CONVOLUTION, AVERAGE SAMPLING, AND A
CALDERON RESOLUTION OF THE IDENTITY FOR
SHIFT-INVARIANT SPACES

AKRAM ALDROUBI, QIYU SUN AND WAI-SHING TANG

ABSTRACT. In this paper, we study three interconnected inverse
problems in shift invariant spaces: 1) the convolution/deconvolution
problem; 2) the uniformly sampled convolution and the reconstruc-
tion problem; 3) the sampled convolution followed by sampling on
irregular grid and the reconstruction problem. In all three cases,
we study both the stable reconstruction as well as ill-posed recon-
struction problems. We characterize the convolutors for stable de-
convolution as well as those giving rise to ill-posed deconvolution.
We also characterize the convolutors that allow stable reconstruc-
tion as well as those giving rise to ill-posed reconstruction from
uniform sampling. The connection between stable deconvolution,
and stable reconstruction from samples after convolution is subtle,
as will be demonstrated by several examples and theorems that
relate the two problems.

1. INTRODUCTION

The problem of sampling and reconstruction was used as a tool for
constructing the discrete wavelet bases from the continuous wavelet
transform [15, 22, 24]. It was also used in the theoretical develop-
ment of certain inverse problems such as the moment problem [25].
Furthermore, the theory of bases and frames is intimately related to
sampling theory as originally discussed by Duffin and Schaeffer in their
seminal paper on non-harmonic Fourier series [17]. Numerical anal-
ysis, analog/digital and digital/analog conversions, digital signal and
image processing, data compression, transmission and storage are all
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instances where the problem of sampling and reconstruction plays a
fundamental role 3, 7, 9, 12, 13, 16, 19, 23, 29].

For the theory of discrete wavelet bases, the starting point is Calderon’s
resolution of the identity for L? := L?(RY):

(1.1) - [ [ atututoyin.

where 1, (z) = t~4(2%), and o(u,t) = (f,1u,) [24]. The discrete
wavelet bases are then a discretization on dyadic grids of the Calderon
reproducing formula. The function «(u,t) can be viewed as a scale
dependent convolution, i.e., for fixed scale t, a(u,t) = f % n, where

n(z) = ¥(5*). Thus Calderon’s resolution of the identity (1.1) can be
interpreted as a scale dependent deconvolution.
In a similar fashion, our starting point is a convolution problem

f—>f*¢l; lzl,"‘,S.

However, unlike Calderon’s resolution of the identity, our underlying
space is not the whole space L2, but as is typical in sampling theory
and many applications (see, for instance, [1, 5, 6, 10, 14, 16, 27, 28]),
a shift-invariant subspace of L? of the form:

(1:2) V@) = {3 DG) (-~ j): D e ()}

jez

for some vector function ® = (¢y,...,¢,)" € (L?)"), where D =
(di,...,d.)" is a vector sequence such that d; := {d;(j)};eza € €, ie.,
D e (62)(T)- Thus ZjeZd D(j)Tq)<' - J) = 22:1 ZjeZd dZ(])ﬁbz( - ])

A prototypical example is the Paley-Wiener space (or space of band-
limited functions) for which » = 1 and ¢ = sin(7x)/7z. Other proto-
typical spaces are B-spline spaces, in which » = 1 and ¢ = (" is the
B-spline of degree n. However, in both these two examples, the func-
tion ¢ generates a Riesz basis {¢(- — j) : j € Z%} for V%(¢). Although
the assumption that ® generates a Riesz basis is reasonable, it is not
necessarily satisfied in practice and it may not even be true that ¢ and
its shifts generate a frame ([5, 8]). The only assumption that we will
require on @ is that the Gramian

(1.3) Ga) = 3" B(E+R)BE+ ) |

kezd

must be bounded:

(1.4) Go(&) < MI, ae. £ € RY,
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where [ is the r x r ident/i\ty matrix, M is a positive constant and
where we use the notation f to dgnote the Fourier transform of a tem-
pered distribution f on R* and f(€) := [p. f(x)e >™*dx whenever f
is integrable.

Recall that the Gramian matrix-function G¢ is a semi-positive defin-
itive Hermitian matrix for any £ € R so that the inequality G () <
M1 in (1.4) makes sense. An equivalent condition on the Gramian Gg
is that its components (Gg);j, ¢,j = 1,...,r, belong to L>. A simple
calculation then shows that

2
< (sup

|3 S atat -5

d
i=1 jezd EERT 1 j ir<yr

|(G<1>)u"(§)|) (i ||di||§> < 00

which implies that, under the condition (1.4), V?(®) is a well-defined
linear subspace of L?(R?). However, this condition does not imply that
V2(®) is closed since we do not assume that ® generates a Riesz basis,
or equivalently, we do not assume that Gg(£) > mlI, a.e. £ € R?, for
some positive constant m > 0. Here we do not even assume that ¢
generates a frame, or equivalently, that mGg (&) < G(€), a.e. £ € RY
for some positive constant m > 0 (see Theorem A.1). Our weaker
assumption in this paper on ®, not implying that V?(®) is a closed
subspace of L2, does not pose an inconvenience or limit our theory, as
will be clarified in the results below.

The convolution problem we consider consists of convolving a func-
tion f € V@) with s functions ty,--- ,1,, resulting in a vector
(f*ah1, -+, fxh)T € (L)), We replace the resolution of the identity
(1.1) by the requirement that any f € V?(®) can be recovered from
the vector (f x 1y, , f*,)T. Our first result is the characterization
of the vectors ¥ = (¢, -+ ,1,)T such that the convolution operator
feEVEH®) — (f*iby, -, fx1,)T € (L?)® has bounded inverse. We
then characterize the vector function ¥ = (¢y, -+ ,%,)T for which the
corresponding convolution operators have inverses but not necessarily
bounded. These convolution operators are common in signal process-
ing and their study is crucial in deconvolution problems, where they
are often called filters.

By sampling the output of a convolution operator on uniform or non-
uniform grids X = {z; : j € J} C R? where J is a countable index
set, we obtain a sequence of numbers {f * ¢y(z;), | = 1,--- s, z; €
X}. The next problem is then to reconstruct the function f from
the data {f = ¢y(x;), l = 1,---,s, x; € X}, which is the problem of
reconstruction from sampled convolutions. The more general problem
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of reconstruction from averages [1, 5, 28] {(f, Y14,), I =1,---,8, 7; €
X} will not be discussed in the context of this paper.

Although the connection between the problem of reconstruction from
sampled convolutions and the problem of deconvolution is obvious, the
connection between their solutions is subtle. For example, we will
see in Example 3.8 that a convolution operator may have a bounded
inverse while the reconstruction from sampled convolutions does not.
Even more surprisingly, the sampled convolution problem may have a
bounded inverse while the reconstruction from convolution may not,
see Example 3.9. Under appropriate conditions though, the expected
implications are satisfied as we will be developed in Theorem 3.10.

This paper is organized as follows. In Section 2 we introduce the
convolution and deconvolution problems. We characterize the convo-
lution operators on V?(®) that have bounded inverses (Section 2.1).
In Section 2.2, we also characterize those that have inverses but that
are not necessarily bounded (or so called stable). In Section 2.3, we
then show that, under some restriction on the convolution operators
and the generator, the existence of an inverse implies its boundedness,
and we give an example that shows that the restriction is necessary.
Deconvolution formula is given in Section 2.4.

