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ABSTRACT� In this paper global linear independence� local linear independence and
H�older continuity of the solution of the �ve�coe�cient re�nement equation

��x �

�X
k��

ck���x � k� ���� � ��

are considered	 Especially we construct H�older continuous solution of the above re�ne�
ment equation which is globally linearly independent but locally linearly dependent	 Also
multiresolution and explicite construction of compactly supported wavelets are considered	

KEYWORDS� re�nement equation� global linear independence� local linear indepen�
dence� H�older continuity� multiresolution� wavelet

�� Introduction

The purpose of this paper is to study global linear independence� local linear indepen�
dence and H�older continuity of the solution of the following re�nement equation

��x �

�X
k��

ck���x � k� ���� � �� ��

where c�c� �� � and
P�

k�� ck � �� and to construct compactly supported wavelets of the
multiresolution generated by �	 Here the Fourier transform is de�ned by

�f�� �

Z
R

e�ix�f�xdx

for all integrable function f and its form in distribution sense is entended as usual	

The examples of �� are nondi�erential de Rham function with c� � c� � ���� c� � c� �
��� and c� � �� and B�spline with c� � c� � ���� c� � c� � ��� and c� � �	
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To our purpose� let�s introduce some de�nitions	 We say that a compactly supported
distribution f is globally linearly independent if

P
k�Z dkf�x� k � � on R implies dk �

� for all k � Z	 We say that a compactly supported distribution f is locally linearly
independent if for every open set A conditions

P
k�Z dkf�x� k � � on A and suppf�� �

k � A �� � imply dk � �	 We say that a function f is H�older continuous if there exists
� � � � � such that jf�x� f�yj � Cjx� yj� holds for all x� y � R	 The supermum of �
in the above formula is called H�older exponent of f 	

To consider local linear independence is reasonable and interesting since local linear
independence implies local stability which is very imporant in practice	 Here local stablity
means equivalence between some norms of the function

P
k�Z dkf�� � k on bounded open

set A and its corresponding sequence norm of related dk	 Obviously local linear inden�
pendence of a distribution implies global linear independence of that distribution� and the
converse statement is generally not true	 Generally speaking global linear independence
is easy� since at least Ron �R� gave a practical characterization to global linear indepen�
dence by Fourier transform� which says that global linear independence of f is equivalent

to existence of a complex number z such that �f�z � �k� � � for all k � Z	 This arise
us to �nd connections between global and local linear independence	 Ben�Artzi and Ron
�BR� gave a weak conclusion of local linear independence through dual bases� and the third
named author �S�� gave explicitely construction of open set A in one dimension such thatP

k�Z dkf�x� k � � on A and suppf�� � k � A �� � imply dk � �	 The most important
thing on local and global linear independence seems to �nd as many examples as possible
for which local and global linear independence is equivalent to each other	 Until now at
least the following examples were found� B�spline in one dimension� box splines in high
dimension and distributional solutions of the following type of re�nement equations in one
dimension

��x �
X
k�Z

ck���x� k

with
P

k�Z ck � � and ck being zero for large k	 �see �S��� �L� and references therein	
In section � and section � we will give some practical characterization to global and local
linear independence of �	 Especially we construct H�older continuous � which satis�es ��
and is globally linearly independent but locally linear dependent	

In recent years� wavelet theory and its application is developed very fast	 To consider
when � in �� generates a multiresolution and to construct compactly supported wavelet is
elementary in wavelet theory and its application	 In a multiresolution or in other practical
use� L� integrablity even H�older continuity of � is generally needed	 In section �� we will
give some conditions on existence and nonexistence of H�older continuous and integrable
solution � of ��	 In last section� we consider the multiresolution generated by � and
construct compactly supported wavelets explicitely	

�� Global Linear Independence
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In this section we will give a characterization to global linear independence of distribu�
tional solution � of ��	

