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Abstract

Let 2,1 < p < o0, be the space of all p-summable sequences and C, be the con-
volution operator associated with a summable sequence a. It is known that the
£P- stability of the convolution operator C, for different 1 < p < oo are equiva-
lent to each other, i.e., if C, has fP-stability for some 1 < p < oo then C, has
{i-stability for all 1 < g < oo. In the study of spline approximation, wavelet anal-
ysis, time-frequency analysis, and sampling, there are many localized operators of
non-convolution type whose stability is one of the basic assumptions. In this pa-
per, we consider the stability of those localized operators including infinite matrices
in the Sjostrand class, synthesis operators with generating functions enveloped by
shifts of a function in the Wiener amalgam space, and integral operators with ker-
nels having certain regularity and decay at infinity. We show that the ¢P- stability
(or LP-stability) of those three classes of localized operators are equivalent to each
other, and we also prove that the left inverse of those localized operators are well
localized.
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1 Introduction

Given a summable sequence a = (a(j));ez, the convolution operator C, asso-
ciated with the sequence a is defined by

C,: "> (b(j))jez — (Z a(j — k)b(l{:)) er (1.1)

keZ jez
where (7 is the set of all p-summable sequences with standard norm ||-||¢. The
convolution operator C, is a bounded operator on ¢? for any 1 < p < oo and
the corresponding operator norm is bounded by the ¢* norm of the sequence
a.

An operator T on (7 is said to have ¢P-stability if there exists a positive constant
C such that
CHeller < | Teller < Clle]ler for all ¢ € 2. (1.2)

For the convolution operator C, associated with a summable sequence a =
(a(j))jez, it is known that C, has ¢P-stability for some 1 < p < oo if and only
if

a() #0 forall £€R (1.3)
where a(§) = Yjcza(j)e ™ (c.f. [3,43]). Therefore the (P-stability of the
convolution operator associated with a summable sequence are equivalent to
each other for different 1 < p < 0.

Theorem 1.1 Let a be a summable sequence, and C, be the convolution oper-
ator associated with the sequence a. If C, has (P-stability for some 1 < p < oo,
then it has (1-stability for all 1 < g < oco.

An equivalent formulation of the above result is that the spectrum o,(C,) of
the convolution operator C, associated with a summable sequence a as an
operator on ¢ is independent of 1 < p < o0,

0p(Cy) = 04(C,) forall 1 <p,g<oo (1.4)

see [9,41,52] and references therein for the discussion on spectrum of convolu-
tion operators.

Inspired by the commutator technique developed in [56] and norm equiva-
lence technique for a finite-dimensional space in [2], we will give a new proof
of Theorem 1.1 in this paper without using the characterization (1.3). More
importantly we can extend the equivalence for P-stability in Theorem 1.1 to
various localized operators of non-convolution type, that arise in the study
of spline approximation ([26,28]), wavelet and affine frames ([20,42]), Gabor



frame and non-uniform sampling ([6,35,36,61]), and pseudo-differential oper-
ators ([13,14,29,34,38,40,56,57,67-69]).

Denote by A the Schur class of infinite matrices A = (a(J, j')); ez such that

[ A]Ls = max (sup > Ja(. ), supY° \a(j,j'n) <o (1Y)

JEZ €7 JIGZ]'GZ

([36,62]). An infinite matrix A = (a(j,j")); ez in the Schur class defines a
bounded operator on £, 1 < p < 00, as follows:

Az 3 (c)))jez — (Z a(j,j')C(j’)) €. (1.6)

=

It is known that an infinite matrix A is a bounded operator on (? for any
1 < p < oo if and only if A is in the Schur class. In Section 2, we consider
the equivalence of ¢P-stability for infinite matrices in the Sjostrand class (see
Section 2 for its definition), a subset of the Schur class A, for different 1 <
p < 00.

Theorem 1.2 Let A = (a(j, 7)), ez be an infinite matriz with the property
that Ypez Supjez la(j, j + k)| < oo. If A has (P-stability for some 1 < p < oo,
then A has (1-stability for all 1 < g < oo.

The result in Theorem 1.2 for p = 2 follows from the Wiener’s lemma in [56].
The equivalence of (9-stability of an infinite matrix A = (a(j, 7)), ez With
Ykez SUPjez |a(j, j + k)|(1+ |k|)® < oo is established in [2] for s > 4 and later
improved in [66] for s > 0.

We observe that a convolution operator C, associated with a summable se-
quence a = (a(j))jez is the operator associated with the infinite matrix
A = (a(j — j"))jjez in the Sjostrand class. Therefore Theorem 1.1 follows
from Theorem 1.2.

We conjecture that the equivalence of fP-stability for different p € [1, oo] holds
for any infinite matrix in the Schur class A. Some progress on the above
conjecture is made in [66] under additional assumption that the infinite matrix
has rows supported in balls of bounded radii.

For a continuous function f on R, we define the modulus of continuity ws(f)
by
ws(f)(x) = sup | f(z +y) = f(z)]. (L.7)

ly|<d



The modulus of continuity is a delicate tool in mathematical analysis to mea-
sure the regularity of a function ([27,70]).

