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ABSTRACT. In this paper global linear independence, local linear independence and
Holder continuity of the solution of the five-coefficient refinement equation

4

$(x) =Y ckd(3z — k), $(0) =1,

k=0

are considered. Especially we construct Holder continuous solution of the above refine-
ment equation which is globally linearly independent but locally linearly dependent. Also
multiresolution and explicite construction of compactly supported wavelets are considered.
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1. Introduction

The purpose of this paper is to study global linear independence, local linear indepen-
dence and Holder continuity of the solution of the following refinement equation

plw) = cd(3z — k), $(0) =1, (1)
k=0

where cpcg # 0 and Zi:o ¢ = 3, and to construct compactly supported wavelets of the
multiresolution generated by ¢. Here the Fourier transform is defined by

f) = [ e p(a)da
R
for all integrable function f and its form in distribution sense is entended as usual.

The examples of (1) are nondifferential de Rham function with ¢y = ¢4 =2/3,¢1 = ¢3 =
1/3 and ¢; = 1, and B-spline with ¢cp =c4 =1/3,¢1 =¢3 =2/3 and ¢3 = 1.
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To our purpose, let’s introduce some definitions. We say that a compactly supported
distribution f is globally linearly independent if ), ., dif(x — k) = 0 on R implies dy =
0 for all £k € Z. We say that a compactly supported distribution f is locally linearly
independent if for every open set A conditions ), ., dif(z — k) =0 on A and suppf(- —
k)N A # 0 imply dp = 0. We say that a function f is Hélder continuous if there exists
0 < a <1 such that |f(z) — f(y)| < C|z — y|* holds for all z,y € R. The supermum of «
in the above formula is called Holder exponent of f.

To consider local linear independence is reasonable and interesting since local linear
independence implies local stability which is very imporant in practice. Here local stablity
means equivalence between some norms of the function ), ., di f(- — k) on bounded open
set A and its corresponding sequence norm of related di. Obviously local linear inden-
pendence of a distribution implies global linear independence of that distribution, and the
converse statement is generally not true. Generally speaking global linear independence
is easy, since at least Ron [R] gave a practical characterization to global linear indepen-
dence by Fourier transform, which says that global linear independence of f is equivalent
to existence of a complex number z such that f(z + 2k7w) = 0 for all k € Z. This arise
us to find connections between global and local linear independence. Ben-Artzi and Ron
[BR] gave a weak conclusion of local linear independence through dual bases, and the third
named author [S1] gave explicitely construction of open set A in one dimension such that
Yokezdrf(x —k) =0 on A and suppf(- — k) N A # 0 imply dj. = 0. The most important
thing on local and global linear independence seems to find as many examples as possible
for which local and global linear independence is equivalent to each other. Until now at
least the following examples were found: B-spline in one dimension, box splines in high
dimension and distributional solutions of the following type of refinement equations in one
dimension

$(x) =Y crp(2z — k)

kez

with Y, c,cx = 2 and ¢, being zero for large k. (see [S2], [L] and references therein.)
In section 2 and section 3 we will give some practical characterization to global and local
linear independence of ¢. Especially we construct Hélder continuous ¢ which satisfies (1)
and is globally linearly independent but locally linear dependent.

In recent years, wavelet theory and its application is developed very fast. To consider
when ¢ in (1) generates a multiresolution and to construct compactly supported wavelet is
elementary in wavelet theory and its application. In a multiresolution or in other practical
use, L? integrablity even Holder continuity of ¢ is generally needed. In section 4, we will
give some conditions on existence and nonexistence of Holder continuous and integrable
solution ¢ of (1). In last section, we consider the multiresolution generated by ¢ and
construct compactly supported wavelets explicitely.

2. Global Linear Independence
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In this section we will give a characterization to global linear independence of distribu-
tional solution ¢ of (1).

Denote the symbol function of (1) by

4
H(E) =1/3) cpe'™e.
k=0

Therefore by taking Fourier transform at both sides of (1) we get

~ ~

$(§) = H(/3)¢(£/3)- (2)
Now we give a characterization to global linear independence.

Theorem 1. Let ¢ be the unique distributional solution of (1) with supp¢ ¢ {0,1,2}.
Therefore global linear independence of ¢ is equivalent to

i) co # 0 or cycy # cic3;

ii) H(r/3) # 0 or H(57/3) # 0.

