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Let M be a dilation matrix¥ a finite family of Z2-functions, andP the collection
of all nonsingular matrice® such thatM, P, and PM P~' have integer entries.
The objective of this paper is two-fold. Firstly, for eaéhin P, we characterize
all tight affine framesX (¥, M) generated by’ such that the over-sampled affine
systemsX” (¥, M) relative to the “over-sampling raté” remain to be tight frames.
Secondly, we characterize all over-sampling rd&tes P, such that the over-sampled
affine systems{ (¥, M) are tight frames whenever the affine syst& W, M) is
atight frame. Our second result therefore provides a general and precise formulation
of the Second Over-sampling Theorem for tight affine frames.

1. INTRODUCTION

In this paper, al-dimensional square matri¥/ is called adilation matrixif all entries
of M are integers and all eigenvalugsof M satisfy |A\| > 1. Let M be a dilation
matrix, ¥ := {¢, : 1 <1 < L} a finite family of square-integrable functions, aRdan
over-sampling set

K=Ky:={y,eR%: 0<n<N}

with yo = 0. Then the collection of functions
X(U, M, K) := {|detM\j/2¢(Mj kg veVyeK,jeZke zd} 0

is called araffine systemFor convenience, we denal&(V, M, K,) by X (¥, M), which

is usually called an affine system generatedbyHence, the affine systeXi(¥, M, K) is
indeed amver-sampled affine systertained by over-sampling the affine syst&r, M)
with “over-sampling rates” governed by the over-sampling Ket We are particularly
interested in sets of the forid = [0, 1)¢N P~1Z?, whereP, to be called thever-sampling
rate of the affine systenX (¥, M, K), is a nonsingular matrix with integer entries. For
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2 C. K. CHUI AND QIYU SUN

this choice ofK', X (¥, M, K) becomes the familiar over-sampled affine system
XP(0, M) = {| det MPP/2p(MI - —P7Yk): ¢ e U, j e Z k € zd} @)
with over-sampling raté (see [5, 8, 19, 21, 22)).

Recall that a family of functionge,, : A € A} in L? := L?(RY) is called drameof L2,
if there exist positive constan and B, with A < B, such that

Alfl < (S 1renl?)” <Blsl vrer?, ©

AEA

where(-, ) and|| - || denote, as usual, the inner product and norniforrespectively. The
constants4, B in (3) are referred to as lower and upper frame bounds, respectively. If
and B can be so chosen that = B, then the frame is called a tight frame, with frame
(bound) constand.

For a dilation matrix/, K := {y,, € R?: 0 < n < N} with yo = 0, and¥ := {4, €
L?: 1 <1< L}, we consider thaffine operators);, defined by

Qif =ldetMP Y= ([ (M7 —k—y)p(M? -~k —y), feL? (4)

YeV ye K, keZa

for the j-th scale levels (see [13, 14]). Observe that egg¢lis related to the affine operator
Qo for the ground level by

Qj = D_;QoDj, )
whereD;, j € Z, are the dilation operators associated with the dilation matfjdefined
by

D;f(z) = |det M7/ f(M7z), fe L>

Moreover, for an affine fram& (¥, M, K), it is easy to verify thal (¥, M, K) is a tight
frame of L? if and only if the family of affine operator§;, j € Z, satisfies

> Qi=Y D_;QD;=CI (6)
JEZ JEZ
for some positive constait, wherel is the identity operator o2.

In this paper, we will address the following problems on frame over-sampling.

Problem 1: Given a dilation matrix)\/ and nonsingular matrix?, characterize all tight
affine framesX (¥, M) such that the over-sampled affine systef§ ¥, M) remain to be
tight frames.

Problem 2: Given a dilation matrix\/ and nonsingular matri¥?, characterize all affine
framesX (¥, M) such that over-sampling of the affine syst&W, M) by P preserves
the frame bounds.
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Problem 3. Characterize the over-sampling ratésfor which the over-sampled affine
systems\” (¥, M) are tight frames whenevex (¥, M) is a tight frame.

Problem 1 was studied recently for the one-variable setting in [4{ifer 1 and P =
2" r > rg, and [13] ford = 1 and gcd{/,P) = P, whereM andP are integers.

In this paper, we consider the general multivariate setting, where the over-sampling rate
P is a non-singular matrix such that all the matridels P and PM P~! have integer
entries. We give complete characterizations of all tight fradi€¢¥, M) in the frequency
domain, in terms of Fourier transform df; as well as in the time domain, in terms
of certain “over-sampled frame operators” with over-sampling fateso that the over-
sampled affine system¥ (¥, M) remain to be tight frames. This result will be stated
precisely in Theorem 2.1, with relevant comments to be given in Remarks 2.3 — 2.5. Since
the assumption oP~' M P to have integer entries becomes trivial for one-dimensional
matrices, the characterization results in Theorem 2.1, in both the frequency and time
domains, provide a complete solution of Problem 1 for the one-variable setting.

