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Abstract

Let �N � N � � be Daubechies� scaling function with symbol � ��e
�i�

� �NQN ����
and let sp��N �� � � p � � be the corresponding Lp Sobolev exponent�
In this paper� we make a sharp estimation of sp��N �� we prove that
there exists a constant C independent of N such that

N �
ln jQN �	��
�j

ln 	
�

C

N
� sp��N � � N �

ln jQN �	��
�j

ln 	
�

This answers a question of Cohen and Daubeschies �
� positively�

AMS subject classi�cation� ��C��� ��A��� ��A��� �	A�
� ��A
�
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� Introduction

For N � �� let
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N��X
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�
N � � � k

k

�
tk�

Then

��� t�NPN �t� � tNPN��� t� 
 �

and PN is the unique polynomial solution of the equation with degree not
greater than N � ��

Let QN ��� be a trigonometric polynomial with real coe�cients satisfying

jQN���j� 
 PN�sin
� �

�
�� ���

It is known that such QN exists by the Riesz Lemma� but QN is not unique�
Set
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We are interested on the QN such that the solution �N of the re�nement
equation

�N�x� 

X
k�ZZ

ck�N��x� k� ���

with
R
IR �N�x�dx 
 � generates an orthonormal basis of L��IR�� The func�

tions �N are the well known Daubechies� scaling functions ���� For an inte�
grable function f � we let �f��� 


R
IR f�x�e�ix�dx be the Fourier transform of

f � Then d�N��� 
 HN�
�

�
�d�N��

�
� ���

and d�N��� 
 �Y
j��

HN��
�j��� ���

The regularity of the scaling functions has central importance in the the�
ory of wavelets� In ���� Volkmer proved that the H�older index of �N is

�



�� � ln �
� ln �

�N � o�N� as N tends to in�nity� Recently Bi� Dai and Sun �����
improved the estimation as

��� ln �

� ln �
�N �

lnN

� ln �
�O����

Another popular approach to the regularity is to use the Sobolev exponent�
Recall that the Sobolev exponent sp�f�� 
 � p �� is de�ned by

sp�f� 
 sup fs �
Z
IR
j �f���jp�� � j�j�psd� ��g�

and for p 
��

s��f� 
 sup fs � �f����� � j�j�s isaboundedfunctiong�
There is considerable literature devoted to estimate the Sobolev exponent
for scaling functions in general� for example� ��� and ���� for s��f�� ��� for
s��f�� ��
� and �	� for sp�f� with � � p � �� ���� for Triebel�Lizorkin space
and Besov space� and ���� for Lp Lipschitz space� For Daubechies� scaling
functions� Volkmer ���� proved that

N � ln jQN������j
ln �

� �

�
� s���N� � N � ln jQN������j

ln �
�

Recently� Cohen and Daubechies ����� ���� computed sp��N� for p 
 �� �� �� �
and N 
 �� �� � � � � �	� and found that the di�erence of sp��N� between dif�
ferent p becomes very small for N large� Based on this observation� they
asked

Problem� Let �N be de�ned by ���� For 
 � p� q ��� is it true that

lim
N��

�sp��N�� sq��N�� 
 
�

In this paper� we answer this question a�rmatively and generalize the
estimation in ���� in part�

Theorem� Let �N be de�ned by ���� For 
 � p ��� there exists a constant

C independent on N such that

N � ln jQN������j
ln �

� C

N
� sp��N� � N � ln jQN������j

ln �
�

�



and for p 
��

s���N� 
 N � ln jQN������j
ln �

�

In the following� we list the approximate value of the Lp Sobolev exponent
sp��N�� The �rst three columns sp��N�� p 
 �� �� � are obtained by Cohen

and Daubechies in ���� The last colume N � ln jQN ������j
ln �

is the approximate
value from the theorem� Note that the numerical data matches with the
theorem�
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� Upper bound estimation

In this section� we will prove the upper bound estimate of sp��N��

�



Proposition � Let �N be de�ned by ���� Then for 
 � p � ��

sp��N� � N � ln jQN������j
ln �

� ���

Proof� It follows from ��� that

jd�N��k�
�

�j 
 ���k���N jQN�
��

�
�jk��jd�N���

�
�j�

Hence ��� holds for p 
��

To prove the case for 
 � p ��� we let ��N be the compactly supported
distribution de�ned by

d��N��� 
 �Y
j��

QN ����
j��

Let nk 
 ��k������ then by a similar method as used in Proposition � in ����
we obtain for any 	 
 
 there exists a constant C such that for � � ���� ��
and for su�ciently large k�

jd��N�� � �nk��j � CjQN�
��

�
�j�k��k��

Since d�N��� 
 �Y
j��

�
� � e�i�
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 �

�� e�i�

i�
�N
d��N����

there exists an integer k� such that for � � �	�


� ��



� and k � k��

jd�N�� � �nk��j � C��Nk��kjQN�
��

�
�j�k�

Obviously Z
IR
jd�N���jp�� � j�j�psd� ��

implies that Z
� ��
�
� ��
�

��nk�

jd�N���jp�� � j�j�psd�

is bounded on k� Hence there exists a constant C such that ��s�N���kpjQN�
��
�
�j�kp �

C for all k� This implies that

s�N � ln jQN ������j
ln �

� 	 � 


and ��� follows from the de�nition of sp��N�� 
 � p ��� �

�



� Lower bound estimation

In this section� we prove the lower bound estimate for sp��N��

Proposition � Let �N be de�ned by ���� Then for 
 � p � � and for

any integer M � � there exist a constant ��� � r � � and an integer N�

independent on p and M such that for N � N��

sp��N� � N � pM ln jQN������j� ln�� � �MrNp�

pM ln �
�

Also

s���N� � N � ln jQN������j
ln �

�

Obviously our main theorem follows from Proposition � and � by choosing
the above M as the integral part of �pN ln r� ln �� We need some lemmas to
prove the proposition� The main estimate is Lemma �� based on the accurate
estimates of QN ��� on �
�

��
�
� and QN���QN���� on �

��
�
� ��� First we introduce

an auxiliary function

g��� 


�����
�cos �

�
���� j�j � �

�

��sin �
�
��� �

�
� j�j � �

g�� � �m��� � � �m� � ���� ���
���

Lemma � There exists a constant C independent of N and � such that

C��N�Cg���N � jQN���j� � g���N � ���

Proof� The right inequality was proved by Cohen and S�er�e ��� Lemma �����
It remains to prove the left inequality� Write

ak��� 


�
N � � � k

k

�
�sin

�

�
��k� 
 � k � N � ��

Then
ak���

ak�����



N � k � �

k
sin�

�

�
�

�



Let k� be the integral part of �N � �� tan� �
�
� Then by observing that

ak���

ak�����
� � ifandonlyif k � �N � �� tan�

�

�

and that j tan �
�
j � � for j�j � �

�
� we have

max��k�N��ak��� 
 ak����� j�j � ����

By using the Stirling formula

k� 
 kke�k
p
��k�� � o�����

we have for j�j � ����

ak���� 

�N � k� � ���

k���N � ���
� sin

�

�
��k� 


�N � k� � ��N�k���

kk�� �N � ��N��
� sin

�

�
��k�BN

where C��N�C � BN � CNC � By substituting �� � k���N��� tan� �
�
� 


into the above expression and simplifying� we have

ak���� 
 �BN � cos
�

�
���N 
 �BN g���N � j�j � ����

where �C ����N�C� � �BN � C �NC�

� This yields the left inequality of ��� for
j�j � ����

For �
�
� j�j � �� tan� �

�
� � implies that

a���� � a���� � � � � � aN������

By using the Stirling formula again and making a similar estimation� we have

C��N�Cg���N 
 C��N�C�� sin
�

�
��N � aN����� � jQN ���j�� �

�
� j�j � �

which completes the proof� �

Lemma � Let g��� be de�ned by ���� Then


 � g���g���� � jg���
�
�j�� j�j � �

��

�
� ��� ���

and for 
 � � � �
�
there exists 
 � r� � � such that


 � g���g���� � r��jg�
��

�
�j�� j�j � �

��

�
� �� ��� �	�

�



Proof� Recall that g��� is an even periodic function� hence it su�ces to
prove ��� for � � �
� ��� Note that

g���g���� 


�
�� sin� �

�
sin� �� � � ���

�
� ��

�
�

� sin� �
�
cos�� �� � � ���

�
� ���

It is easy to check that the product is strictly decreasing on ���
�
� ��� Hence


 � g���g���� � g�
��

�
�g�

��

�
� 
 jg���

�
�j��

The second part follows from the strictly decreasing property� �

Lemma 	 For any integer N � ��

jQN ���j � jQN�
��

�
�j� j�j � �
�

��

�
�� ��
�

jQN���QN����j � jQN�
��

�
�j�� j�j � �

��

�
� ��� ����

Furthermore for any 
 � � � ���� there exists 
 � r� � � and an integer N�

such that for N 
 N��

jQN���j � rN� jQN�
��

�
�j� j�j � �
�

��

�
� �� ����

jQN���QN����j � rN� jQN������j�� j�j � �
��

�
� �� ��� ����

Proof� The �rst two inequalities were proved in ��� p������ We use Lemma
� to prove ����� for j�j � �
� ��

�
� ��� there exists 
 � r � � such that

jQN���j� � g���N � rNg�
��

�
�N � CNCrN jQN �

��

�
�j��

We pick r� so that 
 � r � r� � �� Hence ���� holds for N large enough�
The proof of ���� is similar by using Lemma �� �

In regard to the above lemma� we include the graphs of QN ��� and
QN���QN����� N 
 �� �� �� � for the convenience of the reader�

�
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For any 
 � � � ��� and � � R� we de�ne