Before we start to prove the above result, we recall a characterization by Ron ([R]).

Lemma 1. Let f be a compactly supported distribution. Therefore f is globally
Iinearly independent if and only if there does not exist complex number z such that f(z +
2kmw) =0 for allk € Z.

Proof of Theorem 1. First the necessity. Denote
N(¢) = {2 ¢(z + 2kn) =0, Vz € Z}.

Therefore N(¢) = 0 by Lemma 1. Observe that ¢(w + 2kr) = 0 for all k € Z when
H(n/3) = H(57/3) = 0 by (2). Then ii) holds by N(¢) = 0. Also observe that ¢(zy +
2km) = H(z/3 + 2kn/3)p(20/3 + 2kn/3) = 0 for all k € Z by (2) when ¢; = 0 and
caco = cic3, where %0 = ¢4 /c;. Then i) holds still by N(¢) = (). The necessity is proved.

Secondly the sufficiency. Conversely we assume that ¢ is globally linearly dependent.
By Lemma 1 and ¢(0) = 1, we know that there exists zg ¢ 272 such that zy € N(¢), which
means that ¢(zo+2kn) = 0 for all k € Z. Therefore H((z0+2j7)/3)¢((20+2j7)/3+2km) =
0 for all k € Z and j = 0,1,2 by (2). Observe that zg € N(¢) is unique in the sense of
mudolar 277, since u,w € N(¢) with u — w ¢ 27Z implies ¢(z) + e ¢z +1) = 0
and ¢(z) + e “¢(x + 1) = 0 on (0,1) which means suppp C {0,1,2}. Also observe that
H(z0/3) = H(z/3 + 27/3) = H(zp + 4n/3) = 0 does not holds by i). Therefore we
get zog = (20 + 2jm)/3 + 2km for some j = 0,1,2 and k£ € Z, which implies zy € 277
or zg € m+ 2nZ. This contradicts to zg € 27Z or ii), since ii) implies 7 &€ N(¢). The
sufficency and hence Theorem 1 is proved.
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Before we finish this section, let’s say a little about supp¢ C {0,1,2}. Obviously we can
write ngS(f) = Zé’:o &ITy(€) for some [ > 0 when suppgp C {0,1,2}, where trigonometric
polynomials T); have their degrees at most two and 7j(0) # 0. Therefore we get T;(£) =0
when j > 1 by (1) and H (&) = Ty(3£)/To(€). Divide Tp(€) = C(e% —2;)(e% —25) for 2y, 29 #
0,1. Therefore after some simple reduction we get H(£) = 1 — 2% + €2 — 2¢3€ 4 %€ or
H(E) = 1 — ei(€+7/3) _ i(3E+57/3) 4 o4i€ op F(¢) = 1 — el(6+57/3) _ ¢i(36+7/3) 4 o4i€ Op the
other hand, we know that when H({) has one of the above three form the support of ¢ is
contained in {0,1,2}. Furthermore we can write ¢(z) = agé(z) + a16(x — 1) + a26(x — 2),
where we denote 6(z) be the delta distribution. Therefore Y, ., z"¢(z — k) = 0 for all 2
with ag2? + a1z + az = 0, and ¢ is globally linearly dependent when supp¢ C {0,1,2} and
¢ satisfies (1).

3. Local Linear Independece
In this section we will consider local linear independence of distributional solution of

(1)

Define transform matrices B; (i=1, 2, 3) by

C; Ci—1
Bi = )
Ci+3 Cit2

where we define ¢c_; = ¢5 = 0 and define distribution ®(x) on (0,1) by

B(z) = (qs(f(f)n) z € (0,1).

Therefore the following important formula holds by (1)

T+

Bi®(z) = (=

), i=0,1,2.

Theorem 2. Let ¢ be the unique distributional solution of (1). If B;, i = 0,1,2, are
nonsingular, then local and global linear independence of ¢ are equivalent to each other.

Before we give its proof, we state two lemmas for which similar ones can be founded in
[S2].

Lemma 2. Let A C (0,1) be open and let B;, i = 0,1,2, be nonsingular. If there
exists nonzero vector d with d®(z) =0 on A and ® # 0 on A, then d'®(z) = 0 on (0,1) for
some nonzero d'.

Lemma 3. Let ¢ be the unique distributional solution of (1). If there exists nonzero
complex number zy with Y, ., z5¢(x —k) =0 on R\ Z, then Y, ., zf¢p(x —k) =0 on R
for some nonzero zj.