For 1 < p < oo, let L? be the space of all p-integrable functions on R? with
standard norm || - |[,,

L= [10ller =D 16( =)

JET

< o0
Lr([0,1])

consists of functions on R that are “globally” in ¢! and “locally” in L ([43]),
and let

W = {cbr [Dllw, == sup |p(k + )| < OO}
kez €[0,1)
be the Wiener amalgam space that consists of functions that are “locally” in
L> and “globally” in ¢! ([1]). We have the following inclusions for the above
three classes of function spaces:

Wiy CL®cCLhcLt (1.8)

and
L cC LP (1.9)
where 1 < p < oo ([1,43)).

For a family of functions ® = {¢;},cz enveloped by a function h € L7, i.e.,
|pj(x)] < h(z —j) forall j € Z and x € R,

the synthesis operator Sg associated with @,
So : 073 (c(j))jez — Y _c(j)¢; € LP, (1.10)
JEZL

is a bounded operator from ¢ to L* ([43,63]). For the family of functions &
generated by shifts of finitely many functions, that is, ® = {¢, (- —7) h1<n<n jez
for some ¢,, € L1 < n < N, it is proved in [43] that if the synthesis operator
S in (1.10) has P-stability for some 1 < p < oo, i.e., there exists a positive
constant C' such that

CHeller < ||Sacll, < Cllclles for all ¢ € ¢, (1.11)

then it has (?-stability for all 1 < ¢ < oo. In Section 3, we establish the
equivalence of the stability of the synthesis operator Sg for 1 < p < oo under
some regularity and decay assumption on the generating family ® of functions.

Theorem 1.3 Let ® = {¢;},ez be a family of functions with the property that

|¢;(x)| < h(z —j) forallz €R,j € Z, (1.12)



and
lws(p;)(x)| < w(d)h(z —j) for all x € R,j € Z and ¢ € (0, 1), (1.13)

where h is a continuous function in the Wiener amalgam space Wy and w(0)
is a positive increasing function on (0,1) with lims_ow(d) = 0, Let Se be the
synthesis operator associated with the family ® of functions. If the synthesis
operator S¢ has (P-stability for some 1 < p < oo, then it has (?-stability for
all 1 < q < 0.

For p = 2, the conclusion in Theorem 1.3 follows from the Wiener’s lemma
in [63] under the decay assumption (1.12) on the generating family ®, but
without the regularity assumption (1.13) on the generating family ¢ as in
Theorem 1.3.

In Section 4, we consider the LP-stability of localized integral operators for
different p ([46,64]). Here a bounded operator S on LP is said to have LP-
stability if there exists a positive constant C' such that

CHIfll < I1S£ll, < Cllfllp for all f € L. (1.14)

Theorem 1.4 Let I be the identity operator on LP, and T be a localized in-
tegral operator

Tf@):= [ Ke(e,)f(y)dy. f L’

such that its integral kernel Kt satisfies
|K7(z,y)] < h(z —y) for all 7,y € R, (1.15)
and
lws(K7)(z,y)| < 0“h(x —y) for all z,y € R,and ¢ € (0, 1) (1.16)

where o € (0,1) and h is a continuous function in the Wiener amalgam space
Wh. If I +T has LP-stability for some 1 < p < oo, then I +T has Li-stability
forall1 < q < .

For p = 2, the conclusion in Theorem 1.4 follows from the Wiener’s lemma in
[64].

In this paper, we will use the following notation: Denote by xg the charac-
teristic function on the set E. For a discrete set A and 1 < p < oo, denote
by ¢P(A) the set of all p-summable sequence ¢ := (¢(\))rea with standard
norm || - |[er(a), and by (¢#(A))Y the N copies of ¢#(A) with norm || - || (ay~-
Let B(P(A)),1 < p < oo, be the Banach algebra containing all bounded



operators on /’(A) embedded with standard operator norm. For a measur-
able set E, let LP(E) be the space of all p-integrable functions on E with
norm || - ||»(r), while if £ = R?, we use L? instead of LP(R?) and || - ||, in-
stead of || - |[zpay for brevity. Let B(L?) be the Banach algebra containing
all bounded operators on LP(R?) embedded with standard operator norm. For
v = (z1,...,74) € R% define ||z]|s = max(|zy],...,|7q4]). Denote by I the
identity operator on I”, 1 < p < oo, or the identity matrix of appropriate size.

In this paper, the uppercase letter C' denotes an absolute constant that may
be different at different occurrences, except stated explicitly.

2 [(P-stability for localized infinite matrices

In this section, we consider the ¢P-stability for infinite matrices of the form

(a()\, N )) having certain off-diagonal decay. That kind of extreme non-
AEANEN

commutative matrices arises in the study of spline approximation ([26,28]),
wavelet and affine wavelets ([20,42]), Gabor frame ([6,35,36]), non-uniform
sampling ([61]), and pseudo-differential operators ([13,14,29,34,38,40,56,57,67—
69]), and the ¢P-stability for those matrices is one of few basic assumptions in
these studies. The main results of this section are Theorem 2.1 (a slight gen-
eralization of Theorem 1.2), Corollary 2.3 (an equality for spectrum of slanted
matrices on (F for different p) and Corollary 2.4 (a Wiener’s lemma for the
Sjostrand class of infinite matrices).

