SPECTRAL MEASURES WITH ARBITRARY HAUSDORFF
DIMENSIONS

XIN-RONG DAI AND QIYU SUN

ABsTrRACT. In this paper, we consider spectral properties of Riesz product
measures supported on homogeneous Cantor sets and we show the exis-
tence of spectral measures with arbitrary Hausdorft dimensions, includ-
ing non-atomic zero-dimensional spectral measures and one-dimensional
singular spectral measures.

1. Introduction

Given sequences 8B := {b,}>", and D := {d,} ", of positive integers that
satisfy

(1.1) 1<d,<b,, n=1,2,---,

we let
n—1

(1.2) pr:=1 and p,:= nbj for n > 2,
=1

and we define

[ee)

(1.3) C(B,D) := Z

n=1

Z/d, N [0,1)
Pn '

The set C(B, D) is a homogeneous Cantor set contained in the interval
[0, >0, (d, — 1)(d,p,)""]. The reader may refer to [12, 13,29] on homoge-
nous Cantor sets.

Define the Fourier transform f of a probability measure u by a(¢) =
J, e du(x). In this paper, we consider the Riesz product measure g,
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defined by

T 3
(1.4) fips(€) = 1_1[ Hy ( dnpn),
where

1O e e

H,(&) = p jzz(;e = (= ey’ m> 1.

The Riesz product measure ug o is supported on the homogeneous Cantor

set C(B, D) [12,13], and it becomes the Cantor measure y,, when b, = b
andd, =dforalln > 1[3-5,9].

A probability measure u with compact support is said to be a spectral
measure if there exists a countable set A of real numbers, called a spec-
trum, such that {e”>* : 1 € A} forms an orthonormal basis for L*(u). A
classical example of spectral measures is the Lebesgue measure on [0, 1],
for which the set of integers is a spectrum. Spectral properties for a proba-
bility measure are one of fundamental problems in Fourier analysis and they
have close connection to tiling as formulated in Fuglede’s spectral set con-
jecture [14,17,18,20,22,23,31,32]. In 1998, Jorgensen and Pedersen [19]
discovered the first families of non-atomic singular spectral measures, par-
ticularly Cantor measures p;,, with 4 < b € 2Z. Since then, various singu-
lar spectral measures on self-similar/self-affine fractal sets have been found,
see for instance [3-6,9,11,15-17,19,21,22,24,26,27,30,34]. In this paper,
we consider spectral properties of Riesz product measures g o supported
on non-self-similar homogenous Cantor sets C($5, D).

—2nmié

Theorem 1.1. Let B := {b,};" | and D := {d,} | be sequences of positive
integers that satisfy (1.1) and

(1.5) 2<b,/d,eZ forall n>1.
Then

00 L
(1.6) Asp = (D (10.d)nD)p,)

L=1 n=1

is a spectrum of the Riesz product measure g p in (1.4).

For a probability measure u, define its Hausdorff dimension dimg (1) by
dimy(w) := inf {dimgy(E) : u(E) = 1},

where dimy(E) is the Hausdorff dimension of a set E. It is known that Can-
tor measures y;,, with 4 < b € 27Z have their Hausdorff dimension In 2/ In b.
Next we estimate Hausdorft dimension of the Riesz product measure g o,
with its proof given in the appendix.



SPECTRAL MEASURES WITH ARBITRARY HAUSDORFF DIMENSIONS 3

Proposition 1.2. Let 0 < a < 1, and let B and D be sequences of positive
integers that satisfy (1.1),

(1.7) lim d, = +oo,
and

Ind,
1.8 li ~=a.
(1.8) e nb, O

Then the Riesz product measure g g in (1.4) has Hausdorff dimension «,
dimH(/.lg’z)) = Q.

Our main contribution of this paper, the existence of spectral measures
with arbitrary Hausdorff dimension in [0, 1], follows immediately from
Theorem 1.1 and Proposition 1.2.

Corollary 1.3. Let 0 < a < 1, and let B and D be sequences of positive
integers that satisfy (1.1), (1.5), (1.7) and (1.8). Then the Riesz product
measure ug o in (1.4) is a spectral measure with Hausdor{f dimension a.

Taking @ = 0 and 1 in Corollary 1.3 leads to the existence of zero-
dimensional non-atomic spectral measures and one-dimensional singular
spectral measures respectively, cf. Fuglede’s conjecture that any spectral
set with positive Lebesgue measure is a tile.

