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ABSTRACT. We consider convolution sampling and reconstruction
of signals in certain reproducing kernel subspaces of LP,1 < p <
oo. We show that signals in those subspaces could be stably re-
constructed from their convolution samples taken on a relatively-
separated set with small gap. Exponential convergence and error
estimates are established for the iterative approximation-projection
reconstruction algorithm.

1. INTRODUCTION

In this paper, we consider convolution sampling of signals in a re-
producing kernel subspace of L? := LP(R%),1 < p < co. Here LP,1 <
p < 00, is the space of all p-integrable functions on the d-dimensional
Euclidean space with its standard norm denoted by || - ||,

Convoluting a signal f € LP with an integrable convolutor ¢, the
continuous analog of filtering a digital signal, gives

vefim [ Fu -y

For given convolutor 1 and sampling set I' C R¢, the associated con-
volution sampling of a signal f yields the data {f * ¢(v)},er. This is
the ideal sampling of the convoluted signal ¢ % f taken on a sampling
set I,

convoluting sampling
FUESTE fagp TS {f =¥ (y) }rer-
In this paper, a sampling set I' means a relatively-separated discrete

subset of R%: i.e.,

(1.1) Br(0) := sup ZX[,(;’(;]J(:E — ) < oofor some ¢ > 0,

d
zeR ~eD

where x g is the characteristic function on a set E [2, 4, 5].
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An idempotent operator T on LP is a bounded linear operator 1" on
LP that satisfies

(1.2) T?f=Tf forall fcLP.

The reproducing kernel subspace V,, of L? for our signals to live in is
the range space of an idempotent integral operator T,

(1.3) V,:={Tf| feLl},

whose kernel K has certain regularity and decay at infinity [13]. Par-
ticularly, we assume that the kernel K of the integral operator T',

Tf@)= | K@y)f(ydy, feL?,
R
satisfies
(1L4)  max (sup Kz, ) lw, sup K p)lw) < oo
z€R4 yeRd
and
(1.5)  limmasx (‘sup |oos(K) (2, ) lwr, sup s (), )l ) = 0.
6—=0 zeRd yeRd
Here
) W =L W= s JfC+ 2, < oo
2€[—1/2,1/2)d
is the Wiener amalgam space, and
(1.7) ws(K)(x,y) = sup |K(x+21,y+ 22) — K(z,y)|.
21,22€[—6,6]4

is the modulus of continuity of a kernel function K on R% x R,

We recall that the range space V, in (1.3) is a reproducing kernel
space [13]. Here a closed subspace V of LP is a reproducing kernel
subspace of LP such that supgsey | f(2)]/[|fll, < oo for all z € R?
6, 14]. Examples of reproducing kernel subspace V,, of L? include the
space of non-uniform splines of order n having n — 1 continuity at
each knot [15, 26], the shift-invariant space generated by finitely many
functions with certain regularity and decay at infinity [2, 25|, and the
space modeling signals with finite rate of innovation [7, 20, 23].

In this paper, we study the convolution sampling of signals in the
reproducing kernel space V,, on a sampling set I" with small gap (Theo-
rems 2.1 and 2.2), and the exponential convergence and error estimates
of the iterative approximation-projection algorithm for reconstructing
signals from their convolution samples (Theorems 3.1, 4.1 and 4.2).
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2. STABILITY OF CONVOLUTION SAMPLING

In this section, we study stability of the convolution sampling for
signals in a reproducing kernel subspace of L. We show that any sig-
nal in the reproducing kernel subspace V,, can be stably reconstructed
from its convolution samples taken on a sampling set with small gap,
provided that the convolution is stable on V.

To state our main result of this section, we recall the gap of a sam-
pling set and the space of all p-summable sequences. A sampling set I"
is said to have gap 6 > 0 if

(2.1) = inf ZX[ sed(r —7) >1

zcRd
vyel

([2, 4, 5]). The space of all p-summable sequences on a sampling set T’
is denoted by 7 := (P(I") with its standard norm by || - ||y (or || - ||,
for short).