Denote the symbol function of �� by

H�� � ���
�X

k��

cke
ik��

Therefore by taking Fourier transform at both sides of �� we get

���� � H����������� ��

Now we give a characterization to global linear independence	

Theorem �� Let � be the unique distributional solution of ��� with supp� �� f�� �� �g�
Therefore global linear independence of � is equivalent to

i� c� �� � or c�c� �� c�c��
ii� H���� �� � or H����� �� ��

Before we start to prove the above result� we recall a characterization by Ron ��R�	
Lemma �� Let f be a compactly supported distribution� Therefore f is globally

linearly independent if and only if there does not exist complex number z such that �f�z �
�k� � � for all k � Z�

Proof of Theorem �� First the necessity	 Denote

N�� � fz� ���z � �k� � �� 	z � Zg�

Therefore N�� � � by Lemma �	 Observe that ���� � �k� � � for all k � Z when

H���� � H����� � � by ��	 Then ii holds by N�� � �	 Also observe that ���z� �

�k� � H�z��� � �k������z��� � �k��� � � for all k � Z by �� when c� � � and
c�c� � c�c�� where e

iz� � c��c�	 Then i holds still by N�� � �	 The necessity is proved	

Secondly the su�ciency	 Conversely we assume that � is globally linearly dependent	

By Lemma � and ���� � �� we know that there exists z� �� ��Z such that z� � N��� which

means that ���z���k� � � for all k � Z	 Therefore H��z���j�������z���j�����k� �
� for all k � Z and j � �� �� � by ��	 Observe that z� � N�� is unique in the sense of
mudolar ��Z� since u�w � N�� with u � w �� ��Z implies ��x � e�iu��x � � � �
and ��x � e�iw��x � � � � on ���� which means supp� � f�� �� �g	 Also observe that
H�z��� � H�z��� � ���� � H�z� � ���� � � does not holds by i	 Therefore we
get z� � �z� � �j��� � �k� for some j � �� �� � and k � Z� which implies z� � ��Z
or z� � � � ��Z	 This contradicts to z� �� ��Z or ii� since ii implies � �� N��	 The
su�cency and hence Theorem � is proved	
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Before we �nish this section� let�s say a little about supp� � f�� �� �g	 Obviously we can

write ���� �
Pl

j�� �
jTj�� for some l 
 � when supp� � f�� �� �g� where trigonometric

polynomials Tj have their degrees at most two and T��� �� �	 Therefore we get Tj�� � �
when j 
 � by �� andH�� � T�����T���	 Divide T��� � C�ei��z��e

i��z� for z�� z� ��
�� �	 Therefore after some simple reduction we get H�� � �� �ei� � e�i� � �e�i� � e�i�� or
H�� � �� ei������	� ei����
���	� e�i� or H�� � �� ei���
���	� ei�������	� e�i�	 On the
other hand� we know that when H�� has one of the above three form the support of � is
contained in f�� �� �g	 Furthermore we can write ��x � a�	�x � a�	�x� � � a�	�x� ��
where we denote 	�x be the delta distribution	 Therefore

P
k�Z z

k��x � k � � for all z

with a�z
� � a�z� a� � �� and � is globally linearly dependent when supp� � f�� �� �g and

� satis�es ��	

�� Local Linear Independece

In this section we will consider local linear independence of distributional solution of
��	

De�ne transform matrices Bi �i��� �� � by

Bi �

�
ci ci��
ci�� ci��

�
�

where we de�ne c�� � c
 � � and de�ne distribution ��x on ���� by

��x �

�
��x

��x� �

�
� x � ��� ��

Therefore the following important formula holds by ��

Bi��x � ��
x� i

�
� i � �� �� ��

Theorem �� Let � be the unique distributional solution of ���� If Bi� i � �� �� �� are
nonsingular� then local and global linear independence of � are equivalent to each other�

Before we give its proof� we state two lemmas for which similar ones can be founded in
�S��	
Lemma �� Let A � ��� � be open and let Bi� i � �� �� �� be nonsingular� If there

exists nonzero vector d with d��x � � on A and � �� � on A� then d���x � � on �	��� for
some nonzero d��
Lemma �� Let � be the unique distributional solution of ���� If there exists nonzero

complex number z� with
P

k�Z z
k
���x� k � � on R n Z� then

P
k�Z z

k
���x� k � � on R

for some nonzero z��
The proofs of the above lemmas can follow line by line as in �S��	



