LOCALIZATION OF STABILITY AND p-FRAMES IN
THE FOURIER DOMAIN

QIYU SUN

ABSTRACT. In this paper, we introduce and study the localization
of stability and p-frame properties of a finitely generated shift-
invariant system in the Fourier domain, and then provide more
information to that shift invariant system. Especially for a shift-
invariant system generated by finitely many compactly supported
functions, we show that it has p-frame property at almost all fre-
quencies, and that it either has stability property at almost all
frequencies or does not have stability property at all frequencies.

1. INTRODUCTION

In this paper, we are interested in the localization of stability and
p-frame properties of the shift invariant system generated by finitely
many functions in the Fourier domain. The localization of stable shifts
and p-frames in the Fourier domain provides us more information to
that shift invariant system, especially when the system is generated by
compactly supported functions. For instance, we show that a vector-
valued compactly supported distribution either has stable shifts at al-
most all frequencies or does not have stable shifts at all frequencies, and
that a vector-valued compactly supported bounded function generates
a p-frame at almost all frequencies.

Let 7,1 < p < o0, be the space of all p-summable sequences on
Z% and let || - || denote the usual 7 norm. For a linear space X,
we denote its direct sum of r copies by X (). For compactly supported
bounded functions fi,..., f. on IR?, we define the semi-convolution
F+' on (/7)1 < p < o0, by

Fs': (")) 5 D:={D(k)} — > D(k)"F(-—k):=F « D,

kezd

and denote the range of the semi-convolution F*' on (¢7)™) by

Vo(F):={F«D: De ()"},
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where F' = (f1,..., f)T. The space V,(F) is the set of all linear com-
binations of f;(- — k), 1 <i < r k € Z“, using (7 coefficients. Thus it
is a shift invariant space generated by the shift invariant system

]:::{fi(-—k:): 1§i§r,kezd}.

Here we say that a linear space V of functions on IR? is shift invariant
if f €V implies that f(- — k) € V for all k € Z“. The shift invariant
space V,(F') is used in wavelet analysis for the case that the generator
is a scaling function or a mother wavelet ([7, 9, 19]), and is also used as
the model space for sampling, where the sinc function is the generator
(see for instance [1, 5]).

Before starting to discuss localization in the Fourier domain, we re-
call the definition of Fourier series. For any summable sequence D =
{D(k)}, its Fourier series is defined by F(D)(§) := Y ,cza D(k)e ™.
The above definition of Fourier series can be extended to any sequence
D with polynomial growth, that is, |D(k)| < p(k),k € Z*, for some
polynomial p. In this situation, the Fourier series is a periodic tem-
pered distribution, which we still denote by F(D). For any measurable
set B, welet 4,1 < p < 00, be the set of all ¢Z sequences whose Fourier
series are supported in E + 2rZ%.

The semi-convolution F* from (¢>)) to V. (F) is the first operator
we want to localize in the Fourier domain. We say that F' has stable
shifts if the semi-convolution F'*’ is one-to-one on (¢*°)™. For the case
that F' has compact support, it was known that F' has stable shifts
if and only if the rank of the r x Z¢ matrix (F(¢ + 2km))pega IS T
for all ¢ € IR? ([16, 21]). Here we define the Fourier transform f of
an integrable function f by f(&) = |, pi € f(x)dx, and understand
the one of a tempered distribution as usual. Moreover, by the Possion
formula, it follows that if the 7 x Z* matrix (F/(€+2k7)),cz¢ has rank
strictly less than r, then F ¥ (vEg,) = 0, where Eg, := {e*} € (=
and v is a nonzero vector in ¢" so chosen that v”F (& + 2km) = 0 for
all k € Z?® We observe that the Fourier series of Ee, is supported

in & + 2rZ% On the other hand, if the r x Z% matrix (}/7’\(&) +
2km))pega is of full rank, then F' " D # 0 for any nonzero sequence
D € (4=)) whose Fourier transform is supported in B(&, 0) + 2nZ°
for some small § > 0, and hence the semi-convolution F'*’ is one-to-one
on (€§(5075))(T) for some § > 0. That property is called stable shifts at
the frequency &y in this paper. Note that F' has stable shifts if and only
if it has stable shifts at any frequency (Corollary 2.3). We may then
consider the stable shifts at some frequency as the localization of the
stable shifts in the Fourier domain. In Section 2, we discuss the stable
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shifts of I at a frequency when F is a tempered distribution having ¢
decay, while the class of tempered distributions with ¢! decay contains
all integrable functions, compactly supported distributions, and also
refinable distributions with smooth symbols (see Section 2 for more
details about that function space). In Theorem 2.2, we characterize
the stable shifts at a frequency and hence generalize the corresponding
result for the stable shifts in [24]. In Theorem 2.4, we discuss the
stable shifts of F' at a frequency when F' is a compactly supported
distribution, and we show that a compactly supported distribution F'
either does not have stable shifts at all frequencies, or has stable shifts
at almost all frequencies (Corollary 2.5).