To state our result on stability for localized infinite matrices, we recall three
concepts. We say that a discrete subset A of RY is relatively-separated if

R(A) = sup Y Xatoy(7) < oo (2.1)

z€R? \e A

For relatively-separated subsets A, A’ of R¢, we let C(A, A’), or C for short, be
the Sjostrand class of infinite matrices A = (a(X, \'))aea vear such that

IAlle == > sup Ja(A ) xpso,1)0(A = ) < 00 (2.2)

pezd ANEANEN

([56,62]). As usual, an infinite matrix A = (a(A, X'))rea,ven in the Sjostrand
class C(A, A’) defines a bounded operator from ¢?(A’) to (P(A),

A P(N) D (c(N))yen :=c— Ac:= ( > a(A, X)c(X)) € (P(N),

NN
(2.3)
where 1 < p < oo ([62]). For 1 < p < oo, we say that an infinite matrix
A = (a(X, X))reanven has P-stability if there exists a positive constant C



such that
0_1||C||gp(A/) S ||AC||gp(A) S C“CHEP(A’) for all ¢ € gp(A/) (24)

Theorem 2.1 Let A, A" be two relatively-separated subsets of R?, and A =
(a(X, X)) reaven be an infinite matriz in the Sjostrand class C(A, A'). If A has
(P-stability for some 1 < p < oo, then A has (1-stability for all 1 < g < co.

For A’ = A, the above theorem can be reformulated as follows:

Corollary 2.2 Let A be a relatively-separated subset of R?. Then the spectrum
o,(A) of an infinite matriz A in the Sjostrand class C(A, A) as an operator on
(P(A) is independent of 1 < p < o0, i.e.,

op(A) = 0,(A) 1< pq< . (2.5)

A function w on R? is said to be a weight if w(z) > 1 for all z € R? and

SUP|,(<1 SUD,cRd wff(:)y) < 00. For a weight w on R? and a positive number o,

denote by XY the family of all a-slant infinite matrices A = (a(j,5')); ez
with
[Allse = 3 w(k) sup o, ) Xesouei' — ) < 5o.

kezd J:J' €27
The slanted matrices appear in wavelet theory, signal processing and sampling
theory [2,11,16,45], and also occur in the K-theory of operator algebras [72].
Note that

Yv C ¥v = C(aZ?, 7% (2.6)

for any weight w where wy = 1 is the trivial weight. Then we obtain the
following result from Theorem 2.1.

Corollary 2.3 Let a > 0 and wo = 1. If A € X%° has (P-stability for some
1 < p < oo, then A has {1-stability for all 1 < q < oc0.

It follows from (2.6) and Corollary 2.3 that for any weight w, the ¢P-stability
of any infinite matrix A € X¥ are equivalent for different 1 < p < oo. This
result for the special weights w(z) = (1 + |z|)%, with s > (d + 1)? and with
s > 0, is established in [2] and [66] respectively.

Given a Banach algebra B, we say that a subalgebra A of B is inverse-closed
if the inverse T~ of the operator T' € A belongs to B implies that it belongs
to A ([23,30,50,53,65]). The inverse-closed subalgebra was first studied for
periodic functions with absolutely convergent Fourier series, which states that
if a periodic function f does not vanish on the real line and has absolutely
convergent Fourier series, i.e., f(x) = X ez a(j)e™" and Y ez |a(j)] < oo,



then f=' has absolutely convergent Fourier series too ([71]). An equivalent
formulation of the above Wiener’s lemma involving matrix algebras is that
the commutative Banach algebra

W {(ao’ =), e L lali)l < oo} 27)

is an inverse-closed Banach subalgebra of B2(¢%(Z)) ([71]). The classical Wiener’s
lemma and its various generalizations (see, e.g., [6-8,10,23,28,35,36,39,42,53,56])
are important and have numerous applications in numerical analysis, wavelet
theory, frame theory, and sampling theory. For example, the classical Wiener’s
lemma and its weighted variation ([39]) were used to establish the decay
property at infinity for dual generators of a shift-invariant space ([1,43]); the
Wiener’s lemma for matrices associated with twisted convolution was used in
the study the decay properties of the dual Gabor frame for L? ([6,35,36]); the
Jaffard’s result ([42]) for infinite matrices with polynomial decay was used in
numerical analysis ([17,58,59]), wavelet analysis ([42]), time-frequency analy-
sis ([31-33]) and sampling ([4,24,33,63]); and the Sjostrand’s result ([56]) for
infinite matrices was used in the study of pseudo-differential operators, Gabor
frames and sampling ([6,34,56,61]). Therefore there are lots of papers devoted
to the Wiener’s lemma for infinite matrices with various off-diagonal decay
conditions (see [5-7,10,12,28,36,39,42,56,60,62] and also [37] for a short his-
torical review). The Wiener’s lemma for the Sjostrand class C(A, A) of infinite
matrices (a(\, \'))xnea says that C(A,A) is an inverse-closed subalgebra of
B(¢*(A)) where A is a relatively-separated subset of R? ([56]). This together
with the equivalence of ¢P-stability for different p in Theorem 2.1 proves that
C(A, A) is an inverse-closed subalgebra of B(¢’(A)) for any 1 < p < oo.

Corollary 2.4 Let 1 < p < oo and A be a relatively-separated subset of R?.
Then the Sjostrand class C(A, ) is an inverse-closed subalgebra of B(¢*(A)),
i.e., if A € C(A,\) has bounded inverse on B((P(A)), then A~ € C(A, A).

Before we start the proof of Theorem 2.1, let us consider necessary conditions
on the relatively-separated subsets A and A’ such that there exists a matrix
A = (a(A, N))reaven in the Sjostrand class C(A, A’) which has ¢P-stability for
some 1 < p < oo. Similar conclusion is obtained in [61] for sampling signals
with finite rate of innovation, and in [51] for slanted matrices.