In Section 3, we discuss the problem of critical uniform sampling
after convolution. We characterize the convolution operators on V?(®)
such that critical uniform sampling after convolution is sufficient for
stable reconstruction. We also characterize those operators for which
critical uniform sampling after convolution is sufficient for reconstruc-
tion, but without stability in general. We then give conditions on the
generator ¢ and the convolutor ¥ so that stability is a consequence
of the existence of a reconstruction. A reconstruction formula is given
in Section 3.3. In Example 3.8, we give an example in which a sta-
ble deconvolution operator does not allow a stable reconstruction if
it is followed by a critical sampling. More surprisingly, in Example
3.9, we give an example showing that stable reconstruction of critically
sampled convolution does not imply stable deconvolution. This pecu-
liarity, however, can be removed by adding some extra conditions on
the convolutor ¥ as shown in Theorem 3.10.

Section 4 is devoted to the connection between irregular sampling
and reconstruction after convolution and the convolution deconvolu-
tion problem. It is proved that under sufficient regularity of the convo-
lutor W, the stability of the reconstruction from sampled convolution
is enough for stable deconvolution. Moreover, stable deconvolution
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implies that reconstruction from samples is stable but only for suffi-
ciently dense samples. The proof of the results are given in Section
5. Finally several new results on shift-invariant spaces that are used
in our development are gathered in the Appendices. Appendix A con-
tains a characterization of the closedness of the finitely generated shift-
invariant space V?(®), which plays an important role in the proof of
Theorem 2.7. In Appendix B we give conditions under which W?2-L?
norm equivalence (often used in sampling theory) is satisfied for some
finitely generated shift-invariant spaces.

2. CALDERON CONVOLUTORS AND DECONVOLUTION IN
SHIFT-INVARIANT SPACES

In this section, we study Calderon convolution and deconvolution in
shift-invariant spaces.

Definition 2.1. Let V be a shift-invariant subspace of L?, and let
Y, ..., be functions in L2
(1) We say that a vector of functions ¥ = (¢y,...,1,)T forms a

Calderon convolutor for V' if i) the convolution operators in-
duced by 1)1, ..., 1, satisfy

STUF vl < Bl flla, V f €V,
=1

for some B < oo independent of f, and ii) the only function
f € V satistying f x ¢, =0, 0 <[ <s, is the zero function.

(2) The vector function ¥ = (¢, ...,1,)T is said to form a stable
Calderon convolutor for V' if there exist positive constants A, B
such that

(2.1) Allflls <D NLf *ulla < Bliflla, ¥ f € V.
=1

From the definitions above, we see that stable Calderon convolutors
for V induce operators from V to (L?)®) that have bounded inverses,
while Calderon convolutors induce operators that have inverses that
are not necessarily bounded.

2.1. Stable Calderon convolutor. For any ¥ = (¢, ...,9,)" with
U e (L) and any ® = (¢4, ..., ¢,)" with Gg € (L=)*"), we define

(2.2) ZZ@§+k e+ k)T|he+ k)|

=1 kezd
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The following theorem describes equivalent characterizations of a stable
Calderon convolutor W for a finitely generated shift-invariant space
V2(®) and its L2-closure.

Theorem 2.2. Let ® = (¢y,...,¢,)" satisfy Ge(&) € (L)) and

U = (,...,10,)7 satisfy U € (L)), Then the following statements
are equivalent:

(i) U is a stable Calderon convolutor for the L*-closure of the shift-
invariant space V?(®).
(i) W is a stable Calderon convolutor for V().
(iii) There exists a positive constant m so that

(2.3) mGe(€) < Ga(§) ae &€ RL

Remark 2.3. In Theorem 2.2, the generator ® and its shifts do not
necessarily generate a Riesz basis or a frame. Thus, V?(®) need not
be a closed subspace of L?. On the other hand, the L?-closure of
the shift-invariant space V?(®) is always a shift-invariant space V?(©)
engendered by a vector function © = (64, --- ,0,) that generates a tight
frame (see Lemma 2.9 below). However, in general © does not have
compact support even if ® has (see Remark 2.10). More generally,
© need not be in the Wiener amalgam space W' (see (4.2) for its
definition) even if ® belongs to W', an assumption often needed in
convolution or in sampling theory (see Remark 2.11).

Remark 2.4. Equation (2.3) implies that Rank G¢(¢) < Rank Gg(€)
for almost all £ € RY. Moreover, in the proof of Theorem 2.5 it is shown
that it is always true that Rank G§ (§) < Rank G(&). Thus, if ¥ is a
stable Calderon convolutor for V2(®), then Rank Gg(£) = Rank G (£).
Equality of ranks does not imply that ¥ is a stable Calderon convolutor
in general, but it implies that ¥ is a Calderon convolutor as stated in
the next Theorem.

2.2. Calderon Convolutor.

Theorem 2.5. Let ® = (¢1,...,¢,)" satisfy G € (L®)"") and ¥ =
(Y1, ..., )T satisfy W € (L>®)®). Then the following statements are
equivalent to each other.

(i) W is a Calderon convolutor for the L?*-closure of V*(®).
(i) W is a Calderon convolutor for V?(®).
(iii) The matrices Go(&) and Gg(£) have the same rank for almost
all £ € RY.

As a consequence of Theorem 2.5, we obtain a necessary condition
on the support of W. Specifically, for a vector-valued function ¥ =
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(U1, ..., 1,)T, define the periodic supporting set of its Fourier transform
by

psupp(¥) = U | Ugeza (suppyy + k),

where supp f is the support of a measurable function f. Clearly ¢ &
psupp(W) if and only if wl(ﬁ +k)y=0forallkeZand 1 <1 <s. We
have the following corollary of Theorem 2.5:

Corollary 2.6. Let ® = (¢1,...,¢,)T satisfy G € (L)) and
U = (Yy,...,0)7 satisfy U € (L)), If ¥ is a Calderon convolutor
for V(®), then

supp(Ga) C psupp().

2.3. Deconvolution and stable deconvolution. Clearly, stable de-
convolution is stronger than simple deconvolution. Thus a stable Calderon
convolutor is a Calderon convolutor; however the converse is not true
in general. For example, when r = s = 1,¢1 = ¥1 = Xjo1] — X[1,2, We
have Gy, (€) = |1 — e 2|2 and G;fi (&) = 31 — e 2|42 + cos 27E).
Thus the ranks of Gy, () and Gill (€) are the same for all £ € R, but
there does not exist a positive constant m so that mGy, (§) < Gii &)
for almost all £ € R, since Gy, (§) = O(&?) while Gii (€) = O(&*) near
¢ = 0. Hence v, is a Calderon convolutor for V?(¢;) but is not a
stable Calderon convolutor. However, under additional assumptions,

rank equality between the matrices Gy and G§ implies stable recovery
of any function f € V?(®) from the convolution f x 1,1 <1 < s:

Theorem 2.7. Let ® = (¢1,...,¢,.)" satisfy Go € (L>®)"") and
U = (¢1,...,9%,)T satisfy Ve (L)), Assume that Ge and Gy are
continuous functions on RY, and that V2(®) is a closed subspace of L>.
Then VU is a stable Calderon convolutor for V(®) if and only if the
matrices Go(€) and G3(€) have the same rank for all £ € RY.

Remark 2.8. The extra assumption that V?2(®) is a closed subspace
of L? is satisfied if, for example, mI < Gg < M1 for some constants
M, m > 0 (see also Theorem A).

2.4. Deconvolution formula. To establish the deconvolution formula
from Calderon convolution, we need the following result about the gen-
erators of a shift-invariant space ([11]).

Lemma 2.9. Let ® = (¢y,...,¢,)" satisfy Go € (L®)"<"). Then
there exist 0y, ..., 0, in the L?-closure V of V*(®) such that {6,(- — k) :



8 AKRAM ALDROUBI, QIYU SUN AND WAI-SHING TANG

1 <1< keZ¥ is a normalized tight frame of V, that is,

(2.4) f=2_0 Af0—k)O(—k), ¥ feV.