Let L?,1 < p < 00, be the space of all p-integrable functions on IR,
and let | - ||, be the usual L norm. The semi-convolution operator F's’
from (¢P) to V,(F),1 < p < oo, is the second operator we want to
localize in the Fourier domain. We say that F' has (7 stable shifts if
F% is an isomorphism between (7)) and V,,(F), that is, there exists
a positive constant C' so that

(1.1) CYD||lw < ||F ¥ D, < C|| D]l ¥ D e (7)™,

The concept of P stable shifts plays an important role in the approxi-
mation by shift invariant spaces, the regularity of scaling functions, and
the convergence of cascade algorithms (see for instance [13, 14, 25, 27|
and references therein). Comparing the definitions of the stable shifts
and the (P stable shifts of F', we see that (a) the semi-convolution F'x’
is required to be a bounded operator from (¢)(") to L in the definition
of the (P stable shifts of I, but it is only required to be well defined in
the distributional sense in the definition of the stable shifts of F', and
(b) the semi-convolution F'x" is assumed to be one-to-one and to have
bounded inverse in the definition of the ¢ stable shifts of F', but it is
assumed to be one-to-one only in the definition of the stable shifts of
F. For a compactly supported LP function F', the semi-convolution is
a bounded operator from (7)) to LP because

(r—1)/p
IF ¥ Dlly < IFIIDl x sup (3 xxule = k)
veR kezd

< (2K + 2P| F||D]l,,

where K is so chosen that F is supported in [—K, K]¢ and yp is the
characteristic function on a measurable set E (see (3.1) for a more
general result). Moreover, it is shown that the ¢ stable shifts of F
and the stable shifts of F' are equivalent to each other ([15]). We
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say that F has (7 stable shifts at the frequency & € IR® if the semi-
convolution F'«' is an isomorphism between (%, (€ 5))(’”) and its image for

some ¢ > 0, that is, (1.1) holds for all sequences D € (61173(50,5))(T)- Note

that F' € (LP)™) has ¢P stable shifts if and only if it has ¢? stable shifts
at any frequency (Corollary 3.2). Then we may consider the ¢ stable
shifts at a certain frequency as the localization of the ¢P stable shifts
in the Fourier domain. In Theorem 3.1 of Section 3, we generalize
the equivalence between the (P stable shifts and the stable shifts in
[15] to the equivalence of their localization in the Fourier domain for
those functions F in (£P)"), which contains all compactly supported
L? functions.

We see from the definition of the 7 stable shifts that F = (f1,..., f.)T
has stable shifts if and only if {f;(-— k) : 1 <i < r k € Z?} is a Riesz
basis of V,(F). This observation inspires us to introduce the concept
of a p-frame of a finitely generated shift invariant space in [3]. We say
that F generates a p-frame if {fi(- — k) : 1 < i < rjk € Z% is a
p-frame for V,(F), that is, there exist positive constants A and B so
that

(1.2)  Alflly < DI LC =R e < Blfll, Y f € Vi(F),

i=1

which, in turn, is equivalent to the operator T' from V,,(F) to (¢7)"),
T: ‘/P<F) > f - {<<f7 fl( - k))? cey <f7 fT( - k)>)T} € (gp)(r),

is an isomorphism on V,(F'). The operator T is called the analysis
operator T'.  The third operator we want to localize in the Fourier
domain is the analysis operator T'. For a shift invariant space V" and a
measurable set F, we define

Vg = {f €V : fis supported in E + 27‘['Zd}.

If V= V,(F) for some generator F' and p € [1, 00|, we use V, g(F') to
denote V. We say that F generates a p-frame at the frequency & € IR?
if (1.2) holds for all f € V, p(¢.5)(F), where 6 > 0. As we show later
that for those functions F' with certain decay at infinity, it generates a
p-frame if and only if it generates a p-frame at any frequency (Corollary
4.4). Then we may consider the p-frame property at some frequency
as the localization of the p-frame property in the Fourier domain. In
[3], it is shown that a function F in (W (L>, ¢'))") (a function in that
space is locally bounded and globally L!, see Section 4 for the precise
definition), generates a p-frame if and only if the rank of the r x Z

matrix (ﬁ(f + 2kT)) ez is independent of ¢ € IR (Proposition 4.1).
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In Section 4, we establish a corresponding result for the p-frame at
any frequency (Theorem 4.2). Applying Theorem 4.2, we show that
any compactly supported bounded function F' generates a p-frame for
V,(F) at almost all frequencies (Theorem 4.5).

2. STABLE SHIFTS AT CERTAIN FREQUENCY

In this section, we consider the localization of the stable shifts of
finitely generated shift invariant system in Fourier domain.