Ik��� �� 
 fj � � � j � k� �j� � 	
m�ZZ

����

�
� ��

��

�
� �� � �m� g

and let ik��� �� be the number of elements of Ik��� ���

Lemma 
 Let N� be as in Lemma �� Then there exists a constant CN and

a constant 
 � r� � � depending on 
 � � � ��� only such that for k 
 �
and N � N��

kY
j��

jQN��
j��j � CN r

Nik�����
� jQN�

��

�
�jk� ����

Proof� We use r���� to denote the r� in Lemma �� and choose r���� so that
r����� r������ � r���� � �� It is easy to see that by letting CN large enough�
the lemma holds for k 
 � and k 
 �� We assume that ���� holds for k � l
with l � �� For k 
 l� we divide the proof in four cases�

�i� If �� � ����
�
� �� ��

�
� �� � �m�� then ik��� �� 
 ik������ �� � �� We

can write
kY

j��

jQN��
j��j 
 jQN����j

k��Y
j��

jQN ��
j�����j�

and ���� follows from ���� with r���� � r���� � � and the induction hypoth�
esis�

	



�ii� If �� � �����
�
����

�
�������

�
��� ��

�
����m� � then ik��� �� 
 ik������ ��

and the same induction hypothesis together with ��
� implies �����

�iii� If �� � �����
�
� �

�
����

�
� � ���

�
� ��

�
� �

�
�� � �m�� then ��� �� ��S

m�ZZ����
�
� �� ��

�
� �� � �m�� hence ik��� �� 
 ik������ ��� Write

kY
j��

jQN��
j��j 
 jQN ����QN����j

k��Y
j��

jQN��
j�����j

and ���� follows from �����

�iv� If �� � ��������
�
� �

�
� � ���

�
� �

�
� ��� � �m�� then ik��� �� �

ik������ �� � �� by using the above product�r������ � r���� � � and ����� we
have

kY
j��

jQN ��
j��j � r��

�

�
�NCNr

Nik��������
� jQN �

��

�
�jk � CNr

Nik�����
� jQN�

��

�
�jk�

The induction step follows from these four cases� �

For any integer M � �� k � � and 	 
 �	�� 	�� � � � � 	kM� with 	i 
 
 or ��
let �kM�	� be the cardinality of the set

AkM�	� 
 fl � � � l � k� �	�l���M��� � � � � 	lM� hastwoconsecutive
or�g�
Then �kM�	� 


Pk��
l�� �M�	l� where 	l 
 �	lM��� � � � � 	�l���M � and

X
�����������kM ��f���gkM

r�kM ��� 

k��X
l��

X
�l���Ml��������M�l��	��f���gM

k��Y
j��

r�M ��j�




 X
�����������M��f���gM

r�M ���
�k


 �� � ��M � ��r�k� ����

where r 
 
 and the last equality follows from the fact that �M�	� 
 � for any
	 � f
� �gM except 	 
 �
� �� 
� �� � � �� � f
� �gM or ��� 
� �� 
� � � �� � f
� �gM �

Lemma � Let 
 � � � ���� For � � ��� ���� write � 
 ���
PkM

j�� 	j�
�j � 
�

with 
 � 
 � ��kM � Then

�kM�	�� � � ikM��� ��� ����

�




Proof� Suppose l � AkM�	� and l � �� then there exists an index j � �
such that �l � ��M � � � j � lM � � and 	j 
 	j��� Hence

�j��� 
 �m� � ���
	j
�
�
	j��

�
� 
��

for some integer m and 
 � 
� � ���� For 	j 
 	j�� 
 
�

���
	j
�
�
	j��

�
� 
�� � ���

�
�
�

�
��

and for 	j 
 	j�� 
 ��

���
	j
�
�
	j��

�
� 
� � �� � ���

�
�
�

�
��

Hence �j��� � S
m�ZZ������ � �� ���� � �� � �m�� i�e�� j � � � IkM��� ���

What we have just shown is that each l � AkM�	� corresponds to at least
one distinct j � IkM��� �� provided that l � �� The lemma follows from this
assertion� �

Proof of Proposition �� Recall that

��N��� 
 �
�� e�i�

i�
�N

�Y
j��

QN ����
j��

Let r 
 r������� Then for � � ��kM���� �kM�� and N � N�� Lemma � implies
that

j��N���j � C��kMN
kM��Y
j��

jQN��
j�kM��j

� C ���kMNrNikM ���kM ������jQN�
��

�
�jkM �

where C � depends on N only� It now follows from ���� ���� and ���� thatZ ��k��	M���

�kM���
j��N���jpd� 


M��X
l��

Z �kM�l�

�kM���l�
j��N���jpd� � �M

Z �kM�

�kM���
j��N���jpd�

� C ���NkMpjQN�
��

�
�jkMp

Z �kM�

�kM���
rNpikM���kM ������d�

� C ����NkMpjQN�
��

�
�jkMp

X
�j�f���g���j�kM

rNp�kM ���

� C ����NkMpjQN�
��

�
�jkMp�� � �MrNp�k�

��



This completes the proof� �
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