scaling func�
tions and wavelets respectively� In �HSW
	 Huang	 Sun and Wang considered
solutions ����x�� ���x��

T of the re�nement equation�
���x� �

P
k�ZZ c��k���
x� k� �

P
k�ZZ c��k���
x� k��

���x� �
P

k�ZZ c	�k���
x� k�

in the neighborhood of ��D�x�� �D�x��
T � It leads to nontrivial orthonormal

scaling vector with arbitrary regularity� In �A
	 Ayache use the perturbation
of tensor�product of Daubechies orthonormal scaling functions to construct
compactly supported orthonormal wavelets of non�tensor product type with
arbitrary regularity on the plane�

The nonhomogeneous re�nement equation is one of the cornerstone in
the construction of biorthogonal wavelet basis on arbitrary triangulation of

�



a polygon by lifting scheme in �CES
 from hierarchical basis� The dual re�n�
able function ��x�� x�� at the intersection of di�erent type of grid satis�es a
nonhomogeneous re�nement equation of the form

��x�� x�� �
X
k�ZZ

ck��
x� � k� 
x�� �G�x�� x��

and the one at exceptional node satis�es a nonhomogeneous re�nement equa�
tion of the form

��x�� x�� � ��
x�� 
x�� �G�x�� x��

�see �CES
 for detail�� In the construction of biorthogonal wavelets in one
dimension with non�uniform grid at last section	 the solution of a nonhomo�
geneous re�nement equation of the form

��x� � ��
x� �G�x�

is used as the dual re�nable function at the intersection node of di�erent
type of grid�

In the construction of multiwavelets and biorthogonal wavelets on non�
uniform grid	 the existence	 regularity and biorthogonality of the solution
of a nonhomogeneous re�nement equation are considered as the case may
be� At least for constructing more practical and e�cient multiwavelets and
biorthogonal wavelets on non�uniform grid	 it is necessary to study system�
atical about the existence	 regularity	 biorthogonality and other properties of
solutions of nonhomogeneous re�nement equations�

To our knowledge	 there are several authors started to working on the
nonhomogeneous re�nement equations �for instance �DH
 and �SZ
�� They
use di�erent technique to consider the existence and uniqueness of compactly
supported distributional solution	 convergences of corresponding cascade al�
gorithm and other properties of nonhomogeneous re�nement equation�

��� Main Results

In Section 
	 we consider the existence and explicit expression of compactly
supported distributional solution of the nonhomogeneous re�nement equation
��� and its general setting which includes nonstationary re�nement equations
and continuous re�nement equation as special cases� The main results are

�



Theorems 
�� and 
��	 where necessary and su�cient conditions are given to
the existence of compactly supported distributional solutions of nonhomo�
geneous re�nement equations� We use the vector F of compactly supported
distributions in Theorem 
�� for more freedom and for better convergences of
the explicit expression� When F is chosen as vector of distributions supported
on the origin	 we give explicit necessary and su�cient condition on the mask
of the corresponding re�nement equation for the existence of the solution of
nonhomogeneous re�nement equation in Theorem 
��� Similar results are ob�
tained by Dinsenbacher and Hardin��DH
�	 and Strang and Zhou��SZ
�� For
scale case	 i�e�	 N � �	 we can choose P �D��� as the function F in Theorem

�� where P �D� is a di�erential operator and �� is a solution of a re�nement
equation �Theorem 
���� We apply the explicit expression in Theorem 
�� to
solve the corresponding re�nement equation �
� and obtain the result about
the existence of compactly supported distributional solutions of re�nement
equations in �JS
 and �Z
� At last	 we give explicit necessary and su�cient
condition to the existence of compactly supported distributional solution of
the equation ���	 simple form of the nonhomogeneous re�nement equation
��� �Theorem 
����

In Section �	 we use the behavior of symbol H and regularity of G to
estimate the regularity of the solution � of the nonhomogeneous re�nement
equation ��� in Bessel potential space Lp�� by complex interpolation method
and to estimate Sobolev exponent sp���� � � p �� �Theorems ��� and �����
Some examples are included to show that these estimates cannot be improved
in general� The number 	 in �

� and �
�� is very important to our estimate�
We study the relationship between the number 	 and the spectral radius of
the symbol H��� in Theorems ���	 ��� and ����

In the construction of biorthogonal wavelets on bounded domain or non�
uniform grid	 solutions of nonhomogeneous re�nement equations are used as
functions near boundary or near intersection of di�erent type of grid when
d� � d� For edge functions in the wavelet construction on the interval	 we only
consider the biorthogonality between edge functions and interior functions or
between themselves instead of the one between their integer translates� So the
biorthogonality of solutions of nonhomogeneous re�nement equations should
be di�erent with the one of re�nement equations when d� � d� In Section
�	 we consider the restricted biorthogonality between solutions of nonhomo�
geneous re�nement equations and give a practical condition �Theorems ���
and ��
�� In Example ���	 the restricted biorthogonality of solutions of non�

�



homogeneous re�nement equations and the biorthogonality of solutions of
re�nement equations are compared in some sense�

In some applications such as construction of curves and surfaces	 and ��
nite element method	 the user provides data	 sampled on a closely spaced
but irregular grid� Resampling onto regular grid is typically costly and may
generate unwanted artifacts� In �SS

	 it is shown how to build a multiresolu�
tion analysis and an associated transform on the original non�uniform grid�
In �W
	 Warren shows how spectral analysis can be used to analysis the limit
function of an interpolating subdivision on non�uniform grid of semi�regular
case �see Remark ��� for its de�nition�� In �DGS
 Daubechies	 Guskov and
Swelden study the smoothness of the limit function of unequally spaced in�
terpolating subdivision schemes by the commutation formula� For the spline
context	 global subdivision scheme for non�uniform spline was introduced in
�QG
� In last section	 we discuss the construction of biorthogonal wavelets on
one�dimsional non�uniform grids of semi�regular case	 consider its unit de�
composition and regularity�Propositions ��� and ����	 and use corresponding
wavelets to characterize certain Sobolev space�Theorem ����� To our surprise	
the regularity of dual re�nable functions is same as the one on non�uniform
grid� Thus we may construct re�nable functions with arbitrary regularity
on any non�uniform grids of semi�regular case �Remark ������ In the con�
struction of biorthogonal wavelets	 we �nd that the dual re�nable function
at the intersection node of di�erent type of grid satis�es a nonhomogeneous
re�nement equation� This construction is also the one�dimensional model of
biorthogonal wavelets on triangulation of a polygon in �CES
�

��� Notations

kfkp� � �
R
IRd jf�x�jpdx���p� � � p ���

kFkp� � �
R
IRd

PN
k
� jfk�x�j

pdx���p� � � p ��when F �x� � �f��x�� � � � � fN�x��
T �


kk�� the Kronecker symbol de�ned by 
kk� �

�
�� k � k�

�� k �� k�
�

��A�� the spectral radius of a matrix A�
r�A�� the rank of a matrix A�
ZZd

�� the set of integers in ZZd with nonnegative components�
Re z� real part of a complex number z�
Im z� imaginary part of a complex number z�

�



Re �z�� � � � � zd� �� �Re z�� � � � � Re zd��
Im �z�� � � � � zd� �� �Im z�� � � � � Im zd��
s� �� s�� � � � sd� for s � �s�� � � � � sd� � ZZd

��
�s �� �s�� � � � �sdd for � � ���� � � � � �d� � Cjj d and s � �s�� � � � � sd� � ZZd

��
�K� the characteristic function on the set K�

�



� Existence

In this section	 we will consider the existences of compactly supported dis�
tributional solutions of the nonhomogeneous re�nement equation ��� and its
general setting ����� In one dimension	 Dinsenbacher and Hardin	 Strang and
Zhou established in �DH
 and �SZ
 some characterization to the existence of
compactly supported distributional solutions of nonhomogeneous re�nement
equations�

De�ne the Fourier transform �f of an integrable function f by

�f��� �
Z
IRd

e�ix�f�x�dx�

The Fourier transform of a compactly supported distribution is understood as
usual� For F �x� � �f��x�� � � � � fN�x��

T 	 �F ��� is interprated as � �f����� � � � � �fN����
T �

Set the symbol H��� of the nonhomogeneous re�nement equation ��� by

H��� �
�


d
X
k�ZZd

cke
�ik�� � � IRd� ���

Then the nonhomogeneous re�nement equation ��� can be written as

����� � H�
�



����

�



� � �G���� ���

By using ��� for n times	 we obtain

����� � H�
���� � � �H�
�n�����
�n���
n��X
j
�

H�
���� � � �H�
�j��G�
�j��� ���

Theorem ��� Let G�x� be a vector of compactly supported distributions� ck
be N � N matrices such that ck �� � for only �nite indices and H��� be
de�ned by ���� Then a necessary and su�cient condition such that there
are compactly supported distributional solutions �j� � � j � N of the non	
homogeneous re�nement equation ��� is that there exist compactly supported
distributions fj�x�� � � j � N such that