Problem 2 is perhaps a new problem. In this paper, we provide a sufficient condition (9)
on the generatob of the affine frameX (¥, M) for which over-sampling of the affine frame
X (U, M) by P preserves the frame bounds (see Theorem 3.1 for a precise statement). The
sufficient condition (9) on the generatiis also necessary for frame tightness preservation
(see Theorem 2.1); but we do not know, in general, if it is necessary for the preservation of
frame bounds in frame over-sampling.

Problem 3 is an older problem, first considered in [9], where it is shown that odd
over-sampling preservesdilated tight affine frames. This result was later extended and
generalized in other works (see, for instance, [4, 5, 8, 9, 10, 13, 19, 21, 22, 23], including
the Second Over-sampling Theorem in [8]).

In this paper, we solve the third problem again under the assumption that the mafrices
P, andPM P~! have integer entries, and we show that over-sampling with over-sampling
rate P preserves tight frames if and only if the matricesand P for dilations and over-
sampling rates satisfy/ ~'Z? N P~'Z¢ = Z<. Hence, in some sense, this result gives
a complete and precise extension of the Second Over-sampling Theorem for tight affine
frames in both one and several variables. This result will be stated precisely in Theorem
4.1, with relevant comments to be given in Remark 4.2 — 4.5.

In this paper, we will always assume that dilation matri¢ésand over-sampling rates
P satisfy

M,P,PMP~ ! € GL4(Z), (7)

where, as usualiyL,(Z) denotes the collection of all nonsingul&dimensional square
matrices with integer entries.

2. TIGHTNESS OF OVER-SAMPLED AFFINE SYSTEMS

This section is devoted to the solution of Problem 1 stated in the Introduction section.
The usual normalization

fO = [ st

Rd
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for the Fourier transform of an integrable functigmwill be used. The key concept in our
study of this problem relies on the notation

Inp:=  sup  Inp(s),
s€ZA\MTZd

wherely p(s) denotes the smallest integgfor which (MT)s € PTZ4 for all i > 7,
provided that such an integgexists, and is assigned the value 0, otherwise.

To formulate a time-domain characterization, we need the notiomefsampled frame
operatorsR; o and R; ; with over-sampling raté® for 0 < j € Z, defined by

Rjof = > (f. (- — M7k — P 'p))

peP[0,1)4NZe eV keZd
X¢( - Mﬁ]k‘ - Pilp)7

where in terms of over-sampling sets, we have- ([0, 1)¢NM ~9Z4)+(]0,1)INP~1Z9);
and

Rijaf = > (- = M9k — Mboe pip))

peP[0,1)4NZe eV keZd
x (- = M7k — M"wr Plp),

where in terms of over-sampling sets, we have= ([0, 1)N M 7 Z) + M .7 ([0,1)4N
P~1Z%). We remark that under the assumption (7), we have

Rjo=Rj1 forall j>Inp. (8)

This will follow from Proposition 2.2, to be established later.

THEOREM 2.1. Let M be a dilation matrix, andM, P satisfy (7). Also, leW =
{1,...,9r} generate a tight affine frame df?> with dilation matrix M. Then the
following statements are equivalent.

() The over-sampled affine systexd’ (¥, M) is a tight frame ofZ.2.
(i) Foranys e ZH\MTZ4,

I]\/[’p(s)fl

ST DT AT U((MT)i(E+275)) =0 ae. £ €R™ 9)

J=0  Pev

(iii) The difference of the two over-sampled frame operafeys and R, ; satisfies the
identity:

In,p—1
Ro— Roo+ Y. |det M|~ |D_;(R;1 — Rj0)D;

j=1

—D_j1(Rj1 — Rj,O)Dj,l} =0. (10)
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From the formulations of the above tight over-sampling frame characterizations, it is
clear that we need to have a good understanding of the integer-valued fuhgtien In
Proposition 2.2 to be stated next, we list five equivalent formulations, with derivations to
be given in the Appendix. But first we need the notion of set equivalence, as follows.

Two setsd = {ay : A € Ay} andB = {b,, u € A,} are said to be equal, modulus some
setC, with the notation

A=B mod C,

if there exists a one-to-one magrom A; ontoA; such thab, ) —ax € Cforall X € A;.
They are said to be equivalent, with the notatibee B, if A = B mod {0}.

ProrposITION 2.2. Let M, P and PM P~ have integer entries. Then the following
statements hold.

(I) I]w,p = SUPgcz4d I]w,p(s) = SupsepT[OJ)dmzd IMJD(S).

(i) Inrpisthesmallestnonnegative integerfor which#({r : (MT)"r € PTZ4 r €
PT[0,1)4 N Z9}) remain unchanged fat > ny.