First let us recall a class of function space from which the generators
of the shift invariant system are chosen. Let S to be the space of all
Schwartz functions, and let < -, - > be the action between a tempered
distribution and a Schwartz function. We say that a tempered distri-
bution f has ¢! decay if < f(- — ), h > is continuous about x for any
h € S, and if there exist positive constants C' and ko independent of
h € § such that

D= R)h><C Y DR+ Dl

kez? || <ko

for any h € S ([24]). The class of tempered distributions with ¢*
decay contains most of the functions (tempered distributions) we are
interested in for the study of stable shifts. In fact, any integrable
function f on IR? is a tempered distribution with ¢! decay because for
any h € S,

DI SC=k)h> =Y [ < fh(-+k)> |

kez? kezd
< [ 1@ x (3 1hia + 1)) de
e (5 e+ o)
< O+ e x [ @IS @ b ) e
F kez?
< Hh(l—i—‘.’)d+lHoo(1+ Z ‘k‘idil)uﬂ‘l'
0£keZ4

The class of tempered distributions with ¢! decay also contains all com-
pactly supported distributions and globally supported refinable distri-
butions with smooth symbol ([24]), but it does not contain the sinc
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SlIl T

function sinc(x) := on the line because

Z|<<f (-—k) h>>|_ Z’/ e ikH1/2)6 g

keZ k ze

B sin(k +1/2)m
B kGZZ (k+1/2)7

o

for any Schwartz function h whose Fourier transform satisfies h(¢) =
e"%/2 for |€] < .

For F = (fi,..., f,)T having ¢! decay, {< F(- — k),h >} € (* for
any h € S, and hence the sum Y,z D(k)" < F(- — k), h > is well
defined for any bounded sequence D = {D(k)}. So we may define the
semi-convolution F+' D of a vector-valued tempered distribution F' and
a bounded sequence D = {D(k )} by

(21) < F¥D,h>>:= > D(k)" < F(-—k),h>> foranyh€S.
kez?
Thus the semi-convolution F ' D is a tempered distribution ([24]).
We define the stable shifts of a tempered distribution F' = (fy, ..., f.)7
with ¢! decay and its localization in Fourier domain as follows.

Definition 2.1. Let F' = (f1,..., f-)T be a vector-valued tempered
distribution with ¢! decay.

e We say that F has stable shifts if F¥' is one-to-one on (£>)(),
that is, the only bounded sequence D such that F' ' D = 0 is
the zero sequence ([24]).

e We say that F' has stable shifts at frequency & € IR if there
exists & > 0 so that the only sequence D € ({3, 5))(” so that
F %" D =0 is the zero sequence.

For the stable shifts, there is a long list of publications on the charac-
terizations and applications, especially for compactly supported distri-
butions and refinable distributions, (see, for instance, [12, 16, 21, 23, 26]
for compactly supported distributions, [8, 10, 11, 18, 22, 28] for com-
pactly supported refinable distributions, [15] for globally supported
functions in £P, and [24] for tempered distributions with ¢! decay).

We say that a function f is a C™ function with (' decay if

Z [ D" f[l Lo (k4 [0,1)0) < 00 for any n € (Z )"
kez?

We may understand that C*° functions with ¢! decay are functions
locally C* and globally ¢*. Thus a Schwartz function is a C*° function
with ¢! decay, and so is a linear combination of the integer shifts of a
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Schwartz function using ¢! coefficients. In [24], the author established
the following result for the stable shifts of a tempered distribution with
(" decay (The original result is slightly different from the one stated
below).

Proposition 2.1. Let F' = (f1,...,f,)T be a tempered distribution
with €1 decay. Then the following statements are equivalent:
(i) F has stable shifts.

(ii) The matriz (F(€ + 2kT)) pegd 15 of full rank for any € € IR
(iii) There exist C* functions hy, ..., h, with ¢* decay so that

di(k) = < F+* D, h(-—k)> 1<i<r keZ*
for all bounded sequences D = {(dy(k),...,d.(k))T}.

We remark that the equivalence between the first and second state-
ment is established in [21] for a compactly supported function F' with
r =1 and in [16] with » > 1, and in [15] for an integrable function F.

In this section, we establish a corresponding version of Proposition
2.1 for the stable shifts at a frequency.

Theorem 2.2. Let & € IRY, and let F = (fy,..., f.)" be a tempered
distribution with (* decay. Then the following three statements are
equivalent to each other.

(i) F has stable shifts at the frequency & € IR".
(ii) The r x Z* matrix (F\(ﬁo + 2k7)) e za is of full rank.
(iii) There exist C*> functions hy, ..., h, with ¢* decay and a positive
constant 6 so that

(2.2) di(k) =< F+ D,hi(- —k)>, 1<i<r ke Z*

for any bounded sequences D := {(dy(k),...,d.(k))T} whose
Fourier series F(D) are supported in B(&, ) + 2nZ*.

We may understand the above theorem as the equivalence among
stable shifts at a certain frequency, full dimension of the Fourier fiber
bundle in the neighborhood of that frequency, and the inverse process
of the semi-convolution at that frequency. Combining Theorem 2.2 and
Proposition 2.1, we have:

Corollary 2.3. A tempered distribution with ¢* decay has stable shifts
if and only if it has stable shifts at any frequency.

Then Theorem 2.2 can be thought as the localization version of Propo-
sition 2.1 in the Fourier domain.

For a compactly supported distribution F = (f1,..., f,)T, we say
that F' has finitely linearly independent shifts if there does not exist a
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nonzero sequence D with finite support so that F'«' D = 0 ([28]). In
other words, there does not exist a linear dependent finite subsystem
of F:={fi(-—k) : 1 <i<rk e Z"}. Inthe Fourier domain, we may
interpret the finitely linearly independent shifts as the nonexistence of
a nonzero vector Q(&) = (q1(€),. .., ¢ (€))7 so that all entries of Q(&)
are trigonometric polynomials and that Q(é)Tﬁ(f) = 0. Applying
Theorem 2.2, we have the following result about the stable shifts of a
compactly supported distribution at a frequency.