Theorem 2.1. Let 1 < p < 00,91, --- ,¢r be integrable functions on
R, V, be the reproducing kernel subspace of LP in (1.3) with the kernel
K of the associated idempotent operator satisfying (1.4) and (1.5), and
set W= (1, -+ ,¢r)T. Then the following statements are equivalent:

(i) ¥ is a stable convolution sampler on V,, for all sampling sets
having sufficiently small gap; i.e., there exists 69 > 0 such that

L L
0< inf ZIZI H (77Z)l * f(IY))fyGFHp < su Zl:l || (77Z)l * f(’Y))'VGF”p
0£fEV, 1l T 0£feV, £l
holds for any sampling set T' satisfying 1 < Ap(0) < Br(d) < oo
for some 6 € (0,0).

(ii) ¥ is a stable convolutor on V,; i.e.,

(22) 0< inf _1Z|\wl*gup sup Zsz*ng< 0.

g€V, llgllp 9€Vpllgllp=1"124

We remark that the above equivalence between a stable convolutor
on V, and a stable convolution sampler on V, for sampling sets with
sufficiently small gap is established in [4] provided that V), is assumed
to be a finitely-generated shift-invariant space. The readers may refer

o2, 3, 4,5, 8,12, 19, 20, 23, 24, 25, 27, 28, 29, 30] and references
therein for sampling and reconstruction of signals in a shift-invariant
space and in a reproducing kernel space.

Let V be a closed subspace of LP, and Ry, ..., R; be bounded oper-
ators on LP,1 < p < oo. We say that Ry, ..., Ry are collectively stable
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on V if
2.3 inf R Sup R o,
23 gEVIIng—l Z I1Rigly < Viiglh=1 ZX; [1Rigllp
and that Ry, ..., R are stable average samplers on V for sampling sets

having small gap if there exists a sufficiently small positive number gy
such that
(2.4)

inf Z | (Rig (v 'yEFHp sup Z | (Rug(v 'yeFHp < o0

ev,
g lgllp= 9€Villgllp=1 =7

for any samphng set I' with 1 < Ap(0) < Br(d) < oo where § €
(0,9p). In this section, we will prove the following slight generalization
of Theorem 2.1.

Theorem 2.2. Let 1 < p < o0, V be a closed subspace of LP, and let
Ry, ..., Ry beintegral operators with their kernels Ky, ..., Ky, satisfying

(25)  max ((sup K@, ) ws, sup [ Kil-,y) s ) < o0
z€RL yeR
and
(2.6)
lim maux ( sup [lws (K)(, ), sup lws(K) () lwr ) =0, 1 <1< L
60 z€R? yeRd
Then integral operators Ry, ..., Ry are collectively stable on V if and

only if they are stable average samplers on V' for all sampling sets
having sufficiently small gap.

For a moment, we assume that Theorem 2.2 holds and proceed the
proof of Theorem 2.1.

Proof of Theorem 2.1. Given integrable functions vy, ...,1 and a re-
producing kernel subspace of LP with the kernel K of the associated
idempotent operator satisfying (1.4) and (1.5), we let

Ki(xz,y) = W (2)K(x — z,y)dz
Rd
and define
(2.7) Rif(z)= [ Kiz,y)f(y)dy, 1<1<L

Rd
Then for any 1 <[ < L, it is easy to show that

(2.8) [[Rifllp < max ( sup [|K(z, ) [lw, sup HK(',y)va) [l 11l

z€ER yeRd



CONVOLUTION SAMPLING IN A REPRODUCING KERNEL SUBSPACE 5

for all f € LP, and hence the integral operator R; is a bounded operator
on LP. Also for any 1 <[ < L, the integral operator R; coincides with
the convolution operator 1; on V,,,

(29) le = Ipl * f for all f < ‘/p;
and its kernel K satisfies (2.5) and (2.6). These facts together with
Theorem 2.2 lead to the equivalence in Theorem 2.1. O

Now we proceed to prove Theorem 2.2. For a kernel function K on
R?¢ x R¢, define

(2.10) | K|y := max ( sup || K (z, )1, sup HK(-,y)Hl) < 00.

zER? yeRd

The proof of Theorem 2.2 is based on the following two lemmas. The
first lemma shows the necessity, while the second one establishes the
sufficiency.