(iiiy  Ins,p isthe smallest nonnegative integeyfor which#({q : M"P~'q € Z¢,q €
P[0,1)? N Z4}) remain unchanged fat > ny.

(iv) In p isthe smallest nonnegative integey for which

M"P~1(P[0,1)'NZ%) = M™ P~ (P[0,1)NZ%) modZ¢ Vn>ng. (11)

REMARK 2.3.

(a) Forthe univariate setting (i.e. d =1 antd/, P are integers), under the assumption
that gcd(M,P) = P, it follows that equation (9) becomes

3 (O)d(E+2m5) =0 ae. E€R! VseZ\P'Z, (12)
Pew

which is the third equivalence statement in Theorem 1 of [13], siige (s) = 1 for
s€ Z\PTZ and Iy p(s) =0fors € PTZ.

(b) For the multivariate setting, under the assumption tRat M" for somel < r €
Z, it follows that equation (9) becomes

r—1
DD G(MTYEI((MT)I(E + 215) =0 ac. E€R? (13)
J=0evw
for all s € ZA\MTZ?, sincely p(s) = r for s € Z"\MTZ<. Hence, over-sampling by
any over-sampling rat@/", r > rg, preserves tight frames if and only if

ST U(E)d(E+2ms) =0 ae R Vse (MT)z, (14)
Ppevw

which is a generalization of the result in [4] from one-dimensian=t 1) to higher
dimensions, and from a single frame generatgf{) = 1) to multiple frame generators

(#(T) > 1).
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(c) Assume that both/’».» P~1 and PM».»~1 have integer entries. Then
Rjo=|det M|?Qop and Rj;=|detP|Qo s

forall 0 < j < In;p — 1, where the notation of the operat@ 1, defined for any matrix
T € GL4(Z) by

Qorf= Y. (fp(-—=T'k))(-—T k) forfeL?

PeW, keZd
is used. Therefore, equation (10) becomes

In,p—1

det P
QO,P = |detPlDIM,PleO,ID*IM,PJFl+ Z ‘ |
j=1

[ det M)
X{DIM,PfjleO,MJ'DjJrlflM,p — DIM,pijO,MJ'DjflM,p}7 (15)

wherel is the unit matrix. The result in (15) then generalizes the one-dimensional result
in [13] to higher dimensions.

REMARK 2.4. LetK = M. ([0,1)InP~1Z%) and assume that (7) is satisfied. Then
from the proof of Theorem 2.1, it follows that the over-sampled affine systdmi/, K) is
atight frame, wheneveX (¥, M) is a tight frame. For instance, for the univariate setting,
whenM = 2% x 3 x 5and P = 2 x 32 x 7, the over-sampled affine systeaf¥, M, K)
can be re-formulated as the over-sampled affine systéif, M) with over-sampling
rate 7 and multiplicity2 x 32. Hence, the affine system(¥, M, K) with over-sampling
setK = M.7([0,1)¢ N P~1Z%) can be treated as odd-over-sampled affine system in
[9], even though the dilation factor is not 2. Also we note that for such dilalibrand
over-sampling rateP,

X2EXT (g MY = {| det M/ (M7 —k—1/T—m/(2x3%)) : 0 < 1 < 6,0 < m < 17}

As an extension of this observation, &, denote the set of all different elements in
M.r([0,1)4 N P~1Z%), and K, denote the set of all elementsc [0, 1) N P~1Z< with
M™.pg c Z2, Then we have

XP (U, M) =X(¥, M, K),

whereK = K, + K. Thus, the over-sampled affine syst&H (¥, /) can be thought
of as a combination of odd over-sampling (with the over-samplindgsggtind even over-
sampling (with the over-sampling s&t), of the given affine systei(¥, M) generated
by ¥, even though the dilation factor is different from 2.

REMARK 2.5.

(@) For the univariate setting, since (7) is valid wh&hand P are integers, Theorem
2.1 gives a complete characterization of all tight affine frames with integer dilations, for
which over-sampling with an arbitrarily given integer over-sampling rate preserves tight
frames.
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(b) For higher dimensions, however, the assumption (7) is no longer trivial. As an
example, consider the dilation matrix and over-sampling rate

30 1 -1
C LTI R P

respectively. Then

4n Jr 371 4”L _ 3'Il

1
—1 n I

} ¢ GLy(Z) Yn>1.

In this example, however, we have that

(MT)is ¢ PTZ2 Vj>0ands € (2Z+1) x Z,
(MT)is € PTZ2 Vj>0ands € (2Z) x (2Z),
(MT)ise PTZ? Vj>1lands€ (2Z) x (2Z + 1),
(MT)0s ¢ PTZ2 Vs e (2Z) x (2Z + 1).