=1 kezd

Furthermore, the generators 01, ...,0, of the L*-closure of V*(®) can
be so chosen that

25) 30+ B (E+ k) = b, (6), 1<ii <

kezd

where
(2.6) E;={¢ €R: rank of Gg(¢) > i}, 1<i<r.
Remark 2.10. Write

G () = A(E)diag(M (6), ... A (E))AE)

for some unitary matrix A(§), where A\;(§) > ... > A\.(§) > 0. Then
one may verify that the functions 6, ..., 0, defined by

() = diag (11 (), . .., 1 (€))AE) ()"

satisfy all requirement in Lemma 2.9, where © = (6, --- ,6,)” and
oy )T E () #0,
pil€) = { 0, if A\ (€) = 0.

The generator © in Lemma 2.9 does not necessarily have compact sup-
port in general even if ® has. In fact, in one dimensional case, if the
functions 6y, ..., 6, in Lemma 2.9 can be chosen to have compact sup-
port, then there exist compactly supported functions 01,....0, €V
for some 1 < 7’ < r so that their shifts form an orthonormal basis of
the shift-invariant space V' ([20]). We believe that the above result is
also true for high dimensions, but we have difficulty in its justification.

Remark 2.11. The generator © in Lemma 2.9 need not be in W!
even if ® belongs to W', an assumption often needed in convolu-
tion or in sampling theory. For instance, let » = 1 and ¢; be a
Schwartz function so that ¢ (€) > 0 for all £ € (—1/2,1/2) and
H1(€) = 0 for all £ € R\(—1/2,1/2). Then ¢, is a continuous func-
tion in W' and ¢y (x) = >~ c(j)sinc(z — j), where the sinc-function
is defined by sinc(z) = ¥2™  and the sequence {c(j)} is defined by

D ienc(i)e ™ =3 é1(€ + k). Let B, be the space of all band-
limited L2-functions. Then V?(¢1) has a smooth generator and is a
dense subspace of the space B,. Suppose, on the contrary, that there
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exist functions hy, ..., hy € W so that {hy(-—j):j € Z,1 <1 <s}is
a tight frame of B,. By the tight frame property of hq, ..., hs, we have

sinc(z ZZ sine, by (- — 7)) (x — j) ZZhl — 7).

=1 jeZ =1 jeZ

Taking Fourier transform at both sides of the above equation leads to

X[-1/2, 1/2] Z(Zhl e~ J£>hz(f)

=1 JEZ
which is a contradiction since the left hand side is discontinuous, while
the right hand side is continuous.

We start to establish the deconvolution formula. Let ® = (¢y,. .., ¢,)7
satisfy Gg € (L)) and let U = (¢4, ...,%,)T be a stable Calderon

convolutor for the shift-invariant space V?(®) and satisfy U e L™

By Lemma 2.9, we can select a generator © = (6y,...,0,)7 of the
L2-closure of V?(®) so that

(2.7) Go(§) = diag(xz (€), - - x5, (£))

for some measurable sets Fi, ..., E,.. By Theorem 2.2, we can find a

r x r matrix A(€) = (a;(€))1<ii<, with bounded Z%periodic entries
so that

(2.8) Ga(&)A(E) = Go(€).
For any f € V*(®) C V*©), we denote gy = f*;,1 <1 < s, and

write
= a©)hi(e)

for some square-integrable Z%-periodic functions ¢;(£),1 < i < r. Then
the functions v ;, defined by

iy = &) S an©)6: (€)

=1

satisfy

S° ST GiE + R)duu(€ + R)

=1 kczd

= Y @30 X Al + WAE+ BB+ D))

i i =1 =1 kezd

= Ci(é)XEi (5)7
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where we have used (2.7) and (2.8) to obtain the last equality. This
yields the following deconvolution formula from Calderon convolutions:

(2.9) f= Z Z(f s, Y- — )0 — ), feVi®).

=1 jezd

3. UNIFORM AVERAGE SAMPLING

In this section, we study the problem of average sampling and the
recovery of functions in shift-invariant spaces from a set of average sam-
pled values. We show that in general a stable Calderon convolutor is
not a stable uniform averaging sampler. In the opposite direction, we
also show that a stable uniform averaging sampler is not necessarily a
stable Calderon convolutor except under some appropriate conditions.
In addition, we show that for ¥ to be a stable uniform averaging sam-
pler, it often must have “better characteristics” than the generator ®

of V.

Definition 3.1. Let V be a shift-invariant subspace of L.

(1) We say that ¥ = (¢y,...,%,)T is a stable uniform averaging
sampler for V' if there exist positive constants A, B such that

5 /
32 Alfl <Y (1 ul)P) <BIfl foral fev.
=1

jEZ4

(2) We say that ¥ = (¢y,...,%,)T is a determining uniform av-
eraging sampler for V if the only function f € V, satisfying
f*y(k)=0forall 1 <I<sandk € Z4 is the zero function.

From the definitions above, we see that if ¥ is a stable uniform
average sampler for V', then any function f € V can be recovered in
a stable way from the average values {(f,¢;(j —-)): j €74, 1 <1<
s}, i.e., the average sampling operator has a bounded inverse. The
determining averaging sampler can distinguish between two distinct
functions fi, fo in V, but the inverse or recovery is not necessarily
stable. Thus a stable uniform averaging sampler is also determining
but the converse is not true in general.

3.1. Stable uniform averaging sampler. For any ® = (¢y,...,¢,)"
with Gq;. € (LOO)(TXT) and ¥ = (77Z)17 s 7¢S)T with G\Il S (LOO)(SXS)7 we
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define
(3.2)
T

A5©) =Y (X B+ RhE+8) (X BE+R)UE+R)) -

=1 kezd k'ezd

Vo)

Using the above definition, we obtain equivalent characterizations of a
stable uniform averaging sampler W:

Theorem 3.2. Let ® = (¢1,...,¢,)" and U = (y,...,0,)T satisfy
Go € (L)) and Gy € (L>®)®*%). Then the following statements
are equivalent to each other:

(i) U is a stable uniform averaging sampler for the L*-closure of
V2(®).
(ii) W is a stable uniform averaging sampler for V?(®).
(iii) There exists a positive constant m such that
(3.3) mGe(&) < Ap(€) ae. £ €RY
From the definition in (3.2), we see that

AL = a©®a(©)

=1

where a;(§) = > ,cpa O(& + k)b (€ + k). Thus, the rank of the matrix
A3 (&) is at most s for any & € RY. Let

Tmax ‘= max{l : measure{¢ : rank G¢(&) =1} > 0},

then by Theorem 3.2, we see that the length s of a stable averaging
sampler U for the shift-invariant space VZ(®) is at least rpa.. If a
stable averaging sampler ¥ has minimal length, that is, s = ry.y, then
it has a Riesz property as described in the following Theorem:

Theorem 3.3. Let @ = (¢1,...,¢,)" and U = (q,...,¢,)T satisfy
Go € (LX) and Gy € (L)%, Assume that the rank of the
matriz Ge(€) is s for almost all € € RY, and that U is a stable averaging
sampler for V2(®). Then ¥ generates a Riesz basis, that is, {1(-—7) :
j€Z%1 <1< s} is a Riesz basis of the shift-invariant space V().

As an application of Theorem 3.3, we have the following result about
the averaging sampler.