SOME PROPERTIES OF FIVE�COEFFICIENT REFINEMENT EQUATION �

Lemma �� Let � be the unique distributional solution of ���� If supp� � f�g � �
� ��
or supp� � f�g � ��� � � 
� for some � � 
 � �� then supp� � f�� �� �g�

The above lemma follows by comparing ��s support at both sides of ��	

Proof of Theorem �� Obviously local linear independence of � implies global linear
independence of �	 Therefore it su�ces to prove local linear independence of � when � is
globally linearly independent	 Recall that � is globally linearly dependent when supp� �
f�� �� �g	 Therefore we can assume supp� �� f�� �� �g in the following proof	

Conversely we assume that � are locally linearly dependent	 Then there exists an open
set A � ��� � and nonzero vector d such that d��x � � on A and � �� � on A by Lemma �	
By Lemma �� we know that there exists nonzero vector d� � �d��� d

�
� such that d���x � �

on ����	 If d��d
�
� �� �� then

P
k�Z�d

�
��d

�
�
k��x� k � � on R nZ and

P
k�Z z

k
���x� k � �

on R for some nonzero z� furthermore by Lemma �� which contradicts to global linear
independence of �	 Now the matter reduces d� having one component zero� but in the
above case we know that supp� � f�� �� �g � ��� � or supp� � f�� �� �g � ��� �� which
contradicts to supp� �� f�� �� �g by Lemma �	 Hence Theorem � is proved	

Remark �� When Bi �i � �� �� � are nonsingular matrices� we know that i in Theo�
rem � holds	

Theorem �� Let � be the unique distributional solution of ���� If Bi is singular for some
i � �� �� �� then � is locally linearly dependent except c� � c� � c� � ��

Proof� Recall that � is globally linearly dependent� hence locally linearly dependent
when supp� � f�� �� �g	 Therefore we assume supp� �� f�� �� �g in the following proof	 We
divide two cases to prove Theorem �	

Case �� B� is singular	
Recall that c�c� �� �	 Therefore c�c� �� � and c��c� � c��c�	 If c���x � c���x � � �

� on ��� �� then supp� �� f�� �� �g and c�c� �� � imply locally linearly dependent	 If
c���x � c���x � � �� � on ��� �� then �c���x � c���x � � � � on ����� ��� and �
is locally linearly dependent since ��x � c����x � � � c����x �� � on ����� ��� and
��x� � � c��c���x on ����� ���	

Case �� B� and B� are singular	
Recall that c�c� �� �	 Therefore singularity of B� and B� is equivalent to c� � �	 If

c� �� �� then �c���x � c���x�� � � on ��� ��� and � is locally linearly dependent since
��x � c����x and ��x � � � c��c���x on ��� ���� and supp� � ��� � �� � by Lemma
�	 Similarly if c� �� �� then �c���x � c���x � � � � on ����� � and � is locally linearly
dependent since ��x � c����x��� ��x�� � c��c���x on ����� � and supp����� � �� �
by Lemma �	 Theorem � is proved	

Theorem �� Let � be the unique distributional solution of ��� with c� � c� � c� � ��
Then � is locally linearly independent�
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Proof� By Lemma �� it su�ces to proving the statement

����x � ����x� � � � on A and supp���� k �A �� � implies �k � � ��

holds for A � �a� b � ��� �	 Recall that B���x � ��x�� � ��� and ���� ��B� �
�c���� c���	 Observe that �� holds for A with A � ����� ��� if and only if �� holds for
�A��	 Therefore the matter reduces to the following cases� ��� � A� ��� � A�A � ��� ����
and A � ����� �	 If ��� � A� then c�����x � c�����x � � � � on ���min��b � �� �	
Observe that ��x � � on ��� ���	 Therefore �� � � by Lemma � and �� holds for
these A with ��� � A	 Similarly we get �� � � when A � ��� ��� and supp� � A �� �	
If ��� � A� c�����x � c�����x � � � � on �min��a � �� �	 Observe that ��x � � on
������	 Therefore �� � � by Lemma � and �� holds for these A with ��� � A	 Similarly
�� holds for these A with A � ����� �	 Theorem � is proved	