Proposition 2.5 Let A, A’ be relatively-separated subsets of RY. If there exists
a matric A = (a(X\, X)) reaven in the Sjostrand class C(A, N') which has ¢P-
stability for some 1 < p < oo, then there exists a positive number Ry such that
for any bounded set K the cardinality of the set AN B(K, Ry) is larger than
or equal to the cardinality of the set N' N K, where B(K, R) is the set of all
points in R with distance to K less than R.



PROOF. We show the above result on relatively-separated sets A and A’ by
similar argument to the proof of the necessary condition on the sampling set
of a stable sampling and reconstruction process in [61]. Let K be a compact
subset of R? and P(A’ N K) be the space of all sequences in /P(A’) supported
on A'N K. For a sequence ¢ € (A" N K), it follows from the property of the
matrix A in the Sjostrand class that the ¥ norm of the sequence Ac outside of
B(K, R)NA is less than €(R)||c|| (s, where €(R) (independent of the compact
set K) tends to zero as R tends to infinity. Thus there exists a positive constant
Ry such that the 7 norm of the sequence Ac inside B(K, Ry) N A is equivalent
to the /7 norm of the sequence c. This implies that the submatrix obtained
by selecting the columns in AN B(K, Ry) and rows in A’ N K of the matrix A
has full rank, which proves the desired conclusion on the relatively-separated
subsets A and A’. O

The proof of Theorem 2.1 is inspired by the commutator technique developed
in [56] and norm equivalence technique for a finite-dimensional space in [2].
To prove Theorem 2.1, we need several lemmas. First we recall a known result
about the boundedness of infinite matrices in the Sjostrand class.

Lemma 2.6 ([63]) Let 1 < p < oo, A and A be two relatively-separated
subsets of RY, and A = (a(M\, X)) aeanen be an infinite matriz in the Sjostrand
class C(A,N'). Then the infinite matriz A is a bounded operator from (P(A')
to £P(A). Moreover there exists an absolute constant C' (that depends on d and
p only) such that

Acllenay < CRAYPRN)Y V2| Allcllcllmy  for all ¢ € (A, (2.8)

Define the cut-off function

1 if 2]l < 1,
¥(z) = min(max(2 — [|z]/,0),1) = ¢ 2 — [|zf|oo if 1 < ||zf|oo <2, (2.9)
0 if 2o > 2.

Then
0 <¢(x) <1 forall z€R? and

2.10
[¥(z) = ()| < llz =yl for all 2,y € RY. (210

Forn € Z¢ and N € N, define the multiplication operator W2 : (P(A) — ¢P(A)
by

e = <¢(AJ_V“)C(A))AEA for ¢ = (¢(A\)rea € P(A) (2.11)



where A is a relatively-separated subset of R?. The multiplication operator
¥ can also be thought as a diagonal matrix diag(¢¥/((A —n)/N))rea.

For an infinite matrix A = (a(A, X'))reanea and any s > 0, define the trun-
cation matrix

As = (as(A X))renven (2.12)
where ag(A, A) = a(A, X)) if [[A = X[l < s and as(\, X') = 0 otherwise. For the
truncation matrices Ay, s > 0, of an infinite matrix A in the Sjostrand class
C(A, '), we have

|A — Asllc is a decreasing function with lig_n |A — Aslle = 0. (2.13)

Lemma 2.7 Let 1 < p,g < o0, 1 < N € N, A and A’ be two relatively-
separated subsets of RY, and A = (a(\, N))reaven be an infinite matriz in
the Sjostrand class C(A,N"). Then there exists an absolute constant C' (that
depends on d,p,q only) such that

n€ENZ

(1w w0 An)eloi))

L4(NZ4)
1/p N1=1/p 1; _ 5
< CRIPRI)Y min (14 = Adfle + 114l
N q( A/
< |l cllep(A,))neNZd - for all ¢ € (9(A). (2.14)

PROOF. Observing that
AnUN UV Ay = (AT — OV A )WY
we obtain from Lemma 2.6 that

I(ANTY — T AN)clleray < CR(A)PR(N) P
X |ANEY — UN An e[V el (2.15)

for any ¢ € (P(A’). We note from (2.9), (2.10) and (2.13) that

JANVEY = N Ao <|(av O @Y ) =D)Ly el
= ogéian (H(GN()\’ ) = as(A, X))/\EA,A’GA’ ¢
+%H(as()" X>)AeA,,\'eA/ c)
< min (14 = Adlle + 14l ). (216)

Then we combine (2.15) and (2.16) to yield

10



[(ANTY — UN Ax)elmn) < CRIA)PR(A) /P
. S
x min (114 = Adle + 2 l4lle ) 195 el (2.17)

0<s<N

for any ¢ € ¢P(A’). Thus for 1 < g < oo, we get from (2.9), (2.10) and (2.17)
that

H (H(ANxI/nN —UNAN)e

ZP(A)>neNZd a(NZ4)

— . S
< CRINPR)Y min (14— Adfle + 14l
(I8 eflonan )
<CR(M)YPR(N) /P

x )

JEZ with [|j]|c0<6

N1— . S
<CRUPRN) min (14~ Adle + 14l

(1w ellevan )

X

neNZ4 eq(de)

S
n, (114 = Al + 24l

mi
0<s<N

N
(HQQHQjNCHm“Aq)neNZd La(NZd)