�G���� �F ��� �H�
�



� �F �

�



� � O�j�j�� as � � �� ���

�



where 
 is the minimal nonnegative integer with ��H���� � 
� and �F ��� �
� �f����� � � � � �fN����

T �
Let ���x� be de�ned with the help of Fourier transform by

������ � �F ��� �
P�

n
�H�
���� � � �H�
�n��

� �G�
�n��� �F �
�n�� �H�
�n���� �F �
�n�����
���

Then any solution � of the nonhomogeneous re�nement equation �
� can be
written as

��x� � ���x� � ���x��

where ���x� is a solution of the corresponding re�nement equation ����

To prove Theorem 
��	 we need a simple lemma�

Lemma ��� Let H��� be a matrix with trigonometrical polynomial entries�
Then for any 
 � � there exists a constant C such that

kH�
�



� � � �H�

�


n
�k � CeCj�j���H���� � 
�n� 	 n 
 �� � � Cjj d�

Proof� For any 
 � � there exists a norm k � k� such that

kH���k� � ��H���� � 
�
�

Recall that H��� is a matrix with trigonometrical polynomial entries� Then
there exists a constant C such that

kH����H���k� � CeCj�jj�j� 	 � � Cjj d�

Therefore by the equivalence of di�erent norms we have

kH�
�



� � � �H�

�


n
�k � CkH�

�



� � � �H�

�


n
�k�

� C
nY

j
�

�kH���k� � CeC��j j�j
�jj�j� � CeCj�j���H���� � 
�n�

Proof of Theorem ��� By ���	 the left hand side of ��� equals zero
when �F ��� is replaced by ������ Hence the necessity follows�

��



Obviously the su�ciency reduces to right hand side of ��� being well�
de�ned	 analytic and Fourier transform of compactly supported distributions	
and satisfying ����

By ��� and Lemma 
�
 with � � 
 � 
� � ��H����	 we obtain

kH�
���� � � �H�
�n��� �G�
�n��� �F �
�n�� �H�
�n���� �F �
�n����
k

� kH�
���� � � �H�
�n��k � j �G�
�n��� �F �
�n�� �H�
�n���� �F �
�n����j

� CeCj�j���H���� � 
�n
�n� � 	 n 
 �� � � Cjj d�

Therefore the sum in the right hand side of ��� converges absolutely and
uniformly on any bounded domain of Cjj d� Hence the function ������ in ��� is
well�de�ned�

Denote

an��� � H�
���� � � �H�
�n��� �G�
�n��� �F �
�n�� �H�
�n���� �F �
�n����
�
���

Then an���� n 
 � are analytic functions� Thus ������ is analytic by uniform
convergences on any bounded domain of Cjj d�

Recall that H��� is a matrix with trigonomatrical polynomial entries and
that G is a vector with compactly supported distribution components� Then
there exist constants C and A such that

kH���k � CeAjIm �j� 	 � � Cjj d

and
j �G���j � C�� � j�j�CeAjIm �j� 	 � � Cjj d�

By ��� and uniform convergence	 there exists a constant C such that

j������j � C� 	 j�j � 
�

Thus for 
n��� � j�j � 
n�	 we have

kH�
���� � � �H�
�n������

�n��k

� C
nY

j
�

kH�
�j��k � C
nY

j
�

�CeAjIm ��j�j� � CneAjIm �j ����

��



and

k
nX

j
�

H�
���� � � �H�
�j��G�
�j��k

� C
nX

j
�

h� jY
l
�

CeAjIm ��l�j
�
� �C�� � j�j�CeAjIm ��j�j�

i
����

� nCn���� � j�j�CeAjIm �j�

Combining ���	 ���� and ����	 we get

j������j � C�� � j�j�CeAjIm �j�

This proves that all components of ��� are Fourier transform of compactly
supported distributions supported in ��A�A
d by Paley�Wiener Theorem�

Hence it remains to prove that ���x� satis�es the nonhomogeneous re�
�nement equation ���� By ���	 we have

an����� � H�
�



�an�

�



�� n 
 ��

Hence

�������H�
�



�����

�



�

� �F ��� �
�X
n
�

an����H�
�



� �F �

�



��

�X
n
�

H�
�



�an�

�



�

� �F ����H�
�



� �F �

�



� � a���� � �G����

This proves that ��� satis�es ��� and completes the proof�

By Theorem 
��	 the problem to solve the nonhomogeneous re�nement
equation ��� reduces to �nding compactly supported distributions fj� � �
j � N of the equation ���� Now we give a simple method to construct
fj� � � j � N with their supports at the origin�

Write
�G��� �

X
jsj�����s�ZZd

�

Gs�
s �O�j�j�� ��
�

�




and
H��� �

X
jsj�����s�ZZd

�

Hs�
s �O�j�j��� ����

Set
S � I � �
�jsjHs�t�s�t�ZZd

����jsj�jtj����
����

and
�G � �GT

s �
T
s�ZZd

����jsj����
� ����

where we set Hs � � when s �� ZZd
� or jsj � 
 � �� In one dimension	

S �

�BBBBBBB�

I �H� � � � � � �
��

�
H� I � �

�
H� � � � � �

���
���

� � �
���

���
�
����H��� �
����H��	 � � � I � 
����H� �
�
����H��� �
����H��� � � � �
����H� I � 
����H�

�CCCCCCCA
and

�G � �GT
� � � � � � G

T
����

T �

Theorem ��� Let Gs� Hs� S and �G be de�ned by ��
�	����� Then the neces	
sary and su�cient condition such that there exist some compactly supported
distributional solutions fj� � � j � N of the equation ��� is

r�S� � r�S��

where S� � �S� �G� is the augmented matrix�

Proof� Write

�F ��� �
X

s�ZZd
����jsj����

Fs�
s �O�j�j��� ����

Then the equation ��� for �F ��� is equivalent to

Gs � 
�jsj
X

t�ZZd
��jtj����

Hs�tFt � Fs � �� s � ZZd
�� � � jsj � 
 � �

or
S �F � �G� ����

��



where �F � �F T
s �

T
s�ZZd

����jsj����
� Observe that the equation ���� is solvable if

and only if r�S� � r�S��� Thus the necessity follows from ���� and the su��
ciency follows by letting �F ��� �

P
s�ZZd

�
���jsj���� Fs�

s and �F T
s �

T
s�ZZd

����jsj����

be a solution of the equation �����

Obviously the solution of the equation ��� is not unique� The functions
fj� � � j � N chosen in Theorem 
�� are distributions supported on the
origin�

For N � � and d � �	 we can simplify the conditions in Theorem 
��
and construct the functions F in ��� explicitly� Let ���x� is the solution of
re�nement equation

���x� � H�����
X
k�ZZ

ck���
x� k��

Theorem ��� If H��� �� 
l for all nonnegative integers l� then there exists
compactly supported distributional solution of the nonhomogeneous re�ne	
ment equation �
� and the function F �x� in ��� can be chosen that

�F ��� � ������
���X
s
�

������
�G��s�����
��s

s��
s �H����
�

If H��� � 
l for some nonnegative integer l� then the su�cient and necessary
condition such that there exists compactly supported distributional solution of
the nonhomogeneous re�nement equation �
� is

� �G������� �����l���� � ��

where f �l� denotes l	derivatives of f � In this case� F �x� in ��� can be chosen
that

�F ��� � ������
l��X
s
�

������ �g��s�����s

s��
s �H����
�

Theorem 
�� follows from Theorems 
��	 
�� and the facts that r�S� � 

when H��� �� 
l for all nonnegative integer l and that r�S� � 
 � � � l when
H��� � 
l for some nonnegative integer l�

��



In Theorem 
��	 the function F is chosen that P �D��� for some di�erential
operator P �D� and is more regular than the distribution supported at the
origin when �� is su�ciently smooth�

Theorems 
�� and 
�� can be used to study the existence and explicit
expression of nonzero solutions of the re�nement equation �
��

Theorem ��� Let �F ��� be a solution of the equation ��� with �G��� � ��
Assume that Fs �� � in �

� for some s � ZZd

�� jsj � 
 � �� Then

������ � lim
n��

H�
���� � � �H�
�n�� �F �
�n��

is a nonzero solution of the re�nement equation ���� The dimension of com	
pactly supported distributional solutions of the re�nement equation ��� is
NA�
� d� � r�S�� where A�
� d� denotes the dimension of the space of all
polynomials in IRd with degree at most 
 � ��

Proof� For any solution � of the re�nement equation �
�	

����� � H�
�



� � � �H�

�


n
����

�


n
�� �

as n�� when
����� � O�j�j�� as j�j � ��

Thus the solution ��x� of the re�nement equation �
� isn�t identically zero
if and only if ���s���� �� � for some s � ZZd

�� � � jsj � 
 � �� By ���	 we have
��
�s�
� ��� � s�Fs for all s � ZZd

�� � � jsj � 
 � �	 where Fs is de�ned by �����
Then Theorem 
�� follows from Theorem 
���

Set

Sl� � I � �
�jsjHs�t�s�t�ZZd
�
�l��jsj�jtj����

� � � l� � 
 � �

and
Tl� � I � �
�jsjHs�t�s�t�ZZd

����jsj�jtj�l���
� � � l� � 
 � ��

Then the matrices Sl� and Tl� are block lower triangular matrices with diag�
onal block I � 
�jsjH� and

S �

�
Tl� �
B Sl�

	
�

��



where B is a matrix� By ����	 Let l� be the minimal nonnegative integer
such that 
l� is an eigenvalue of H���� Then Tl� is nonsingular and there
exists a vector 	 such that 	H� � 
l�	� Let �	 � 	
s� be the vector with the
s��th block component 	 and other block components zero where js�j � l��
Then the s��th block component of �	Sl� is 	�I � 
�jl�jH�� � � and other
block components zero from the fact that Sl� is the block lower triangular
matrix� Hence Sl� is singular and S is singular too� This proves that there
exists nonzero compactly supported solution of the re�nement equation �
��
Obviously the assertion above doesn�t mean that there exists compactly sup�
ported solution � of the re�nement equation �
� with ����� �� � even when
one is an eigenvalue of H���� For example	 ��� C
��x��T are all compactly
supported solutions of the re�nement equation

��x� �

�

 �
�
 �

	
��
x� �

�
� �

 �

	
��
x� ���

where 
��x� denotes the derivative of the delta distribution� It is easy to see
that any solution with S�F � � satis�es S��� F T �T � �� Hence there are
not any compactly supported solution � of the re�nement equation �
� with
����� �� � when r�S� � r�S�� � N because S��s���jsj�����s�ZZd

�
� �	 where

�s is de�ned by ���� for ������ Conversely the dimension of solutions of the
linear equation SF � � with the �rst block zero is N�A�
� d�� ��� r�S�� �
NA�
� d�� r�S� when r�S� � r�S�� �N � �� This proves that there exists a
solution �F � � �Fs� of the linear SF � � with the �rst block nonzero� Let �
be de�ned by ��� with F ��� �

P
s�ZZd

�

�Fs�
s� Then � satis�es the re�nement

equation �
� and ����� � F� �� �� This proves that

Corollary ��� Let S and Sl� be de�ned as above� The necessary and suf	
�cient condition such that there exist compactly supported solutions of the
re�nement equation ��� is that 
l is an eigenvalue of H��� for some nonneg	
ative integer l� Furthermore there exist compactly supported solutions � of
the re�nement equation ��� with ����� �� � if and only if r�S� � r�S���N���

It is easy to see that Sl� is of full rank when 
l� l 
 l� are not eigenvalues
of H���� Thus r�S� � NA�
� d� � � � r�S�� � N � � when 
l� l 
 � are
not eigenvalues of H��� and one is an eigenvalue of H���� Hence under
the assumption 
l� l 
 � are not eigenvalues of H���	 the necessary and

��



su�cient condition such that there exist compactly supported solution � of
the re�nement equation �
� with ����� �� � is that one is an eigenvalue of
H��� � The assertion above was proved by Jiang and Shen ��JS
� for N 
 

and Zhou ��Z
� for N � 
� In particular	 there are considerable literature
concerning the existence and uniqueness of compactly supported solutions of
re�nement equations �see for instance �HC
	 �CDP
	 �H
	 �HSW
	 �LCY
��

The nonhomogeneous re�nement equation in one dimension below is an
important class of nonhomogeneous re�nement equation

��x� � H��
x� �G�x�� ����

where H is an N � N matrix� By elementary property of a matrix	 it can
be written as U��TU 	 where U is nonsingular	 T � diag�E����� � � � � E��l���
and

E��l� �

�BBBB�
�l �
� �l

� � � � � �

� � �l

�CCCCA � � � l � l��

Write U��x� � �����x�
T � � � � � ��l��x�

T �T and UG�x� � � �G��x�
T � � � � � �Gl��x�

T �T �
Then

��l�x� � E��l���l�
x� � �Gl�x�� � � l � l��

Therefore the nonhomogeneous re�nement equation ���� is essentially the
combination of the following type of nonhomogeneous re�nement equations

Type I� ��x� � ���
x� �G�x�� N � ��

Type II� ��x� � E�����
x� �G�x��

By Theorems 
�� and 
��	 we have

Theorem ��	 The nonhomogeneous re�nement equation of type I is solvable
if and only if � �� 
l for all nonnegative integers l or � � 
l and G�l���� � ��
The nonhomogeneous re�nement equation of type II is solvable if and only if
� �� 
l for all nonnegative integer l or � � 
l and G

�l�
� ��� � �� where G��x�

denotes the �rst component of G�x��

��



The nonhomogeneous re�nement equation can be formulated in general
setting� Fix a matrix A with the norms of all eigenvalues strictly larger than
one� Let ZZ� be ZZ or ZZ�� For integrable functions f and g	 the convolution
f � g between f and g is de�ned by

f � g�x� �
Z
IRd

f�x� y�g�y�dy�

The convolution of two compactly supported distributions is understood as
usual� Denote the space of compactly supported distributions by D�� Con�
sider the generalized nonhomogeneous re�nement equation

�n�x� � Hn � �n���Ax� �Gn�x�� n � ZZ�� ����

where all entries of Hn and all components of �n and Gn� n � ZZ� are in a
bounded set of D�� Obviously nonstationary re�nement equation and con�
tinuous re�nement equation are special cases of the generalized nonhomoge�
neous re�nement equation ���� �see �CD
	 �ChS
	 �DR
	 �DM
 and references
therein��

Theorem ��
 Let Gn�x�� Hn�x�� n � ZZ� be in a bounded set of D�� Then
the following are equivalent�


� There exists a solution �n of the generalized nonhomogeneous re�ne	
ment equation �
�� with its components in a bounded set of D��

�� There exists Fn with its components in a bounded set of D� such that

j �Gn���� �Fn��� �Hn���B�� �Fn���B��j � Cj�j� � 	 j�j � �� n � ZZ��

where C is a constant independent of n � ZZ�� B denotes the inverse of
the transfer of A� and 
 is the minimal nonnegative integer such that
kHn���k��B�� � r � � holds for some constant � � r � � and some
norm k � k independent of n � ZZ��

Set

��n����� � �Fn��� �
P�

j
�Hn���B�� � � �Hn�j�B
j��

� �Gn�j�B
j��� �Fn�j�B

j�� �Hn�j���B
j���� �Fn�j���B

j�����

��



Then any solution �n� n � ZZ� of the generalized nonhomogeneous re�nement
equation �
�� can be written as

�n�x� � �n���x� � �n���x��

where �n�� is the inverse Fourier transform of ��n�� and �n�� is a solution of
the corresponding re�nement equation

�n���x� � Hn � �n���Ax��

Theorem 
�� can be proved by the same procedure used in the proof of
Theorem 
��	 we omit the detail here� Similarly we can establish the corre�
sponding results of Theorems 
�� and 
�� to the generalized nonhomogeneous
re�nement equation �����

��



� Regularity

The analysis of the smoothness of compactly supported solution of re�ne�
ment equations is widely studied �for instance see �CDP
	 �CGV
	 �J
	 �Ji
	
�MaS
	 �MS
	 �RS
 and references therein�� In this section	 we divide two sub�
sections to discuss the regularity in Bessel potential spaces and estimate of
Sobolev exponent of the solution of the nonhomogeneous re�nement equa�
tion ���� These estimates can used directly to the regularity estimate of dual
re�nable function at the intersection node of di�erent type of triangles of a
triangulation in �CES
�

��� Time Domain Estimate

For nonnegative integer �	 f � Lp��� � � p � � means that f and f �s�

are p�integrable for all s � ZZd
� with jsj � �� For noninteger � � � and

� � p � �	 Lp�� is de�ned as the complex interpolation space of Lp��� and
Lp��� 	 where ��� �� are nonnegative integers with �� � � � �� �see �BL
�� For
F �x� � �f��x�� � � � � fN�x��

T 	 F � Lp�� is interprated as f�� � � � � fN � Lp���
For � � p � �	 the norm kfkp�� on Lp�� can be de�ned by the Lp norm of

� �f������ j�j������		 where f	 denotes the inverse Fourier transform of f � For
p � 
	 the Bessel potential space L��� is just the usual Sobolev space�

Let
TF �x� �

X
k�ZZd

ckF �
x� k�� �
��

Then the nonhomogeneous re�nement equation ��� can be written as

TF �x� � F �x��G�x��

Write
H�
n���� � � �H��� � 
�nd

X
k�ZZd

cn�ke
�ik�� �
��

Theorem ��� Let � � p � � and � 
 �� Let � be the solution of the
nonhomogeneous re�nement equation �
�� and let G�H and cn�k be as in �
��
��� and ��
� respectively� If G � Lp�� and