Theorem 2.4. Let F = (f1,..., f,)T be a compactly supported nonzero
distribution. Then:

(i) F has finitely linearly dependent shifts if and only if F' does not
have stable shifts at all frequencies.

(ii) F' has finitely linearly independent shifts if and only if F has
stable shifts at almost all frequencies.

As an easy consequence of Theorem 2.4, we have:

Corollary 2.5. Let F' = (f1,..., f)' be a compactly supported nonzero
distribution. Then either F' does not have stable shifts at all frequencies,
or ' has stable shifts at almost all frequencies. Especially if r =1 then
F' has stable shifts at almost all frequencies.

2.1. Proof of Theorem 2.2. We recall some properties of a tempered
distribution with ¢! decay in [24].

Lemma 2.6. Let F be a vector-valued tempered distribution on IR®
with 01 decay. Then:
(i) F is continuous.
(ii) F has polynomial increase at infinity, i.e., there exists a poly-
nomial Q() such that |F(€)| < Q(€) for all £ € IR
(iii) For any g € S, the following Poisson summation formula holds

O F(E+2km)g(E+2km) =Y < F(-+j).g> et

kez? jez?

Proof of Theorem 2.2. The implication (iii)==-(i) is obvious. Then it
suffices to prove (i) = (ii)== (iii). First we prove (i) = (ii). Sup-
pose, on the contrary, that the rank of 7 x Z¢ matrix (ﬁ(§0+2k7r))kezd
is strictly less than r. Then there exists a (complex-valued) nonzero
vector v = (vy,...,v,)T so that the function g := v F satisfies §(& +
2km) = 0 for all k € Z“. The sequence Eg, = (€9%0) ;e za belongs to £>°,

has its Fourier series supported in &, + 27 2%, and satisfies g %’ E¢ = 0.
This contradicts the assumption (i).
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Next we prove (ii)==(iii). By (ii), there exist ky,...,k, € Z% such
that

(2.3) A= (ﬁ(f‘o + 2ky7), ... ,}/7’\(50 + 2k,m)) is nonsingular.

Let e;,1 < i < r, be vectors with ¢-th component one and other com-
ponent zero. By (2.3), Av; = ¢; for some v; = (vi(k1),...,v;(k.))T €
C",1 <1 <r. Let w; be a C*® function so that w; is supported in
Uiv:lB(fo, 5) + 2]@‘/71' and wl(f) = ’Ui(kl'/) for all f < 3(607 5/2) —+ 2](31'/77',
Where/\é > 0 is a sufficiently small positive number chosen later. Recall
that f;,1 < ¢ < r, are continuous on IR? by Lemma 2.6. Then for
sufficiently small § > 0, the matrix

A€) = (30 Fie + 2kmywy (€ + 2k

1<ii/ <r
kez?

has its entries in the Wiener class, and is nonsingular in a neighborhood
of B(&,6) + 2rZ“. Hence there exists another matrix B(¢) whose
entries belong to the Wiener class so that

(2.4) A©)B(E) = I,

on a smaller neighborhood of ¢ 4+ 27Z¢%, say B(&, 01) + 21 Z® for some
0 < d; < 6/2. Define hy, ..., h, by
T =T

(2.5) (7 (), .. he(6)) = B(E) (wi(€), ..., w.(€))T.

Then hq,...,h, are linear combinations of the integer shifts of some
Schwartz functions using ¢! sequences, and hence are C* functions
with ¢! decay. By (2.4) and (2.5),

(2.6) > Fil€ + 2km)hi (§ + 2km) = 65, 1 <iyi' <

kez?

for all £ € B(&,01) + 2nZ®, where 6, is the usual Kronecker sym-
bol. Let D = {(dy(k),...,d.(k))T} be any bounded sequence with its
Fourier series (D) supported in B(&y, ;) +2rZ%. Multiplying F(D;)
at both sides of the equation (2.6) and then summing up for ¢ from 1
to r, we obtain

‘F(Dz’> = Z m( +2k37T>?ZZ/( +2]€7T), 1< i’ < T,
kez?

where D; = {d;(k)},1 < i <r. Then the assertion (iii) follows. O
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2.2. Proof of Theorem 2.4. To prove Theorem 2.4, we need a charac-
terization of finitely linearly dependent shifts of a compactly supported
distribution, which is essentially given in [28] for the one dimensional
case.

Lemma 2.7. Let F' = (f1,..., )" be a compactly supported distribu-
tion. Then F' has finitely linearly dependent shifts if and only if the
matriz (F'(§ + 2km))pege has rank less than or equal to v — 1 for all
¢ € IR

To prove Lemma 2.7, we recall a result in [2].

Lemma 2.8. Let F = (fy,..., f.)T be a compactly supported distri-
bution. Then there exists a compactly supported distribution G =
(g1,...,95)T so that G has stable shifts, and such that fi,..., f, are
finite linear combinations of {gi(- — k) : 1<i < s, ke Z%}.