It follows that

Lot p(s) = 0 ifsg(2Z)x (2Z+1),

MPEITU1 ifse (2Z) x (2Z+1).
Therefore, by following the argument to be given in the proof of Theorem 2.1, we may
conclude that over-sampling with this particular over-sampling rate P preserves tight
frames, if and only if

> () D(E+2ms) =0 Vse (2Z) x (2Z +1). (16)
Ppew

To prove Theorem 2.1, let us first recall the following well-known result on the charac-
terization of tight affine frames [1, 2, 3, 5, 16].

LeEMMA 2.6. Let ¥ = {¢1,...,9.} be a finite family ofL? functions. Then¥
generates a tight affine frame f&? if and only if

SS T [B(MTYEP =C >0 ae & €RY

JEZ YET

for some constanf’, and

SN T R(MTYEY((MT)i(E +2m5)) =0 ae. £ €R? Vs € Z\MTZY.

720 ¢pevw

We also need the following general formula on summation over the “roots of unity” that
can be found in [20, Theorem 23.19].

LEMMA 2.7. LetA € GL4(Z). Then

Z o 2mikT AT s _ { |det A| if s € AZ?,

: d d
beAT DTNz 0 if s € Z*\AZ".
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We are now ready to prove Theorem 2.1.

Proof of Theorem 2.1. For convenience, we s& = M7. To prove (i=(ii), we first
apply Lemma 2.6 and the tight frame propertylofo conclude

ZZwBJ V(BI(E+27s)) =0 ae &cRY (17)

j=0¢ypew

for all s € Z4\ BZ“.
Observe that by setting

v = {¢(- —~Pq): v €V,qge Pl0,1)"N Zd},
we have
XP (W, M) =X (P M). (18)

Then by applying Lemma 2.6 and the tight frame property to the over-sampled affine system
XP(¥, M), we have

Z ( > G(BIE)(BI( £+27Ts))) ( > e—Q’”STMjP’lq) =0 (19
Jj=0 e¥ geP[0,1)4nZd

for almost all¢ € R¢, wheres € Z%\ BZ“. Note thatifB’s € PTZ for somej > 0, then
Bitls € PTZ by (7). Therefore, it follows, by an application of Lemma 2.7, that

S ey (18P Dyt -
q€P[0,1)dNZ 0= < urls)
providedI,; p(s) > 0; that
S e IMIPT et Pl V>0 (21)

qeP[0,1)4NZ4

providedl,; p(s) = 0 ands € PTZ; and that

Z 6727risT]\4-7‘P_1q =0 V_] >0 (22)
geP[0,1)¢NZ4

providedI,, p(s) = 0 ands ¢ PTZ. Hence, equation (9) follows from (17) and (19) —
(22).

To prove (ii}=>(i), we observe that in view of (18) and Lemma 2.6, it suffices to prove
that

NN Y B9 M =0 acgeRT (29

JEZYEVY qeP[0,1)¢NZ4
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for some positive constait, and that

SY Y dmeeen

j=0YeV ge P[0,1)¢NZ4

XQ(BI (€ + 2ms))e~iE+2m)TMIP~lg — () g ¢ € RY (24)

for all s € Z4\ BZ?. In this regard, (23) follows from Lemma 2.6 and the tight frame
property of the affine systei (¥, M), while the equality (24) holds because of (9), (17),
and (20) — (22).

To prove (iix=(iii), we first conclude, in view of (11) and (19) — (22), that equation
(9) has an equivalent formulation:

In,p—1
= 3 (X HBOUBIE +2m9) ) (1 - xpz(5))
Jj=0 IS
_omisT pip—1 o s Tari+Ipn pp—1
X( Z 627”5 M'P~'q Z e27rzs M PP q)
geP[0,1)¢NZ4 geP[0,1)¢NZ4

for almost all¢ € R?, wheres € Z?. Hence, multiplying both sides bf/(f + 2s7) and
then summing oves € Z¢, we have

Inv,p—1
S f(e+2sm) (Zw (BI€)g(BI 5+27rs)))
s€Zd j=0 Ppew
% ( Z p—2misTMIP™q _ Z e—zmsTM"“MvPP*Iq>
qeP[0,1)4NZ4 qeP[0,1)4NZe
Iy, p—1
-3 fe+2Bsm) (Z D(BIEYD(BI( §+27TBS)))
s€Zd j=0 Pew
- T ari+lp—1 ;T aritIin, ptlp—1
X( Z e—27rzs MITIPTYq Z 6—271'15 M , P q)
qeP[0,1)4NZ4 geP[0,1)dNZd
=0 ae ¢cRe (25)

Since this holds for all.2-functions f with compactly supported Fourier transform, we
may conclude, by taking the inverse Fourier transform of both sides of the equation (25)
and by applying (11), the formulation (10) is indeed the time-domain formulation of the
equation (25). This proves the equivalence of statements (ii) and ().

