TOTAL POSITIVITY AND REFINABLE FUNCTIONS WITH
GENERAL DILATION

T. N. T. GOODMAN AND QIYU SUN

ABSTRACT. We show that a refinable function ¢ with dilation M > 2 is a ripplet,
i.e., the collocation matrices of its shifts are totally positive, provided that the
symbol p of its refinement mask satisfies certain conditions. The main condition
is that p (of degree n) satisfies what we term condition (I), which requires that
n determinants of the coefficients of p are positive and generalises the conditions
of Hurwitz for a polynomial to have all negative zeros. We also generalise a
result of Kemperman to show that (I) is equivalent to an M-slanted matrix of
the coefficients of p being totally positive. Under condition (I), the ripplet ¢
satisfies a generalisation of the Schoenberg-Whitney conditions provided that n
is an integer multiple of M — 1. Moreover (I) implies that polynomials in a
polyphase decomposition of p have interlacing negative zeros, and under these
weaker conditions we show that ¢ still enjoys certain total positivity properties.

1. INTRODUCTION

Take a polynomial
(1.1) p(2) = apz" +a 2"+ +a,

where, without loss of generality, we take ap > 0. (For a polynomial it is always
assumed that the variable z lies in C). A polynomial is called a Hurwitz polynomial
if all its zeros have strictly negative real part. It was shown by Hurwitz [15] that
p is a Hurwitz polynomial if and only if

(1.2) det(agj_;:4,j=1,...,k) >0, k=1,...,n,

where we put a; =0 for j < 0 and j > n. It is also shown in [11] that p in (1.1) is
a Hurwitz polynomial if and only if the polynomials Zj cz ag;z? and Z]‘ z agjr177
have interlacing negative zeros (we discuss this more precisely in Section 2).

A third characterisation of Hurwitz polynomials was given by Kemperman who
showed in [17] that if p as in (1.1) is a Hurwitz polynomial, then the matrix (ag;—;)
is totally positive (i.e., has all its minors non-negative) and any minor is strictly
positive if and only if its diagonal elements are strictly positive. For any Hurwitz
polynomial p as in (1.1), a; > 0,7 = 1,...,n, and this together with Kemperman'’s
result implies (1.2).
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We now turn our attention to refinable functions. It is shown in [13] that if p
as in (1.1) is a Hurwitz polynomial with n > 2 satisfying p(—1) = 0 and p(1) = 2,
such that p(z)/(z + 1) has non-negative coefficients, then there is a continuous
function ¢ satisfies
(13) o(a) =) a;0(2c — j), v €R,

=0
and
d pz—j)=1, z€R.
JEZ
The equation (1.3) is called a refinement equation and ¢ is called a refinable func-
tion. It is also shown in [13] that ¢ is what is termed there a ripplet, i.e., for any
s>1,x; <...<ux, and integer ] < ... <,

(1.4) det(p(z; — ;) 14,5 =1,...,5) > 0.
The concept of a ripplet is intermediate between two concepts which have well-
known characterisations. The weaker concept is that (1.4) holds when z1, ...,z

are integers, which is equivalent to the polynomial ez #(7)2’ having negative
zeros [1]. The stronger concept is that (1.4) holds when we allow any real numbers
l; < ...<ls. Inthis case ¢ is called a Pdlya frequency function, and such functions
have been given two further characterisations, see [16]. If ¢ is a ripplet, then it
has properties which are valuable for the construction of curves in computer-aided
geometric design, see [12]. These properties were also used in [6] in deriving results
about asymptotic normality of refinable functions. It is also shown in [13] that the
ripplet ¢ gives strict inequality in (1.4) if and only if ¢(x; — ;) > 0,5 =1,...,s,
which is a generalisation of the Scheonberg-Whitney conditions [18].

Many results on refinable functions extend to refinement equations of the form
(1.5) ¢(z) =Y a;¢(Mz - j), 7 € R,

j=0

for an integer M > 3. For example all work in [6] is for general M except that
which depends on ¢ being a ripplet. However more general dilation factors can
allow situations which are not possible for M = 2. Thus the symmetric orthogonal
wavelets (SOW) and cardinal orthogonal wavelets (COW) for M > 3, which are
not possible for M = 2, are constructed (see [7] for SOW with M = 3, [14] for
SOW with M = 4, [2] for SOW with M > 3, and [3] for COW with M > 3). Also
there are examples of refinable functions whose integer translates are globally but
not locally linearly independent ([10, 8] for M = 3 and [9] for M > 3), a property
which is again not possible for M = 2. (We shall give an example of a refinable
ripplet with this property in Section 3.)

In this paper, we investigate analogues for M > 3 of the results discussed above.
It turns out that there is an interesting mixture of complete generalisations, partial
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generalisations and situations which appear to have no such analogues. In Section
2, we give a natural generalisation of condition (1.2) to n inequalities for M > 3
which we refer to as (I). We show that (I) implies that a; > 0,5 = 1,...,n, and
that the matrix (aa;—;)i ez is totally positive with any minor strictly positive if
and only if its diagonal elements are strictly positive. We also show that (I) implies
that the polynomials Zjez amjikz" 0,k =0,..., M — 1, have interlacing negative
zeros, a property we refer to as (II). However, it is not true that (II) implies (I).
Moreover there appears to be no expression for (I) and (II) in terms of zeros of p,
indeed neither (I) nor (II) is closed under multiplication of polynomials.

In Section 3, we show that if p satisfies (I) with n > M and is of the form
p(z) = (M1 + M2 + ... 4+ 1)q(2) where the polynomial ¢ has non-negative
coefficients and satisfies ¢(1) = 1, then (1.5) has a solution which is a ripplet. The
corresponding generalised Scheonberg-Whitney conditions do not hold in general,
but are valid when n is an integer multiple of M — 1. We also show that if p is
as above but satisfying only the weaker condition (II), then for any integer k, the
matrix (¢p(i—j+k/(M —1)); jez is totally positive and any minor is strictly positive
if and only if its diagonal elements are strictly positive.