Lemma 2.3. Let 1 < p < oo, V be a closed subspace of LP, and let
Ry,--- | Ry be integral operators with their kernels K1, --- , K, satisfy-
mg

%

If Ry, -+, Ry are collectively stable on V', then for any sampling set I
with 1 < Ap(do) < Br(dg) < oo for some 6y > 0, we have that

(A ( it ST [[Ruglly = D s (KD lw ) 11

g€Villgllp

< &S NBIO) el

L

(212) < B sup S| Ruglly + D e (K hw) 111l

9€Villgllp=1"5
forall feV.
Proof. Let 69 > 0 and I' be a sampling set with
(2.13) 1 < Ar(8y) < Br(do) < 0.

Hence {y+[—0do, dg]?| v € T'} is a finite covering of R?, and the collection
of functions

X[—ao,so]d@ —7)
> ver X—bo.00)4(T — ')

(2.14) uy(z) =
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defines a bounded uniform partition of the unity (BUPU) U = {uy }~er;

ie.,

0<u,(z)<1 foralxzeR?andyeT,
(215) u"/(‘r> =0ifx g v+ [_507 50]d7
Y erty(z) =1 forallz e RY

Moreover,

T .
Br(s) = S Ar(y)

(2.16) for all y € T".

Forall1 <l < Land f € L” 1<p< oo, we have that

(2.17) lwwso (Bif ) < Hlewso () [wll £l

and

(2.18)  [Rif(2)] — wao (Ruf)(x) < Rif (7) < |Ruf(2)] + ws, (Rif) (),

where x € v + [—dg, 6]¢, v € . Then the conclusion (2.12) for p = oo
follows directly from (2.13), (2.17) and (2.18).

For 1 < p < oo, we obtain from (2.16), (2.17), (2.18) and the stability
of Ry,---, Ry onV that

L
Z le ’yGFHp
1/p v
< (5Br(6)) z(zmlf s 1)
=1 ~er
L
< (05 Br(00) P Y [[IRuf| + wso (RS

=1

L L
(8 Br(60)) "/ ( Z |leHp+ZHw50(Kl)HWHfHP)

IN

IN

(65 Br(@) 7 sup 3 HRz9||p+Z||W60 E)lw) 11

g€Villglle=1"24



CONVOLUTION SAMPLING IN A REPRODUCING KERNEL SUBSPACE 7

and

~

Z le "/EFHp
L
A S (S B ) 1)

=1 vyel

L
> (65 A (60" Y (IR llp = llwsy (Rif) )
=1

v

> (05" A, (00) 7 (_int ZHngnp anao () lw) 11

9€Villgllp=

for all 1 < p < oo and f € V. This proves (2.12) for 1 < p < oo and
completes the proof. ([l

Lemma 2.4. Let1 < p < oo, V be a closed subspace of LP, Ry,--- , Ry,
be integral operators with their kernels Ky, - -+, K satisfying (2.5) and
(2.6), and let T be a sampling set with 1 < Ar(dg) < Br(dp) < oo for
some oy > 0. If

(2.19)

feVlHI;‘fll Z H Bif(y WEFHp P Z H le ’YEFH

revilifllb=112

then Ry,--- , Ry are collectively stable on V.