3. FRAME BOUND PRESERVATION
In this section, we consider Problem 2 as stated in the Introduction section.

THEOREM 3.1. Let M be a dilation matrix and thatM, P satisfy (7). If¥ =
{11, ..., } satisfies (9) and( (¥, M) is an affine frame of.? with upper frame bound
B and lower frame bound!, then the over-sampled affine syst&h (¥, M) is an affine
frame of L2 with upper frame boungidet P|'/2B and lower frame boungidet P|*/2 A.
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To prove Theorem 3.1, we need the following Second Over-sampling Theorem, with
over-sampling rates governed by an over-samplindset

LEmMMA 3.2. LetM be a dilation matrix,;/ and P satisfy (7), and that := {y,, €
R?:0 < n < N} be afinite set withyy = 0 and

MK = K mod Z¢. (26)

If & = {¢1,...,79} generates an affine frame bf with upper frame bounds and lower
frame boundA, then the over-sampled affine syst&W, M, K) is an affine frame of.?
with upper frame boundN + 1)'/2 B and lower frame boun¢V + 1)'/2A.

Proof. Lemma 3.2 is a generalization of the Second Over-sampling Theorem in [21,
Lemma 3.1 and Theorem 3.2] and can be proved by some similar argument. We omit the de-

tails of the proof here. m

REMARK 3.3. The Second Over-sampling Theorem was first studied by Chui and Shiin
[9], where it was shown that odd over-sampling of 2-dilated affine frames preserves frame
bounds (i.e.d =1, M =2andK = {P~!p: 0 <p < P — 1} for some odd integeP
in Lemma 3.2). This result was later extended and generalized to higher dimensions with
over-sampling rateP (thatis, K = {P~!p: p € P[0,1)¢ N Z¢} in Lemma 3.2). See, for
instance, [8, 21, 22, 23] for dilation matrice® and [19] for non-dilation matrices\/.

In the following, we prove Theorem 3.1.
Proof of Theorem 3.1. Let 7, denote the translation operator defined iy (z) =
f(x —y). Then for any compactly supported functigre L2 andy € R?, we have

) . /
(33 et aap s v -k —y)P) "
YEV keZd

1/2

IN

(323 tdet MPI(f, w0 - ~k)I?)

YEV kecZd

(3 14t MPI(roas sy f — £ —kpP2)

YEW kecZd

) , /
(X 1det MPI{f w0 kD) 4 Blirar-syf — 1]
YEW keZd
— 0 as j— +oo, 27)

IN

and

D7 I det MP|(f, (M7 - —k —y))[?

eV keZd
< |£11? Yz —y—k)[*d
PSS [ == 0P
<y vla) s

pew Y YTV eza (MIKo(f)+k)
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— 0asj — —oo, (28)

whereB is the upper frame bound of the affine fradi€ ¥, M), and K (f) denotes the
support of the functiorf. By (26), (27), and the equivalence of the equations (9) and (10),
we obtain

ST ST ST, et MI2g(MI - — PR 2

Jj=—oco eV keZ?

N2
- Nl,]\1/12IE>+OO_Z <D*jRO,1Djf7f>
Jj=—N1
N> Iy, p—1 -
= lim N (D RooDif, f)+ Y |det M|
NI’N24’+OOj:7N1 £

X ((sz'sz (Rin = Rio)Diyny f, f) = (D—iv14n5, (Rin — Rio)Di—ny, -1 f, f>)

N2
- Nl,]%flgrg-l-oo j—Z—:Nl <D*JR0,0Djfa f

Z ST D I det MPPY(MI - —k — Mr PTIp) 2. (29)

j=—oc0 YeV peP[0,1)4NZ4 keZd

Since this holds for all compactly supportéd functions f, the proof of the theorem is
complete by applying Proposition 2.2 and Lemma 3.28

4. OVER-SAMPLING RATES FOR TIGHT FRAME PRESERVATION

In this section we will give a solution of Problem 3 as stated in the Introduction section.
A lot of effort has been devoted to find over-sampling ratdsr the purpose of tight-frame
preservation over-sampling in the literature (see, for example, [5, 8, 9, 10, 13, 19, 21, 22,
23, 25)).

We say thatX (¥, M) is acompactly supported MRA tight franaé L? if it is a tight
frame of L2, and¥ := {31, ..., } is afinite family of compactly supportecf-functions
such that

Di(MTE) = Hi(6)p(€), 1<I< L (30)

for some trigonometrical polynomial§;(¢),1 < I < L, and some compactly supported
refinable functionp, that satisfies

S(MTE) = Ho(€)p(€) and (0) =1, (31)

where Hy (&) is a trigonometric polynomial witt,(0) = 1 (see [1, 6, 7, 15, 23] and
references therein).

THEOREM 4.1. Let M be a dilation matrix, and\/, P satisfy (7). Then the following
statements are equivalent:

() The over-sampled affine systek¥’ (¥, M) is a tight frame ofL? whenever¥
generates a tight affine frame 6f with dilation matrix /.
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(i) The over-sampled affine systeXit’ (¥, M) is a tight frame ofZ.? for some com-
pactly supported MRA tight fram& (¥, M).