2. MAXIMAL ORTHOGONAL SETS OF RIESZ PRODUCT MEASURES

A spectral measure may admit various spectra. Fourier series corre-
sponding to different spectra could have completely different convergence
rate [8,30]. To study spectra of a probability measure u, we recall a weak
notation, maximal orthogonal set A, which means that {e™ 2" : 1 € A}
is a maximal orthogonal set of L*(u). As A is a maximal orthogonal set
(spectrum) of a probability measure u if and only if its shift A + ¢ is for
any real # € R. So in this paper we may normalize maximal orthogonal sets
(spectra) by assuming that they contain the origin. In 2009, Dutkay, Han
and Sun made their first attempt to characterize maximal orthogonal sets of
fractal measures in [9], where a maximal orthogonal set of the one-fourth
Cantor measure (4 is labeled as a binary tree with each vertex having finite
regular lengths, see [5] and references therein for general Cantor measures
Wpa With 2 < b/d € Z. In this section, we first consider labeling a maxi-
mal orthogonal set of the Riesz product ug s on homogeneous Cantor set
C(8,D).

For labeling a maximal orthogonal set, we introduce some notation. Let
2s:=1{0,1,...,d = 1} for d > 1. For a sequence D := {d,} ", of positive
integers, let X := 9, X1 1= Ty XTy, X+ -XZ,, forn > 1, and T 1= U 30
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be the set of all finite words. We say that a tree is a D-adic tree if it has 17,
X7 and {0, i € ¥;,,,} as its root, the set of all n-th level nodes, and the set
of offsprings of 6 € X7 ,n > 1, respectively, where 6 := ¢ and 69’ is the
concatenation of words 6 € Xy XXy X--- XXy and &’ € Xy, XXy, X+ X

n+2
%4,.,- Given sequences B = {b,}>, and D = {d,}’7, of positive integers

n=1 n=1
satisfying (1.1), we say that 7 : £7) — R is a maximal tree mapping if
(i) 7() = 7(R,(0)) = 0 forall n > 1;
(i) 7(6y---6n) € (6n+dnZ) {=Lbn/2],=bW/2]+1,...,by=1=1Dy/2]}
for 6, ---6, € £j,n > 1; and
(iii) for any word 6 € X7, there exists 6" € X4, X Xy, X --- X Xy, of

n+m

length m > 1 such that 7(R,(66’0%)) = O for sufficiently large &,
where 0° := 000--- and Ri(6) := 6;---0; € Zg) ford = 8-+ 040ks1 -+ - €
® ,24,. For a maximal tree mapping 7, define
2.1

A(@) := | Z T(R,(80°))py : 6 € Ty, with 7(R,(50%)) = O for sufficiently large n},
n=1

where p,,n > 1, are given in (1.2). Following the argument used in [4, 5],

we can characterize maximal orthogonal sets of the Riesz product measure

Ug.p 1n (1.4) by maximal tree mappings.

Theorem 2.1. Let sequences B and D of positive integers satisfy (1.1) and
(1.5), ug.p be the Riesz product measure in (1.4), and for a maximal tree
mapping T let A(7) be the set given in (2.1). Then A is a maximal orthogonal
set of the Riesz product measure ug o that contains the origin if and only if
AN = A(71) for some maximal tree mapping 7.

Denote by #(E) the cardinality of a finite set E, and define the upper
Beurling dimension dim*(A) of a discrete set A of real numbers by

dim*(A) := inf {r >0 : limsup sup MAAQL =R x+hD < oo} )
h—oo  x€R (2h)r
Given sequences B and D satisfying (1.1), (1.5), (1.7) and (1.8), one may
verify that the set A(7) associated with a maximal tree mapping 7 has upper
Beurling dimension being less than or equal to Hausdorff dimension of the
homogeneous Cantor set C(8, D),

(2.2) dim™(A(1)) < dimy(C(8, D)).

The above result is established in [10] for maximal orthogonal sets of Can-
tor measures y, 4 with 2 < b/d € 7Z. We remark that unlike Fourier frames
on the unit interval [25], spectra of Cantor measures with zero upper Beurl-
ing dimension has been constructed by Dai, He and Lai in [5]. The reader
may refer to [3-6,8-11,15-17,19,21,22,24-27,29, 30, 34] and references
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therein for additional information on self-similar/self-affine spectral mea-
sures.