Corollary 3.4. Let ® and ¥ be scalar-valued compactly supported L?
functions. If W is a stable averaging sampler for V2(®), then {¥(-—j) :
j € Z% is a Riesz basis of V().
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Remark 3.5. Equation (3.3) implies that Rank Gg(£) < Rank A (€)
for almost all ¢ € R? Moreover, it is not difficult to show that
Rank A} (¢) < Rank Gg(€). Thus, if ¥ is a stable uniform averag-
ing sampler for V?(®), then Rank G(¢) = Rank A (£). Equality of
ranks does not imply that ¥ is a stable uniform averaging sampler
in general. However, it does imply that ¥ is a determining uniform
averaging sampler as in the next Theorem.

3.2. Determining uniform average sampler.

Theorem 3.6. Let @ = (¢1,...,¢,)" and U = (y,...,0,)T satisfy
Go € (LX) and Gy € (L®)®*%). Then the following three state-
ments are equivalent:

(i) U is a determining uniform average sampler for the L*-closure
of V(D).
(ii) W is a determining uniform averaging sampler for V?(®).
(iii) The matrices Gg(&) and AL(E) have the same rank for almost
all € € RY.

Similar to the situation of a stable Calderon convolutor and Calderon
convolutor, a stable averaging sampler is a determining averaging sam-
pler, but the converse is not true in general. For instance, when
r=s=1¢ = X[0,1] — X[1,2] and ¢, = ¢1(—')7 G’¢1(§) = |1—€7@2W£|2 and
A;fi (§) = |1 — e ™|, For this case, the rank of Gy, (¢) and Aii (&) are
equal for all £ € R. However there does not exist a positive constant
m so that mGy, (§) < AL (€) for all £ € R, since Gy, (§) = O(£?) while
A;fll (€) = O(£*) near the origin. Thus 1, is a determining sampler for
V2(¢1), but not a stable sampler for V?(¢;) by Theorems 3.2 and 3.6.
Parallel to Theorem 2.7, we show in the following theorem that under
additional assumptions, equality in ranks of the matrices G and Ay
implies stable recovery from average sampling:

Theorem 3.7. Let ® = (¢1,...,¢,)" and U = (q,...,0,)T satisfy
Go € (L) ™) and Gy € (L®)®*). Assume that Gy and Ay are
continuous functions on R, and that V*(®) is a closed subspace of
L?. Then U is a stable average sampler for V(®) if and only if the
matrices Go(€) and Ay () have the same rank for all £ € RY.

3.3. Reconstruction Formula. Let ® = (¢,...,¢,) satisfy Gy €
(L>®)™) and let W = (¢, ...,%s)" be a stable averaging sampler for
the shift-invariant space V?(®) and satisfy Gy € (L>®)*%). Let © =
(61,...,0,) be the generators of the L?-closure of the shift-invariant
space V?2(®) so that

G@ (f) = dlag(XE1 (5)7 -5 XEy (5))
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for some measurable sets Ey, ..., E,., and let B(§) = (b (§))1<iir<r
with bounded measurable entries be so chosen that

Ag(€)B(&) = Go(9).
The existences of such a generator © and matrix B(&) follow from
Lemma 2.9 and Theorem 3.2 respectively. Define

4 =3 (D Dule +RB(E+8))bii(9), 1<I<s1<i<r

=1 kezd

Then dy;,1 <1 < 5,1 < i < r, are bounded measurable Z%periodic
functions. Moreover, recalling that any function f in V?(®) has the
following expression in the Fourier domain,

—~ Z ci(€)6:(€)

for some square-integrable Z?-periodic functions ci, ..., c,, we have

Zf #90) () 1) (€)di(€)

_ Z @(f)(Z (" Boie + Ry + k)

ir,i'=1 =1 kezd

X (37 Bun €+ R)GE + k) Y bina(€)
k'ezd
= ¢(&xm, 1 <i<r
Here for summable sequence ¢ = {¢(j)}, F(c) denotes its Fourier series,
which is defined by F(c) = Y, za c(j)e”¢. Multiplying 0;(€) at both
sides of the above equation, and summing over ¢ from 1 to r leads to

ZZF F ) () (€ dn(€)0:(8).

=1 =1

Finally, taking inverse Fourier transform of the above equation and
letting {d;;(j)} be the Fourier coefficients of the square-integrable Z?-
periodic function d;(£),1 <1 < s,1 < i < r, we obtain the following
reconstruction formula from the average sampling values,

(3.4) f= ZZZCZZ 0i(- —j), feV*@),

zllljezd

where the sequence {¢;(j)} is the convolution between the sequences

{(f + ) (5)} and {du(j)}-
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3.4. A stable Calderon convolutor which is not a stable averag-
ing sampler. It is not surprising that a stable Calderon convolutor ¥
is not necessarily a stable averaging sampler. A more surprising result
is that there exists a stable Calderon convolutor v for a shift-invariant
space V?(¢) such that (- — o) is not a stable averaging sampler for
any o € R, as illustrated in the following example:

Example 3.8. Let ¢ and ¢ be defined by 4/5(5) = X|-3/2,3/2) and

_ 9(&), £e[-1/2,1/2],
v =9 1L §el[=3/2,-1/2]U[1/2,3/2],

0, otherwise,
where ¢ is a symmetric continuous function on [—1/2,1/2] so that
max g =3, ming = —3 and g(—1/2) = ¢g(1/2) = 1. For any z, € [0, 1],
let & € (—1/2,1/2) be so chosen that g(&) + 2cos2mzy = 0. The
existence of & follows from the definition of g. Note that

Z B(&o + k)h(& + k)e 2mooth) — o=i2m20fo (9 cog 2y + g(&o)) = O.
keZ
Then Agj(&]) = 0 and A(§) is continuous &, while G4(§) > 1 for all

¢ € R. Thus, ¢(- — z¢) is not a stable average sampler for any xy € R
by Theorem 3.2. On the other hand,

Go(&) =Y o€+ RPIE+ R =21, ceR
kez
and Gy(§) < 2 for all £ € R. It follows that ¢ is a stable Calderon
convolutor for V2(#) by condition (iii) of Theorem 2.2.

3.5. A stable averaging sampler which is not a stable Calderon
convolutor. One would expect that a stable averaging sampler ¥ for
V?2(®) is a stable Calderon convolutor, since we can always sample the
image of a Calderon convolution and use the samples for the recov-
ery. Surprisingly, this is not the case as demonstrated by the following
example:

Example 3.9. Let F,,n > 1, be a partition of [—1/2,1/2) with E,, =
—FE, and |E,| > 0 for all n > 1. Define ¢ by

0, otherwise,

and ¢ = ¢(—-). Then ¢ has orthonormal shifts, since U,>1E, =
[—1/2,1/2] and Y, [#(§ + k)[* =1 for all £ € E,, + Z. Hence

F=Y_(Fx0)ie(-—4) feV3e),

jez



CONVOLUTION AND AVERAGE SAMPLING 15

and || fll2 = [{(f *¢)(4)}jezlle- Thus ¢ is a stable averaging sampler.
On the other hand, consider the sequence of functions f, € V?(¢)
defined by ﬁl(f) = /c\n(f)gg(f), with ¢, supported on E,+7Z and ||c,]|¢ =
1. Then

(3.5)

VFdll2 = / CuORIBE)| de = —

2n+1

1
on—+1

/ e =

Hence 7 is not a stable Calderon convolutor for V?(¢) since || fn|l2 = 1

while || fib||2 = (2n1+1)*1/2, and n can be chosen to be arbitrarily large.

Although this example demonstrates that a stable averaging sampler
is not necessarily a stable Calderon convolutor we still expect that a
stable averaging sampler is a stable Calderon convolutor in most cases.
This intuition is confirmed by the following theorem:

Theorem 3.10. Let ® = (¢y,...,¢.)7 and ¥ = (¢, ..., %) satisfy
Go € (L®)™) and Gy € (L)% and assume that

(3.6) lim sup Z Z (& + k)2 = 0.