Remark �� By Theorem � and � we know that the de Rham nondi�erential function
with c� � c� � ���� c� � c� � ��� and c� � � in �� is locally linearly independent	

Example �� Now let�s construct H�older continuous solution � of �� which is globally
linearly independent but locally linearly dependent	 Let c��c� � c��c� � c� � �	 Observe
that B� is singular only if c� � c�	 Therefore the solution � of the following re�nement
equation

��x � c����x � c����x � � � ���x � � � ��� c����x � � � ��� c����x � � ��

is locally linearly dependent by Theorem �	 Observe that the symbol functionH�� does not
equal zero at � � ��� when c� is real	 Therefore the solution � of �� is globally linearly
independent but locally linearly dependent when � � c� � �	 In particular� we know
that � is H�older continuous with H�older exponent jlnmax�c�� �� c�j�ln� when � � c� � �	

�� H�older Continuity and Integrablity

In this section� we will consider H�older continuity and integrablity of solution of ��	

The following is a result on H�older continuity of �	
Theorem 	� Let � be the unique distributional solution of ���� Then � is continuous if
and only if

i� c� � c� � c� � c� � c� � ��
ii� jc�j � �� jc�j � � and j�� c� � c�j � ��

Proof� First the necessity	 Observe that ��� �� �� otherwise � � � by continuity of

�	 Therefore c� � � since B���� � ���	 Observe that Bk
� �

�
ck� �

c���� ck���� � c� �

�

and Bk
� �

�
� c��� � ck���� � c�
� ck�

�
	 Therefore we get jc�j � � and c� � c� � � by
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Bk
����  ��� as k  ��� and we get jc�j � � and c� � c� � � by Bk

����  ��� and
Bk
�B����  ��� as k  ��	 Now we prove j��c��c�j � �	 Write B� � B��AB� where

B is nonsingular and A �

�
�� c� � c� �

� �

�
or A �

�
�� c� � c� �

� �

�
when �� c�� c� �

�	 Therefore Bk
� � B��

�
��� c� � c�

k �
� �

�
B or Bk

� � B��
�
� k
� �

�
B	 Observe that

B��� �� c��� when ��c��c� �� � or B��� � c��� when ��c��c� � � since otherwise
B���� � ���	 Recall that Bk

����  �����	 Then j� � c� � c�j � �	 The necessity is
proved	

Secondly the su�ciency	 Observe that B������
T � c������

T � B������
T � ��� c��

c������
T and B������

T � c������
T � where AT denotes the transpose of a vector A	

Therefore by the method used in �DL�� we know that � is continuous	 The su�ciency and
then Theorem � is proved	

By the procedure in the proof of Theorem �� we know that

j��x � ��yj � Cjx� yj��

where � � jlnmax�jc�j� jc�j� j� � c� � c�jj�ln�	 Denote

W � spanf��z � ���� z � l��k for some l and kg�

Therefore W is spanned by �����	 Hence we know that � is H�older exponent of � by the
procedure used in �HL�	

Now we give a result on integrablity of �	
Theorem 
� Let � be the unique distributional solution of ��� and let ck� � � k � � in

��� be real and satisfy c� � c� � c� � c� � c� � �� Then j����j � C�� � j�j�� for some
� � ��� and hence � is square integrable provided one of the following holds


i� �
p
���
� � c� � c� �

p
���
� and c�c� � ��

ii� �
p
���
� � c� � c� �

p
���
� � c�c� � � and �c� � c���� c� � c� 
 ��c�c��

iii� �
p
���
� � c� � c� �

p
���
� � c�c� � � and �c� � c��� � c� � c� � �c�c��

iv� ��c� � c���� c� � c�
� ��c�c���� �c� � �c� ��c�� ��c��� ��c�c� � �� c�c� � � and

�c�c� � �c� � c���� c� � c� � ��c�c��
Furthermore � is not integrable when j�c� ��c� � �j 
 �� except �c�� c� � ��� �� and �

is not square integrable when � � c� � c� � c�c� � c�� � c�� � � except �c�� c� � ��� �

Proof� Observe that H�� � �c� � ��� c� � c�e
i� � c�e

�i��� � ei� � e�i���	 Denote
B � sup��RjR��j� � sup��Rjc� � ��� c� � c�e

i� � c�e
�i� j�	 Therefore we know that

j����j � C�� � j�j���lnB��ln�
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by usual procedure	 Observe that jR��j� � �c�c�cos
�� � ��� � c� � c��c� � c�cos� �

�c�� � �c�� � �� �c� � �c�	 Therefore B � max�jR��j�� jR��j� � max��� j�c� � �c� � �j�
when c�c� 
 � or c�c� � � but j�� � c� � c��c� � c����c�c�j 
 � and B � jR��j� with
cos� � ��c��c����c��c����c�c� when c�c� � � and j���c��c��c��c����c�c�j � �	
Under conditions in Theorem 
� we know that B � �	 Therefore the �rst part of Theorem

 is proved	

Now we prove the unintegrablity of �	 Observe that ����  � as �  � when � is

integrable	 By �� we know that ����l��k � �� � H��l �����k � �� for all l 
 � and

k � Z	 It is easy to see that ���� � �k� �� � for some k � Z when c�� c� are real and
�c�� c� �� ��� �	 Therefore jH��j must be less than one� i	e	� j�c� � �c� � �j�� � �� when
� is integrable	

For L� function � we letB�� �
P

k�Z
R
��x��x�kdxeik� 	 SinceB��� � jH��j�B���

jH�������j�B��������jH�������j�B�������� we get �
R
j��xj�dx � ���c�c�����

c�� c�� c�c�� c��� c�� � �	 Observe that �� � c�� c� � � when �c�� c� �� ��� � since � is
integrable	 Therefore ��c�c� � � except �c�� c� � ��� � and ��c��c��c�c��c���c�� � �
implies that � is not square integrable	 Theorem 
 is proved	

	� Multiresolution and Wavelets

In this section will consider multiresolution and construction semi�orthogonal wavelets
with its scaling function � satis�es ��	

Let fckg
�
k�� be real numbers such that c� � c� � c� � c� � c� � � and c�c� �� �� and let

� be L� solution of the re�nement equation

��x �

�X
k��

ck���x � k� ���� � ��

De�ne subspaces Vj �j � Z of L� by

Vj � f
X
k�Z

dk���
j � �k�

X
k�Z

jdkj
� ��g�

Observe that � is globally linearly independent by Theorem � when �c�� c� �� ��� �	 There�
fore by standard method we know that fVjgj�Z is a multiresolution of L�� i	e	�

i Vj � Vj���

ii �j�ZVj � f�g and �j�ZVj � L��
iii there exists � � A � B �� such that

A
X
k�Z

jdkj
� �

Z
R

j
X
k�Z

dk��x� kj�dx � B
X
k�Z

jdkj
��
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provided �c�� c� �� ��� �	

Let the wavelet space W� be the orthogonal complement of V� in V�	 Now we begin to
construct compactly supported wavelets �� and �� explicitely such that W� � W �

� ��W �
� �

where
W s

� � f
X
k�Z

dk�s�� � k�
X
k�Z

jdkj
� ��g�

Hereafter we assume �c�� c� �� ��� �	

Denote

B�� �
X
k�Z

Z
��x��x � kdxeik� � be�i� � a� bei��

Then B�� satis�es
B��� � P �B��jH��j�

by �� and furthermore we get

B�� �
�

�
�� � c� � c� � c�c� � c�� � c��

��

�
�c� � c� � c�� � c��e

�i� � ��� � c�c� � �c� � c� � c�� � c��e
i�
�
�

where we de�ne the operator P by

P �f�� � f�� � f�� � ���� � f�� � ����

for all ���perodic function f 	

Let � be any L� function in W�	 Then ���� � A���������� with A � L���� ��� and

P �A��H��B�� � �	 Recall that H����� � H����� � � since c�� c� � c�� c� � c� �

�	 Therefore �A�� � A���� � ei��� � L���� ���	 Denote

�H�� � c�e
�i� � �� � c� � c� � c�e

i�

and

��� � ��� � c� � c� � c�c� � c�� � c��
�H��B�� �

�X
k���

�ke
ik��

De�ne �
e��� �� ��� � ��e

i� � ��e
�i�

e��� �� ��� � ��e
�i� � ��e

�i�

when �� �� � and de�ne�
e��� ��

e��� �� ���e
��i� � ���e

�i� � ��e
i� � ��e

�i�
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when �� � �	 Then we get