(iiiy Inip = 0.

REMARK 4.2. Forthe univariate setting (i.e. d =1 anil/, P are integers), the above
theorem says thaP-times over-sampling preserves tight frames if and only if §€d¢) =
1. Thatis, Theorem 4.1 implies that the Second Over-sampling Theorem for tight frames
in [8] is sharp.

For the multivariate setting, various sufficient conditions on the over-samplingitate
for which the first statement in Theorem 4.1 holds, have been derived in the literature. For
example,

@ PTzin(MTYzZdc (MT) PTZforall j > 0in [23];

(b) PMP~'eGLy(Z)andMTZ N PTZe c MTPTZ4in[5, 22];

() PMP™'eGLy(Z)andM~1ZIn P~1Z¢ = Z4in[19, 21]; and

(d) P = pI with the great common divisor betwegand | det M| being1 ([10]).

In the following result, the proof of which will be given in the Appendix, we see that under
the assumption (7), the three statements (a), (b), (c), and the third statement in Theorem
4.1 are equivalent.

ProposiTION 4.3. Let M be a dilation matrix andP be nonsingular, such that both
M and P have integer entries. Then the following statements are equivalent.

() PMP~'e GLy(Z)andM—'Z¢ N P~'Z¢ = 7¢.
(i) PMP~'eGL4(Z)and(MT)~1Z¢n (PT)~1Z¢ = Z7.
@iy PMP~'e GL4y(Z)andM7Ze 0 PTZ4 c MTPTZ4.
(iv) PTZIn(MT)Zd c (MT)PTZ forall j > 0.

(v) MP'Z?+ 7% =Pz

(i) PMP~' € GL4(Z)andIy p = 0.

REMARK 4.4. There exist compactly supported MRA tight framek*dbr any dilation
matrix M. Let us give a constructive proof of this claim. For any dilation maifvix let
I be the set of representors of the grdify/ M7 Z?. Also, let(u; x)o<i<|det a|—1,ker DE
a unitary matrix, withug , = 1, k£ € I'. Define trigonometric polynomialH;(£),0 <1 <
|det M| — 1, by

Hy(€) = |det M|~ uppe™™, 0 <1 < |det M| — 1.
kel

Letgp andyy,1 <1 < L, be compactly supported functions that satisfy

S(MTE) = Ho(€)p(€) and (0) =1,
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and
D(MTE) = Hi(€)$(), 1 <1< |det M| —1.
Since the trigonometric polynomial$;, 0 < [ < |det M| — 1, satisfy

| det M|—1

Y. HIQHE+ 2n(MT)

=0

= 1 ifse MTZ9,
10 ifseZN\MTZ,

the functions)y, . . ., ¥ 4et a7—1 9€NErate a tight affine frame @f ([17, 18]). We remark

that those functiong)s, ..., et /-1 a@re not continuous. A general construction of
compactly supported frame generatars, . . . , ¢, with arbitrary regularity can be found

in [18]. In the univariate setting, the frame generators can also be constructed to possess
an arbitrary order of vanishing moments up to the the order of polynomial reproduction by
¢ (see [6, 7, 15]).

REMARK 4.5. For the univariate setting, lefi/ = 2 and P > 1 be an arbitrary
integer. There exists an MRA tight affine frame such that its over-sampled affine system
with over-sampling raté” remains to be a tight frame. The frame generator of this tight
frame, however, does not have compact support. In other words, the compact support
assumption on the frame generatdrin the second statement of Theorem 4.1 cannot be
dropped. To prove this claim, we defindy

D(€) = Xmr—n/2)(€) + Xm/2,7)(E)-

Then for anyf € L?,

Do 2P —k/P))

JkGZ
-5 > ’/ Fleyha-igz3/2e we/P g
J,kEZ
- PY. [ 1F@ieopa
JEZ
= 2P| |13,

where the second equality follows from the fact thet—7¢) is supported if—27 Prr, 29 P
and{ (27t Pr)~1/2¢=2 'k/P . | ¢ Z} is an orthonormal basis af?([—2’ Pr, 27 Pr])
for all j > 1. This implies that both the affine systen{v, 2) generated by) and its
over-sampled affine syste’” (v, 2) with over-sampling rateP are tight frames for.2.
Moreover, letp be the Meyer scaling function whose Fourier transfartiakes the valug
on[—2x/3,2m /3] and the valu® onR\[—47 /3,47 /3]. Then we have

$(26) = Hy(€)p(€)

for some2r-periodic functionH;. Hence, the affine syste(, 2) generated byp is an
MRA tight frame.
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In the following, we will prove Theorem 4.1.

Proof of Theorem 4.1. The implication (i}=>(ii) is obvious, while the implication
(iiiy = (i) is valid in view of Theorem 2.1 and the fact that (9) holds under the assumption
(iii).