The proofs of the above lemmas can follow line by line as in [S2].
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Lemma 4. Let ¢ be the unique distributional solution of (1). If supp¢ C {0} U [e, 2]
or suppp C {2} U[0,2 — €] for some 0 < € < 1, then supp¢ C {0,1,2}.
The above lemma follows by comparing ¢’s support at both sides of (1).

Proof of Theorem 2. Obviously local linear independence of ¢ implies global linear
independence of ¢. Therefore it suffices to prove local linear independence of ¢ when ¢ is
globally linearly independent. Recall that ¢ is globally linearly dependent when supp¢ C
{0,1,2}. Therefore we can assume supp¢$ ¢ {0,1,2} in the following proof.

Conversely we assume that ¢ are locally linearly dependent. Then there exists an open
set A C (0,1) and nonzero vector d such that d®(z) =0 on A and ® #Z 0 on A by Lemma 4.
By Lemma 1, we know that there exists nonzero vector d' = (d}, dy) such that d'®(z) =0

n (0,1). If didl # 0, then >, . ,(dy/d})*¢p(z +k) =0on R\ Z and Y, ., 26 p(x + k) =0
on R for some nonzero zp furthermore by Lemma 2, which contradicts to global linear
independence of ¢. Now the matter reduces d’ having one component zero, but in the
above case we know that supp¢ C {0,1,2} U (0,1) or supp¢ C {0,1,2} U (1,2), which
contradicts to supp¢ ¢ {0,1,2} by Lemma 4. Hence Theorem 2 is proved.

Remark 1. When B; (i = 0,1, 2) are nonsingular matrices, we know that i) in Theo-
rem 1 holds.

Theorem 3. Let ¢ be the unique distributional solution of (1). If B; is singular for some
1=20,1,2, then ¢ is locally linearly dependent except ¢; = c3 = ¢35 = 0.

Proof. Recall that ¢ is globally linearly dependent, hence locally linearly dependent
when supp¢ C {0,1,2}. Therefore we assume supp¢ ¢ {0,1,2} in the following proof. We
divide two cases to prove Theorem 3.

Case 1. B is singular.

Recall that cocqy # 0. Therefore cic3 # 0 and ¢1/cq = co/cs. U e1d(z) + cop(z + 1) =
0 on (0,1), then suppy ¢ {0,1,2} and c1¢p # 0 imply locally linearly dependent. If
c1d(z) + cop(z + 1) Z 0 on (0,1), then —cap(z) + c1d(z + 1) = 0 on (1/3,2/3) and ¢
is locally linearly dependent since ¢(z) = c1¢(3z — 1) + cop(3z) # 0 on (1/3,2/3) and
B +1) = caer () on (1/3,2/3)

Case 2. Bj and B, are singular.

Recall that coeq # 0. Therefore singularity of By and Bs is equivalent to ¢o = 0. If
c3 # 0, then —czp(z) + cop(z +1) = 0 on (0,1/3) and ¢ is locally linearly dependent since
d(x) = cop(3z) and ¢p(z + 1) = ¢3/cogp(z) on (0,1/3), and suppp N (0,1) # @ by Lemma
4. Similarly if ¢; # 0, then —cq¢p(x) + c1¢(x +1) =0 on (2/3,1) and ¢ is locally linearly
dependent since ¢(z) = c1¢(3x—1), p(x+1) = ca/c1p(x) on (2/3,1) and supppN(1,2) # 0
by Lemma 4. Theorem 3 is proved.

Theorem 4. Let ¢ be the unique distributional solution of (1) with ¢; = ¢5 = ¢3 = 0.
Then ¢ is locally linearly independent.
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Proof. By Lemma 4, it suffices to proving the statement
a1d(x) + asp(z + 1) = 0 on A and suppg(- + k) N A # () implies ag, = 0 (3)

holds for A = (a,b) C (0,1). Recall that B1®(x) = ®(z/3 + 1/3) and (a1,a2)B; =
(cacra, coar). Observe that (3) holds for A with A C (1/3,2/3) if and only if (3) holds for
3A—1. Therefore the matter reduces to the following cases: 1/3 € A,2/3 € A, A C (0,1/3),
and A C (2/3,1). If 1/3 € A, then cyo¢(z) + coponp(z + 1) = 0 on (0, min(36 — 1,1)).
Observe that ¢(z) = 0 on (1, 4/3). Therefore @y = 0 by Lemma 4 and (3) holds for
these A with 1/3 € A. Similarly we get oy = 0 when A C (0,1/3) and suppp N A # 0.
If 2/3 € A, caaadp(z) + coa1d(x + 1) = 0 on (min(3e — 1,1). Observe that ¢(z) = 0 on
(2/3,1). Therefore a; = 0 by Lemma 4 and (3) holds for these A with 2/3 € A. Similarly
(3) holds for these A with A C (2/3,1). Theorem 4 is proved.