X

L4(NZ4)

neNZ

This proves the estimate (2.14). O

Lemma 2.8 Let 1 < N € N,1 < p,g < oo, A and N be two relatively-
separated subsets of RY, and A = (a(\, N))reanen be an infinite matriz in
the Sjostrand class C(A,N'). Then there exists a positive constant C (that
depends only on d,p,q) such that

<CR(A)PRA)VP|Alle

(12 Aclio)

ne€NZd

L4(NZ4)
Ol ) sy 219
holds for any sequence ¢ € (1(N’).
PROOF. By (2.9) and (2.10), we have that
47> 3 Xaga(r — k)= D (V(z — k))?
kezd kezd
>3 Xele —k) = 2% for all x € R%. (2.19)
kezd

11



Combining (2.19) and Lemma 2.6, we obtain that

[ Acllonny < CRA)VPR(N) VP 3 [N AWT el @, el ary
n/ENZ4

< CR(A)VPR(A) VP
< ¥ > (k) )19, wllon)  (2:20)

n/eNZE " keZd with ||[k—n'||cc <4N

holds for n € NZ? and ¢ € ¢4(A’), where

a(k) = sup |a/(>\, )\/)|Xk+[071)d<)\ — )\I)

AEA N EA!

From (2.20) we get that

H(H‘I’QVACHMA))

neNzZd gq(de)

<CROPR)(E > ah))

n'€NZE  keZ with ||k—n/|lco<4N

X

(I ellevary)

<CR(A)PRN) V7| Alle

ne€NZ| ga(Nzd)

(1N ellow)),

L4(NZ4)

for 1 < ¢ < oo. Then the estimate (2.18) follows. O

Now let us start to prove Theorem 2.1.
Proof of Theorem 2.1. Let N > 1 be a sufficiently large integer determined
later, n € NZ<, the multiplication operator ¥ be as in (2.11), and the trun-

cation matrix Ay be as in (2.12). By the assumption on the infinite matrix
A, there exists a positive constant Cy such that

TN ellon(ary < Coll AT e[ goa) (2.21)

for any sequence ¢ € £9(A\’), n € NZ% and 1 < N € N. By (2.8), (2.13), (2.14),
(2.18) and (2.21), we get

12



N 1/q
Z | nCHep(A/)

neNZ4

N |19 1/a
<Co( 3 14BNl

neNZ?

N |19 Ha
<G 3 A= Ax) ¥l )

neENZ4

1/q
o X NAnw = v Ax)elhy )
neNZd
1/q

1/q
o X I (Ax = Ael) +Co NN Al )

neENZ neENZI

Nn1— . S
< CoCR(A)/PR(N)! 1/’J(HA—ANHC+O§1gSfN(||A—AS|Ic+N||A||c))

N uq 1/q N . 1/q
(X ellh)+Co( X e Adlh)
neENZ4 neNZ4
< CoCR(W)PR(NY' P inf (14— Adlle + 5 114lle)
1

N |19 1/ N q /4
(O Iel) +Co( X N Ah) T (222)

neENZ4 neENZA

where 1 < ¢ < co. Note that for any infinite matrix A € C(A, A’)

0< lim inf (||A—As||c+i||AHC)

N0 0<s<
< lim (A=A glle+ N[ Alc) =0
by (2.13). Therefore by selecting N sufficiently large in (2.22), we have that
1/q 1/q
(X 19¥elb)  <26( X IENAG) - 223)

nENZA neENZ4

By the equivalence of different norms on a finite-dimensional space, there
exists a positive constant C' (that depends on p, ¢, d only) such that

Cfl(R(A/)Nd)min(l/Pfl/q,O) ||\I'nNCH€q(A’) < ||\1,71;fc||£p(A,) (2,24)

and
192 Acllimn) < COROYNG™SUr- Va0 GN Aclun)  (2.25)

hold for all sequences ¢ € (4(A'), n € NZ? and 1 < N € N. Therefore
combining (2.23), (2.24) and (2.25), we conclude that

||C||gq(A/) S C(R(A/)Nd)—min(l/p—l/‘LO)(R(A)Nd)max(l/p—l/%o) ||AC||€(1(A) (226)
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for any ¢ € ¢4(A’), and the conclusion for 1 < ¢ < oo follows.

The conclusion for ¢ = oo can be proved by similar argument. We omit the
details here. a

3 Stability for localized synthesis operators

In this section, we consider the stability of the synthesis operator

So: P(A) 3 (c(M\)aea — 3 e(N)ga € Vi, (@, A) (3.1)

AEA

associated with a family ® = {¢, : A\ € A} of functions on R, where

V;D(CD,A) = {Z C()\)(ZS)\ . (C,\),\GA € ép(A)} s 1 S p S 0 (32)

AEA

([63]). The synthesis operator S appears in the study of spline approximation
and operator approximation ([27,55]), wavelet analysis ([18,25,48,49]), Gabor
analysis ([31]) and sampling ([1,61]), while one of basic assumptions for the

synthesis operator S is the (P-stability, i.e., there exists a positive constant
C' such that

Clellew(ny < ||Saclly < Cllc|lmay  for all ¢ € P(A). (3.3)

The main results of this section are Theorem 3.1 (a generalization of Theorem
1.3) about equivalence of the (P-stability of the synthesis operator S¢ for
different 1 < p < oo, and Corollary 3.3 about well localization of the inverse
of the synthesis operator Sg.