By (2.2) and Theorem 2.1, a necessary condition for a countable set to
be a spectrum of the Riesz product measure ug o is that its upper Beurling
dimension is less than or equal to the Hausdorff dimension of the measure
Usp. The above necessary condition is far from being sufficient. In fact,
it is a very challenging problem to find appropriate sufficient conditions,
see [4,5,9] and references therein for recent advances. In this paper, we

provide a simple sufficient condition for spectra of Riesz product measures.
Theorem 2.2. Let B := {b j};‘;l and D = {d.,-};’.‘;] be sequences of positive
integers that satisfy (1.1) and (1.5), T be a maximal tree mapping and let
A = A(t) be as in (2.1). Assume that

(2.3) #n>1,7(R,(60%)) £ 0} < co forall 6 € Zj,
and
2 (TR, (50°)N]\
(2.4) sup sup Z (M) < 00,
nz1 ey =1 bn+j

then A is a spectrum of the Riesz product measure g g in (1.4).
As an application, we have the following immediately:

Corollary 2.3. Let B, D, 1 and A(7) be as in Theorem 2.2. If
(2.5) sup sup #{j > 1, 7(R,+;(60%)) # 0} < oo,

n>1 662%
then A(7) is a spectrum of the Riesz product measure tg o in (1.4).

The requirements (2.3) and (2.4) are clearly weaker than the one in (2.5),
since

dyij < |T(Ry1j(00%))| < b,y /2 forall 6 € X7 and j > 1.
We remark that those requirements are not equivalent in general when 8
and D satisfy (1.7) and (1.8) for some 0 < a < 1.

For sequences B and D satisfying (1.1) and (1.5), one may verify that the
map defined by

Tgp(01---0,) =0, for 6;...6,€X; and n >0,

is a maximal tree mapping satisfying (2.5), and that the corresponding set
A(tg.p) 1s same as the spectral set Agp in (1.6),

A(tgp) = Agp.

Therefore the spectral conclusion in Theorem 1.1 follows from Corollary
2.3.
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3. SpeECTRA OF RIESZ PRODUCT MEASURES

In this section, we prove Theorems 2.2. For that purpose, we recall a
characterization about spectra of a probability measure u with compact sup-
port, given by Jorgensen and Pederson in [19], which states that a countable
set A\ containing zero is a spectrum for L*(u) if and only if

3. Q(¢) = Z la&+ )PP =1 forall £ eR.

AeA
Denote by deg(G) the degree of a trigonometric polynomial G. Recall that
Q(é) in (3.1) is a real analytic function. Then the proof of Theorem 2.2
reduces to establishing the following general theorem.

Theorem 3.1. Let sequences B := {b,}” and D := {d,}, of positive
integers satisfy (1.1) and (1.5), T be a maximal tree mapping satisfying (2.3)
and (2.4), and let A(t) be as in (2.1). Assume that {G,}>, is a family of

n=1
trigonometric polynomials satisfying G,(0) = 1,

d,—1

(3.2) D IGE+1d) =1, £€R,
=0

(33) deg(Gn) < DOdn’

and

(34) inf 1G,(&)] > Dy,

dng€[-2/3,1/2]

where Dy, D, are positive constants independent of n > 1. Define a com-
pactly supported distribution ¢ with help of its Fourier transform by

T £
(3.5) aargmuﬂy
where {p,}> | is given in (1.2). Then
3.6) Z 6+ D =1 forall £e[0,1/2].
AeA(7)
Proof. Observe from (3.2) that
(3.7) IGalleo := sup|G,(&)I < 1
£eR

for all n > 1. By (3.3), (3.7) and Bernstein inequality for trigonometric

polynomials, we obtain that

(3.8) Gu(m/dy) = 11 < NG lleoln/dnl < DollGallslnl < Dol
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and

1 - (G.(m/dy)) < 1 =G, (n/d,)

(3.9) (G NleolGulloo + G, In/dul* < 2Dglnl?
forallyp € [-1,1] and n > 1. Thus

i Gn(%pn)— 1' < Do;pgl < Don§;41‘” = 4%

n=1

by (1.1), (1.5) and (3.8). Therefore the infinite product in (3.5) is well-
defined and ¢ is a compactly supported distribution.

Let Cy > 0 be so chosen that
(3.10) max(Dy, 1 — 2Djt*) > exp(—Cot*) forall 0 <r<2/3.