2. ZEROS AND COEFFICIENTS OF POLYNOMIALS
Take an integer M > 2. For n > 0, we consider a polynomial of exact degree n,

(2.1) p(2) = apz" + a1 2"+ -+ ay,

where we always assume, without loss of generality, ap > 0. We shall put a; = 0
forj<0Oand j >n. Fork=1,... n,put k = (M —1)a+ 3 for integers «, § with
1 <3< M -1, and define

Ay = det(apj—isp 1,7 =0,...,q)
ag " A+Ma
aﬁ_a o e Qg

We consider the conditions on p:
(I) Ak>0, ]{3:1,...,”.
Note that for k =1,...,M — 1, we have a = 0 and § = k and so Ay = a;. Also
AN, = ap,Ny_ar11 and so the condition A, > 0 is equivalent to a,, > 0. We note
that for 1 <n < M, (I) is equivalent to a; > 0,5 =0,...,n.

The following result generalizes work of Kemperman in [17], who proved it for
M =2.

Theorem 2.1. Suppose that p satisfies (I). Then the matriv A = (anj—i)ijez 1
totally positive, a; > 0,5 = 0,...,n, and any minor of A is strictly positive if and
only if its diagonal elements are strictly positive.

Our proof follows closely the work in [17]. We shall use two preliminary results.
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Lemma 2.2. [fp has exact degree n > 1 and satisfies (1), then there is a unique
polynomial q of exact degree n — 1,

(2.2) q(2) = bo2"  + 012" P+ by,

satisfying (I) and for j € Z,

(23) an+k:ij+kI—17 k::la"wM_la
a

(2.4) anj = baj-1+ a—(l)ija

where by =0 for j <0 and j > n.

Proof. Let ¢ = ap/a;. Clearly (2.3) and (2.4) are equivalent to
buvjrk = amjrker, K=0,..., M =2,
byj—1 = amj — cangjyr-

Note that b_; = ay —ca; = 0 and so b; = 0 for j < 0 and j > n. Also by = a; > 0.

It remains only to show that ¢ satisfies (I). For k = 1,...,n — 1, let A} =
det(barj—ivp 1, J = 0,...,a"), where o, 3 are defined as for (I). In evaluating Ay
as in (I), for any row with ¢« = §+ M, € Z, we subtract ¢ times the previous row

from the i-th row to give, for k =2,...,n,
A D 258 M -1,
b alA;;_la 6 - 17

where (3 is defined as for (I). Thus A}, >0, k=1,...,n—1, i.e., ¢ satisfies (I). O

Lemma 2.3. Suppose that A = (a;j)i jez and B = (b;j); jez are matrices and for
some l € Zi,c > 0, we have for all integers j,

CLz‘j = bz‘j, ’l;él,
a, = blj+cbl_17j.

If B is totally positive and satisfies the condition that any minor is strictly positive
if and only if its diagonal elements are strictly positive, then the same holds for A.

Proof. We use the usual notation that A ( ;.1 o ;.T ) denotes the determinant
Lo g
of the matrix comprising rows iy, ...,%, and columns ji,..., . of A.
Suppose that A and B satisfy the conditions of the Lemma and r > 1,4, < --- <
Qpy g1 < v+ < gp. If {i1,...,4,} does not contain [, or it contains both [ and [ — 1,
then

Ju o e Ju o Jr

Suppose that for some m,1 <m <r, i, =1,4,,_1 #1 — 1. Then

) . . ) ) .« o o ) -/ . . -/
A(Z.l ’.’"):B(".l Z.T)Jch(Z.l Z)
jl PR ,]7‘ jl PR j,r_ jl PR j/r



TOTAL POSITIVITY AND REFINABLE FUNCTIONS WITH GENERAL DILATION 5

where (i}, ...,17.) denotes (iy,...,4,) with i,, replaced by [ — 1. Then we have
Al > 0 with strict inequality if and only if B L RN
QU B
., .« .. ./
or B < ;.1 ;.’" ) > 0 if and only if b;,;, > 0,1 < s < r,s # m and either
Lo e
bij,. > 0 or b_y;, > 0, which is equivalent to a;, ;, > 0,1 < s < r. The result
follows. 0
Proof of Theorem 2.1. The proof is by induction on n. If n < M — 1, then (I)
gives a; > 0,5 =0,...,n, and since every row of A contains at most one non-zero

element, the result is clearly true.

Suppose that n > 1 and the result holds when n is replaced by n — 1. By
Lemma 2.2, a; > 0,5 = 0,...,n. Also by Lemma 2.2 and successive application
of Lemma 2.3 to the matrices A = (apj—i+1) and B = (barj—;), we see that A is
totally positive and any minor of A is strictly positive if and only if its diagonal
elements are strictly positive. ([l

It is well-known, see [11], that for M = 2, p satisfies (I) if and only if it is a
Hurwitz polynomial, i.e., its zeros have strictly negative real part. There appears
to be no corresponding characterisation for M > 3.

To see this, we consider an example for M = 3. Take n = 4 and for «, 5 € [0, 7].
let

p(2) = (z+e)(z+e ) (z+e ) (2 +eP)
2t +2(cosa + cos 3)2* + 2(1 + 2cos acos 3)2* + 2(cosa + cos )z + 1.
Then the condition (I) becomes
1+2cosacosf3 >0 and cosa+cosf > 1/2.
But we may assume that cosa > 0, and then cos« + cos f > 1/2 implies that
—1—2cosacos B < —1+2cosafcosa —1/2) <0.

So (I) is satisfied if and only if cosa + cos 3 > 1/2. Thus there are polynomials
of the above form which are Hurwitz polynomials but do not satisfies (I), and
other such polynomials which satisfies (I) but which are not Hurwitz polynomials.
Moreover, since all quadratic polynomials with positive coefficients satisfies (I), we
see that the set of polynomials satisfying (I) is not closed under multiplication.