Theorem 3.1 Let A be a relatively-separated subset of RY, & = {¢py, A € A}
be a family of functions with the property that

suploa(-+ V)| | <o (3.4)
AEA Wq

and
(lsim sup |ws(ox) (- + A)| ‘ =
=0l xeA Wi
If the synthesis operator Sg in (3.1) has (P-stability for some 1 < p < 0o, then
it has (1-stability for any 1 < q < oo.

(3.5)

For ® = {¢,(- — J)}1<n<n jeze generated by integer shifts of finitely many
functions ¢, . .., ¢, we have the following corollary for the synthesis operator
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Se associated with ®. Here in the statement of the following result, we do not
include the regularity condition (3.5) because lims_ ||ws(f)|w, = 0 for any
continuous function f in the Wiener amalgam space W ([1]).

Corollary 3.2 Let ¢1,...,¢n be continuous functions in the Wiener amal-
gam space Wy, and for 1 < p < oo define

Volor, ..., on) = {Z > al)nl-—4) 1 (eald)) € (f”(Zd))N} :

n=1 jeZd

If the synthesis operator Ly, ... 3.« (P(ZY)N +— V(¢ ..., on) defined by

Ly g (Cn(j))lgngN,jeZd — Z Z cn(J) (- —7)

n=1jezd

has (P-stability for some p € [1,00], i.e., there ezists a positive constant C
such that

.....

then the synthesis operator Ly, ... s, has (2-stability for any q € [1, 00].

The result in the above corollary is established in [43] under the weak assump-
tion that ¢q,...,¢n € L.

Note that the synthesis operator Sg has ¢2-stability if and only if the matrix
A= (a(/\,X))M/GA has (%-stability where a(A, ) = fpa ¢r(2)px (z)dz for
A, A € A This observation together with the equivalence in Theorem 3.1 for
the synthesis operator Sg and the Wiener’s lemma in [56] for the Sjostrand
class of infinite matrices leads to the following result.

Corollary 3.3 Let 1 < p < oo, A be a relatively-separated subset of RY,
O = {pr, A € A} satisfy (3.4) and (3.5). If the synthesis operator Sg has
(P-stability, then there exists another family ® = {QB,\,)\ € A} of functions
satisfying (3.4) and (3.5) such that the inverse of the synthesis operator Se is
given by

(Sp)"Lf = (/Rdf(x)@(x)@ for all f € V,(®, A).

A€A

The conclusion in the above corollary with p = 2 is established in [63] without
the regularity assumption (3.5). The conclusion in the above corollary for
general 1 < p < oo gives a partial answer to a problem in [63, Remark 5.3].

To prove Theorem 3.1, we recall a result in [63].
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Lemma 3.4 Let 1 < p < oo, A be a relatively-separated subset of RY, & =
{or, A € A} satisfy (3.4). Then there exists a positive constant C' (that depends
on d and p only) such that

|Sacl, < CR(A) 7

sup [da(- + A)| H lellorga- (3.6)
AEA Wh

Now we start to prove Theorem 3.1.

Proof of Theorem 3.1. Let 1 < p,q < co. By the (P-stability of the synthesis
operator Seg, there exists a positive constant C such that

lcllereny < Col|Sacll, for all ¢ € £P(A). (3.7)

For 1 < n € N, define the operator P, on L” by

Pf(@) =2 Y 902 @—N)) x [ f@)oo(2"(y — N)dy, f € LR

Ne2—nzd Re
(3.8)

where ¢ be the characteristic function on [0,1)%, and let ®,, = {P,¢x, A € A}.
Then

|pa(2) — Paoa(2)| < wyn(dy)(z) for all z € R? and X € A. (3.9)

From (3.7), (3.9) and Lemma 3.4 it follows that

|Saclly <[[Se,cllp + | So—a,cllp
< ||Sa,cllp + CR(A) P

supws(é2)(+N)| ello:  (3:10)
A€A w

1

Combining (3.5) and (3.10) leads to the existence of a sufficiently large integer
ng such that
lclleray < 2C0|Sa, cll, for all c € 7(A). (3.11)

Define A,,, = (an, (N, A)))\’e2—”OZd,>\EA by

g (N, ) = 2701 /R oam)do(2(y — X))d. (3.12)
Since
Pogr = > an(N;N)eo(2"(- = X)),
Ne2—nozd
and

= 2_n0d/p||a||gp(2—nozd) (313)
p

Y. a(X)go(2™(- = X))

Ne2—nozd
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for any a = (a(X))yeo-noze € P(27™Z%), the equation (3.11) can be rewritten
in the following matrix formulation:

||C||gp(A) S 2002_n0d/p||AnOCng(27nozd) for all ¢ € gp(A) (314)

By (3.4), it holds that

sup |ty (N /\)|Xj+[0,1)d(/\/ —A)

jezd N e2—n0Zd NeA

<2y sup xgpene(N = A) X /Rd h(y — Ao (2" (y — X))dy

jezd MNe27m0Z4d NeA

<> sup  h(y) <29 hllw, < oo
jezd yE+[0,2)?

where h(x) = supycp |¢a(x + A)|, which means that the infinite matrix A, in
(3.12) belongs to the Sjostrand class C(27™0Z%, A),

A, €C(27™ZN). (3.15)

By (3.14), (3.15) and Theorem 2.1, the infinite matrix A, has the ¢4-stability,
i.e., there exists a positive constant C; such that

llclleaa) < Cul|Angcllae-—nozay for all ¢ € £1(A). (3.16)

For any ¢ = (¢(A))aen € £7(A),

| Angcllea(a-rnozay = 270U < 2m0/4|| Sgell,  (3.17)

q

/Rd Koy (-, ) (Sac) (y)dy

by (3.13), where K, (z,y) = 2% 3" yco-noza P (20 (x =)o (270 (y—N')). The
(-stability of the synthesis operator Sg then follows from (3.16) and (3.17).