Remark 2. By Theorem 1 and 2 we know that the de Rham nondifferential function
with ¢g = ¢4 =2/3,¢1 =c3 =1/3 and ¢ =1 in (1) is locally linearly independent.

Example 1. Now let’s construct Holder continuous solution ¢ of (1) which is globally
linearly independent but locally linearly dependent. Let co+c3 = ¢1+c4 = ¢a = 1. Observe
that B; is singular only if ¢ = ¢;. Therefore the solution ¢ of the following refinement
equation

$(x) = cop(3x) + cop(3z — 1) + ¢(3z — 2) + (1 — c0)p(3x — 3) + (1 — co)¢(3z —4)  (4)

is locally linearly dependent by Theorem 2. Observe that the symbol function H(£) does not
equal zero at £ = m/3 when ¢y is real. Therefore the solution ¢ of (4) is globally linearly
independent but locally linearly dependent when 0 < ¢y < 1. In particular, we know
that ¢ is Holder continuous with Holder exponent |lnmax(cg, 1 — ¢p)|/In3 when 0 < ¢y < 1.

4. Holder Continuity and Integrablity
In this section, we will consider Holder continuity and integrablity of solution of (1).
The following is a result on Holder continuity of ¢.
Theorem 5. Let ¢ be the unique distributional solution of (1). Then ¢ is continuous if
and only if
1) Co+63261+04262:1,‘

ii) |eo| < 1,les] < 1 and |1 —eq — ¢o| < 1.

Proof. First the necessity. Observe that ®(0) # 0, otherwise ¢ = 0 by continuity of

k
— 1 - kE _ 1 0
¢. Therefore ¢y = 1 since By®(0) = ®(0). Observe that By = <C4(1 — MY = ) 1)

_ ok _
and Bf = <(1) ei(1 C4c)k/(1 C4)>. Therefore we get |ca] < 1 and ¢; + ¢4 = 1 by
4



SOME PROPERTIES OF FIVE-COEFFICIENT REFINEMENT EQUATION 7

BE®(0) — ®(0) as k — +o00, and we get |co| < 1 and ¢y + c3 = 1 by B¥®(1) — ®(0) and
BEB1®(1) — ®(0) as k — +00. Now we prove |1 —cy—co| < 1. Write B; = B"1AB, where
B is nonsingular and A = (1 _CS_CO (1)> or A= (1 _CS_CO i) when 1—c4 —¢g =
ok
1. Therefore BY = B~! <(1 640 ) (1)> B or Bf = B7! <(1) f) B. Observe that
B®(0) # ¢®(0) when 1 —c4—¢g # 1 or B®(0) = ¢®(1) when 1 —c¢4 — ¢y = 1 since otherwise
B1®(0) = ®(0). Recall that B¥®(0) — ®(1/2). Then |1 — ¢4 — ¢y < 1. The necessity is
proved.

Secondly the sufficiency. Observe that Bo(1,—1)T = ¢o(1,-1)T, B1(1,-1)T = (1 — ¢4 —
co)(1,—1)T and By(1,-1)T = ¢4(1,-1)T, where AT denotes the transpose of a vector A.
Therefore by the method used in [DL], we know that ¢ is continuous. The sufficiency and
then Theorem 5 is proved.

By the procedure in the proof of Theorem 5, we know that
[¢(z) — d(y)| < Clz —y[*,
where o = |Ilnmax(|cyl, |ea|, |1 — ca — ¢p])|/In3. Denote
W = span{®(z) — ®(0), z = 1/3* for some [ and k}.

Therefore W is spanned by (1, —1). Hence we know that « is Holder exponent of ¢ by the
procedure used in [HL].