Note, however, that for any integer [ > 2, the matrix (ans;—;)i jez is a submatrix
of (anj—i)ijez and so, from Theorem 2.1, if p satisfies (I), then p also satisfies (I)
with M replaced by MI. In particular, if p is a Hurwitz polynomial, then p satisfies
(I) for all even M. We also have the following result.

Theorem 2.4. Suppose that p has degree n < (M — 1)m + 1 for some integer
m > 1. If p has its roots in the sector {—re™™ :r > 0, |u| < w/(m + 1)}, then p
satisfies (I).
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Proof. Suppose that p has its roots in the above sector. Then by a result of Schoen-
berg ([16, p. 415]), the matrix (a;_;) has all minors up to order m non-negative,
and they are strictly positive if the diagonal elements are strictly positive. If
n—1< (M — 1)m, then in condition (I) the order of any determinant A is at
most m. Since p is a Hurwitz polynomial, we have a; > 0,7 = 0,...,n and so (I)
is satisfied. U

It is shown in [11] that condition (I) for M = 2 is satisfied by p if and only if
pe and p, have interlacing negative zeros, where p.(2?) = p(z) + p(—2), 2p,(2?) =
p(z) — p(—z). We shall give a partial generalisation of this result to general M.
First we define what we mean by interlacing negative zeros.

Let po, ..., pm be polynomials of exact degree r > 1. By canceling any common
power of z we may assume that at least one of the polynomials is non-zero at z = 0.
We say that py, ..., pn have interlacing negative zeros if for k = 0,...,m, p; has
zeros af < ... < a¥ <0 such that

Oz;”<a?+1, j=1...,r—1,
oz? SafH, k=0,....m—1,53=1,...,r,

with equality only if j =7,k > 1 and of = 0.
Now take pasin (2.1) and let n = Mr+s,0<s<M—1. Fork=0,...,M —1,
we define the polyphase decomposition of p by

(2.5) App(z) = Z ak+Mj2T7ja
JEZ

recalling that a; = 0 for j < 0 and j > n. We note that for w = e2™/M

M-1
1
(2.6) App(zM) = Mzk_s Z wkE=lp(wl ).
1=0

We now consider the conditions on p:
(II) Aop, -+, Ay—1p  have interlacing negative zeros.

Theorem 2.5. If p satisfies (I), then p satisfies (II).
In order to prove Theorem 2.5 we first recall Lemma 2.2 and show the following.

Lemma 2.6. Suppose that p is given by (2.1) withn > M + 1, ag,...,ap—1 > 0,
and q is given by (2.2), (2.3), (2.4) (where b; = 0 for j < 0 and j > n). If
Aoq, ..., Ay—1q have interlacing negative zeros then so do Agp, ..., Apr—1p.

Proof. As before we write n = Mr +5,0<s< M —1. Thenn—1= Mr' + ¢,
where ' = r — a and
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Now for k=1,...,. M — 1,
i o
Ap(2) = apan2 7 =D bpmrgar? T = 2% A iq(2)
jezZ jezZ
Also for ¢ = ag/ay,

Aop(z) = ZCLM] r JbeM] 1Zr+a J+CZbM ' ta—j

JEZ JE€Z JjEZ
= 2% Ay 1q(2) + c2*Agq(2).

Suppose that Aggq, ..., Ay_1q have interlacing negative zeros. For k =0,..., M —
1, let Ayq have zeros 3 < ... < 8%. First suppose a = 0. For k=1,...,M — 1,
Agp = Agx_1q and so Agp has zeros af = ﬁj’?_l,j =1,...,r. Now for j =1,...,r,

(=177 Agp(8}) = (=177 (8)) " Anr—14(87) > 0.

Also for j =2,...,r,

( )J+rAp( M~ 2) ( 1)j+r( M 1 ) 1AM 1C](ﬁ 2)+< )J+TCA Q( M- 2)<0

since

(=1 Ap—1q(BMT?) > 0, (=1)777 Agq(B1177) < 0.

So Agp has a zero af in (ﬁ;‘fﬁ,ﬁ?) = (a%}l, a;),j =2,...,r. Also we have
lim, .« (—1)"Agp(z) > 0 and so Agp has a zero af in (—o0,?) = (—o00,a}). So
Aop, - .., Ay—1p have interlacing negative zeros.

Next take « = 1. For k = 1,....M — 1, Ayp(z) = zA,_19(2) and so Agp has
7eros Oz?:ﬁj’?“,j: L,...,r—1,a"=0. For j=2,...,r,

(1) Aop(87) = (=1)*" An-1q(87) > 0,
(where we put 3% = 0) and
(=1 Aop(8;171) = (1) el Aog(B727) < 0,

and so Agp has a zero af in (ﬂjj\ﬁl, B)) (@Mlz, B)) = (M a7t af). Also, as before,
Agp has a zero af in (—oo,8?) = (—o0,a}). So again Agp, Aip, ..., Ay_1p have
interlacing negative zeros. 0

Proof of Theorem 2.5. Suppose that p satisfies (I). For n < M — 1, Ayp, k =
1,..., M—1, have degree 0 and (II) follows trivially. For n = M, Agp(z) = apz+ayu,
App(z) = apz,k=1,...,M — 1, and since a; > 0,j =0,..., M, (II) holds.

We now prove the result by induction on n. Take n > M + 1 and suppose the
result is true with n replaced by n — 1. By Lemma 2.2, ¢ satisfies (I) and so, by
our inductive hypothesis, Agq, ..., Ay;_1q have interlacing negative zeros. So, by
Lemma 2.6, Agp, ..., Ap—1p have interlacing negative zeros, i.e., p satisfies (II). O
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The converse of Theorem 2.5 is not true in general for M > 3, as the following
example shows.