�nd
X
k�ZZd

jcn�kj
p � C
��np �

�


�



with 	 � �� then � � Lp���

To prove Theorem ���	 we need a lemma�

Lemma ��� Let T be de�ned by ����� cn�k by ��
� and let F be the vector
of compactly supported p	integrable functions� Then there exists a constant
C dependent only of the support of F such that

kT nFkp � C�
�nd
X
k�ZZd

jcn�kj
p���pkFkp�

Proof� By �
�� and �
��	 we have

T nF �x� �
X
k�ZZd

cn�kF �
nx� k��

Hence by the assumption on F 	 we obtain

jT nF �x�jp � C
X
k�ZZd

jcn�kj
pjF �
nx� k�jp�

Thus
kT nFkp � C�
�nd

X
k�ZZd

jcn�kj
p���pkFkp�

Proof of Theorem ���� By taking � � � in �
��	 we obtain

H���n � 
�n
X
k�ZZd

cn�k�

Hence

kH���nk � 
�n
X
k�ZZd

jcn�kj � C�
X
k�ZZd

jcn�kj
p���p
�dn�p � C
��n�

Thus
��H���� � 
�� � �


�



and 
 � � in Theorem 
��� Therefore we may use zero vector as a solution
of the equation ��� and we obtain by ���

����� �
�X
n
�

H�
���� � � �H�
�n�� �G�
�n���

Hence

��x� �
�X
n
�

T nG�x�� �
��

By �
�� and Lemma ��
	 we have

k�kp �
�X
n
�

kT nGkp

�
�X
n
�

�
�nd
X
k�ZZd

jcn�kj
p���pkGkp

� C
�X
n
�


��nkGkp � CkGkp�

Observe that
�TG���x� � 
TG��x��

Therefore

���x� �
�X
n
�


nT nG��x��

Hence for 	 � �	

k��kp �
�X
n
�


nkT nG�kp � C
�X
n
�


������nkG�kp � CkGkp���

Inductively we can prove that

k�kp�� � CkGkp��

for all nonnegative integers � � 	� This proves the assertion when � is an
integer�

Now we prove the assertion for all � � �� Recall that Lp�� is the complex
interpolation space between Lp��� and Lp��� 	 where �� and �� are integers
and �� � � � ��� Therefore for every G�x� � Lp��	 there exists an analytic
function G�x� z� about z on � � fz � Cjj � � � Re z � �g such that








 G�x� z� is continuous about z on fz � Cjj � � � Re z � �g	


 G�x� �� � G�x�	 where � � �� � ������� � ���	


 kG�x� it�kp��� � CeCjtjkGkp��� 	 t � IR�


 kG�x� � � it�kp��� � CeCjtjkGkp��� 	 t � IR�

Without loss of generality	 we assume that G�x� z� is supported in a �xed
compact set independent of z � �	 otherwise by multiplying a compactly
supported smooth function which takes values � on the support of G�

For F �x� � �f��x�� � � � � fN�x��	 de�ne

TzF �x� �
�X
n
�


�n�������������z�T nF �x�� z � ��

Then

T�G �
�X
n
�

T nG

satis�es the nonhomogeneous re�nement equation ��� by �
��� Furthermore
there exists a constant C such that

kTitFkp��� � CeCjtjkFkp���� 	 t � IR

and
kT��itFkp��� � CeCjtjkFkp���� 	 t � IR�

Set

RzG�x� �
�
�TzG��� z��b ����� � j � j�������������z���

�	
�x��

Then RzG�x� is an analytic function about z on � and continuous on fz� � �
Re z � �g� Furthermore for t � IR we have

kRitGkp � CkTitG��� it�kp��� � CeCjtjkG��� it�kp��� � CeCjtjkGkp���

and

kR��itGkp � CkT��itG��� ��it�kp��� � CeCjtjkG��� ��it�kp��� � CeCjtjkGkp���


�



Thus
kR�Gkp � CkGkp��

by complex interpolation theorem ��BL
�� Hence Theorem 
�� follows from

kR�Gkp � kT�Gkp�� � k�kp���

The condition 	 � � in Theorem ��� cannot be improved in general�

Example ��� Let � be a compactly supported orthonormal wavelet of a mul	
tiresolution and belongs to C�� for some large integer �� �see �D��� Then �
belongs to Lp��� for � � p ��� Let �� be the solution of the nonhomogeneous
re�nement equation

���x� � 
������
x� � ���
x� ��� � ��x��

Then

�n

X
k�ZZ

jcn�kj
p � 
��pn

and

���x� �
�X
j
�


��j
�j��X
k
�

��
jx� k��

For �� � �� by the characterization of Lp���see �D��� k��kp�� is equivalent to

k�
�X
j
�


������j
�j��X
k
�

�������

j � �k�����kp � k

� �X
j
�


������j���������
����

kp�

Hence �� � Lp�� if and only if 	 � ��

We say that ��x� � ����x�� � � � � �N�x��
T � Lp is Lp stable if there exists

constant C such that

C���
X
k�ZZd

jekj
p���p � k

X
k�ZZd

eTk��x�kp � C�
X
k�ZZd

jekj
p���p

holds for all sequence of vectors fek� k � ZZdg �see �JM
��
In the proof of Theorem ���	 we see that ��H���� � 
�� when the symbol

satis�es �

�� Conversely we have


�



Theorem ��� Let H��� be the symbol of the nonhomogeneous re�nement
equation ���� and let ���x� � Lp be compactly supported solutions of the re	
�nement equation ��� with symbol �H��� where j�j � ��H������� If �� is Lp

stable� then �

� holds for 	 � � logj	�H����j
log�

�

Proof� By the Lp stability of ���x�	 there exists a constant C such that

�
nd
Z
IRd

j
X
k�ZZd

cn�k ���

nx� k�jpdx���p 
 C�

X
k�ZZd

kcn�kk
p���p�

Observe that

�
X
k�ZZd

cn�k ���

n � �j��b ���

� H�
���� � � �H�
�n������
�n�� � ��n �������

Thus
�
�nd

X
k�ZZd

kcn�kk
p���p � C���H����
n�

��� Frequency Domain Estimate

For a compactly supported function f 	 the Sobolev exponent sp�f� is de�ned
by

sp�f� � supf��
Z
IRd

j �f���jp�� � j�j�p�d� ��g

for � � p �� and

s��f� � supf�� �f����� � j�j�� is a bounded functiong�

For a vector F �x� � �f��x�� � � � � fN�x��	 sp�F � is interprated as

sp�F � � minfsp�fj�� � � j � Ng�


�



Theorem ��� Let � � p � �� � � r � � and 	 
 �� Let � be the solution
of the nonhomogeneous re�nement equation �
�� G�x� be as in �
� and H be
the symbol of �
�� Assume that

spr�G� 
 	 �
d�r � ��

rp

and there exists a constant C such that for all n 
 ��� Z
j�j��n


kH��� � � �H�
�n��kpr��r���d�
��r����r

� C
�n��p�d�r�� �
��

Then sp��� 
 	�

Proof� By letting n tend to in�nity in ��� and combining ��H���� � �
�see Theorem ��� below�	 we obtain

����� �
�X
n
�

H�
���� � � �H�
�n�� �G�
�n���

Hence it su�ces to prove that for any � � 	 there exist constants C and

 � � such thatZ

IRd
jH��� � � �H�
�n�� �G�
�n��jp�� � j�j�p�d� � C
�n��

Write
�G��n��� �

X
k�ZZd

j �G�� � 
k��jp�� � 
nj� � 
k�j��p�

Then Z
IRd

jH��� � � �H�
�n�� �G�
�n��jp�� � j�j��pd�

�
Z
j�j��n


kH��� � � �H�
�n��kpj �G��n�

�n��jd�

� C
�n��p�d�r�
� Z

j�j��n

j eG��n�


�n��jrd�
���r

� C
��np
� Z

j�j�

j eG��n���j

rd�
���r

� C�

�n�p

� Z
j�j�


j
X
k�ZZd

j bG�� � 
k��jpr�� � 
nj� � 
k�j��pr


�



�� � j� � 
k�j�d�r�����d�
���r

� C�

������np

� Z
IRd

j �G���jrp�� � j�j�rp��d�r�����d�
���r

� C�

�n�����p�

where 
 � �	 � ��r	 the second inequality follows from the assumption on
the symbol H and Holder inequality	 the fourth one holds because ofX

k�ZZd

jekj �
� X
k�ZZd

jekj
r�� � j� � 
k�j�d�r�����

���r
�
� X
k�ZZd

�� � j� � 
k�j��d����r���
��r����r

� C�

� X
k�ZZd

jekj
r�� � j� � 
k�j�d�r�����

���r
�

and the last one follows from the assumption on spr�G��

The assumptions on spr�G� and the symbol H��� in Theorem ��� cannot
be improved in general�

Example ��� Let B�k be the spline of order 
k de�ned by

�B�k��� �

�
sin �

�

	�k

�

Then ��x� � �
�����B�k satis�es the nonhomogeneous re�nement equation

��x� � 
��k����
kX

j
�k

�

k

k � jjj

	
��
x� j� �B�k�x��

Observe that sp�B�k� � s��B�k�� ��p � 
k � ��p� Thus

sp��� � 
k �
�

p
� spr�B�k��

r � �

pr
�

On the other hand�� Z
j�j��n


jH�
���� � � �H�
�n��jpr��r���d�
��r����r

� 
��pn
� Z

j�j��n

j cos�
���� � � � cos�
�n����j�kpr��r���d�

��r����r
� C
��pn�

Therefore the equation ���� holds when � � 
k � ��p� d�r�


�



Example ��	 Let � � � and ��x� be the solution of the nonhomogeneous
re�nement equation