Now we give a result on integrablity of ¢.
Theorem 6. Let ¢ be the unique distributional solution of (1) and let ¢, 0 < k <4 in
(1) be real and satisfy c¢o + ¢z = ¢1 + ¢4 = ¢3 = 1. Then |$(€)| < C(1 + |¢])~* for some
a > 1/2 and hence ¢ is square integrable provided one of the following holds:

i) # <cg+cp < @ and coeq > 0.

ii) # <cg+cp < ‘/§2+1, cocy < 0 and (co + cq)(1 — ¢ — cq) > —4epey;

iii) # <cegtc < ‘/§2+1, cocq < 0 and (co + c4)(1 — co — cq) < 4depey;
iv) —(co +ca)(1 —co — ca)? +4cgea(l — 2¢cg — 2¢4 + 22 +2¢2) — 12¢oc4 > 0,cocq < 0 and
degey < (Co + 04)(1 —Cp — 64) < —depey.
Furthermore ¢ is not integrable when |2c4 + 2co — 1| > 3, except (co,ca) = (1,1), and ¢
is not square integrable when 1 + co + ¢4 — cocq — c2 — ¢ < 0 except (co,cq) = (1,1)

Proof. Observe that H({) = (co + (1 —cs — co)e’t + c4€?€)(1 + €% + €%€) /3. Denote
B = supger|R(€)|> = supeerlco + (1 — ca — co)e’® + cae?€|%. Therefore we know that

1(8)] < C(1 + |¢])~1HInB/2In3
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by usual procedure. Observe that |R(£)|? = 4coeqgco82é + 2(1 — ¢4 — ¢p)(cq + co)cosé +
2¢3 4 2c3 + 1 — 2¢4 — 2¢y. Therefore B = max(|R(0)|%, |R()|?) = maz(1,|2¢cs + 2¢o — 1|?)
when cocy > 0 or coeq < 0 but |(1 — ¢4 — ¢o)(eq + co)/(4coeq)| > 1 and B = |R(€)|?* with
cosé = —(ca+co)(1—ca—cp)/(4eoca) when coeq < 0 and |[(1—cq —cp)(ca+co)/(deoes)| < 1.
Under conditions in Theorem 6, we know that B < 3. Therefore the first part of Theorem
6 is proved.

Now we prove the unintegrablity of ¢. Observe that ngS(f) — 0 as £ — oo when ¢ is
integrable. By (2) we know that ¢(3!(2k + 1)7) = H(n)'$((2k + 1)) for all [ > 1 and
k € Z. It is easy to see that q3(7r + 2km) # 0 for some k € Z when cg,cq are real and
(co,cq) # (1,1). Therefore |H(7)| must be less than one, i.e., |2¢4 + 2¢o — 1]/3 < 1, when
¢ is integrable.

For L? function ¢ we let B(¢) = Y, o, [ ¢(z)p(z—k)dze™ . Since B(3¢) = |H()]*B(&)+
|H(£+27/3)]2 B(E+27/3)+|H (E+4m/3) |2 B(E+47/3), we get 3 [ |¢(z)|?dx = (1—cocq)/(1+
co+cq —cocq — 2 —c3) > 0. Observe that —1 < cg+c4 < 2 when (co,c4) # (1,1) since ¢ is
integrable. Therefore 1 —cocy > 0 except (co,cq) = (1,1) and 14co+cq —coes —cg — 3 < 0
implies that ¢ is not square integrable. Theorem 6 is proved.

5. Multiresolution and Wavelets

In this section will consider multiresolution and construction semi-orthogonal wavelets
with its scaling function ¢ satisfies (1).

Let {cx}i_, be real numbers such that ¢y +c3 = ¢1 4+ ¢4 = ¢ = 1 and ¢oeq # 0, and let
¢ be L? solution of the refinement equation

4
d(a) =Y cup(3z — k), $(0) = 1.
k=0
Define subspaces V; (j € Z) of L? by

Vi = {Z d (2 - —k), Z |di|? < oo}

kez kez

Observe that ¢ is globally linearly independent by Theorem 1 when (cq, c4) # (1,1). There-
fore by standard method we know that {V;};cz is a multiresolution of L2, i.e.,

i) Vi C Vi

11) r‘ljesz = {0} and UjEsz = L2;

iii) there exists 0 < A < B < oo such that

AN e < [ 1Y dedta - R)Pds < BY |daf,

kez R pez kez
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provided (cp,cq) # (1,1).