Take M = 3 and p(z) = 2% + 2° + 22% + 32% + 222 + 2 + 1. Then p does not
satisfies (I) since

a; agu 0 1 20
ap az Qag | = 1 3 1|=-1.
0 ay as 0 21

However
Aop(2) = 22 + 32+ 1, Aip(z) = 2% + 2z, Agp(z) = 22° + 2,

and a simple calculation shows that these have interlacing negative zeros.

By symmetry we can see that if p as in (2.1) satisfies (I), respectively (II), then
the polynomial ¢(z) = z"p(z~!) also satisfies (I), respectively (II). Our final two
results give further information about which polynomials satisfies (I) or (II).

Theorem 2.7. Take A > 0 and let q(z) = p(Az) and Q(z) = (2 + N)p(2). Ifp
satisfies (1), then q and Q satisfy (I). If p satisfies (II), then q and Q satisfy (11).

Proof. Suppose that p satisfies (I), i.e., A > 0,k = 1,...,n. The determinant

corresponding to A, for ¢ is Ay, := det(AMiti=Bay i iv5:i,5=0,...,a) and so
A >0,k=1,...,n,ie., ¢ satisfies (I).
Now for

Q(z) =) 2",

JEZ
where
Cj = a; + )\Cljfl, ] eZ.
Let A= (aij)i,jeza C= (Cij)i,j627 where
Qij = AMj—iy  Cij = CMj—i, 1,J € Z.

By Theorem 2.1, A is totally positive, a; > 0, j = 0,...,n, and any minor of A
is strictly positive if and only if its diagonal elements are strictly positive. Thus
¢; >0,7=0,...,n+1, and since

Cij = Qg + )\ai-‘rl,j? 7’7] € Z7

it follows as in Lemma 2.3 that C' is totally positive, ¢; > 0, 7 = 0,...,n, and
any minor of C' is strictly positive if and only if its diagonal elements are strictly
positive. Thus @ satisfies (I).

Next suppose that p satisfies (II). For k=0,..., M —1,

Apg(z) = ATRFMTAp(AM2).
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Thus Apg, - -+, Ay—1q have interlacing negative zeros, and hence ¢ satisfies (II).
Now
n+1
Q(Z) = Z(aj + )\aj,l)z"H*J.
§=0

Note that n+ 1= Mr'+ 5,0 < s < M — 1, where v’ =r + a,

[0, 0<s<M-2,
TV os=M—1.

Then for k=0,...,M — 1,
AQ(z) = Z(akJer + A1)z

JEZ

a r—j a r—j

= z E apenj? 0+ Az E agp-14Mm52 7,
JjEZ JEZ

and so

AQ(2) = 2App(2) + Az%Apap(2), k=1,...,M — 1,

AoQ(z) = 2%Ap(z) + Az T Ay _1p(2).
First suppose a = 0. Then

wao {20 VS
For k = 1,...,M — 1, suppose that Ap has zeros o} < ... < oFf. Take 1 < j <
r,1 <k < M with 04;‘-3_1 < af. Now
(D) AQST) = (=1 Awp(ag ) <0,
(D" A4Q()) = (1A p(af) > 0,

and so A,(Q has a zero ﬂk’ in (Ozf 1,04 ). Also for 2 < j <,
(17 AQayh) = (=1 Agplaglyh) <0,
(—1 )J”AoQ( af) = (=1)77A(e]) " Ayap(ad) > 0,
M—-1 )

and so Agqg has a zero ﬁo in (a;777,aj). Since

7—1
(1) ApQ(a) = (=1)"*"A(a}) T Ay—ap(al) > 0,
lim_(~1)" 4Q(a) > 0,
ApQ also has a zero 3y in (—o0,a?). Thus AgQ, ..., Ay_1Q have interlacing neg-
ative zeros for the case a = 0.
Next take o = 1. Then

>0, k=0,
AkQ(O){ =0, 1<k<M-—1,
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and so for k = 1,...,M — 1, A;Q has a zero 5, = 0. Also 4,Q(c™) =
a1 Agp(a~1) < 0 and so ApQ has a zero (2, in (a}~1,0). As before we

see that for 1 < j < r,1 <k < M, AxQ has a zero 7 in (¥, a¥), while for

Jo0
2 < j <7, AoQ has a zero 3} in (a%}l,ag), and AgQ has a zero Y in (—oo, af).
So ApQ, ..., Ay_1Q have interlacing negative zeros for the case a = 1.
Thus @ satisfies (II). O

Theorem 2.8. If p satisfies (II), then the polynomial (M1 +2M=2 4 ...+ 1)p(2)
satisfies (11).

Proof. Suppose that p as in (1.1) satisfies (II). Let
q(z) _ (ZM—I 4ot 1)])(2) _ ijzn—i-M—l—j7
jEZ

where
M-1

bj = Z&j,l, 1€

=

As before we writen = Mr+s5,0<s<M—1. Thenn+M —1= Mr' +5,0 <
s <M —1, where v = r + 1 — a with

)1, s=0,
“TY0, 1<s<M-1.
For k=0,...,M —1,

M-1
_ r+l—a—j5 __ r+l—a—j
AkQ(Z) = g bk+MjZ I = g E AN j+k—1% I

JEZ =0 j€Z
k M—-1

= Zl_a Z Ak_lp(Z) + Z_a Z AM+k—lp(Z)
=0 l=k+1

k M-1
(2.7) = 2l Z Ap(z) + 27 Z Ap(2).
1=0

I=k+1

First suppose n < M — 1. Then a = 0 and Agp(z2) = ax,k =0,...,M — 1. So
fork=0,...,.M —1,

k n
Ag(z)=2> a+ Y a,
1=0 I=k+1

which has zero Bf = = >, . @/ S o So BF < ALk =0,...,n—1, and
BF=0,n<k<M-—1. Thus Ayg,..., Ay_1q have interlacing negative zeros and
so q satisfies (II).
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Now take n > M and for k = 0,..., M — 1, suppose that A;p has zeros of <
. < af. First suppose @ = 0. Then s’ = s — 1 and

>0, 0<k<s—1,
A’fQ(O){ =0, s<k<M-1.