N—o00
¢elo,1]4 5 k|>N

If U is a stable uniform averaging sampler for V(®), then U is a stable
convolutor for V*(®).

Thus, by removing some pathological situations as described in the
Theorem above, our intuition is validated.

4. NON-UNIFORM AVERAGE SAMPLING

In this section, we study the problem of non-uniform average sam-
pling with sufficiently large density for finitely generated shift-invariant
spaces. We give conditions under which a stable Calderon convolutor
is a stable non-uniform averaging sampler for sufficiently small gaps.
We also show that under appropriate conditions the converse is also
true. We start with the following definitions about sampling sets:

Definition 4.1. Let X be a countable subset of R%.
(1) We say that X is a sampling set with mazimal gap 0 if

Z XB(:rj,é)(x) > 17 VIS Rda

T ex

where B(z;,6) is the ball centered at x; and with radius 6.
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(2) A sampling set X is said to be a relatively separated sampling
set if it satisfies

Z XB@;n(2) <D, xR,
z;€X
for some positive integer D > 1. The constant D is said to be
the gap bound of the sampling set X.
(3) A sampling set X is said to be separated with separateness e if
it satisfies

Z X B(xj,€) < ]-7 T e Rd'

LU]'GX

Remark 4.2. The maximal gap measures the density of the set of
points X in R? and it is sometimes referred to as d-density [1, 3]. The
relatively separateness and the separateness of a sampling set are re-
lated as follows: a relatively separated sampling set X with gap bound
D can always be written as union of sampling sets X, ..., X ; with sep-
arateness at least 1 for some positive integer J < 29D, while, conversely,
a separated sampling set X with separateness € is a relatively separated
sampling set X with gap bound D being approximately 2%~ + 1.

We also introduce the following definition about an averaging sam-
pler U:

Definition 4.3. For a shift-invariant subspace V of L?, we say that
U = (¢y,...,1%,)7 is a stable non-uniform averaging sampler with maz-
imal gap 6 for V if for any relatively separated sampling set X with
maximal gap J, there exist positive constants C; and Cy (dependent
only on the space V', the function ¥, the maximal gap ¢, and the gap
bound D of the sampling set X only) such that

(4.1) CIFIE <D D I xth(a)P < Callfl3, ¥V feV.

=1 z;€X

Our next result shows that a stable Calderon convolutor is a sta-
ble non-uniform averaging sampler with sufficiently small gap provided
that the convolutors are continuous function in the space W*. Here for
1 < p < oo, we say that a measurable function f on R belongs to the
Wiener amalgam space WP if it satisfies

1/p

(42)  fllws = (D esssup{[f(z + )" rw € 0,1) 7 < o0

jezZ

Theorem 4.4. Let V be a shift-invariant subspace of L?, and let U =
(V1,...,0s)T be a continuous vector-valued function in Wt. If U is
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a stable Calderon convolutor for V', then W is a stable non-uniform
averaging sampler for V' for all sufficiently small mazimal gaps 0.

Although the previous theorem may not seem surprising, we have
seen from the previous section on uniform averaging sampler and ex-
amples 3.8 and 3.9, that the issues are delicate and not straight forward.
A more surprising result is a converse:

Theorem 4.5. Let V be a shift-invariant subspace of L* and let ¥ =
(Y1, ..., 0s)T be a continuous vector-valued function in Wt. If ¥ sat-
isfies condition (4.1) for some relatively separated sampling set X with
positive mazximal gap, then it is a stable Calderon convolutor for V.

Remark 4.6. Note that if f € VZ(®), then f x 1, € V(D * ).
Moreover, since f*1; € W2, we have that || f vy (X)||e < K||f x|/
for some positive constant K (see [3]). Therefore, to prove Theorem
4.5, it would be sufficient to prove that

(4.3) lgllw= < Cllgll

for all g € V2(® 1)), for some constant C. However, the inequality
(4.3) is not true in general, as seen from the following example.

Example 4.7. Let h be a C* function so that h is supported in [0, 1],
|h]l2 = 1, maxgepq1) h(x) = 2, and mingepq h(z) = 0, and let E; =
[a;, b;],i > 1, be subintervals of [0, 1] so that they are mutually disjoint
and |b; — a;| = 27%, and define

2‘“%(%), x € E; for some i > 1,
P(x) = —2*”%(%?), x € E; +2' for some i > 1,
0, otherwise.

By direct computation,

\/57 n = 07
(4.4) sup |p(x)] = 27/%F n=2" forsomel<icZ,
wen+[0,1] 0, otherwise,

and

¢l < V2+2) 2772 =3v2+2 < o0,
=1

Hence ¢ is a continuous function in W?!. Set

_{ 2—“%(%), z€F+jforsome0<j<2—1i>1,

, otherwise.
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Clearly we have

g9(x) = g(z = 1) = ¢(z)

and

o=~ [ lata)ide =Y B2 2 HE = Y2 =1 < .

i=1 Y EitZ i=1 =1
Note that
\/5, n = 07 1a

sup [g(a)] = 270D/ 9 < < 23— 1 for some 0 < j € Z,
zEN+(0,1] 0, otherwise,
and hence

gl =4+4> 277727 = 4.
j=1

Assume, on the contrary, that there exists a positive constant C' so
that || f|lwz < C||f]l2 for all f € V*(¢). Define g, € V3(¢),n > 1, by

3a(6) = A(O)(1 — &™) I\ _emiepzm(€)-

Then g, tends to g in L?, since g,(¢) — g(&) = X[1—e-i¢|<1/n(§)g(€) and
g € L?. This together with the norm equivalence implies that g,,n > 1,
is a Cauchy sequence in W?2. Thus g, has a limit g, in W?2. Recall
that g, tends to ¢ in L2. Therefore ¢ = g, and hence ¢ € W2, which
is a contradiction.

From the above example, we see that the non-uniform sampling oper-
ator on V?(®) is not a bounded operator. The fact that the inequality
(4.3) is not true in general also shows that results on sampling after
convolution cannot be deduced from results on ideal sampling such as
those in [1, 3, 6, 12, 13, 27]. To reduce Theorem 4.5 to previous sam-
pling results, extra conditions on ® and ¥ must be imposed such that
(4.3) is satisfied, for example, such conditions in Theorem B.1 in the
appendix.

5. PROOFS

In this section, we give the proofs of Theorems 2.2, 2.5, 2.7, 3.2, 3.3,
4.4 and 4.5.
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5.1. Proofs of Theorem 2.2. The fact that (i)== (ii) is trivial. To
show that (ii)==(i), we first note that >, ||f * ¢ll2 < B||f]2 is

satisfied for any f € L? because v); € L™, i = 1,...,s. Let f be in
the L2-closure of VZ(®) and choose a sequence f, € V?(®) such that
fn— f. We get

Alfll = A T [|falls < T S7 fux il = ST 1F # walls < Bl Sl
=1 =1

For any f € V?2(®), there exists a square-integrable ZZ-periodic

function C(&) = (c1(€), ..., (€))7 so that f(&) = C(&)T®(E). This
together Parseval identity yields

(5.1) 115 = C ()" Ga(§)C()ds,

[0,1)¢

and

SO ewlz = S0 / FOde) P
=1 =1 /R4

——T

- > [ @R c@ierd

52 - [ c@rakecee

[0,1)4
From the definition of f € V?(®), the space V/@ = {A(g) cf e
V2(®)} is characterized by

(5:3) 72(@) = {C(©" B : C() € (1)},

where (Lg)(” is r copies of the space of all square-integrable Z?-periodic
functions. Using (5.1), (5.2) and (5.3), we note that

IFI3 < AT (w3 ¥ f € V(@)

=1
if and only if

C(§)"Ga(€)C(€)ds < A7 C ()" GZ()C(&)de.
0,1)¢ [0,1)¢
Since G(€) and G3 (&) are non-negative, self-adjoint a.e.£ € R, and
since C' € (L2)™ can be chosen to be an arbitrary Z-periodic mea-
surable vector function, the last inequality is satisfied if and only if
Ga(&) < AT'GYL(8), a.e. &€ € RY Hence (ii) and (iii) are equivalent,
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since, as before, || f * || < B||f]|2 is satisfied for any f € L? because
Y, € L®, i=1,...,s, thus also for V*(®) C L.