Proof of Lemma 2.7. First the sufficiency. Let Q(&) = (q1(¢), ..., ¢ (6))T

~

be a nonzero vector with polynomial entries so that Q(£)T F(£) = 0 for
all ¢ € IR?. Therefore

(2.7) QE)TAE) =0 Vee R,

where A(¢) = (F(¢ + 2k7))reze. By our assumption, Q(§) # 0 for
almost all ¢ € IR?, which together with (2.7) implies that the matrix
A(€) has rank less than or equals to 7 — 1 for almost all £ € IR?. On
the other hand, Fis an analytic function by the assumption on F', and
hence cither the rank of (F(§ + 2kr)) wezd 1s strictly less than r for all
¢ € IR, or is equal to r for almost all £ € IR?. Then the assertion
follows.

Then the necessity. Let G be the function as in Lemma 2.8, and
P(£) be the trigonometric polynomial matrix so chosen that F(£) =
P(€)G(¢). By the stable shifts of G, (G(£ + 2kn)),.ze has rank s
for all & € IR ([16, 21]). This together with our assumption on F
implies that the matrix P() has rank less than or equal to r —1 for all
¢ € IR?. Thus there exists a nonzero trigonometric polynomial vector
Q&) = (q1(§),...,q:(£)" so that Q(£)" P(¢) = 0 for all ¢ € IR". Hence
Q()TF(&) =0 for all € € IR and the assertion follows. O

Proof of Theorem 2.4. By the assumption on F', the Fourier transform
F (&) of F' is an analytic function. Hence either the rank of (}/7’\ (& +
2km)) ez is strictly less than r for all £ € IR?, or is equal to r for
almost all ¢ € IR?. The assertion then follows from Theorem 2.2 and
Lemma 2.7. U
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3. /P STABLE SHIFTS AT CERTAIN FREQUENCIES

In this section, we consider /¥ stable shifts at some frequency for
the finitely generated shift invariant system, and show the equivalence
between the stable shifts at some frequency and /7 stable shifts at that
frequency when the generators have a certain decay property at infinity.

The generators of the finitely generated shift invariant system are
chosen from the function space £P,1 < p < oo, which contains all
functions f with finite || || z», where || fllzo = || 3 ez |f(-+j)|||Lp([071)d)
([15]). Here LP(K),1 < p < o0, is the space of all p-integrable functions
on a measurable set K, and || - || zr(k) is the usual LP(K') norm. Clearly
for 1 < p < oo, a compactly supported LP belongs to £P, and an LP
function is integrable. Thus a function in L? is a tempered distribution
with ¢! decay.

For any F = (f1,..., )7 € (L"), we have

IF# Dlloe < sup > [DG)IIF(x = j)|

d
r€R jEZd

< ||Dlle sup > |F(z = )| = [ Dlle | Fll e

d
TER jEZd

when p = 0o, and

iF<oly < [ (X 1p0IFE =) d

jez?
< [ (S 1orre—il) < (X 1w -i))" d
B jeza jez
= 1Dl [ (3 1R =) de = 1DI5IFI
(0,14 jezd

when 1 < p < oo. Therefore
(3.1) |F « Dl|l, < |D|lew||Fllze for all D e (£2)™

([15]). Thus we may consider the semi-convolution F'*" as a bounded
operator from (7)) to LP,1 < p < oo.

For any function F = (fi,...,f)" € (£LP)™ and 1 < p < oo, it
is known that F' has (P stable shifts if and only if F' has stable shifts
([15]). In this section, we show the equivalence between the ¥ stable
shifts at a certain frequency and the stable shifts at that frequency.

Theorem 3.1. Let F = (fi,.... )" € (£L»)™,1 < p < oo, and
£ € IRY. Then F has (? stable shifts at the frequency & if and only if
F' has stable shifts at the frequency &g.
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Combining Corollary 2.3 and Theorem 3.1, we have

Corollary 3.2. A function in (LP)") has (P stable shifts if and only if
it has P stable shifts at any frequency.

To prove Theorem 3.1, we recall a lemma in [3].

Lemma 3.3. Let f € LP for some 1 < p < oo. Assume that Y za f(-—
§) = 0. Then for any Schwartz function h on IR?,

] 3 ronsc )], <o

jez
Note that the Fourier transform of ¢¢ Y ieza h(05) (- —7) is F(€) x

Y hezd h(6~1(¢ 4 2km)), which can be considered as a periodic smooth

cutoff of f at the origin. Then the result in Lemma 3.3 can be un-
derstood as: if f(2kw) = 0 for all k € Z<, then the £P norm of the
periodic smooth cutoff of a function f € LP at the J neighborhood of
the origin tends to zero as ¢ tends to zero. A periodic smooth cutoff is
crucial when we consider the shift invariant problem in L?,1 < p < oo,
instead of in L?, where a bounded periodic cutoff is usually used. The
limit result in Lemma 3.3 is not true for p = co and a counterexample
is given in [3].