So for s < k < M — 1, Azq has a zero 3* 11 = 0. We shall show by induction that

for all other cases, 0 <k < M —2,1 < j <r, Ay has a zero (3, in ( h aéﬁrl),
and Apr_1q has a zero 317" in (ao a}'™1), where gF,, < ﬁkﬁ,k =0,...,M —2,

J
and 6M < ]H Here we put o, ; = 0. Now by (2.7),

M-1
As1g(e)) = a ZAZP + ) Aipla

l=s+1

since Ajp(af) > 0,1 =0,.. 1andAlp( )< 0,l=s+1,....,.M — 1. Since
As-19(0) > 0, A;_1q has a zero 68+1 in (a2,0).

Next suppose that the induction hypothesis is true for some £ and j,1 < k£ <
M —1,1<j<r. As above (2.7) gives

28) (~)™Ag(ed) = (-1t S Ap(ad) + (-1 Y Aplat) <0

l=k+1
(2.9)
M-1
(—1)”+]+1Ak,1q(a§;11) ( 7"+j+l k— 12141]3 ]+1 7“+]+1 ZAlp ]+1
=k
Also by (2.7),
(1) (Ara(2) = Apag(2)) = (1) (2 = 1) Aup(2) < 0

on (of, of, ) and so
(2.10) (=1 Apm1a(Ba) > (=1)7 Apa(Bf4) = 0.
Thus by (2.8), (2.9) and (2.10), A,_1¢ has a zero (5, in (af, %H) with % +1 <
k
1

Now we suppose the inductive hypothesis is true for £ = 0 and some 7,1 < 7 <.
By (2.7),

M-1
(1) Apraq(a)) = (=1)"a] Z Ap(a
=0
M—2
(=)™ Ayag(e)™") = (=)™ a1 Y Apla)™!) <0,

=0

Also by (2.7),
(=17 (An—1a(2) = 240q(2)) = (=1)"*72(1 = 2) Agp(2) < 0
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on (af,af, ;) and so
(_1)j+rAM—1Q(ﬁ]Q+1) < (_1)j+r g(‘)+1A0( g+1) 0.

Thus Ap;_1q has a zero BJM_I in (af, on ) with ﬂM L <
hypothesis is established.

We have shown that A;_;q has a zero 377" in (af,a’™1). We now show by
induction that for k = 0,..., M — 2, Axq has a zero F with gF < of, gF < gi*t,
Take 1 < k < M — 2, and suppose Ak+1q has a zero A < o' Now

lim (—=1)"" Agq(z) >0

k 9 1. So our induction

and by (2.7),
M-1
(=) Agg(al) = Zz‘h]) of) + (=17 > Ap(af) >0
I=k+1
Also
(=1)"(Aps1q(2) — Arg(2)) = (=1)"(z = D Aps1p(z) <0
for z < o™, and so

(1) Apq(B1™) > (=1) Apag(B) = 0.
So Agq has a zero ¥ with 8¥ < oF and gF < pF.

Thus we have shown that Agg, ..., Ay_1q have interlacing negative zeros and so
q satisfies (II).

For the case a = 1, when r’ = r, we can similarly show that for k =0,..., M —1,
Apq has zeros f < ... < ¥ < 0, where for 1 < j < r, ﬁf is in (Oz?i_ll, af),
0<k<M-2, andﬁM "is in (af, on ), where af = —oco,k=1,...,M —1. As
before, the zeros of Aoq, oo Ayviiag mterlace and so ¢ satisfies (II). O]

The factor zM=142M=2 ... 11, as in Theorem 2.8, will play an important role
in the next section. The following result will also be used in the next section.

Lemma 2.9. If a polynomial p has a factor of the form q(z*) for a polynomial q
of degree > 1, then p does not satisfies (II).

Proof. Let p(z) = q(2M)r(z) for polynomials ¢,r. Then it is easily seen that for
k=0,...,M—1, Axp(2) = q(2)Agr(z). Thus if ¢ has degree > 1, Agp, ..., Ay—1p
have a common zero and so cannot have interlacing zeros. U

3. REFINABLE FUNCTIONS

As before we take an integer M > 2. We first give a basic result on refinable
functions for dilation M. For M = 2 this is part of work in [13] and our proof also
follows this work.
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Theorem 3.1. Let p as in (2.1) be a polynomial of the form
p(z) = (M7 + 2+ 1a(2),
where q(1) =1, q(z) = ZjeZ bjz™ I b; > 0,5 € Z,bj =0 for j <0 and j > m,

bo > 0 and Zjez bje < 1. Then there is a continuous, non-negative function ¢
such that

n

(3.1) o(x) = > a;6(Mz—j), v €R,
(3.2) qu(:v—j):l, z € R.

Moreover ¢ has support in [0,n/(M —1)] and ifa; > 0,j =0,...,n, then ¢(x) >0
forO<z <n/(M-—1).

Proof. Define T, : C(R) — C(R) by
T,f(x) = Zajf(Mx —7), z € R,
jez
where as before we put a; = 0 for j < 0 and j > n. Now for A € (1(Z), f €
CR),z € R,
Z)\k(Tpf)(x —k) = Z(Sp)‘)jf(Mx —J)
keZ jez

where

(SN = ajamhe, j €L
kEZ
So by induction, for any 1 < m € Z,

S OMT )= k)= (SN f(M™x — j), v €R.

kEZ JEZ
We choose f to be the B-spline N given by

x, 0<z<1,

N(@)=4q 2-2, 1<z<2,

0, otherwise.