4 [P-stability for localized integral operators

In this section, we consider the LP-stability of integral operators

Tf(z) = /R Kr(z,y)f(y)dy, f € LPRY) (4.1)
whose kernels K are enveloped by convolution kernels with certain decay at

infinity, i.e.,
|Kp(x,y)| < h(z —y) for all 2,y € R? (4.2)
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where h is a function in the Wiener amalgam space W ([8,15,44,47,46,64]).
Examples of the integral operators of the form (4.1) include projection oper-
ators on wavelet spaces ([19,21,22,25,43,63]), frame operators associated with
Gabor systems in the time-frequency space ([5,6,31,35]), and reconstruction
operators in sampling theory ([1,61,63]).

An integral operator T with kernel K1 enveloped by a convolution kernel in
the Wiener amalgam space defines a bounded operator on LP. The above class
C; of localized integral operators is a non-unital algebra. The new algebra

IClz{)\[—i-T )\E(C,Tecl}

obtained by adding the identity operator I on L? to that algebra C; is a unital
Banach subalgebra of B(L?),1 < p < oo ([64]).

In this section, we discuss the LP-stability of the localized integral operators
in ZC; with additional regularity on kernels. The main results of this section
are Theorem 4.1 (a slight generalization of Theorem 1.4), and Corollary 4.2
concerning the well localization of the inverse of a localized integral operator.

Theorem 4.1 Let 0 < a <1, D be a positive constant, and T be an integral
operator of the form (4.1) with its kernel Kt satisfying

sup [Kr(y. -+l <D (43)
1

y€ERL

and

sup ws(Kr)(y, - +vy < Do for all 6 € (0,1). (4.4)

)
yeRd Wi

If I + T has LP-stability for some 1 < p < oo, then it has Li-stability for all
1 < g < o0

The above result for p = 2 follows from the Wiener’s lemma for localized inte-
gral operators ([64]). Applying the L” equivalence in Theorem 4.1 for different
p, we can extend the Wiener’s lemma in [64] to p # 2.

Corollary 4.2 Let 1 < p < 00,0 # XA € C, and T be an integral operator
with its kernel Kr satisfying (4.3) and (4.4). If \I + T has bounded inverse
on LP, then (X[ +T)™' = X711 + T for some integral operator T with kernel
satisfying (4.3) and (4.4).

Recall that any integral operator having its kernel satisfying (4.3) and (4.4)
does not have bounded inverse in L?,1 < p < oo ([64]). Then from Corollary
4.2 we have the following result to spectra of localized integral operators on
Lr.

Corollary 4.3 Let T be an integral operator with its kernel Kr satisfying

18



(4.3) and (4.4). Then

0,(T) = 0,(T) forall 1 <p,q< oo, (4.5)
where 0,(T") denotes the spectrum of the operator T on LP.
Now we start to prove Theorem 4.1.

Proof of Theorem 4.1. By the LP-stability of the operator I 4+ T, there exists
a positive constant Cy such that

I fllp < Coll(L +T)f|l, forall fe LP. (4.6)

For 1 <n €N, let T,, = P, TP, with kernel K7, where P, is given in (3.8).
Then

Er,(v,y)= > an(AXN)0o(2"(x = N)o(2"(y — X)) (4.7)
AN €27
and
\Kr, (z,y) — Kr(2,9)] < Cwon(Kr)(z,y) forall 2,y € RY, (4.8)

where ¢y is the characteristic function on [0, 1)¢ and
an(\, X) = 220 / d / B0(2"(s = \)Kr(s, )go(2"(t = X))dsdt (4.9
Re JR

for A, N € 27"Z4. Therefore we have from (4.4) and (4.8) that for any f € L
with 1 <r < o0,

sup wy (K1) (9. + )| 1l
yERd Wi

<27 £l (4.10)

By (4.4), (4.6) and (4.10), there exists a sufficiently large integer ny such that
for all n > ny,

1fllp < 2Co|[(I +To) fll,  for all f e LP. (4.11)

Let
An = (an()\, /\/>>>\,)\/€27nzd (412)
where a, (A, N'), A\, ' € 27"Z% are given in (4.9). Applying (4.11) to

o= Y W60 = N) with (ea(A)rea nze € P22,

Ae2—nzd
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and noting
| fully = 2_nd/p||cn||zp(zfnzd) (4.13)
and
(I +T) fallp = 2721 + 27" A el @-nze), (4.14)

we obtain the uniform ¢P-stability of the matrix I + 27794, i.e.,
lenllenz-nzay < 2Co||(1 + 27" Ap)enll o (2-nza) (4.15)

holds for any ¢, € #(27"Z%) and n > ny.