Proof. The stability of Ry,..., Ry for p = oo follows directly from
(2.19) and the assumption on their kernels. Now we assume that 1 <
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p < 0o. In this case, we have that for 0 < § < ¢y,

R Pq
S R

/Rd ws(K))(x, y)‘f(y)|dy‘pdx

Z /7+[—5/275/2]d

vyel

IA

IN

d
z€R ~eT

< su / ws(K))(z,y)dx
<yeﬂ£l,gzzd; (y+[~6/2,6/21)N(k+[-1/2,1/2]4) (K 9) >
p—1
x((sup s () (@, Y ) LA
z€R4
< (sup Y10+ [=9/2,6/2 0 (= + [-1/2,1/21%)])
z€R ~el
p—1
x ((sup s (K) (@, Miwr ) (sup () C,y) w11
z€R4 yeRd

(s stk ) [ sl P

< Br(1+60) (sup sl ) ((sup s (D))l )1

rER yeRd

This implies that

(Br(80)' Y I Rifll,

L
> (Z /7+[_5/2 o |sz(:v)lpda:> 1/

=1 W/EF

v

v

= vyel =1 vyel

v

5d/”||f||p< inf Z I(Ruig(7))erlly = (Br(1 + do))'"”

g€Villgllp=1

(32 (o st ) " (s Bt ) )

—1 & T€Rd yeR?

Y

Lyt( ZII(Rzg(v))wer||p>||f||p

eV, =1
geVilglp=1 <

o4 Z <Z [ B f(y ) " ZL: L+[ s/ |ws (Ruf)(x )|pdl’) !
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by (2.6), when 0 is chosen sufficiently small. Hence the stability of the
integral operators Ry,--- , Ry on V for 1 < p < oo follows. O

Finally we prove Theorem 2.2.

Proof of Theorem 2.2. The necessity follows from Lemma 2.3, while
the sufficiency holds by Lemma 2.4. O

3. EXPONENTIAL CONVERGENCE OF THE ITERATIVE
APPROXIMATION-PROJECTION RECONSTRUCTION ALGORITHM

Let B(LP),1 < p < oo, be the Banach algebra of bounded linear op-
erators on L” and denote by ||-||p(z») its norm. In this section, we estab-
lish exponential convergence of the iterative approximation-projection
algorithm to reconstruct signals in a reproducing kernel subspace V,, of
LP 1 < p < oo, from their convolution samples on a sampling set with
small gap.

Theorem 3.1. Let 1 < p < oo and V be a closed subspace of LP.
Assume that integral operators Ry, ..., Ry are stable convolutor on V
whose kernels Ky, ..., Ky satisfy (2.5) and (2.6), and that Ri,--- Ry
are bounded operators from LP to V satisfying

L
(3.1) Y R(Rif)=f foral feV.
=1

Given a sample set I' with 1 < Ar(dy) < Br(dy) < oo for some 6y > 0,
let {uy}er be a bounded uniform partition of the unity in (2.15) and
define an operator P from LP toV by

L

(3:2) Pf(x) =Y > Rif(y)Ru,(z), feLP.

=1 ~el'

Then given samples Rig(7y),v € T, of a signal g € V, the following
iterative algorithm,

(33) Jo = Pg and In = Go + Gn—1 — Pgnfl when n > L,
converges exponentially to g € V', provided that

L
(3.4) = IRl lws, (KD lw < 1.

=1
Moreover

n+1

(3.5) lgn = gllp < 1Pgll, forall geV.

1—r
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Let T be an integral idempotent operator whose kernel satisfies
(1.4) and (1.5), and V, be the corresponding reproducing kernel sub-
space of L? in (1.3). Using an argument similar to the one in the
proof of Theorem 2.1 and applying Theorem 3.1 with R;f replaced by
YrxTf,1 <1< L, we obtain the exponential convergence of the itera-
tive approximation-projection algorithm for reconstructing signals in a
reproducing kernel subspace V], of L? from their convolution samples.