We choose A = §, where 69 = 1 and 6 = 0 for £k # 0. Then putting f,, =
T"N,m=1,2,...,

fu(x) = (SP6);N(M™x — j), x € R.
JEZ
It is well-known that

N(x) :chN(Mx—k:), z € R,

keZ
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where .
) = chzk _ M(ZM—l FM2 )2,
Then forx e R,m=1,2,...,
fm(z) = Z(S;lé)j chN(Mme — Mj—k)

JEZ keZ
= D ) (S0 jer-nN(M™ 'z — k).
keZ jeZ

Also for z € R,
fralr) = S(SPTORN(I s~ k)

keZ
= Z Z CLk,Mj(S;la)jN(Mm—i_liB — k)
kEZ jEZ
Thus
(3.3) fus1 () = f(z) = ANM™ 2 — k), z €R,
keZ
where
(34) A = Z(S 5) (CLk Mj — Ck— M]) keZ.
jeZ
Now

> (a;— ¢ = 2"p(z7") — Q(2)

JEZ
= (MM 40 {zmq(z—l) —

= (2" - 1R(2),
for a polynomial R(z) := 3", 5 d;2, since ¢(1) = 1. Thus

1
M(ZM Mg +1)}

a.;

i— ¢ =djm—dj, jEZ

for a finitely supported sequence {d;}. So for k € Z, from (3.4),
A = (850)j(di—nr(j1) — dinry) = = > _(ASFS) iy,

JEZ JEZ
where for a sequence A\, (AN); = A\; — A\j_1,j € Z. Hence there is a constant K
such that

Akl < K[| AS]0] oo,

and by (3.3),
(3.5) s = Fulloo < KAS]
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since Y, N(- — k) = 1. Now (z — 1)p(z) = (2™ — 1)¢(z) and so
a1 —a; = bj—M — bj, VRS Z.
Thus for any sequence A,

(ASN); = > (aj-nk — aj—1-n) M

kez
= Z(bj—Mk: —bj_Me—M) Nk = Z bj— k(A — Me—1)-
keZ keZ

Now for k=0,...,M — 1, Zjez bimr < Zjez b; =1. Put

p:max{ijM+k:k:o,...,M—1}<1.

jEZ
Then for A € ((Z),
[ASpAlloe < Pl AN oo,

and so we see from (3.5) by induction that

Hfm+1 - meOO < Kpm7 m = 1727 Tt
Thus (f,,) is a Cauchy sequence in C'(R) and so there is a function ¢ in C(R) with
lim fo(@) = 6(a)
uniformly on R. Since f,,41 = T}, fm, we have T, = ¢, i.e., ¢ satisfies (3.1).
Also for j € Z, a; = l]\io_l bj—y and 80 D)z ajimr = D ez by = 1. Thus if f
has compact support and }, _, f(- — k) = 1, then for » € R,

S Tf(x—k) = > ajf(Mx— Mk — j)

kEZ jkEZ
= Z aj-nmpf(Mz —j) = 1.
J,k€EZ
Since ), ., N(-—k) = 1, we see by induction that ), ., f(-—k) =1,m =1,2,...,

and so ), ., o(-— k) = L.
Now if f,, has support in [0, b,,] for some b,, > 0, then f,, 11 = T, f,, has support

in [0, (b, +n)/M]. With by = 2, (b,,) forms a monotone sequence which converges
ton/(M — 1). Thus ¢ has support in [0,n/(M — 1)].
Since a; > 0,5 € Z, fm41 will be non-negative provided that f,, is non-negative.
Thus ¢ is non-negative. Now suppose
a:=minfa; : j=0,...,n} > 0.

Forn/(M —1)—1<z<n+1,

D d@=j) =3 ole—j)=1,

JEZ
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and so from (3.1)

n

Oe/M) =D ajplr—j) = a oz —j)=a

=0
Thus ¢(x) > a > 0 on a closed interval I with length
1 n 2(M — 1)+ n(M — 2)
— 1- —1 = >1
(e () = s =
since n > M — 1. Now if ¢(z) > 0 on an interval I, = [a,, by] of length > 1,

then from (3.1), ¢(z) > 0 for all z in the interval I,,11 = [ami1,bms1], Where
i1 = A /M and by, = (by, +n)/M. Since lim,, o @y, = 0 and lim,, o by, =
n/(M — 1), we see by induction that ¢(z) >0 for 0 < x <n/(M —1). O

If p as in Theorem 3.1 also satisfies condition (II) of Section 2, we can deduce
some total positivity properties of ¢.

Theorem 3.2. Let p as in (2.1) be a polynomial which satisfies (1I) and is of the
form
p(z) = (M7 4+ 217 4 4 1)g(2),

where q(1) = 1,q(z) = Zjez bjz™ 9 b; > 0,5 € Z, bj =0 for j <0 and j >
m,m > 1, by > 0. Then there is a continuous, non-negative function ¢ satisfying
(3.1) and (3.2). Moreover ¢(x) > 0 if and only if 0 < x < n/(M — 1), and for
k € Z, the matriv A := (¢p(i — j +k/(M —1)); jez is totally positive and any minor
of A is strictly positive if and only if its diagonal elements are positive.

Proof. By Lemma 2.9, > .7 bjnr < 3~z b; = 1. So we can apply Theorem 3.1 to
give (3.1) and (3.2). By (II), a; > 0,5 = 0,...,n and so Theorem 3.1 also gives
¢(z) >0ifand only if 0 <z < n/(M —1).

Now take k € Z and for m = 0,1,2,..., define f,, as in the proof of Theorem
3.1 and define the polynomial

Pun(2) =3 fulG + /(M —1))27.
jEzZ
Then for m =0,1,2,...,
Prsi(2) = Y Tpfuli +k/(M —1))27
JEZ

(3.6) = > Y afulMj+k+k/(M—1)—r)

JEZ reZ
Now for p(2) = 3,z a;7,

(3.7) B2)pm(z) =) d;2,

JEZ
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where for j € Z,

a5 = fulj — 1+ k/(M = 1)).