Next, we prove the implication (iB=-(iii) by an indirect argument. Suppose, on the
contrary, that/; p(so) > 1 for somes, € Z¢. SetB = MT. By (A.3) and (A.4)
to be derived in the Appendix, we may assume that Z4\BZ<. Let X(¥, M) be a
compactly supported MRA tight frame with := {1y, ..., } that satisfies (30) and (31)
and that the over-sampled affine syst&i (¥, M) is a tight frame ofZ.2. Then we have,
by applying Theorem 2.1,

Inp(so)—1 L

S S G(BOU(BIE +250m) =0 ae. £ € R (32)

i=0  i=1

Recalling the characterization of compactly supported MRA tight affine frame (see [1, 6,
7, 15, 24]), we can find a rational trigonometric polynom$dk) such thatS(0) = 1,
S(¢) > 0forall ¢ € RY, and

L

S(MTE)Ho(§)Ho(§ +27B~s) + Y Hi(§)Hi(€ + 27B~Ts)
=1

_ { S(f) if s e BZd, (33)

0 if s € Z9\BZ.
Hence, it follows from (30)—(33) that

M, p(s0)—1

0 = Z Z Di(BIE)ihi (BI (€ + 2507))

=1

L
(Zﬂl (B~Y&)H,(B—€ + 27TB—150))$(B—15)$(B—1(§ + 2507))
=1
In p(s0)—1 L

+ (S mm - omEe)
=1 =1
< T1 Ho(B' BB T Zrso))3(B~ )08 (€ + 250m)
t=—1

= —S(&)Ho(B Y€ Ho(B~1(€ + 2ms0))d(B~1€)$(B~L(€ + 2507))

In,p(s0)—1
Y (s - s H(B )
j—2
x [ Ho(B'€) Ho(B(€+2ms0))$(B~€)d(B~(& + 2s07))

t=—1

= —S(BherEITE (B r O G(Blr (071 (E 4 2ms))
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for almost all¢ € R<. This is a contradiction, sincg(¢) is a nonzero rational function
and¢(¢) is analytic function inR?. Hence, we have completed the proof of the theorem.
|

APPENDIX: PROPERTIES OF OVER-SAMPLING RATES

In the appendix, we discuss some interesting properties of the over-sampling thegs
satisfy (7). In particular, we also include the proofs of Propositions 2.2 and 4.3.

Proof of Proposition 2.2. In the following we again use the notatidgh= 17" To prove
assertion (i), we first observe that

BIPT = PT(PMP~H)T) vj>o, (A1)
so that

Inp(s+ PTt) = Inp(s) Vs, t € Z% (A.2)
thatZ,, p(s) is the minimal nonnegative integgfor which B’s € PTZ< if such integers

j exist; and thafys p(s) =0 if Bis ¢ PTZforall j > 0. Hence, by direct computations,
we see that

Inp(s) =0 ifs=0, (A-3)
and
0 if j > Iy p(s),
s _ . ity , A4
w,p(5) { Inp(s') =5 i j < Iamp(s), .

for s = Bis’ € BIZY\BI*1Z4, wheres’ € Z?\BZ? andj > 0. Therefore assertion (i)
follows from (A.2) — (A.4).
To prove assertion (ii), let

A, ={r: B"r e P"Z%r e PT[0,1)"nZ},

andng be the minimal nonnegative integer such thgtA,,) remains unchanged for all
n > ng. Since we have eitheB’r € PTZ4 or Bir ¢ PTZ4 for all j > I p, where
r € PT[0,1) N Z4, it follows thaty; p > ng. On the other hand, we also have

Apy1 CAn, Yn>0 (A.5)

by (A.1). HenceA, = A,, for all n > ng; so thatly; p(r) < no for r € A,,, and
Inep(r) =0forr & A,,. Therefore]; p < ng by assertion (i). This implies the validity
of assertion (ii).

To prove assertion (iii), let

B, ={q: M"P 'qe Z% q€ P0,1)'nZ%}.
Then by assertion (ii), it suffices to show
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For this purpose, we set

—2rirT M Pt
Co= >, >, e g

rePT[0,1)¢NZ? g P[0,1)4NZ4

and observe, by applying Lemma 2.6, that

=S DRI e—m((pT)*lr)TpMnP*lq = #(By)| det P|,

q€B, re PT[0,1)4NZ4 qZ€Bn rePT[0,1)1

where we have used the fact tid/" P~'q ¢ Z4\ PZ for q ¢ B,. By applying Lemma
2.6 again, we also have

=Y > Ly D emIeog(a,)|det P

r€A, qeP[0,1)4NZ r€An qeP[0,1)d

due to the fact thaB™r € Z4\ PTZ4 for r ¢ A,,. Combining the above two formulations
of C,,, we have proved that (A.6) holds, and hence confirm that assertion (iii) holds.
Finally to prove assertion (iv), let