Proof of Theorem 3.1. First we prove the necessity, which is essentially
given in [15]. Suppose, on the contrary, that F' does not have stable

shifts at the frequency &;. Then the matrix (]/7\(50 + 2k7)) e za is not
of full rank by Theorem 2.2, and hence there exists a (complex-valued)
nonzero vector v = (vy,...,v,)” so that the function g := v F' satisfies

(3.2) (& +2km) =0 VkezZ"

If g = 0, then the proof is done since >";_, f; ' D; = 0 for sequences
D;,1 < i < r, chosen so that D; = v;D for some D € (P, which
contradicts the stable assumption on F. Now we suppose g Z 0. Set
Ee, = (€79%0) ;i ga € (. For p = o0, it follows from (3.2) that

(3.3) g+ Eg, =0,

which contradicts the stable shifts at the frequency &, since the Fourier
series of Eg, is supported in §, + 22 4 Let hy be a Schwartz function

so chosen that hg is supported in B(0,1) and ﬁo(x) =1 forall z €
B(0,1/2). For 1 < p < o0, it follows from (3.3) and Lemma 3.3 that

(3.4) lim 6dH D ho(dg)e T %g(- = j)‘

jez?

=0.

LP
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Note that the Fourier transform of 0% Y7 za ho(0j)e "=D%g(- — j) is

G(&+&0) D kezd ho(671(€ + 2km)),which equals §(€ + &) on B(0,8/2).
This together with (3.4) shows that for any € > 0 there exists §y > 0
so that

lg ' Dl < 57| 3 hote)e P09 = )| x IDlls < el Dl
jezd

for any P sequence D whose Fourier series is supported in B(&,d/2) +
2nZ% and § € (0,8). This is a contradiction since € > 0 can be chosen
arbitrarily.

Now we prove the sufficiency. By Theorem 2.2, there exist C*° func-
tions hy, ..., h, with ¢! decay and § > 0 so that

(3.5) di(k) = < F¥ D, hi(-—k)>, 1<i<r ke Z

where D = {(dy(k),...,d.(k))'} € (tP)") and F(D) is supported in
B(&,0) + 2rZ°. Therefore

IDlle < S IF # Dlcllhilly < CollF # Dlloc
=1

for p = oo, and

IDIG < Coy Il ) /Rd [E+ D ()" hi(w = k) |de < Cof [+ DI}

i=1 kez?

for 1 < p < oo, where Cy, C, Cy are positive constants independent of
D € (P. Hence the sufficiency follows. O

4. p-FRAME AT CERTAIN FREQUENCY

In this section, we consider localization of a p-frame in the finitely
generated shift invariant system in the Fourier domain. The genera-
tors of the shift invariant system are chosen from the function space
W(LP,7),1 < p,q < oo, which contains all functions f whose norm
| fllw(re eay is finite, where

1w zr,eny == I ILf 12 go,1)9) Hll o
For any 1 < p,q < oo, we have
W (L™, 07) C W(LP,(7)
since || f || o k+i0,)7) < [ fll Lo (e j0,1y0) for all & € Z%, and

W(LP, 0" C LP C W(LP, P) = LP
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because

1fler = || 3 17049

kezd

Let F = (fi,..., )" € (W(LP/®=Y 1)) Then for any f € L?,

Zu{fﬁ (- — k) }Hep<ZZH{ffzz — k) }Hlev

lez?d =1

(4.1) < Z D Ml sl < lelelwm/w 0,1 fllps

=1 |ezd

where f;; = fixiipna, ! € Z% Thus {fi(- — k) : 1 < i < rk €
7Z%} is the Bessel sequence for the shift invariant space V,(F) when
F=(fi,.... )7 (L) n (W (Lr/P=Y ¢1))") and the analysis op-
erator T is a bounded operator from L? to (7). So it is good to
assume that the generators of the shift invariant system belong to
LP AW (LP/®=1 (1) when we consider the corresponding p-frame prop-
erty.

When the generators are assumed to be in the class W(L>, ¢'), which
is a subspace of £P and also of W (LP/®=D (') for 1 < p < oo, the

following characterization of the p-frame property was established in
3].

Proposition 4.1. Let F = (fy,..., f,)" € (W(L>®,0")") and1 < p <
0o. Then the following statements are equivalent to each other.
(i) Vp(F) is a closed subspace of LP.
(ii) F generates a p-frame for V,(F).
(iii) The rank of the r x Z* matrix (ﬁ(f—{—%ﬁ))kezd is independent
of € € IR".
(iv) There exist sequences {a;(k)} € 01,1 <4,i' <r, so that

F=30 3 awlk = K fol = KA —F)

i=1 ez
for all f € V,(F).

For any F = (f1,..., f.)" € (W(L*>,£'))"), it was pointed out in [3]
that if F" has (P stable shifts, then it generates a p-frame for V,(F'),1 <
p < oo. In fact, when F' has P stable shifts, the shift invariant space
V,(F) is closed in LP since it is isomorphic to the sequence space (7,
and hence F' generates a p-frame for V,(#'),1 < p < oo, by Proposition
4.1. The above assertion is known for p = 2 under the weak assumption

Z 1 k)l oo,y = [1fllwze,en-

Lr([0,1)d
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Y hezd |13( + 2km)|*> € L*™ in [6]. So the frame property of the shift
invariant system is a generalization of the stability (Riesz) property.
The p-frame was introduced in [3] as a class of Banach frames related
to the finitely generated shift invariant system, which preserves most
of the frame properties in Hilbert space (see [4, 20] for more properties
of p-frames).