From (3.6),
(3.8) Pm+1(2) = Z dimj?’.

jez

Now if p,, has all negative zeros, then by Theorem 2.7, pp,, satisfies (II) and so
by (3.7) and (3.8), p,,41 has all distinct negative zeros. Since py has all negative
zeros, we see by induction that for all m = 1,2,..., p,, has all distinct negative
zeros. Since (p,) converges to p(2) := Y., #(j + k/(M — 1))27, it follows that p
has all negative zeros. The required result then follows from a result in [1]. O

We recall from Theorem 2.8 that p as in Theorem 3.2 satisfies (II) provided that
q satisfies (II). If we assume that p satisfies the stronger condition (I), then we can
deduce a stronger total positivity property. As in Theorem 3.1 we follow here the
work of [13], where the result is proved for M = 2.

Theorem 3.3. Suppose that p as in (2.1) is a polynomial which satisfies (I) and
is of the same form as in Theorem 3.2. Then the function ¢ as in Theorem 3.2
satisfies the property that for any s > 1, r1 < -+ < x4, and integers l; < --- < g,

(3.9) det(p(z; — ;) 14,5 =1,...,5) > 0.
Proof. For m = 0,1,..., we define f,, as in the proof of Theorem 3.1, so that for
1€Z,xr € R,
fons1(x—1) = Zajfm(Mx — Mi—j)
JEZ
= Z aj—Mifm(MI —7)

JEZ
Letting B = (aj_ni)ijez, we apply the Cauchy-Binet formula [16, p.1] to give for
Ty <o < Xy ly < <,

det(fm+1(£lﬁi—lj) : Z,j = 1,...,8)
b s .
= Z B(kl1 ks>det(fm(Mxi—kj):2,3:1,...,3).

k1 <---<ks
By Theorem 2.1, the terms B ( ]il o ]l; ) are all non-negative. Also fy = N,
Lok
which satisfies (3.9) with ¢ replaced by N. So by induction (3.9) is satisfied with
¢ replaced by f,,,m =1,2,---. Since (f,,) converges to ¢, (3.9) holds. OJ

We remark that in [13] a function satisfying the conclusion of Theorem 3.3 is
called a ripplet. In [13] it is also shown that for M = 2 there is strict inequality
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in (3.9) if and only if the diagonal elements of the matrix concerned are strictly
positive, i.e.,

(310) 0<ZL’j—lj< 7=1,...,s.

n
M-1
This result is a generalisation of results in [4] and [5] for B-splines, which are in
turn a stronger form of the Schoenberg-Whitney Theorem [18]. It is not true in
general for M > 3.

To see this, take M = 3 and let

0]
a;z" .

M-

p(z) = é(z2 +2z+1D(z+1)3 =
j=0
Since the polynomial 22+ 2+1 satisfies (I), the polynomial p satisfies (I) by Theorem
2.7. Now let ¢ be the corresponding refinable function as in Theorem 3.3, which
has support in [0,5/2]. For 7/6 < x < 4/3, we have 3z —4 < 0,3z — 1 > 5/2, and
so the refinement equation (3.1) gives

¢(x) = a20(3x —2) + azp(3z — 3)
7 7 7
= §¢(3$ -2)+ §¢(3$ —3) = 3
by (3.2). Now by (3.2),
¢ +1)+ o) +o(x—1) =1, 1 <z <3/2

and so L1

S +1) 4ol —1) = L = To(), /6 <a <473
Thus ¢(- + 1), ¢, ¢(- — 1) are linearly dependent on [7/6,4/3]. So for any 7/6 <
T <xp< a1 < 4/3,

det(p(x; —j) 14,5 =—1,0,1) = 0.

Thus we may have equality in (3.9) although (3.10) is satisfied.

We also note that while the functions ¢(- — j), j € Z, are locally linearly depen-
dent, as shown above, they are globally linearly independent. To see this, we note
that (3.2) implies

Glr+1)+o(x) =1, 12z <1
It is easily checked from (3.1) that ¢ is not constant on [1/2,1]. Thus ¢(xz + 1) and
¢ are linearly independent on [1/2,1]. Suppose that >, c;¢(z —j) = 0,2 € R.
Then c_1¢(x + 1)+ cop(z) =0,1/2 <z <1, and so ¢ = ¢p = 0. Similarly ¢; =0
for all integers.

We shall now show that when n/(M — 1) is an integer, then it is true that there
is strict inequality in (3.9) if and only if (3.10) holds.

Theorem 3.4. If p and ¢ are as in Theorem 3.3 and n is an integer multiple of
M — 1, then there is strict inequality in (3.9) if and only if (3.10) holds.
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Again we follow the work of [13]. We shall need a generalization of Theorem 2.1.
Let p as in (2.1) satisfy (I) and let B denote the matrix (a;_ps;)ijez. Then from
Theorem 2.1 we see that for s > 1 and i1 < ... < i1 < ... <,

B( ) >0
jl DY ]8
with strict inequality if and only if
OSjI—Milgn, lzl,...,S.

Proposition 3.5. If n is an integer multiple of M — 1, then for integers r,s > 1,
1 <o <ig, )1 < ... < Js,

(3.11) B < o s ) >0,
jl DRI jS
with strict inequality if and only if
(M™—1)n
M-—1
Proof. The proof is by induction on r. We assume the result is true for some r > 1
and use the Cauchy-Binet formula to give

pr(n ) = (" s )pr( ™ s
(]1 o s i Z kl ks Juo s
1<ka<...<ks

Then (3.11) holds with r replaced by r + 1. Note that (3.12) with r replaced by
r 4+ 1 may be written as, for [ =1,...,s,

(3.12) 0<j— M < Jl=1,...s.