�A�� � R����e��� �R����e���

for some Rs � L���� ��� �s � �� �	

De�ne
�s���� � P �es��e������ e�i��� � eixB��� s � �� ��

Let D�� be the common divisor of ����� and �����	
De�ne compactly supported wavelets �� and �� with help of Fourier transform by

����� � e������� � ei��������� ��

and
����� � D������� ei����������e��� � �����e���������� �


Therefore
R
�s�x��x � kdx � � �s � �� � and

R
���x���x � kdx � � for all k � Z	

Furthermore f�s�� � k� s � �� �� k � Zg is a Riesz basis of W� by ����� �� � and our
construction of wavelets �� and ��	

Now let�s consider two special cases	 First the case f��� � k� k � Zg is orthonormal
base of V�	 By usual procedure we know that f��� � kgk�Z is orthonormal bases of V� if
and only if

jH��j� � jH�� � ����j� � jH�� � ����j� � � ��

and
���� � �k� �� � on k � Z ��

for all � � R	 By simple computation� we get �� holds only if

�c� � ���� � �c� � ���� � ���

when c� and c� are real	 On the other hand we know that �� holds when �c�� c� �� ��� �	
Furthermore �� �� � and B�� � �	 Then�

e��� � �c� � ��� c� � c�e
i�

e��� � ��� c� � c�e
�i� � c�e

�i�

and
R
�s�x�t�x� kdx � � when k �� � and s� t � �� �	 Then f��s �� � k� s � �� �� k � Zg

is an orthonormal basis of W�� where we de�ne ��s �x � �
R
j�s�yj

�dy�����s�x� � s � �� �	

Secondly the case � is symmetric	 Let ��x � ��c � x for some c	 Then c � � by
comparing support of both sides of ��	 Furthermore we get c� � c�� c� � c� in ��	

Observe that �� �� � and e��� � e���e��i� 	 De�ne �e��� � e��� � e���e
��i� and

�e��� � e����e���e
��i� 	 De�ne ��s��� � P ��es���e������e�i����ei�B��	 Then the
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common divisor D�� of ������ and ������ is one	 Let ��� and ��� be de�ned as �� and �


with es replaced by �es and �s��� replaced by ��s���� s � �� �	 Then ��� � ��� constructed
by above algorithm is antisymmetric �symmetric	

References

�BR� A	 Ben�Artzi and A	 Ron� On the integer translates of a compactly supported
function� dual bases and linear projection� SIAM J	 Math	 Anal	� �������� �������
�	

�DL� I	 Daubechies and J	 Lagarais� Two�scale di�erence equations� II	 local regularity�
in�nite products and fractals� SIAM J	 Math	 Anal	� �������� ���������	

�HL� C	 Heil and D	 Colella� Dilation equations and the smoothness of compactly sup�
ported wavelets� IN� Wavelet
 Mathematics and Applications� edited by J	 J	 Benedetto
and M	 Frazier� CRC Press� ����� pp	 �
�����	

�L� P�G Lemaire� La propri et e de support minimal dans les analyses multir esolution� C	
R	 Acad	 Sci	 Paris� Series I� ��������� ������
	

�R� A	 Ron� A necessary and su�cient condition for the linear independence of the integer
translates of a compactly supported distribution� Constr	 Approx	� ������� �������	

�S�� Q	 Sun� A note on the integer translates of a compactly supported distribution on
R� Archiv Math	� 
������� �����
�	

�S�� Q	 Sun� Two�scale di�erence equation� local and global linear independence� sumbit�
ted	