Then for L > 1 and € [-2p,/3,p./2], we obtain from (1.1), (1.5), (3.4),
(3.9) and (3.10) that

IANIA

G [Gi(570=)| 2 max (1.1 = 2Dillpr?) 2 exp (= Collallp))
and

[ ]7 (9
1;[ Gn(dn ) > ];ICXP( = Co(Inl/pa)")

(3.12) > | | exp (= Colinl/pn)* x 4770) = exp (= 2Co(inl/pL)?).

n=L
For ¢ € [0,1/2] and 6 € X£, we obtained from (1.1), (1.2), (1.5) and the
definition of a maximal tree mapping that

L

L L
" 2
(3.13) &+ E T(Ri(607)pox > — E Lbi/2 o = — E pkzl 2 —3PLw
k=1 k=1

k=1

and
(3.14)
L

. I 1 o= 1
§+; T(R(50™))py < §+k§:;(bk—1—Lbk/2J)pk < 5%} ~ S L.

For 6 € 37, let
K©) =1k >1, R .1(60%) # 0}.

For the nontrivial case that K(6) # 0, there exist finitely many positive
integers n; < ny < ... < ng by (2.3) such that

K(©) ={ni,ny,...,0nx}
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Set ng,y = +oo and A = 3 ;2 T(Rk(60%))px. Write

| ﬂ G2 +pﬂ = 13E + )% (Lﬁ_l 6, (& Zia T(Rk(é()m))pk)\)_l

n n=L+1 dn n
£+ Y0 r(Rkwom))pk)‘—l
dL+n]pL+n]
-1
-f + 21 T(RU(S0™))px
X (1—[ ‘GL+n, d )‘
i=2 L+n,«pL+n,'

X‘GL+I1] (

Niy1— +n; oo -1
y ﬁ “l—[ : ‘Gn(§+2§:1 ;(Rk«so ))pk)‘]
i=1 \n=L+n;+1 nPn

Then by (3.7), (3.11)—(3.14) and the definition of a maximal tree mapping,
we get

L
E+ A4
' E[ Gl dypn
20141\ (TR, (50%))] + 2/3) 2
< exp [CO( L1 ) + Cy Z( Lni-y pL+n,~_1) )
pL-H‘ll i=2 pL‘H’li

E+ Y T<Rk<60°°>>pk)'—1) e + )

G

3
Sy £+ I T R(60™)pey)
* 1:—1[ :l?[vﬂ ¢ ( d”p” )‘

duon

IA

K vy [\ 2
exp (Co +4C Z (lT(RL+”i—1 (60 ))|) J

i=2 bL+n,-,1

K 0 2
X exp (ZCO +2Cy Z ((|T(RL+n,-(5O )|+ 2/3),0L+n,-) ] 1B + )

Py PL+ni+1

I7(R(60®)]\*

(3.15) < exp [300 + 12COZ( ) )x 1B + D), €€[0,1/2].

o b

For the trivial case that K(0) = 0,

o0 L
= Z T(Rk(é()m))p = Z T(Rk(éom))pk
k=1

k=1
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and for & € [0, 1/2],

H_IG §+/1‘ B (l—[ 'an+Zk1T(Rk(50 ))Pk)'] 1B + )
n=1 n=L+1

(3.16) exp(8Co/NIGE + D),

where the last inequality follows from (3.12), (3.13) and (3.14).
Define

IA

[

AL = {Z T(Ry(60™)pr : 6 € Th), L>1.

k=1
The sets A, L > 1, are well-defined and satisfy
(3.17) AlCA,C---CAp > A1) as L > +o0

by (2.3). Combining (2.4), (3.15) and (3.16) leads to the existence of an
absolute constant C such that

Lo e+ R
(3.18) ] Gn(w)) < CIpE + D)
=1 nfn

forall ¢ € [0,1/2)and A € A;.
By (1.2), (1.5), (3.2) and the definition of a maximal tree mapping, we

can prove
;ALH;[G f”j (;jﬂg f+2km:§:(60 o
= 5;62‘1 ($+Zk 1T(5122p 6k)pk+5npn)z
L .
- 6; o ; [ n(f + X r(dlzi-’;~5k)pk + 5npn) >
x m@ 'GL(§+ St ;(Lé;fz---(mpk N %)‘2
= 5162+~ 5 + Supn
= 51;1.“5“;%11;1 Gn(§+2k 1 7( ldipn Pk + Onp )2
3.19) = -..=1

by induction on L > 1. By (3.5), (3.7) and (3.19), we conclude that

S e o< Y[ ] )=

/lE/\L /IE/\L n=1
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Then taking limit L — oo in the above inequality and using (3.17) yield
(3.20) DB+ P < 1.
AeA(T)