Corollary 3.2. Let 1 < p < oo, T be an integral idempotent op-
erator whose kernel satisfies (1.4) and (1.5), and V,, be the corre-
sponding reproducing kernel subspace of LP in (1.3). Assume that
U= (¢1,...,%¢1) is a stable convolutor on V), and has its components
U, ..., being integrable, and that Ry,-++ , Ry are bounded operators
from LP to V,, satisfying Zle Ry % f) = f for all f € V,. Given
a sample set I' with 1 < Ar(dy) < Br(dy) < oo for some &y > 0,
let {u,}yer be a bounded uniform partition of the unity in (2.15) and
define an operator Q) from LP to V, by

(3.6) Qf(x) =YY i f()Ruy(x), feL

Then given convolution samples ¥, % g(v),y € I';1 <1 < L, of a signal
g € V,, the iterative approximation-projection algorithm,

(3.7) go=CQg and ¢, =¢go+ gn-1 — Qgn—1 When n > 1,
converges exponentially to g € V' provided that

L
= () I Rillsen il lws, (K) I < 1.
=1

Moreover ||gn = gl < 7= 1Qqll, for all g € V.

Remark 3.1. The iterative algorithm (3.3) can be thought as a gen-
eralization of the approximation-projection reconstruction algorithm
in [9] for convolution sampling. We remark that the approximation-
projection algorithm was originally introduced in [9] for reconstructing
band-limited signals, and was later generalized in [1] to the recovery
of signals in a shift-invariant space, see [2, 4, 5, 13] and the references
therein for various generalizations and applications of that reconstruc-
tion algorithm.

Remark 3.2. The bounded operators Ry, ..., R, in (3.1) can be inter-
preted as the inverse of integral operators Ry, ..., Ry on the closed sub-
space V. The existence problem of such bounded operators is open, ex-
cept that V is a finitely generated shift-invariant space and Ry, ..., Ry,
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are convolution operators. As integral operators Ry,..., R; has their
kernels with certain regularity and decay at infinity, we expect that
Ry, ..., Ry can be chosen to have the same property. This is a very in-

terestlng topic closely related to Wiener’s lemma for localized integral
operators. The readers may refer to [10, 16, 18, 21, 22| and references
therein for Wiener’s lemma for infinite matrices and localized integral
operators.

Proof of Theorem 3.1. The operator P in (3.2) is well defined because

R;,1 <1 < L, are bounded operators on L? by the assumption, and
> er Bif (M), 1 <1 < L, belongs to LP as (R f(7))er € £7(I) by
Lemma 2.3. Let f € V C LP,1 < p < oo. Then for 1 < p < o0,

I =prl, = ( Rd|f<x>—szmwmluﬁ(@!pdm)””
_ </Rd >1/p

L
Y Ri(Bif = Rif(v)uy)(
=1

1Bl ()

vyerl

] =

d >1/p

=1
X</Rd g (Ki(z,y) — ZKz% y)u(2)) f(y)
L
(38) < (Z | Rillsca lleosa () v )11
and for p = oo,
If = Pfll, = sup | f(z) — ZZsz )Ry, ()]
zER? I=1 ~el
L ~
< > |Rills) sup / (Ki(z,y) = > Ki(v,y)us(z (y)dy’
=1 zeRe ! JRRd ~eT

L
(3.9) < (D2 1B llscwos) leoso (D) w ) 1 Flle:
=1

From (3.3) it follows that

(310)  fori—fa=( = P)(fo— for) =~ =T = P)""'Pf
for all n > 0. This together with (3.4), (3.8) and (3.9) proves (3.5), and
hence the exponential convergence of f,,,n > 0, defined in (3.3). O
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4. ERROR ESTIMATES OF THE ITERATIVE
APPROXIMATION-PROJECTION RECONSTRUCTION ALGORITHM

In this section, we first consider the iterative approximation-projection
algorithm (3.3) when samples are corrupted, that is {R;g() + (7)},
where {¢/(7)} is noise .