In this section, we establish the corresponding version of Proposition
4.1 for a p-frame at a certain frequency.

Theorem 4.2. Let & € IRY, and let F = (fi,...,f)" € (L~ N
(W(LP/ =1 )" for 1 < p < oo and F € (W(L>®,01))") for p = oco.
Then the following statements are equivalent:

(i) F generates a p-frame for V,(F') at the frequency &o.

(ii) The rank of the r x Z* matriz (ﬁ(f—{—le))keZd is independent
of € at a small neighborhood of &g.

(iii) There exist a positive constant & and sequences {a;y(k)} € 1,1 <
i, <r, so that

(4.2) =2 D awlk=K)f ful- =K fi(-— k)

ii'=1k keZ?
forall f € V7B(§0’5)(F).

and

Theorem 4.3. Let & € IR, and let F = (f1,..., f)T € (L)) for
1 <p<ooand F e (WL M) for p=oc. Then the space
Vi, B(go,0) (F) is a closed subspace of LP for sufficiently small § > 0 if and
only if the rank of the r x Z* matriz (F (¢ + 2kT)) ez 1S independent
of & at a small neighborhood of &.

We may understand the above two theorems as the equivalence
among p-frame at certain frequency, the constant dimension of Fourier
fiber bundle at a neighborhood of that frequency, inverse process of the
semi-convolution at that frequency, and closedness of the shift invariant
space at that frequency.

Combining Theorem 4.2 and Proposition 4.1, we have

Corollary 4.4. A function in (LP)™ N (W (LP/®=D ")) generates a
p-frame if and only if it generates a p-frame at all frequencies.

Then Theorems 4.2 and 4.3 can be considered as the localization version
of Proposition 4.1 in the Fourier domain. Moreover, we see that the
conditions on the generators in Theorem 4.2 are weaker than the ones
in Proposition 4.1. For instance, a compactly supported function F' €
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Lrax(pp/(P=1)) gatisfies the conditions in Theorem 4.2, but does not
satisfy the conditions in Proposition 4.1.

Note that the Fourier transform of the function h = x(0,1) — Xx[1,2] 18
(e72% — 2e7% 4 1)/(i€). Then h generates a p-frame at any frequency
& € IR\(2rZ) by Theorem 4.2. Moreover, applying Theorem 4.2
yields the following interesting result for compactly supported bounded
function.

Theorem 4.5. Let 1 < p < o0, fi,..., [ be compactly supported and
bounded, and set F = (fi,..., f.)Y. Then F generates a p-frame at
almost all frequencies.

4.1. Proof of Theorem 4.2. To prove Theorem 4.2, we need two
lemmas.

Lemma 4.6. Let & € IR, F = (f1,.... f,)" be a tempered distribution
with ¢* decay. Then there exists a nonsingular matriz Pe,(£) so that all

entries are periodic functions in the Wiener class, and the functions
Fi¢, and Fy¢, defined by

(43 P (€)F(€) = ( Fa(o) )

satisfy (i) F1 ¢, has stable shifts at the frequency &y, and (ii) I*Aﬂg@ (& +
2km) = 0 for all k € Z®. Furthermore, Fye, can be chosen so that
ﬁg@(f + 2knt) = 0 for all ¢ € B(&,00) and k € Z* if the rank of
(F(¢+ 2km)) ez is a constant at a neighborhood of &, where 69 > 0.

The proof of the above lemma under the assumption that F €
(W(L>,0")") was given in [3, Lemma 2]. We omit the details of
the proof here since it can be done similarly.

Lemma 4.7. Let f € W(LP, (') for some 1 < p < co. Assume that
Zjezd f(-=4) =0. Then for any function h on IR* satisfying

(4.4) |h(2)] < C(1+|z))~*" for all 2 € IRY,
and
(4.5)
|h(z) — h(y)| < Clz —y| (1 + min(|z|,[y])) """ for all 2,y € R,
we have
. d . o _
(4.6) (151—1%5 H Z hO7I( j)HW(Lp,el) 0

jez?
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Proof. Given a positive number ¢, there exists Ny > 2 such that

(4.7) > Il < e
|k[>No
Set
fi(@) = F@)xon, (@) + Y flo+k)xpu(),
|k|>No
where Oy, = Ujkj<n, (k + [0, 1]%). Then
(4.8) 1 = Fllweey <2 > I lzeesione < 2€
|k|>No
by (4.7), and
(4.9) Y fle—k)=> flz—k) =0 VzeR
kecz? kez?

by the definition of f;. By (4.4) and (4.8), we have
Had S" RER)(F(-— k) = fi(- — k) H

kez?
(4.10) <6 > ROR)] (If = Fillws ey < Ce,

kez?