(3.13) i < M7,
(3.14) M7 (M = 1) +n) < (M —1)i; + n.
Now (3.11), with r replaced by r + 1, holds with strict inequality if and only if
there are integers ky < ... < ks with, for [ =1,... s,
(3.15) i < M7 'k < MY,
(3.16) M7 H(M—=1)j,+n) <MY ((M -1k +n) < (M—1)i;+n.

So if (3.11), with r replaced by r + 1, holds with strict inequality, then for [ =
1,...,s, (3.15) and (3.16) are true for some k; < ... < kg, which implies (3.13) and
(3.14) for I =1,...,s.

The converse is more difficult. Suppose (3.13) and (3.14) hold for [ = 1,...,s.
We must show that there are integers k1 < ... < k; such that (3.15) an (3.16) hold
for [ = 1,...,s. We shall prove this by induction on s. Take s > 1 and suppose
that the result is true for s replaced by s—1. For [ =1,..., s, let k; be the smallest
integer satisfying

(3.17) i < Mty
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(3.18) M7 (M =1)j+n) < (M =1k +n,

and k; > k;_1, (which this last condition is omitted for [ = 1). We know that (3.15)
and (3.16) hold for [ = 1,...,s — 1, and it remains only to prove

(3.19) ky < M4,

(3.20) ks < Miy, +n.

Note that if k.1 > k,, + 2 for some m,1 < m < s — 1, then the condition
k; > k;_1 is not enforced for | = m+1. Thus we can apply our inductive hypothesis
for l=m+1,...,s, to deduce (3.19) and (3.20). So we may assume
(3.21) kga=k+1,1=1,...,s—1.

If s > 2, then

ke = ki1 +1<Mij_1+n+1
< Mig—M4+n+1< Mi,+n
and so (3.20) holds. If s = 1 and ky > Mi; + n, then
k1—12M11+n2M21
and
(M—-1)ky—1)+n > (M—1)(Miy +n)+n
> M((M —1)iy+n) =2 M (M —1)j1 +n)

by (3.14). This contradicts the definition of k1 being the smallest integer satisfying
(3.17) and (3.18). So again (3.20) holds.
It remains to prove (3.19). Suppose (3.19) is not true, then by (3.21),

(3.22) ey > M"j, — s+ 1.
Now by (3.13),
ky > Mig—s+1>Mip+ (M —1)(s—1)

and hence
So by definition, k; is the smallest integer satisfying (3.18). Thus
(3.23) (M—=1)(ky—1)+n<M7"(M-1)5 +n),
which gives

ki—1 < M™7"(j1 —(M"—=1)n/(M —1))
M7(js—s+1—(M"—1)n/(M—1))
= M 7"js+M " —s+(1-MT")(s—n/(M-1)).
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Ifs<n/(M—-1),thenk;,—1 < M "j;+M "—sand so ky —1 < M~"j,—s, which
contradicts (3.22), and so (3.19) is true. So we may assume s > n/(M — 1) + 1.
Now by (3.16),

ks=k+s—1 < Miij+n+s—1
< M(is—s+1)+n+s—1
= Miy+n—(M—1)(s—1)
< M- (M- 1)(s— 1)
by (3.13). Since s —1 > n/(M — 1), then ks < M™"j,, i.e., (3.19) holds. O

Proposition 3.5 is not true in general if n is not an integer multiple of M — 1.
To see this, first note that for the matrix B as before, B? = (@;_s2;)i jez, where

(M+1)n

> M = p(z)p(2M),
§=0

Take M =n =3 and p(z) = 2% + 22 + z + 1. Then p satisfies (I) but

-1 0 11
#(2)
1 2

11

Proof of Theorem 3.4. Suppose that there is strict inequality in (3.9). If z;,—1;, <0
for some ¢,1 <t <'s, then ¢(z; — ;) =0fori =1,...,¢,j =1¢,...,s. So the
first ¢ rows of the matrix in (3.9) are linearly dependent, which contradicts the
determinant being strictly positive. Similarly, if 2, — I, > n/(M — 1) for some
t,1 <t < s, then the last s —t 4+ 1 rows of the determinant are linearly dependent
and we again get a contradiction. Thus (3.10) must be satisfied. We note that this
argument does not depend on n/(M — 1) being an integer.

We now assume that (3.10) is satisfied and shall deduce strict inequality in (3.9).
By the refinement equation (3.1), for 1 € Z,xz € R,

oz —i) =Y ajp(Mz— Mi—j)=> By¢(Mz - j),

JEZ JEZ

aijp a

- - =0.
a11 as

and repeating this procedure gives for any integer r > 1,
(e —i) =) Bio(M'z—j).
JEZ
So by the Cauchy-Binet formula,
det(op(x; — ;) 1 i,5=1,...,5)

(3.24) = ) BT<IZ€11 - li )det(gb(MTxi—k‘j):i,jzl,...,s)
k‘l<...<k?s

Forr > 1andi=1,...,s, choose an integer k;, with 0 < M"z; —k;,, < 1. Since
¢(r) >0for 0 <z <n/(M—1)and n/(M —1) > 1, the diagonal terms of the
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matrix (¢(M"x; —k;,) 21,7 =1,...,s) are positive. Also the off-diagonal terms of
this matrix are zero for large enough r since for i # 7,

|M"x; — k| = [M"(2; — @;) + M — kjp| — o0
as r — oo. Thus for large enough r, we have k;, < ... < k;, and
(3.25) det(p(M"x; — kj,) 1,7 =1,...,5) > 0.

Now lim, oo M "k;, =x;,7=1,...,s, and so by (3.10)
O0<M "kj, =1l <(1-=MT")n/(M—-1), j=1,...,s,
for large enough r. Then by Proposition 3.5,

AN
B (kl,r ks,r ) >0
for all large enough r. So by (3.24) and (3.25) there is strict inequality in (3.9). O
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