��x� � 
��k����
kX

j
�k

�

k

k � jjj

	
��
x� j� �B�k��x��

By the same procedure as in Example ��
� we have� Z
j�j��n


jH��� � � �H�
�n��jpr��r���
��r����r

d� � C
�n�p�

For j�j � 
n����� we have

����� �
�X
n
�


��n
�

sin �


n sin 
�n�

	�k

�B�k�

�n�	��


 
��n�����
�

sin �


n��� sin 
�n����

	�k

�B�k�

�n�����


 �



�
��k
��n�����

�
sin �


n��� sin 
�n����

	�k


 ��

Therefore Z
�n�
�j�j��n���


j�����jprd�


 �



�
��kpr
���n����pr

Z
j�j��n���


�
sin �


n��� sin 
�n����

	�kpr

d�


 �



�
�
kpr
���n����pr

Z
j�j��n���


�
sin �

�

	�kpr

d�


 C
��n�pr� 	 n� 
 ��

Hence
sp��� � ��

Obviously

spr�B�k� � 
k �
�

p
� � �

d�r � ��

rp

as k is chosen large enough�


�



The condition �
�� is important to the estimate of Sobolev exponent of the
solution of the nonhomogeneous re�nement equation ���� From the proof of
Theorem ���	 we see that the condition �
�� can be replaced by the following
weaker condition� for any 
 � � there exists C� such that� Z

j�j��n

kH��� � � �H�
�n��kpr��r���d�

��r����r
� C�


�n��p�d�r��� �
��

and that the condition spr�G� 
 	 � d�r���
rp

by

X
k�ZZ

j �G�� � 
k��jp�� � j� � 
k�j��p � Lr����� �
�

for all � � 	� There is close relationship between the number 	 in �
�� or
�
�� and the spectral radius of H���� In particular we have

Theorem ��
 If H��� satis�es ���� or ����� then the spectral radius ��H����
satis�es

��H���� � 
���d��rp��

Proof� Let �H��� � ��H������H���� Then �� �H���� � �� By Lemma

�
	 there exists a constant C such that

k �H��� � � � �H�
�n��k � CeCj�j�� � 
�n� n 
 �

where � � 
 � ��
� Hence for j�j � �	 we have

k �H��� � � � �H�
�n��� �H���n��k

�
nX

j
�

k �H��� � � � �H�
�j����kk �H�
�j��� �H���kk �H���n�jk

� C
nX

j
�

�� � 
�jeCj�j�
�jj�j��n� j�C

� CnC j�j�

Thus

kH��� � � �H�
�n��k 
 kH���n��k � CnC��H����n��j�j


 ��H����n����� CnC j�j� 

�



���H����
n��


�



when j�j � �
�
C��n�C � HenceZ

j�j� �

�
C��n�C

kH��� � � �H�
�n��kpr��r���d� 
 C��n�C ���H����
npr��r���

and ��H���� � 
����d��rp�� by �
�� or �
���

We say that compactly supported distributions fj� � � j � N is weakly

stable if the rank of N �� matrix � �fj�� � 
k�����j�N�k�ZZd equals N for all

� � IRd �see �R
�� For compactly supported functions fj � Lp� � � p � �	
weak stability and Lp stability of fj� � � j � N are equivalent to each other
�see �JM
��

Theorem ��� Let H be the symbol of the nonhomogeneous re�nement equa	
tion ���� and let ���x� � ����� � � � � ��N� be compactly supported solution of the
re�nement equation ��� with symbol ���H�������H���� If �� is weakly stable
and spr��r������� 
 �� then �
�� holds for H��� with

	 � �
logj��H����j

log

�

d

rp
�

Proof� Obviously it su�ces to prove that for any 
 � � there exists a
constant C� such thatZ

j�j��n

k �H��� � � � �H�
�n��kpr��r���d� � C�


n��

where �H��� � ��H������H���� By the weak stability of �� and continuity of
������	 there exists a bounded set K of ZZd such that the rank of the matrix

������ � 
k���k�K equals N for � � ���� �
d� Therefore

�
X
k�K

jA����� � 
k��jpr��r�����r�����rp� 
 CkAk

holds for all N �N matrix A� HenceR
j�j��n
 k

�H�
���� � � � �H�
�n��kpr��r���d�

� C
R
j�j��n


P
k�K j �H�
���� � � � �H�
�n��

b���
�n� � 
k��jpr��r���d�

� C
R
j�j��n


P
k�K j

b���� � 
nk��jpr��r���d�

� C
R
j�j�C�n
 j

b�����jpr��r���d� � C�

n��

where the last inequality follows from spr��r������� 
 ��

��



� Biorthogonality

In this section	 we shall discuss the restricted biorthogonality of the solutions
� and e� of the nonhomogeneous re�nement equations�

��x� �
P

k�ZZn� ck��
x� k� �G�x��e��x� � P
k�ZZn� �ck e��
x� k� � eG�x��

�
��

where ��x� � ����x�� � � � � �N�x��
T and e��x� � �����x�� � � � � ��N�x��

T �
We say that the solutions � and e� of the nonhomogeneous re�nement

equation �
�� are restricted biorthogonality or biorthogonal on ZZd� ifZ
IRd

��x� k�e��x� k��Tdx � 
kk�I� 	 k� k� � ZZd� � �
��

The masks fckg and f�ckg of the nonhomogeneous re�nement equation �
��
are said to be discrete biorthogonal if


�d
X

k�ZZd�

ck�c
T
k��l � 
l�I �Gl� 	 l � ZZd�� �
��

where Gl �
R
IRd G�x� l� eG�x�Tdx�

Theorem ��� Let � and e� be compactly supported solutions of ��
�� As	
sume that � and e� are square integrable� and satisfyZ

IRd
��
x� k� eG�x�Tdx �

Z
IRd

e��
x� k�G�x�Tdx � �� 	 k � ZZd� � �
��

Then the mask fckg and f�ckg are discrete biorthogonal when � and e� are
biorthogonal on ZZd�� Conversely if� Z

j�j��n

kH��� � � �H�
�n��k�d�

�
�
� Z

j�j��n

k �H��� � � � �H�
�n��k�d�

�
� �

as n tends to in�nity and the masks fckg and f�ckg are discrete biorthogonal�
then � and e� are biorthogonal on ZZd��

Proof� The assertion of the �rst part follows easily from the nonhomo�
geneous re�nement equations �
�� and the assumptions on � and e��

��



Now we start to prove the assertion of the second part� For n 
 � and
k � ZZd� 	 write

��x� k� �
X
l�ZZd�

ckn�l��

nx� l� �

n��X
j
�

X
l�ZZd�

dkj�lG�
jx� l�

and e��x� k� �
X
l�ZZd�

�ckn�l
e��
nx� l� �

n��X
j
�

X
l�ZZd�

�dkj�l
eG�
jx� l��

Then ck��l � cl��k and ckn�l �
P

l��ZZd� ckn���l�cl��l� by induction� ThusX
l�ZZd�

ckn�le
�il� � 
ndH�
n���� � � �H���e�i�

nk��

By the discrete orthogonality of the masks fckg and f�ckg and by the assump�
tions on � and e�	 we obtainZ

IRd
��x� k�e��x� k��Tdx� 
kk�I

�
X

l�l��ZZd�

ckn�l�
Z
IRd

��
nx� l�e��
nx� l��Tdx� 
�nd
ll�I���c
k�

n�l��
T �

Therefore

k
Z
IRd

��x� k�e��x� k��Tdx� 
kk�Ik

�
X

l�l��ZZd�

kckn�lkk
Z
IRd

��
nx� l�e��
nx� l��Tdx� 
�nd
ll�Ikk�c
k�

n�l�k

�
� X
l�l��ZZd�

kckn�lk
�k
Z
IRd

��
nx� l�e��
nx� l��Tdx� 
�nd
ll�Ik
����

�

� X
l�l��ZZd�

k�ck
�

n�l�k
�k
Z
IRd

��
nx� l�e��
nx� l��Tdx� 
�nd
ll�Ik
����

� C
�nd
� X
l�ZZd�

kckn�lk
�
����

�
� X
l��ZZd�

k�ck
�

n�l�k
�
����

� C
�nd�
Z
j�j�


k
X
l�ZZd�

ckn�le
�il�k�d����� � �

Z
j�j�


k
X

l��ZZd�

�ck
�

n�l�e
�il��k�d�����

� C
� Z

j�j��n��

kH��� � � �H�
�n����k�d�

����� Z
j�j��n��


k �H��� � � � �H�
�n����k�d�
����

� �� as n���

�




where the third inequality follows

k
Z
IRd

��x� l�e��x� l��Tdx� 
ll�Ik �

�
C� when jl � l�j � C�
�� otherwise�

where C is a constant independent of l and l� � ZZd� �

By the proof of Theorem ���	 we have

Theorem ��� Let �� ��� G and �G as in ��
�� IfZ
IRd

G�
nx�k� �G�x�Tdx �
Z
IRd

G�x� �G�
nx�k�Tdx � �� 	 k � ZZd� � n 
 ��

����
and� Z

j�j��n

kH��� � � �H�
�n��k�d�

�
�
� Z

j�j��n

k �H��� � � � �H�
�n��k�d�

�
� �

as n tends to in�nity� then ���� holds�

The conditions �
�� and ���� on G and �G seems not easy to check in gen�
eral	 but practical in some applications such as the construction of biorthog�
onal wavelet basis on non�uniform grid�see �CES
��

When G and �G are linear combinations of integer translates of solutions
of re�nement equations	 the condition ���� and the restricted biorthogonality
can be formulated in simple form�

Example ��� Let ��x� � ����x�� � � � � �N�
�x��T and e��x� � � ����x�� � � � � ��N�

�x��T

be the compactly supported solutions of the re�nement equation

��x� �
X
k�ZZd

ek��
x� k� ����

and e��x� �
X
k�ZZd

�ek e��
x� k�� ��
�

Assume that � and e� are biorthogonal on ZZd� i�e��Z
IRd

��x� k� e��x� k��Tdx � 
kk�� 	 k� k� � ZZd� ����

��



Then

�d

X
k�ZZd

ek�e
T
k��l � 
l�I� ����

Let E��� and eE��� be the symbol of the re�nement equation ��
� and ����
respectively� Then we can write ���� as

X

�f���gd

E�� � ��� eE�� � ���
T
� I� ����

Assume that G and �G in the nonhomogeneous re�nement equations ��
� are
linear combinations of ��
x� k� and e��
x� k� respectively� In other words
there exists a family of matrices dk and �dk such that

G�x� �
X
k�ZZd

dk��
x� k� ����

and
�G�x� �

X
k�ZZd

�dk e��
x� k�� ����

By computation and ����� we obtainZ
IRd

G�x� l� eG�x� l��dx �
X
k�ZZd

dk��l �d
T
k��l��

Thus the discrete biorthogonality ���� of the mask fckg and f�ckg of the non	
homogeneous re�nement equation ��
� with G and eG in ��
� and ���� reduces
to


�d
X

k�ZZd�

ck�c
T
k��l � 
l� � 
�d

X
k�ZZd

dk �d
T
k��l� 	 l � ZZd� � ����

Set
D��� � 
�d

X
k�ZZd

dke
�ik�

and fD��� � 
�d
X
k�ZZd

�dke
�ik��

��



Then the equation ����� or the discrete biorthogonality ����� can be written
as

I � ��d�d
�
Z
��
�
�d�d�

X

�f���gd�

D��� � ��� ��fD��� � ��� ��
T

d�

� 
d�d
� X

�f���gd�

H��� � ���fH��� � ���
T

� 	 �� � IRd� � ����

Observe thatZ
IRd

G�
nx� k� eG�x�Tdx

�
X

k��l�ZZd

dk���k

Z
IRd

��
n��x� k�� e��
x� l�T �dTl dx

�
X

k��l�l��ZZd

dk���k

Z
IRd

��
n��x� k�� e��
n��x� l��T �cln�l��
T �dTl dx�

where e��x � l� �
P

l��ZZd cln�l�
e��
nx � l��� Then the equation ���� can be

rewritten asR
��
�
�d�d�

X

�f���gd�

D��� � ��� �� �E��� � ��� ��
T

�E�
��� 
��
T
� � � �E�
n����� 
n����

T
�D�
n��� 
n��

T
d� � � ����

and R
��
�
�d�d�

X

�f���gd�

D�
n��� 
n��E�
n����� 
n���� � � �E�
��� 
��

E��� � ��� �� �D��� � ��� ��
T
d� � �� 	 n 
 �� ����

Obviously the equations ���� and ��
� hold when

X

�f���gd� �
��f���gd�d�

D��� � ��� � � ���� �E��� � ��� � � ����
T
� � ��
�

and X

�f���gd� �
��f���gd�d�

E��� � ��� � � ���� �D��� � ��� � � ����
T
� �� ����

��



When d � d�� the equation ����� ����� ���� and ���� is equivalent to

X

�f���gd

�
H�� � ��� D�� � ���

� E�� � ���

	� fH�� � ��� fD�� � ���

� eE�� � ���

	T
� I� ����

This is the necessary condition of biorthogonality of re�nable vectors ��T ��T �T

and �e�T � e�T �T �see �CDP�� �HSW�� �LCY� and references therein�� Obviously
the conditions ����	��
� is strictly weaker than the necessary condition ����
to the biorthogonality of re�nable vectors ��T ��T �T and �e�T � e�T �T when
d� � d�

��



� Examples

In this section	 we shall construct a new class of biorthogonal wavelets on
a non�uniform grid on the line by modifying cardinal re�nable functions on
uniform grid	 consider its unit decomposition	 regularity and characteriza�
tion of Sobolev spaces� Also we construct re�nable functions with arbitrary
regularity on any non�uniform grids of semi�regular case�

First we recall the construction of biorthogonal wavelet basis on the uni�
form grid �see �CDF
 and references therein�� Let � be the solution the
re�nement equation

��x� �
�N���X

k
��N���

ck��
x� k� ����

with c�k � 
k� and ck � c�k� jkj � 
N� � �� Assume that � be square
integrable and cardinal	 which means

��k� � 
k�� 	k � ZZ�

and satisfy
R
IR ��x�dx � �� Then � is symmetric about the origin and the

mask ck��
N� � � � k � 
N� � � satis�es
PN�

k
� c�k�� � ��
�
Set �n�k�x� � ��
nx � k�� Then �n�k� k � ZZ is linear combination of

�n���l� l � ZZ	
�n�k �

X
l�ZZ

cl��k�n���l� ����

Let Vn be the closed subspace of L� spanned by �n�k� k � ZZ� Then

Vn � Vn��� 	 n � ZZ

by ����� De�ne operators Pn�� by

Pn���f��x� �
X
k�ZZ

f�
�nk��n�k�x��

Recall that � is cardinal� Then

Pn��f�x� � f�x�� 	 f � Vn�

De�ne Qn��f�x� � Pn����f�x�� Pn��f�x�� Then

Qn��f�x� �
X
k�ZZ

�
f�
�n���
k � ����

X
l�ZZ

c�k����lf�

�nl�

�
�n����k���x��

��



Obviously Qn��f is not well�de�ned for square integrable function f � So Qn��

is not appropriately used to characterize L� or Sobolev spaces�
Let �� be the solution of another re�nement equation

���x� �
N�X

k
�N�

�ck ���
x� k�� ����

with �ck � �c�k� Furthermore we assume that �� is square integrable and
satis�es

R
IR

���x�dx � �	 and that � and �� are biorthogonal	 i�e�	Z
IR
��x� k����x� k��dx � 
kk�� 	 k� k� � ZZ�

Then X
k�ZZ

ck�ck��l � 

l�� ����

Let H and �H be the symbol of the re�nement equation ���� and ���� respec�
tively� Then we may write ���� as

H��� �H��� �H�� � �� �H�� � �� � �� ����

Furthermore there exists a trigonomometric polynomial d��� such that
�������

�H��� � � � d���H�� � ���
d��� � d�����
d��� � d�� � �� � ��
d��� � �d��� � ��

����

Set ��n�k�x� � 
n ���
nx� k�� De�ne operators Pn�� by

Pn��f�x� �
X
k�ZZ

�n�k�x�
Z
IR
f�y���n�k�y�dy�

Then by the biorthogonality of � and ��	 we have

Pn��f�x� � f�x�� 	 f � Vn�

Set
��x� �

X
k�ZZ

�ck����
k��
x� �� k�

��



and
���x� �

X
k�ZZ

ck����
k ���
x� �� k�

De�ne Qn�� � Pn���� � Pn��� By computation	 we have

Qn��f�x� �
X
k�ZZ

�n�k�x�
Z
IR
f�y� ��n�k�y�dy

where �n�k�x� � ��
nx � k� and ��n�k�x� � 
n ���
nx � k�� Obviously Qn��f
is well de�ned for square integrable function f � Furthermore we can use
operators Qn�� to characterize L� and certain type of Besov spaces� In fact

the L� norm of
�P

n�� jQn��f���j
� � jP���f���j

�
����

is equivalent to the one of

f when � and �� � L��� for some 	 � ��

Now we restrict ourselves to consider the construction of biorthogonal
wavelets on the following simple non�uniform grid� the length of the grid of
scale n at left side of the origin is 
�nb and the one of the right hand side
is 
�na	 where a �� b� The construction of biorthogonal wavelets on non�
uniform initial grid with uniform dyadic subdivision will be given in Remark
����

First we modify the primal re�nable function �n�k on the uniform grid
with grid length � to the one on the non�uniform grid above� Set