Let the wavelet space Wy be the orthogonal complement of Vj in V;. Now we begin to
construct compactly supported wavelets 1, and 1, explicitely such that Wy = W} & +W¢,

where
Wi ={>_ dips(- — k), Y x> < o0}

kez keZ

Hereafter we assume (cq,cq) # (1,1).

Denote

B(¢) = Z /¢(:Jc)¢(ac — k)dze'™® = be™" + a + be't.

kez
Then B(&) satisfies
B(3¢) = P(B(&)|H(E)I)

by (1) and furthermore we get
B(¢) :%(1 + o+ s —coeg — ¢y — )7
((co+es—c§—cie ™™ +2(1 — coca) + (o + s — c§ — c5)e'),
where we define the operator P by

P(f)(&) = f(&) + f(§+2m/3) + f(€ +4m/3)

for all 27-perodic function f.

Let ¢ be any L? function in Wy. Then ¢(¢) = A(£/3)$(¢/3) with A € L?[0,27] and
P(A(&)H(£)B(€)) = 0. Recall that H(27/3) = H(4n/3) = 0 since co+c3 = ¢1 + ¢4 = ¢y =
1. Therefore A(¢) = A(£)(1 — %)~ € L?[0,2n]. Denote

H(€) = coe™ ™ + (1 — cg — ¢4) + c4e®
and

(&) =2(1+¢co +ca — coea — cy — c3)H(E)B(€) = Z et
Define

e1(§) =—a_1+ ape’® — ane’it
3i¢

e2(€) = — a_y + ape? — aqe

when g # 0 and define

e(§) =1
es(é) = — e f a7 — e’ et
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when oy = 0. Then we get

A(€) = Ri(3€)e1(€) + Ra(3¢)ea (€)
for some Ry € L2[0,27] (s = 1,2).

Define L . .
0,1(36) = P(es(§)er () (1 — e7%) (1 = ) B(€)), s = 1,2.

Let D(&) be the common divisor of ®;;(¢) and ®y1(€).
Define compactly supported wavelets 1, and 1, with help of Fourier transform by

$1(€) = e(€/3)(1 — /%) (¢ /3) (5)

and
$2(€) = D(E) (1 = e™/3) (= @y1()er (&) + Pra(€)ea(€))(E/3). (6)

Therefore [t (z)p(x — k)dz = 0 (s = 1,2) and [ 91(z)2(z — k)dz = 0 for all k € Z.
Furthermore {¢(- — k),s = 1,2,k € Z} is a Riesz basis of W, by ®1;(¢) # 0 and our
construction of wavelets 1; and ).

Now let’s consider two special cases. First the case {¢(- — k),k € Z} is orthonormal
base of V;. By usual procedure we know that {¢(- — k) }rez is orthonormal bases of Vj if
and only if

[H(&)” + [H(E +2n/3)” + |[H(E +4n/3)) =1 (7)

and A
H(E+2km)#0 onkeZ (8)

for all £ € R. By simple computation, we get (7) holds only if

(co—1/2)% + (cs —1/2)2 =1/2

when ¢y and ¢4 are real. On the other hand we know that (8) holds when (cg,ca) # (1,1).
Furthermore o # 0 and B(¢) = 1. Then

e1(§) = —c4 + (1 — co — cq)e®®
e2(&) = (1 — o — cq)e%® — e

and [ 9s(z)s(z — k)dz =0 when k # 0 and s,t = 1,2. Then {¢X(- —k), s=1,2, k € Z}
is an orthonormal basis of Wy, where we define ¢ () = ([ |s(y)|2dy) ~*/?¢4(z),,s = 1,2.

Secondly the case ¢ is symmetric. Let ¢(x) = ¢(c — x) for some ¢. Then ¢ = 2 by
comparing support of both sides of (1). Furthermore we get co = c4, ¢1 = ¢3 in (1).
Observe that ag # 0 and e;(§) = ea(€)e=3%. Define &,(€) = e1(¢) + ea(€)e 3% and
62(€) = e1(€) — ea(€)e™<. Define b1 () = P(é (€)é1(€)(1—6_i§)(1—6i5)3(€))- Then the
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common divisor D(£) of ®11(¢) and Py (€) is one. Let 91 and i), be defined as (5) and (6)
with e, replaced by é; and @4 (§) replaced by ®41(£), s = 1,2. Then 11 (1p2) constructed
by above algorithm is antisymmetric (symmetric).
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