W (LP £v)

where C' is a positive constant independent of § € (0,1). From (4.5)
and (4.9) it follows that

ZWHZMH fil-=14)

kezd jez?
SN DCHEICIVACE)
kez? jcz?
S Cl( >5d+1
Lfi(- = J)
X . :
(4.11) < Co(No)d| fillwzeery < Cs(No)S(|| fllw(zreny + 2€),

where C1(Ng), Co(Ny), C3(Np) are positive constants depending only
on Ny, d and the constant C' in (4.5). Therefore the estimate (4.6)
follows from (4.10) and (4.11) when ¢ is chosen sufficiently small. [

Lr(k+]0,1)%)

IN

LP(k+]0,1)%)

LP(k+[0,1)?)

Proof of Theorem 4.2. We divide the proof into the following steps: (i)
= (ii) = (iii) = (i). The implication of (i) = (ii) can be done by
using the same technique in [3, Section 5.6] except the estimate (5.18)
and the limit following the estimate (5.18) there being replaced by the
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estimate (4.1) and the limit in Lemma 4.7. We omit the details of the
proof here.

Now we prove (ii) == (iii). Let functions F¢, and Fj¢,, matrix
P, (&), and the positive number dy be as in Lemma 4.6. Then the rank
of (]31750(§+2k7r))kezd is ko for all £ € B(&, 01) for some §; < dy. Note
that for f € £P and g € W (LP/®=1) (1),

Z ‘ flz — (l’)dl"

kezd
< [ o= 0lx (X 15 - ) o
lez? [0,1)¢ kezd
(412) < Y lgllwro-varpnlfllee < 1 lerllglwmeo-v a)-
lez?

. Er e—
Then the matrix A(&) := >, cza Fig(§ 4+ 2km) Fi ¢, (£ + 2km)  has all
entries in the Wiener class. From the rank properties of the matrix
(ﬁ(£+2kﬂ))kezd it follows that A(€) is nonsingular in B(&, d;)+21 Z¢,
which implies that there exists an inverse B() of A() in B(&p, 1/2) +
onZ% so that its entries are still in the Wiener class. For any f €

Vneos ) (Fia), f(€) = F(D)(€) Fig(€) for some sequence D €
(/7)) with F(D) supported in B(&y,61/2) + 2rZ*. Thus the Fourier
transforms of the sequences W; := {(f, fie, (-—k))}, 1 <1 < ko, satisfies

(FW)(E), .., F(Wiy)(€)) = F(D)(€)"A(©).

Therefore

F(D)E)" = (FWV1)(E), -, F(Wi, ) () B().

Substituting the above equation into f(£) = ]—“(D)(S)Tﬁl’g0 (€) and us-

ing F\l,ﬁo (&) = C1()F(€) for some ko x r matrix Cy(£) with entries in
the Wiener class, we obtain

F=>0 3" awlk—K)(f, fo(- = KN A — k)
4,i'=1k k'czZ?

for any f € V,(F) with its Fourier transform supported in B(&y, d1/2)+
21 7%, where {a;(k)} € €',1 < i, < r. This proves the assertion (iii).
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Finally we prove (iii) = (i). By (4.2), we have

1, < X X aste-ior -0},

i'=1 ez
T

< {aw ()}l { (S, fil- = k) Hle < CI il = kD Yo

1,1 =

for some positive constant C' independent of f. Hence the implication
(iii) = (i) follows. O

4.2. Proof of Theorem 4.3.

Proof. First the sufficiency. By the continuity of F , the rank of (1/7\ &+
2kT))peza 1s at least that of (F(& + 2k7))peze for all £ in a small
neighborhood of &. Therefore if (ii) does not hold, then the set of all
¢ € B(&,6) such that the rank of (F\(f + 2k7)) e za is strictly larger
than the one of (F\(& + 2k7))reze is not empty for any positive 6.
Using the same technique in [3, Section 5.2], the implication of (i) =
(ii) follows.

Then the necessity. Let functions F ¢, and Fhg,, matrix P, (£) and
the positive number dy be as chosen in Lemma 4.6. Then ]?2750 &) =0
for all £ € B(&,0) + 2rZ*, which together with the nonsingularity of
the matrix P, imply that

Vi.B(¢0.6) (F) = Vp.B(g0.5) (F10)

for all 6 € (0,d0). Recall that F} ¢ has stable shifts at the frequency
&o, and hence it has (P stable shifts at the frequency &, by Theorem
3.1. Therefore there exists d; € (0, dy) so that V}, pe,.5)(Fig,) is a closed
subspace of L? for all § < d;, and hence the assertion (i) follows. [

4.3. Proof of Theorem 4.5.

Proof. For a compactly supported bounded function F' = (fy,..., f.)7,
let ko be maximum of the rank of the rx Z¢ matrix (F(£4-2k7))c g4, & €
IR®. Then there exist 1 < iy < iy < ... < iy <7 and ji,...,jk € Z°

so that the matrix (ﬁ (& + 2jt7r))1 <s.4<ko has nonzero determinant for

some & € IRY. Recall that Fis an analytic function. Then the de-
terminant of the above matrix is a nonzero analytic function, which
implies that the set E of all ¢ € IR? with nonzero determinant is an
open set and the complement le\E has zero Lebesgue measure. Thus
F generates a frame for V,(F) at any frequency in E. The assertion
follows. 0
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