5.2. Proof of Theorem 2.5. The implication (i)==-(ii) is obvious.
Then it remains to prove (ii)==-(iii) and (iii)==-(i).

First we prove (ii)==(iii). Note that rank G3(¢) < rank Gg(&) for
almost all ¢ € R?. To see this, let v be any vector in R? such that
vTGy(€) =0, then

0=0"Go(&T =D 0"+ k)|*

kezd

So vT®(¢ + k) = 0 for all k € Z%, which implies v GY(£) = 0. Hence
the null space of Gg(€) is contained in the null space of Gg(€). It
follows that the rankGg(¢) < rankGg(€),a.e.& € RY Now suppose
that (ii) holds but not (iii), then there exists a measurable set E with
positive measure such that rankGy (€) is strictly less than rankGg(€)
for almost all £ € E C [0,1]¢. This fact together with the fact that
vIGe(€) = 0= vTG3 (&) = 0 for any v € R? imply that there exists
a nonzero vector function v such that its components are measurable,
supported in E + Z?, with |v]|2(0,17¢) = 1, and such that

(5.4) ()T Ge(€)(€) >0 ae E€F,
and
(5.5) v(OTGLEW(E) =0 ae £ €E.

-~

Then the function f defined by f(£) = v(£)T®(€) is a nonzero function
in V(@) by (5.1) and (5.4), but f*¢; = 0 for all 1 < [ < s since
m(ﬁ) = U(S)T$(§)¢l(f) = 0 by (5.2) and (5.5), which contradicts
our assumption that (ii) holds.

Finally we prove (iii)==-(i). Suppose not, then there exists f € V
such that f # 0 but fxv¢; = 0 for 1 <[ < s, where we denote the
L2-closure of VZ(®) by V. Write

(5.6) F(&) = Ce)Ta(e),

where C' is a Z%-periodic measurable function (not square-integrable in
general) satisfying

(5.7) IC(&)] <00 ae £€R?
(see [10]). Then
(5.8) CO)TGa(&)CE) = D If €+ k)P #0

kezd
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by (5.6) and the assumption f # 0, and

(5.9) CE)TGL () §:§2U4¢n£+k!
=1 kezd

by (5.6) and the assumption f *; = 0 for all 1 <[ < s. Combining
(5.7), (5.8) and (5.9), we see that the rank of Gg is strictly larger than
the one of G on the support of C, which contradicts the assumption
(ii).
5.3. Proof of Theorem 2.7. By Theorem 2.2, there exists a positive
constant m such that mGg(£) < GE(€) for almost all £ € RY. This
together with the continuity of G and Gy implies that the above
inequality holds for all £ € R?. Recall (from the proof of Theorem
2.5) that the rank of Gg(€) is no larger than the rank of Gg(&) for all
¢ € R%. Therefore the ranks of G(€) and G3 (&) are the same for all
£ e R

Now we prove the sufficiency. Let A\;(§),1 <1 < r, be the eigenvalues
of the matrix G (€), £ € R?, which are ordered so that A; (&) > A\a(€) >

- > A(€). Then Ag(§),1 < k < r, are continuous functions of £ by
the continuity assumption on Gg. From the closedness of the shift-
invariant space V?(®), we have from Theorem A.1 that

G3(6) = mGa(€) ae. & €RY
for some positive constant m. Therefore
Me(6)2 > mA(§) ae £ €RL

This together with the continuity of Ax(£) imply that either \¢(§) > m
for all € € RY, or \p(€) = 0 for all £ € R%. Thus there exists 1 < kg < r
such that

(5.10) M) > ... > A () >m>0= A1 (6) =... = A ()

for all £ € RY This also implies that the rank of the matrix Gg(&) is
always ko for any & € RY,

Let u1(€), ..., 1 (€) be eigenvalues of the matrix G (€) ordered such
that py(§) > -+ > u,(€). Recall that the rank of G () is ko for all £ €
R? by the assumption on Gg and Gg. Thus pi(€) > -+ > g, (£) > 0
and pi,1(€) = ... = p,(§) = 0 for all £ € RY. Note that p(€) are
continuous function about ¢ and also are Z?-periodic. Therefore there
exists a positive constant m, so that

G11) (€)= - = g (§) = ma > 0= pag 1 (§) = -+ = e (§)

for all £ € R% Recall (form the proof of Theorem 2.5) that the null
space of Gg(€) is contained in the null space of Gg(£). But since
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the ranks of G3(¢) and Gg(€) are the same by assumption, it follows
that the null spaces of the matrices Gg(§) and Gg(€) are equal. This
together with (5.10) and (5.11) implies that

GY (&) > %Gq)(f) for all £ € R,
1
where \; = esssupgcgaAi(§). Hence the sufficiency follows.

5.4. Proof of Theorem 3.2. The implication (i)==-(ii) is obvious.
For any function f € L? and any function ¢ with G € L*, we have
that

/ Fed©las= [ ST IRE+RIE T RIE < G L20 s

[ 1] keZd

Thus f*1) is continuous by the Riemman Lebesgue Lemma. Moreover
we have

SO v = /\Zf§+k (€ + )| de

jEZA [0,1]4 kezd

(5.12) < H > e+ k)P

kezd

Thus, the right inequality of (3.1) holds for all f € L? and so in
particular for all f in the L?-closure of V?(®). Let f, be a sequence in
V2(®) that converges to f. If (ii) holds then using (5.12) and the left
inequality of (3.1) we get

Allflle = lim Al fullz < lim [[{fn * ¥ () e = [{f * () e,
and (ii)==(i) follows.

For any f € V2(®), we may write f(£) = C(&)TD(E), where C is a
vector-valued square-integrable Z4-periodic function. Then

I3
(0.9}

(5.13) 112 = / ()" o (€)TTEV e,
[0,1)¢
and
S b = Z/ TN B+ ke + k)| de
I=1 jezd =1 /0.7 kezd

(5.14) - [ cerazeee
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Using (5.13) and (5.14), (iii)==-(ii) is obvious. To finish the proof, we
note that if (ii) holds then there exists m > 0 such that

m C(§)"Ga(§)C(E)de < C(§)" Az ()C(€)de.
[0,1)¢ [0,1)¢
Since Gy and A} are self-adjoint and C'is an arbitrary square-integrable
Z%-periodic function, we have that (ii)==(iii). Hence the equivalence
between (ii) and (iii) is established.