Define
An,s = (an,s(/\a A,)))\,)\’EQ*"Zd (416>
where
an (AN N) if I = N < s,
oy ] O =X
0 otherwise.
Then for s > 0,
|4, — Apslle < > sup  an (X, A)|Xj401)2(A = X)
JEZA with ||j]leo>s—1 WA €27 LA
<220 > SUp X404 (A — )

JEZA with ||f]jeo>s—1 AN €27 LA

x/ / KA+ 8, N+ 8)|dsdt
2-710,1)d J2—n[0,1)d
< > sup  |h(x)|

JEZA with ||j]jeo>s—1TEIH[=1,2)¢

< 34 Z sup  |h(z)]

JEZL with ||f]eo>s—3 TEIH[0,1)?

where h(x) = sup,cga | K7 (2 +y,y)|. Thus

. S
inf (14 = Anslle + -l 4u]lc)

0<s<N

<[1An = A, yxlle + N7 Aulle
<C > sup [h(z)]

; d
jEZ4 with ||j]lec>VN—32ETFT0D)

INT2Y s |h(x)]) (4.17)

jezd wEj+0, 1)

Let N be a sufficiently large integer chosen later and the multiplication oper-
ator \Iljv be as in the proof of Theorem 2.1. Then for 1 < ¢ < oo, using the
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similar argument in the proof of Theorem 2.1, we obtain from (2.13), (4.15),
(4.17), and Lemmas 2.6, 2.7 and 2.8 that

H(H\Ijévcnuﬁ’@nzd))

JENZ | pa(N7A)

<2C

(1T + 27 A) TN e 2z

jENZA 09(NZ®)

<210, (1A~ Aur) ¥ el 20

JENZA 0a(NZ4)

2118, (1 0 A0

jENZI 04(NZ4)

+2—nd+100 H <||\I/§V(An,N — An)anZI’(Q*nZd))

jENZ4 0a(NZ4)

+2C

(1% (7 + 27 A )en) [l )

JENZ | ga(N72)

. S
<CoC (14w = Annllc + 108 (140 = Anslle + ll4ullc) )

1/q 1/q
(X 19alhn) o X Alb)

jENZA jENZL
<CCy > sup  |h(z)]

; d
JEZA with ||f]|ee>vN—3 *€IF(0,1)

—|—N_1/QZ sup |h(w)]) (H‘Iijanép(Z‘”Zd))

jeZd CCEj-‘r[O,l)d

(Y (1 + 27 An)enll w2z )

JENZ 04(NZ4)

+2C)

(4.18)

JENZA

)
L4(NZ%)

where h(z) = sup,cga [Kr(y, z + y)| and the uppercase letter C' denotes an
absolute constant independent of n > ng and N > 1 but may be different
at different occurrences. By (4.3) and (4.18) there exists a sufficiently large
integer Ny (independent of n > ny) such that

No B
H(H\Dﬂ Callena "Zd)>j€NoZd

(H\IJ;VO (] + 2—ndAn)cn||ép(2_nZd)>

Eq(N()Zd)

<40, (4.19)

jENoZA 1l 6a(NozZ )

holds for any ¢, € ¢4(27"Z%) and n > ny.

Combining (2.24), (2.25) and (4.19) yields

llenlleaqa-nzay < Cy 2PV (1 4277 A ) ey |l aa-nzay for all ¢, € £1(27"Z7),
(4.20)
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where C is a positive constant independent of n > ng. This together with
(4.13) and (4.14) proves that

I fully < Co2®P=ANT + T,) full, (4.21)
holds for any f,, = Yxep-nza €u(A)Po(2"(-—A)) with (c,(A))rea-nza € €1(27"27).

Note that for any f € L9,

Pf =2 3 0@ (=N x [ f@e(2(y—N)dy (422

Ae2—nzd

with

(2 [ 1won(zts = 2y < 20| f]l, < 0. (4.23)

re2-nzd |lea(2-nzd)
Therefore it follows from (4.21) that
1Pufllg < CL2" P A1+ T)Pofll, for all f e L. (4.24)
By (4.13), (4.22) and (4.23), we have
| Pufllg < | fllg for all fe L9 (4.25)
This implies that
1fllg < 1f = Pufllg + [|Pufllg < 3l fllq for all f e L. (4.26)

Noting that P2 =P,, (I — P,)I+T)f=I—-PR,)f+ (I —P)T(I - P,)f +
(I — P,)TP,f and P,(I +T)f = P,(I+T)P.f + P,T(I — P,)?f, we obtain
from the second inequality of (4.26) that for any f € L9,

1 1
I+ T) fllg 2 ST = Po)( +T)fllg + 1Pl +T)fllg

1

W

1 1
1
BT - YA, (4.27)
We note that (I — P,)T and T'(I — P,) are integral operators with their kernel

bounded by ws-n(K7) where K7 is the kernel of the integral operator T.
Therefore similar to the argument in (4.10) we have

I = BT Sl + | T(L = P)flle < C2"| fll, forall fe L' (4.28)
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where 1 <r < oo and C'is a positive constant independent of n > ny.

For those 1 < ¢ < oo satisfying |1/q — 1/p| < a/d, we get from (4.24), (4.25),
(4.26), (4.27), and (4.28) that

1
I+ 1)1l (5 = €27l = Pufll
+((oy)tammatie-tial — oo | £

1 o—ndl1/p—
> 2 f = Pufllg + (4Cy) =27V Val| P, ]l
> (4C,) " tomndll/p=1/dl|| £||, for all f € LY (4.29)

if we let the integer n be chosen to be sufficiently large. This proves that [ +T
has Li-stability if [1/p — 1/q| < a/d.

Using the above argument iteratively leads to the conclusion that [ + 7T has
Li-stability for all 1 < ¢ < 0. O
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