Theorem 4.1. Let 1 < p < oo, V' be a closed subspace of LP, in-
tegral operators Ry, ..., Ry be stable convolutor on V whose kernels
Ky, -+ Ky, satisfy (2.5) and (2.6), and Ry,---, Ry be bounded op-
erators from LP to V satisfying (3.1). Given a sample set T' with
1 < Ar(do) < Br(dg) < oo for some dg > 0, let {u,}rer be a bounded
uniform partition of the unity in (2.15) and define an operator P from
LP toV asin (3.2). Then given noisy samples Rig(y)+e€(7),y €T of a
signal g € V' with ¢ := (e(7y))yer € P(I'), the iterative approzimation-
projection algorithm,

{ o =0 Y e (Rug(7) + (7)) Ry,

Gn = 9o+ Gn-1 — Pgn—1 when n > 1,
converges exponentially to g € V' provided that (3.4) holds. Moreover

3P SO E L 1Rl sem [l (@(9))ver |l
(Ar(80)) 7 (1 = SoF 1Bl e lwso (KD w)

Proof. Set hg = Zl L Zwer el(v)Rluv, and define g,,n > 0, by

41 llg—gll, <

(4.2) go=Pg and g, =90+ gn-1 — Pgy—1 whenn > 1.
Then hg € V' and
Gn—9n=ho+ (I —P)ho+---+ (I — P)"hg, n > 0.

This together with (3.8), (3.9) and Theorem 3.1 leads to the exponential
convergence of the sequence g,,n > 0, to a function g € V. Moreover,

i n HhoH
19 —9ll, < ZIII P)holly < 57—

L
< (1—r)” Z||Rl||B(LP)||Z€l(7)“7”p

vyel

L

1/

< (1=r) Z 1Bl | (e ))7€F|’p(§2?HUWHI) g
=1

This together with (2.16) proves (4.1). O
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We conclude this section by considering the iterative approximation-
projection reconstruction algorithm (3.3) when the iterative algorithm
is corrupted, that is, each iteration step is corrupted by noise {h,,}.

Theorem 4.2. Let 1 < p < oo, V be a closed subspace of LP, in-
tegral operators Ry, ..., Ry be stable convolutor on V' whose kernels
Ky, ..., Ky satisfy (2.5) and (2.6), and Ry,..., Ry be bounded op-
erators from LP to V satisfying (3.1). Given a sample set T' with
1 < Ar(do) < Br(dg) < oo for some o9 > 0, let {u,}rer be a bounded
uniform partition of the unity in (2.15) and define an operator P from
LP to V as in (3.2). Given samples Rig(vy),y € T, of a signal g € V,
assume that the iterative approrimation-projection algorithm,

(43) g() = P.g + h() and gn = gU +§n—1 - Pgn—l + hn when n Z 17

are corrupted by h, € V,n >0, during the implementation. Then

7..7’1

1—17r

1 SN
1Pgllp + 37— llholl + > il n>1,
=1

(4.4) [|gn —gllp <

L .
provided that (3.4) holds, where v =Y || Ri||g(») llws, (£7)[[w € (0,1).
i=1

Proof. Let g,,n > 0, be as in (4.2). Then

(45)  Ga=ga+ Y I =P ho+ > (I=P)"hy, n>1.
=0 =1

Then (4.4) follows from (3.8), (3.9), (3.10) and (4.5). O

Remark 4.1. We remark that h,,n > 0, in the implementation (4.3) is
assumed to belong to a subspace V' of L? instead of living in the whole
space LP with more freedom, as we notice that in that general case the
error in the implementation could accumulate quickly at each step, c.f.
[13]. On the other hand, the assumption that h, € V,n > 0, can be

reached easily by replacing h,, € LP by h, = Zle Rl(thn) eV.
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