5.5. Proof of Theorem 3.3. Let V be the L2-closure of the shift-
invariant space V?(®). By Lemma 2.9 and the rank assumption on
G, there exist H = (hy,...,h,)T, with by € V, I =1,...,s, such that
their integer shifts form an orthonormal basis of the shift-invariant
space V = VZ(H). By Theorem 3.2 and the stable averaging sampler
assumption about W, W is a stable average sampler for V = V?(H),
and hence there exists a positive constant m so that

(5.15) vTAR (T = ‘ Swr > T (E+ k) (€ + /f)‘2 >m ol

=1 U'=1 keZd I'=1

for any vector v = (vy,...,vs)" € C". Recall that the integer shifts of
hi,...,h, are orthonormal. Then

(5.16) hi(€) = Zau'(ﬁ)ﬁl'(f) + (€)= V11 (6) + 2 (€),

'=1

where ay(§) = >4 cpa Jz(f + k)ﬁl/(f + k), 1 <Ll <s,and ¢y9,1 <
[ < s, satisfy

(5.17) " o€+ Bhe(+k) =0
kezd

for any 1 <" <s. By (5.16) and (5.17), we have

(5.18) Gu(§) = Gy, (§) + Gu, (§)

and

(5.19) Gor(€) = (Y an(©)an(d)

>1gz,l/§s’

where \Ijl = (wl,la---aws,l)T and \1’2 = (¢172,...,¢372)T. By (515),
(5.17) and (5.18), we have

(5.20) Z ‘ Zall'(ﬁ)vl/r = mz |ow]”

=1 U'=1 I'=1
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for any vector v = (v1,...,v,)7 € C". Combining (5.18), (5.19) and
(5.20), and using the fact that Gy, (§) is a nonnegative self-adjoint s x s
matrix, we get that

v Gy (€)T = v Gy, ()T + 0" Gy, (§)T > ml[v]|* + 0" Gy, (£)T = mllv]|.
So Gy (&) > ml for almost all £ € RY,

5.6. Proof of Theorem 3.10. By Theorem 3.2, there exists a positive
constant m such that

G21)  m GO < Y| 3 0B+ T+ k)|
=1 Ekezd

for any ¢ € [0,1)¢ and v € C". By (3.6), there exists an integer Ny so
that

S| S e+ binte + b

=1 |k|>No
< (X e+ nE) < (3 e+ 1)
I=1 kezd |k|>No
(5.22) < %UTG(I,(@@

for all £ € [0,1)%. Combining (5.21) and (5.22) and using Holder in-
equality, we obtain

TG < 3| 30 TR+ bl + )|

4
=1 [k|<No

< @No+ D)"Y D" IB(E+R)Ph(€ + R

I=1 [k|<No

< @No+ DY 0T + k) Pli(E + K

=1 keczd
= (2N + D%TGy (&)

for all v € C" and £ € [0,1)%. Therefore ¥ is a stable convolutor for
V2(®) by Theorem 2.2.

5.7. Proof of Theorem 4.4. For 6 > 0, let w(f, ) be the modulus of
continuity function (or oscillation) of f defined by

w(f,0)(z) = sup |f(y) — f(z)|.

ly—z| <6
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By the density of compactly supported continuous functions in the
space of all continuous function in W?, we have

Lemma 5.1. Let ¢ be a continuous function in W*'. Then
lim [lw(4, 8) w1 = 0.

Proof of Theorem 4.4. Let ¥ be a stable Calderon convolutor for V.
Then there exists a positive constant m such that

: /
(5.23) milflle < (s =wl) " vrev.
=1

By Lemma 5.1, there exists o > 0 so that for any § < g,
(5.24)

s

/ : /
(s w0 dIE) " <7l x (3wt o) < 21l
=1 =1

forall feV.
Let X be a relatively separated sampling set with maximal gap § <
do/2, that is,

(5.25) 1< Z XB(z;.6) < Co

l‘jEX

for some positive constant Cp, and let {h;} be the partition of unity
corresponding to the covering {B(z;,d) : z; € X} of R,

(5.26) Z hi(x)=1 VaxeR? and 0<h; <1,

:E]'EX

By (5.25), we have

S Il < 3 Sl [ 150 Pleata; = )l

z;€X I=1 z;€X I=1
< i< (X[ 1P
I=1 kezd B0

10> sup @)

K eZd z;eXN(k—[0,1)d) LK R

< C|Ifll3 Z [l el
I=1
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where C' is a positive constant. Therefore it suffices to prove that

(5.27) SN i@ = CNfI3 VeV,

rjeX [=1
where C" is a positive constant. Clearly for any f € V,

(5.28) [f*u(zg) = [+ ()] < (1] +w (i, 0))(2)
for all x € B(z;,6). Combining (5.23) — (5.26) and (5.28), we obtain

BO.OP(3 Y 1= wteyr)”

=1 z;eX
> ZZ/ o)|f ey Pe)
=1 z;eX
> (XX [ s e
=1 z;eX
/
ZZ/ (@) (U] * (s, 0)2(@)dr)
=1 z;eX
S\ /2
> mlflla - (1161 = wlerH)3)
=1
> ZlIf
and hence (5.27) is proved. O

5.8. Proof of Theorem 4.5. Let X = {z;} be a relatively separated
sampling set. Then

(5.29) > Xb@n <C

T ex

for some positive constant C'. By the assumption on ¥, there exists a
positive constant m so that

G wlfl< (3 1 eut)l) viev

=1 zjeX
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Note that for any f € L? and h € W', we obtain from (5.29) that

Z/B |f * h(zx)|2dx

z;€X (z;,6)

< C/ |f = h(z )\ dx
B(z;,0)
< Clil [ 17w / \h(x—y)\da:)dy
(IJ‘S)
< Clnlh Y0 /
k,k' €z
</ Wz — y)ldedy
z€(U;j B(x;,8))N(k'4[0,1)4)
< A Z/ sup  |h(z)]
k

ezl yek—[0, 1)d z€k'—k+[0,2)¢

x|(U;B(x;,0)) N (K +[0,1)9)]
(531) < B, )[[AlllAllw A5

Recall that lims_o ||w(¢1,0)|lwr = 0 by Lemma 5.1. Then it follows
from (5.31) that

532 (XY [, et o) < S0, 11,

=1 z;€X

for any 0 < &y, where Jg is a positive constant dependent on ¥ and the
gap bound of the sampling set X.

For any 6 > 0, f € L? and a continuous function 1, one can easily
verify from the definition of the modulus of continuity that

(6.33)  |fxo(x) = [ < |fl*xw(@,0)(z) Vye B(x,0).
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Combining (5.29), (5.30), (5.32) and (5.33), we obtain

S

(S0 wl3)”
=1

> (O d

2 A(E X [ o)

> (303 17+ ) By )])
=1 J,’]'EX

(1] (i, 0) () )

(L%

1=1 z;ex Y B(;9)
m
> Cym|B(0,6)]"?| fll2 — 015|3(0,5)|1/2||sz

631 = "B0.5) ],

for 6 < dg and f € V. This proves that ¥ is a stable Calderon convo-
lutor for V.

APPENDIX A. CLOSEDNESS OF A FINITELY GENERATED
SHIFT-INVARIANT SPACE

In this part, we give a characterization of the closedness of V?(®) for
those generators ® with bounded G, which plays an important role in
the proof of Theorem 2.7. A similar result was established in [5] under
the assumption that ® € W,

Theorem A.1. Let & = (¢y,...,6,)" satisfy G € (L=)"*"). Then
V2(®) is closed in L* if and only if there exists a positive constant
m > 0 such that

G2 (&) > mGy(€) ae. & €RY

Proof. First we prove the sufficiency. Let A\(£),..., A\.(§) be elgenval-
ues of G¢(€), which are ordered so that A;(§) > )\2( ) > - Ar(€).
Then

M(E)? >mA(§) ae E€RY 1<k <,
by the assumption on Gg. Note that Ax(€),1 < k < r, are measurable
and Z?-periodic since G is. Then the sets

Ep = {6 R \(€) >m}
satisfies B, = E, +27Z% and By D Ey D - -- DTET. Furthermore there
exist projections Q(¢) so that Q(€)Ga(E)Q(E) = Gal&), v Ga(&)D =
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m|vTQ(&)||? for all v € C”, and Q(£)®(£) = () for almost all £ € R

Let f, € V2(®),n > 0, be a Cauchy sequence in L?. Without loss of

generality, we assume that fo = 0 and || fr1 — ful < 27", n > 0. Write
Far(€) = Ja(€) = Du(€)"®(€) = Du()"QIODE).