�newn�k �x� �

�
��
nb��x� k�� x � ��
��
na��x� k�� x 
 ��

Then by ���� �newn�k satis�es the re�nement equation

�newn�k �x� �
X
l�ZZ

cl��k�
new
n���l�x�� ����

By the unit decomposition � �
P

k�ZZ �n�k�x� for �n�k	 we obtain the unit
decomposition

� �
X
k�ZZ

�newn�k �x�

for �newn�k �

��



A lazy method to construct dual re�nable function ��lazyn�k is to set

��lazyn�k �x� �

�

nb�� ���
nb��x� k�� x � ��


na�� ���
na��x� k�� x 
 ��

Then
��lazyn�k �x� �

�




X
l�ZZ

�cl��k ��
lazy
n���l�x�� 	 n 
 �� k � ZZ

and Z
IR
�newn�k �x�

��lazyj�k� �x�dx � 
kk��

In wavelet approximation	 the unit decomposition is very important� But in
this case the unit decomposition does not hold for ��lazyn�k �

De�ne

L�x� �

�
a��x� x 
 ��
b��x� x 
 ��

Then �newn�k �x� � �n�k�L�x�� and �lazyn�k �x� � jL��x�j�� ��n�k�L�x��� This shows

that ��lazyj�k is constructed by using the Lipschitz transform L from the non�
uniform grid above to the uniform grid with length �� The Lipschitz trans�
form above doesn�t always exist for the domain decomposition in high di�
mensions	 such as triangulation of bounded polygon� This inspires us to
construct new type of biorthogonal wavelet basis� Here we use the lifting
scheme in �SS�
 to construct new class of biorthogonal wavelets and �nd that
the dual re�nable function at the intersection of di�erent type of grid satis�es
a nonhomogeneous re�nment equation of the form

��x� � ��
x� �G�x��

For the construction of dual re�nable functions	 we de�ne dl���� l � ZZ at
�rst�


 For l 
 N		 we use d��� in ���� as dl����


 For 
N� � � � l � N		 dl��� �
P

k�ZZ dl�ke
ik� are chosen that dl��� �

dl��� �� � �	 deg�dl � N	� 
N��� 	 � 
 deg�dl 
 �l�
N��
 andP
l��N��� dl�j��l � � when j 
 �N��� is odd	 where deg�P and deg�P

denote the upper and lower degree of a trigonometric polynomial P
respectively�

��




 For � � l � 
N�	 dl��� is chosen as ��


 For l � �	 d���� is de�ned by

d���� �
�N�X
k
�

�d���k��e
i��k���� � d����k��e

�i��k������

where

d���k�� � 
�b� a����a
Z �

��k��
��x�dx � b

Z ��k��

��
��x�dx�

and

d����k�� � 
�b� a����a
Z �

�k��
��x�dx� b

Z �k��

��
��x�dx�� � � k � 
N��


 For l � �	 we set dl��� � d�l�����

Write
dl��� �

X
k�ZZ

dl�ke
ik�

and
�Hl��� � � � dl���H�� � �� �

X
k�ZZ

�hl�ke
ik�� l � ZZ�

Then
�hl�k � 
k� �

�




X
s�ZZ

dl�sck�s����
k�s ��
�

and
�hl�k � � ����

when k � �l and l � � or when k 
 l and l � ��
Let ��newn�k be the solution of the re�nement equation

��newn�k �x� �
�




X
l�ZZ

�hk�l��k ��
new
n���l�x� ����

with

��newn�k �x� �

�

nb�� ���
nb��x� k�� when k � �N	�


na�� ���
na��x� k�� when k 
 N	�
����

��



Then ��newn�k is linear combination of ��newn���l with jlj 
 jkj � � when k �� �

by ���� and ����� Thus there exists an integer N
 such that ��newn�k is linear

combination of ��newn�N��l
with jlj 
 N	 when k �� �� Hence ��newn�k � k �� � is

well�de�ned for k �� � and satis�es the re�nement equation ����
By ��
�	 the symmetry of � and

PN�

k
� c�k�� �
�
�
	 we obtain

�h��� � � �
�




�N�X
k
�

�d���k��c��k������
��k�� � d����k��c�k������

�k���

� ��
�




�N�X
k
�

c�k���d���k�� � d����k��� �
�



�

Thus
��newn�� �x� �

�



��newn�����x� �Gn�x�� ����

where Gn�x� �
P

l 

�
�h��l ��

new
n���l�x�� Observe that ��newn���� is the corresponding

function of ��newn�� of level n with corresponding initial grid lengths b�
 and

a�
� Thus ��newn�����x� � 
��newn�� �
x� and ��newn�� satis�es the nonhomogeneous
re�nement equation

��newn�� �x� �
��newn�� �
x� �Gn�x��

By Theorem 
�� and Theorem ���	 the nonhomogeneous re�nement equation
above is solvable in L� when Gn � L��� for some 	 � �� Furthermore ��newn�� �x�

belongs to L��min�������
� for any � � � and for any � � � � min�	� ��
� there
exists a constant C such that

k��newn�k kL��� � C
n�������

when ���x� � L���� This completes the construction of dual re�nable function
��newn�k � For ��newn�k 	 we have the biorthogonality with �newn�k �Proposition ����	
the unit decomposition �Proposition ����	 regularity �Proposition ���� and
the characterization of Sobolev spaces �Theorem ����� To our surprise	 the
regularity of ��newn�k is the same as ��� This shows that our construction is better

than the one by lazy method	 where ��lazyn�k is not continuous even if �� is for
really non�uniform grid�

�




Proposition ��� Let ��newn�k be de�ned by ���� and ����� Then we haveZ
IR
�newn�k �x�

��newn�k� �x�dx � 
kk�� 	 k� k� � ZZ� ����

Proof By ��
�	 we have

X
l�ZZ

cl��k�hk��l��k� �
X
l�ZZ

cl��k
l��k���
�




X
s odd

dk��s�
X
l�ZZ

cl��kcl��k��s����
l�s� � 
k�k��

For m 
 �	 by ���� and ���� we may write

�newn�k �
X
l�ZZ

ckm�l�
new
n�m�l�

and
��newn�k �

X
l�ZZ

�ckm�l
��newn�m�l�

Then ckm�l �
P

s�ZZ c
k
m���scl��s and �ckm�l� �

P
s��ZZ �ckm���s�

�hs��l���s�� By induction	
we have X

l�ZZ

ckm�l�c
k�

m�l � 
kk�

and Z
IR
�newn�k �x�

��newn�k� �x�dx� 
kk�

�
X
l�l��ZZ

ckm�l�c
k�

m�l��
Z
IR
�newn�m�l�x�

��newn�m�l��x�dx� 
ll��� ����

By the biorthogonality of � and �� and the de�nition ��newn�k� for jk
�j 
 N		 we

have Z
IR
�newn�k �x�

��newn�k� �x�dx � 
kk�� 	 jk�j 
 N	�

Recall that for k� �� �	 ��newn�k� is linear combination of ��newn�N��l with jlj 
 N	�
Then by letting m � N
 in ����	 we obtainZ

IR
�newn�k �x�

��newn�k� �x�dx � 
kk�� 	 � � jk�j � N	�

��



For k� � �	 we have

j
Z
IR
�newn�k �x�

��newn�� �x�dx� 
k�j

� j
X
l�ZZ

ckm�l�c
�
m��

� Z
IR
�newn�m�l�x�

��newn�m���x�dx� 
l�
�
j

� 
�mj
Z
IR
�newn�k �x�

��newn�m���x�dx�
Z
IR
�n�k�x���n�m���x�dxj

� 
�m��
�
k�newn�k k�k��

new
n�� k� � k�n�kk�k��n��k�

�
� �� as m���

where the equality holds because of �cm�� � 
�m andZ
IR
�n�k�x���n�m���x�dx �

X
l�ZZ

ckm�l

Z
IR
�n�m�l�x���n�m���x�dx � ckm���

Hence Z
IR
�newn�k �x�

��newn�k� �x�dx � 
kk�

and Proposition ��� is proved�

Proposition ��� Let ��newn�k be de�ned by ���� and ����� Then ��newn�k satis�es
the normalized condition Z

IR
��newn�k �x�dx � �� ����

Proof For k �� �	 we prove the assertion ���� by induction� By the
de�nition of ��newn�k for k 
 N		 the equality holds for k 
 N	� Inductively we
assume that ���� holds for all k 
 k� 
 
� Recall that

��newn�k��� �
X
l�k�

�hk����l��k���
��newn���l

and
P

l�k�
�hk����l��k��� � �Hk������ � �� Then ���� holds for k � k���� This

proves the assertion for k 
 �� By the same procedure as above	 we may
prove the assertion for k � ���

By ����	 we haveZ
IR

��newn�� �x�dx �
Z
IR

��newn�� �
x�dx�
X
l 

�

�h��l

�
�




Z
IR

��newn�� �x�dx �
�



�

��



This proves the assertion for k � ��

De�ne wavelets �new
n�k and ��new

n�k by�
�new
n�k � 
�newn����k�� �

P
s�ZZ ds��k���s�

new
n�s �

��new
n�k � �

�

P
l�ZZ����

l��c�k���l
��newn���l�

����

Then we have

Proposition ��� Let ��newn�k �
��new
n�k and �new

n�k be de�ned by ����� ���� and �
���
Then Z

IR
�newn�k �x�

��new
n�k� �x�dx �

Z
IR
�new
n�k �x���newn�k� �x�dx � �� 	 k� k� � ZZ

and Z
IR
�new
n�k �x� ��new

n�k� �x�dx � 
kk�� 	 k� k� � ZZ�

Proof By Proposition ��� and ����	 we haveZ
IR
�newn�k �x�

��new
n�k� �x�dx

�
�




X
l�l��ZZ

cl��k����
l���c�k����l�

Z
IR
�newn���l�x�

��newn���l��x�dx

�
�




X
l�ZZ

cl��k����
l��c�k����l � ��

and by ����Z
IR
�new
n�k �x���newn�k� �x�dx

�
X
l�ZZ

�


l��k��� �

X
s�ZZ

ds��k����scl��s
�
�
�

l��k�� �

�




X
t�ZZ

dk��tcl��k��t����
l�t
�

�
X
t odd

dk��tc�k����k��t �
X
s�ZZ

ds��k����sc�k���s

�
�




X
s�ZZ� t odd

ds��k����sdk��t�
X
l�ZZ

cl��scl��k��t����
l�t�

� dk���k����k� � dk���k����k� � � � ��

��



Similarly by ���� and Proposition ���	 we obtainZ
IR
�new
n�k �x� ��new

n�k� �x�dx

�
X
l�ZZ

�


l��k��� �

X
s�ZZ

ds��k����scl��s
�
�
�



�����l��c�k����l

� 
kk� �
�




X
s�ZZ

ds��k����s�
X
l�ZZ

����l��cl��sc�k����l� � 
kk��

Proposition ��� Let ��new
n�k and �new

n�k be de�ned by �
��� ThenZ
IR

��new
n�k �x�dx � �

and Z
IR
�new
n�k �x�dx � ��

Proof Obviously the �rst assertion follows from ����	 Proposition ��

and

P
k�ZZ c�k�� �

P
k�ZZ c�k � ��

By ���� andZ
IR
�newn�k �x�dx � 
�nb

Z ��k��

��
��x�dx� 
�na

Z �

��k��
��x�dx�

we haveZ
IR
�new
n�k �x�dx

� 
�nbak � 
�na��� ak�� d���k��

�n���b � a�

�
�n
�X

s
�N���

�bds��k����s � ads���k����s��

�


���


�na� 
�na

P�
s
�N��� ds��k����s� k 
 
N� � �


�nbak � 
�na��� ak�� d���k��

�n���b� a�� �
N� � � � k � 
N��


�nb� 
�nb
P�

s
�N��� ds���k����s� k � �
N� � 
�

� ��

where ak �
R��k��
�� ��x�dx� This completes the proof�

��



By computation	 we get

X
k�ZZ

cl��k�
l���k� �
�




X
s�ZZ

dk�scl���k�s����
l��s� �

X
k�ZZ

����l
���c�k���l �

�

l��k��� �
X
s�ZZ

ds��k����scl��s� � 
ll�� 	 l� l� � ZZ�

Thus we have the reconstruction formula�

Proposition ��� Let ��newn�k be de�ned by ���� and ����� and let ��new
n�k and

�new
n�k be de�ned by �
��� Then we have the reconstruction formula

�newn���l �
X
k�ZZ

�
l��k� �
�




X
s�ZZ

dk�scl��k�s����
l�s��newn�k �

X
k�ZZ

����l��c�k���l�
new
n�k

and

��newn���l �
X
k�ZZ

cl��k ��
new
n�k �

X
k�ZZ

�

l��k��� �
X
s�ZZ

ds��k����scl��s� ��
new
n�k �

Let V new
n be the closed subspace of L� spanned by �newn�k � k � ZZ and �V new

n

be the closed subspace of L� spanned by ��newn�k � k � ZZ� Then

V new
n � V new

n��

and
�V new
n � �V new

n��

by ���� and ����� De�ne

P new
n f�x� �

X
k�ZZ

�newn�k �x�
Z
IR
f�y���newn�k �y�dy

and
�P new
n f�x� �

X
k�ZZ

��newn�k �x�
Z
IR
f�y��newn�k �y�dy�

Then by Proposition ���	 we have

P new
n f�x� � f�x�� 	 f � V new

n

��



and
�P new
n f�x� � f�x�� 	 f � �V new

n �

By Propositions ���	 ��� and ���	 we have

P new
n P new

n�� � P new
n

and
�P new
n

�P new
n�� � �P new

n �

Let W new
n and �W new

n be the orthogonal complement of V new
n in V new

n�� and
�V new
n in �V new

n�� respectively� Set

Qnew
n f�x� �

X
k�ZZ

�new
n�k �x�

Z
IR
f�y� ��new

n�k �y�dy

and
�Qnew
n f�x� �

X
k�ZZ

��new
n�k �x�

Z
IR
f�y��new

n�k �y�dy�

Then
Qnew
n f�x� � f�x�� 	 f � W new

n

and
�Qnew
n f�x� � f�x�� 	 f � �W new

n �

Furthermore
P new
n�� � P new

n � Qnew
n ����

and
�P new
n�� � �P new

n � �Qnew
n ��
�

by Proposition ����
Observe that �P new

n ���x� � � �P new
n ���x� � � when 
�nN	 � jxj �� �� Then

by ����	 ��
� and Proposition ��� we have

Proposition ��� Let P new
n and �P new

n be de�ned above� Then we have the
unit decomposition

P new
n � � �

and
�P new
n � � ��

��



Proposition ��	 Let 	 � � and �� � L���� Then for any � � 	 there exists
a constant C such that

k��newn�k k��� � C
n�������k��k����

Proof The assertion for k �� � follows from the fact that ��newn�k is �nitely

combination of 
n�N� ���
n�N� ��k� with jkj 
 N	 by the construction of ��newn�k �
For k � �	 we have

��newn�� � ��

b

a � b

X
k��

��newn�k �

a

a� b

X
k��

��newn�k

by Proposition ���� Thus the assertion holds for k � ��

Obviously P new
n f and �P new

n f is well�de�ned for locally square integrable
function f � Then by the procedure in �Da
	 we have the following character�
ization of L����

Theorem ��
 Let � � L���� and �� � L���� with 	�� 	� � �� Let P new
n � Qnew

n

and �P new
n � �Qnew

n be de�ned as above� Then

kfk��� � k
�X
n��


�n�jQnew
n f j�

����
k� � kP new

� fk�� �	� � 	 � min�	�� ��
�

and

kfk��� � k
�X
n��


�n�j �Qnew
n f j�

����
k� � k �P new

� fk�� �min�	�� ��
� � 	 � 	��

where A � B means there exists an absolute constant C such that C��A �
B � CA�

Remark ��� Let fxkg be initial nodes on the line such that xk � xk���
limk��� xk � ��� limk��� xk � �� and

� � max
k�ZZ

jxk�� � xkj 
 min
k�ZZ

jxk�� � xkj � ��

��



De�ne the nodes x
�n�
k of scale n 
 � by x

�n�
�k � x

�n���
k and x

�n�
�k�� � �x

�n���
k �

x
�n���
k�� ��
� where x

���
k � xk� Set

Ln�x� �
x� x

�n�
k

x
�n�
k�� � x

�n�
k

� k� x � �x
�n�
k � x

�n�
k��
�

The grid above is appeared in �W� and is classi�ed as non	uniform grid of
semi	regular case in �DGS��

Then 
Ln�x� � Ln���x�� De�ne the primal re�nable function �New
n�k on

the knot x
�n�
k by

�New
n�k �x� � ��Ln�x�� k��

Then
�New
n�k �

X
l�ZZ

cl��k�
New
n���l�

By the same procedure as the one in the construction of dual re�nable func	
tions ��newn�k and wavelets ��new

n�k � we may construct dual re�nable functions ��New
n�k

and wavelets ��New
n�k such that ��New

n�k and ��New
n�k uniformly in L��min�������
� when

�� � L��� and the support ��New
n�k and ��New

n�k is contained in a interval with cen	

ter x
�n�
k and length less than C
�n for some constant C independent of n and

k� Furthermore Propositions ��
	��
 and Theorem ��� hold when �newn�k � �
new
n�k �

��newn�k and ��new
n�k are replaced by �New

n�k � �New
n�k � ��New

n�k and ��New
n�k respectively�

Remark ���� Let h be the hat function de�ned by

h�x� �

�
�� jxj� x � ���� �
�
�� otherwise�

For any 	 � �� by the construction in �D�� there exists a compactly supported
re�nable function �� � L��� such thatZ

IR
h�x����x� k�dx � 
k� 	 k � ZZ�

Then by our construction above� we may construct re�nable functions ��New
n�k �

L��� on any non	uniform grids of semi	regular case such thatZ
IR
hNew
n�k �x���New

n�k �x�dx � 
kk�� 	 k� k� � ZZ�

This completes the construction of compactly supported re�nable functions
with arbitrary regularity on any non	uniform grids of semi	regular case�

��
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