K, = {xml, . 7In7|detp‘}
be the subset df), 1)¢, such that
K,=M"P7}(P[0,1)*NZ%) modZ?, (A7)
and letk,, denote the set of all distinct elementstify,. Then for anyy € K,,, we have
{z e P[0,1)'NZ: M"P 'z —y € Z%) = 2y + B,, mod PZ?, (A.8)

wherez, € P[0,1)? N Z9 is so chosen that — M P~ 'z, € Z¢. Hence, it follows from
(A.7) and (A.8) that

#(Kn) = | det P|/#(B,), (A.9)
and
K, =K, ifandonlyif K, =K, (A.10)

wheren,m > 0. On the other hand, we have already shown, by applying (A.1), that
K, C K,, whenn > m, which implies that

K, =K, ifandonlyif #(K,)=#(Kpn). (A.11)
Therefore, combining (A.9) — (A.11), we may conclude that
K,=K,, ifandonlyif #(B,)=#(Bpn), (A.12)

and hence the validity of the assertion (iv), by a direct application of (A.12) and assertion
(i), m
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REMARK A.1. For dimensiond > 2, there exist some dilation matrix/ and over-
sampling rateP, such thatPM"P~! ¢ GL4(Z) for all n > 1, but equation (11) still
holds for somei, > 0. As an example, let us consider

30 1 -1
M:{o 4];P:{1 1}
Since
M?*P~1(P[0,1)2NZ*) = MP1(P[0,1)>NZ*) = {(0,0)", (1/2,0)" } mod Z?,

itis clear that (11) holds fong = 1 but P~*M" P ¢ GLy(Z) for all n > 1 (see Remark
2.5). On the other hand, we also remark that (11) may not hold for some dilation matrix
M and over-sampling rat@. As an example, consider

2 1 1 -1
we[ialr=fi 4]

so that

{(0,0)7,(1/2,1/2)T} mod Z? ifn € 3Z,
M"P~YP[0,1)*NZ*) =< {(0,0)7,(1/2,0)T} mod Z> if n—1 € 3Z,
{(0,0)7,(0,1/2)T} mod Z2 if n —2 € 3Z.

Hence, for this example, (11) does not hold for agy> 0, although we have
M"P~Y(P[0,1)2N 2% = M™ P~'(P[0,1)* N Z*) mod Z?,

for n — n’ € 3Z. Indeed, for any dimensiod, any dilation matrix)M/, and any over-
sampling rateP, there always exist integers > 1 andng > 0, such that

M™P~Y(P[0,1)*nZ%) = M"P~1(P[0,1)¢ N Z%) mod Z¢ (A.13)

for all m,n > ng withm —n € n;Z. Clearly this is equivalent to (11) when = 1. The
proof of the formula (A.13) follows from the same argument as that of (11). In particular,
we still have (A.10), although (A.11) does not hold. From the constructidf,ofve see
that

K, C |det P|~t0,|det P|)* N Z4
since| det P|M™P~1 = M™ P, whereP* is the adjoint matrix of”. Hence, since there
are finite many subsets pdet P|~1[0, | det P|)? N Z%, we have

Rh = klz (A14)

for all nonnegative integerg andl,. Hence, (A.13) follows from (A.10) and (A.14), by
consideringny = min(ly,l2) andn; = |lo — 4]

Proof of Proposition 4.3. The proof of the equivalence among (i)—(v) is essentially given
in [21]. The only remark we want to make is that the precise statement in [21] on the
equivalence between (i) and (v) can be formulated as follows:
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“Assume thatPM P~! € GL4(Z). ThenMP~1Z? + Z¢ = P~1Z4 if and only if
M=1Z2inp~1zd =72

We remark, however, thaPM P~! € GL4(Z) already follows from (v), which also
implies thatPM P~ 'k € Z? for anyk € Z¢. Hence, the equivalence between (i) and ()
immediately follows.

To prove (iv)== (vi), let s € Z%. Then if (MT)'s € PTZ? for somej > 0, we
havet = (MT)is € (MT) PTZ by (iv), which implies thats € PTZ? and hence,
Inr.p(s) = 0. On the other hand, fM7T)"s ¢ PTZ? for alln > 0, thenIy, p(s) = 0 by
definition, so thaf's; p(s) = 0 for all s € Z¢ and hence, (vi) follows.

To prove (vi)= (iv), observe that, by (vi), we have, for aryc Z<, eithers ¢ PTZ<
or (MT)is ¢ PTZ4 for all j > 0. Hence, for anyt € PTZIn (MT)Z?, we have
t' € PTZ4 sothatt € (MT)I PTZ?, wheret = (MT)7t'. Therefore, we may conclude
thatPTZI N (MT)Z¢ c (MT) PTZforallj >0. m
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