Given an arbitrary € > 0 and L > 1, there exist an integer M > L by (1.1),
(1.5), (3.5) and (3.8) such that

(3.21) H_[G 2o '< (1 +I(E + )|

n=1

forall ¢ € [0,1/2) and A1 € A;. By (3.18), (3.19) and (3.21), we obtain that

E+ A
L= ST
ANy  n=1
&+ /1
= G
(/IEAL /leAM\AL ’ 11—1[ ,,p,,
< 1+ D BE+DP+C > 1pE+ P
AeA, AeAy\AL
< 1+ ) IBE+DP+C > 1pE+P.
AeAr AEA(D\AL

Taking limit L — +oo0 and using (3.17) and (3.20), we have that

1<(l+e) Z BE+DP <1 +e.
AeA(T)
This completes the proof of the desired equation (3.6) as € > 0 is chosen
arbitrarily. O

We remark that trigonometric polynomials satisfying (3.2), known as
multi-channel quadrature mirror filters, are important for the construction
of multiband orthonormal wavelets [1,33]. The requirement (3.4) could be
thought as a weak version of Mallat’s condition for a scaling function to
have orthonormal shifts, cf. [2,7,28].

Trigonometric polynomials G,(¢),n > 1, in Theorem 3.1 have factors
H, (&) = Z?i(_)l e " |d, by (3.2). If G,(¢),n > 1, are further assumed
to have factors (H, (£))" for some N > 2 [1,33], then one may establish
the conclusion in Theorem 3.1 with the requirement (2.4) replaced by the
following weaker assumption:

00 2N
apsup 51 (FE=ATN)"

nz1 6exy, =1 bn+]
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AppPEnDIX A. Homogeneous Cantor sets

In this appendix, we evaluate Hausdorff dimensions of homogeneous
Cantor sets and prove Proposition 1.2.

Given sequences D := {d,}, and R := {r,}>7 | of positive numbers that
satisfy 2 < d, € Z and r,d, < 1 for all n > 1, define the homogeneous
Cantor set E(R, D) by

(Al) S(R, D) = ﬂ,‘fzo U(SEZ’Z’) J(;,

where {J5s : 0 € X7} is the family of closed intervals contained in Jy := [0, 1]
such that for each ¢ € X7, n > 0, subintervals Js, k € 4, ,, of Js satisfy the
following: (1) Js has same length r,.|Js| for every k € X, ; (i1) the gaps
between Js and Jis-1) have same length for all 0 < k < d,,,; — 2; and (iii)
the left endpoint of Js is the same as the left endpoint of Js, and the right
endpoint of Js,,,—1) 1S the same as the right endpoint of Js [12,13,29]. The
above homogeneous Cantor set E(R, D) has its Hausdorff dimension

Z;{:l ln QJ

A2 dimy(E(R, = liminf o7 ——F—,
(A2) imy(E(R, D)) = limin YiInl/r;

see for instance [13].
The set C(B, D) in (1.3) can be obtained from rescaling the homogeneous
Cantor set &(R, D) in (A.1). In particular,

(59

(A.3) C(B,D) = (Z dc”l; 1) ER, D)

n=1

with R = {r,}>7 | given by
Yitan(dj = 1D/ (djp)) .
[’ > nz
2imaldj—D/(dp))
For sequences B and D of positive integers satisfying (1.7) and (1.8),

41 1 < ( 1)1_"
0 ‘ -1 < —+ max — — 0 as n — oo,
Z jpj ‘ dn j;l izn b;

j=n ’

ry, =

which implies that lim,,_,, 7,0, = 1. Combining the above limit with (1.8)
and (A.2) leads to

2ind;  Ind,
—— = lim =
Y Inl/r;  n>xlInb,

(A4) dimy(C(B, D)) = lim a.
Recall that the Riesz product measure ug p in (1.4) is the natural measure
on C(B, D). Then the Hausdorff dimension of the Riesz product measure
Ug.p 1n Proposition 1.2 follows from (A.4).
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