Note that

[0,1)¢

> m 1Da(§)" Q(E)1dE,

[0,1]¢
which implies that
1D ()" Q(E) |20,y < m~ /27,
Hence the function f defined by

FO) =" Du(©TQE)P(E) = (far1(&) = Fa(9)

belongs to VZ(®), and

fu = fllz = 0= Fll2 <Dl Fss — fil
k=n
— 0 asn— oo.

This proves the closedness of the space V2(®) in L? topology.

Now we prove the necessity. Let A1(§), ..., A.(§) be the eigenvalues
of Gg(§) which are ordered so that A(§) > Xa(§) > -+ > A(§).
Then there exists e1(£),...,e.(§) so that e; (), ..., e (§) are mutually
orthogonal unit vectors and satisfy

ex(§)"Go(&) = Me(er(§)", 1<k <r, {eR%

Suppose, on the contrary, that there does not exist m > 0 so that
G (€)% > mGe(€) for almost all &€ € RY. Then there exists an integer
k so that \(£)? > mA(€) does not hold for almost all £ € R% Hence
the sets

F,={¢eR": 0 < \(6) <27}, n>1,

are measurable sets with |F, N[0, 1]¢| > 0 for all n > 0. Define g and
gl7l > 17 by

o0

96 =D enXpr,,, ©en(§)T (),

n=1
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and

where €,,n > 1, are so chosen that ¢, = 0 if the Lebesgue measure
of (F,\F,y1) N[0,1]¢ is zero and ¢, = |[(F,\Fny1) N [0,1]¢]71/2 when
the Lebesgue measure of (F,\F, 1) N[0,1]? is nonzero. Then g;,1 > 1,
belong to VZ(®), and we have

lo—glz = e /F (&) B(E)Pde

n=Il+1 n\Fnt1

-y / x(€)7 Gal)er (B

n=I+1 n\Fn+1 ﬂ[O 1]d

-~ Y. / A(E)dE

i (Fp\Fpy1)N[0,1]4

IA

Z 27" |(F,\Foy1) N[0,1]% < 27" = 0 asn — oco.
n=I[+1

Therefore by the closedness of the shift-invariant space V?2(®),
9(6) = COT ()

for some Z?-periodic function C' with C' € L2([0,1]%). Therefore the
function h defined by

o

B(E) = [CEOT =D eaxir,, Oen(©)7]B(E)

n=1
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is a zero function. On the other hand, we note that

12 > / IO @B e

- / (CO)T = enen(€))Go () (C(E)T — enen(€)T)de
(Fn\Fn+1)N[0,1)4
;/(Fn\Fn+1)ﬂ[O,l)d l(§)|< (5)76l(€)>| 5
+ [ MEIEE). €xl) = enl
(Fu\Fy+1)N[0,1)4

= / (C(), enl(€)) — €nl*Ar(€)deE
(Frn\Fn+1)N[0,1]¢

> | (), ex(€)) — e
(Fn\Fyt1)N[0,1]4
Therefore we obtain

(C(6), en()) = € ae. £ € Fy\Foyr.

Thus
C(6)|2d N (6 2d
/[O,Hd' (©Fds = Z/ 1C(6)[2de

n=1 Y (Fn\Fn11)N[0,1]¢

> N C 24
> > /(Fn\wm[o’udr< (6). exlE))]2de

o0

= 3 E|(F\Fur) N[0,1)9)
Z 1 = +o0,

|(Frn\ Frt1)N[0,1]¢|£0

v

which is a contradiction. O

APPENDIX B. NORM EQUIVALENCE IN SHIFT-INVARIANT SPACES

In this part, we consider the problem for which generator ® does the
following norm equivalence hold:

(B.1) CHflla < I fllw= < Cllflla ¥V f e V()

where C' is a positive constant independent of f. The above norm
equivalence is interesting by itself, and also useful in the non-uniform
(average) sampling on a finitely generated shift-invariant space, and
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can be used to deduce results on average sampling from well-known
results on ideal sampling in [1, 3, 6, 27].

For functions ® = (¢1,...,¢,)" satisfying Go € (L®)""), we say
that @ has stable shifts if {¢;(- —j) : j € Z%1 < i < r} is a Riesz
basis for VZ(®) (see [21, 26]).

Theorem B.1. Suppose that ® = (¢1,...,¢.)" satisfies one of the
following three conditions:

(i) @ belongs to W' and has stable shifts.

(ii) @ is a compactly supported L*°-function.

(iii) @ is compactly supported and satisfies G € (L)),

Then the norm equivalence (B.1) holds for any function f € V?(®).
Remark B.2. For a shift-invariant space V' with finite dimensional
restriction on [0,1)%, it is shown in [4] that there always exist com-
pactly supported functions ¢1, ..., ¢, having stable shifts so that V' C
V2(¢y1, ..., ¢r). Moreover, those functions ¢y, . .., ¢, are bounded when
all functions in the restriction of V to [0,1)? are. Therefore as a con-
sequence of Theorem B.1, we have the following result.

Corollary B.3. Let V be a shift-invariant subspace of L?. If the re-
striction of V to [0,1)¢ is a finite dimensional space of bounded func-
tions, then (B.1) holds for any f € V.

Remark B.4. The stable shift condition on ® in Theorem B.1 cannot
be dropped in general, as demonstrated in Example 4.7.

Proof of Theorem B.1. First we prove (B.1) under the assumption (i).
For any f =371 > icpaci(d)ei(- —Jj) € V2(®) with {c;(j)} € 3,1 <

1 < r, we have

e < 30 s (303 kot + - 1)’

jezd ze[0, )4 N5 jezd
<Y (Z 3 Il Pleta+3 = 1))
(XX et i- 1)
i=1 jlgzd
T 2 T
< (Xl ) 3D lat)P
i=1 i=1 jezd
<

(S elwn) 1112
i=1
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for some positive constant C' independent of f, where we have used the
stable shifts to obtain the last inequality. This proves (B.1) under the
first assumption.

Next we prove (B.1) under the assumption (ii). Since ¢ has compact
support and is bounded, the restriction of V2(®) to [0,1)? is a finite
dimensional space of bounded functions. Let hq,...,hg be a basis of
the restriction of V?(®) to [0,1)%. By the shift-invariance of the space
V2(®), we have

V(@) C VA(H),
where H = (hy,...,hg)T. Note that h;,1 < i < K, are supported in
[0,1)¢ and belong to L. Thus H € W'. Moreover, by the construc-
tion, H has stable shifts, therefore the assertion (B.1) follows from the
previous result.

Finally we prove (B.1) under the assumption (iii). By the assump-
tion, there is an integer K so that fC [— K, K]? for any f € V, which
implies that f = [o. f(- — y)h(y)dy for any Schwartz function h with
h(€) =1 for all ¢ € [—K, K]%. Therefore,

Ifllwe < Ikl x > sup |f )Pz — y)|dy

jeZd xej+[071)d R4

< RIIRC) @+ 1D s

Xy sup fFW)PA+ ]z —y))~"dy
jezd z€j+[0,1)¢ JRE

< Cfl2
for some positive constant C' independent of f € V. This prove (B.1)
under the assumption (iii) and hence completes the proof. O
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