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ABSTRACT. In this paper, it is proved that every s-sparse vector x € R™
can be exactly recovered from the measurement vector z = Ax € R™
via some ¢?-minimization with 0 < ¢ < 1, as soon as each s-sparse vector
x € R™ is uniquely determined by the measurement z. Moreover it is
shown that the exponent ¢ in the £2-minimization can be so chosen to
be about 0.6796 x (1 — d25(A)), where 25(A) is the restricted isometry
constant of order 2s for the measurement matrix A.

1. INTRODUCTION AND MAIN RESULTS

Define |x||4,0 < ¢ < 00, of a vector x = (z1,...,2,)7 € R" by the num-
ber of its nonzero components when ¢ = 0, the quantity (|z1|94- - -]z, |9)/1
when 0 < ¢ < oo, and the maximum absolute value max(|x1|,...,|z,|) of

its components when ¢ = co. We say that a vector x € R™ is s-sparse if
Ix|lo < s, i.e., the number of its nonzero components is less than or equal
to s.

In this paper, we consider the problem of compressive sensing in finding
s-sparse solutions x € R™ to the linear system
(1.1) Ax =7z
via solving the £?-minimization problem:
min ||y||, subject to Ay =z

where 0 < ¢ < 1,2 <2s <m <n, Aisanm xn matrix, and z € R™ is the
observation data ([1, 5, 7, 9, 12, 14]).

One of the basic questions about finding s-sparse solutions to the linear
system (1.1) is under what circumstances the linear system (1.1) has a unique
solution in X4, the set of all s-sparse vectors.

Proposition 1.1. ([12, 15]) Let 2s < m < n and A be an m X n matriz.
Then the following statements are equivalent:

(i) The measurement Ax uniquely determines each s-sparse vector X.

(ii) There is a decoder A : R™ +—— R" such that A(Ax) = x for all
X € Y.
(iii) The only 2s-sparse vector'y that satisfies Ay = 0 is the zero vector.
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(iv) There exist positive constants cas and [Bos such that

(12) OZ2S||X||2 < HAX||2 < I82S||X||2 for all x € 223.

The first contribution of this paper is to provide another equivalent state-
ment:
(v) There exists 0 < g <1 such that the decoder A : R™ —— R™ defined
by
A(Z) = argl’ninAy:z”Y”‘I
satisfies A(Ax) = x for all x € Xj.
The implication from (v) to (ii) is obvious. Hence it suffices to prove
the implication from (iv) to (v). For this, we recall the restricted isometry

property of order s for an m xn matrix A, i.e., there exists a positive constant
d € (0,1) such that

(1.3) (1-0)|Ix]|3 < |Ax|3 < (14 6)||x||3 for all x € &5.

The smallest positive constant § that satisfies (1.3), to be denoted by d5(A),
is known as the restricted isometry constant [5, 7]. Notice that given a
matrix A that satisfies (1.2), its rescaled matrix B := /2/(a3, + (3,)A
has the restricted isometry property of order 2s and its restricted isometry
constant is given by (83, — a3,)/(53, + a3,). Therefore the implication from
(iv) to (v) further reduces to establishing the following result:

Theorem 1.2. Let integers m,n and s satisfy 2s < m < n. If A is an
m X n matriz with d25(A) € (0,1), then there exists q € (0,1] such that any
s-sparse vector x can be exactly recovered by solving the £4-minimization
problem:

(1.4) min ||y||, subject to Ay = Ax.

The above existence theorem about ¢¢-minimization is established in [17]
and [9] under a stronger assumption that dasy2(A) € (0,1) and d254+1(A) €
(0,1) respectively, as it is obvious that dos(A) < d2s+1(A) < das12(A) for
any m X n matrix A.

Having the above existence theorem about /?-minimization in hand, now
we consider the problem how to select the positive exponent g in the £9-
minimization problem (1.4) for a given measurement matrix. Given integers
s, m and n satisfying 2s < m < n and an m X n matrix A, define

gs(A) = sup{qe |0, lH any vector x € X5 can be exactly recovered
by solving the £9 — minimization problem (1.4)}.

Obviously ¢s(A) > 0 whenever d25(A) < 1 by Theorem 1.2. It is known
that any s-sparse vector x € R™ can be exactly recovered by solving the
¢9-minimization problem (1.4) whenever ¢ < ¢s(A) [18]. This establishes
the equivalence among different exponent ¢ € [0,¢s(A)) in recovering s-
sparse solutions via solving the ¢9-minimization problem (1.4). Hence in
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order to recover sparsest vector x from the measurement Ax, one may solve
the ¢4-minimization problem (1.4) for some 0 < ¢ < 1 rather than the ¢°-
minimization problem. Empirical evidence (]9, 22, 23]) strongly indicates
that solving the ¢?-minimization problem with 0 < ¢ < 1 takes much less
time than with ¢ = 0.

The ¢°-minimization problem is a combinatorial optimization problem
and NP-hard to solve [20], while on the other hand the ¢!-minimization
is convex and polynomial-time solvable [2]. To guarantee the equivalence
between the ¢° and ¢'-minimization problems (1.4) in finding the sparse
vector x from its measurement Ax, one needs to meet various require-
ments on the matrix A, for instance, d5(A) + d25(A) + d35(A) < 1 in
[6], 035(A) + 3045(A) < 2 in [5], and dos(A) < 1/3 =~ 0.3333,v2 — 1 ~
0.4142,2/(3 + v/2) &~ 0.4531,2/(2 + /5) ~ 0.4731,4/(6 + v/6) ~ 0.4734 in
[12, 4, 17, 3, 16] respectively. Many random matrices with i.d.d. entries
satisfy those requirements to guarantee the equivalence [7], but lots of de-
terministic matrices do not. In particular, matrices A, are constructed in
[13] for any € > 0 such that das(Ac) < 1/v/2 + € and that it fails on the
recovery of some s-sparse vectors x by solving the #!-minimization problem
(1.4) with A replaced by A..

The ¢%-minimization problem (1.4) with 0 < ¢ < 1 is more difficult to
solve than the ¢!-minimization problem due to the nonconvexity and nons-
moothness. In fact, it is NP-hard to find a global minimizer in general but
polynomial-time doable to find local minimizer [19]. Various algorithms have
been developed to solve the ¢?-minimization problem (1.4), see for instance
[8, 11, 14, 17, 21].

Having shown that s-sparse solutions can be recovered via solving the £7-
minimization problem (1.4) with g € [0, ¢s(A)), we next study the problem
how the quantity ¢s(A) depends on the measurement matrix A. For that
purpose, we introduce a quantity

max(s; s Ty = inf 5A75€ 031,
Gmax(5; M, 1, 5) 528&)9(]() (0,1)

that depends on the measurement matrix A of size m x n indirectly. Clearly
given any positive number ¢ < gmax(0; m,n,s) and any m x n matrix A with
d2s(A) < 4, any vector x € X4 can be exactly recovered by solving the ¢9-
minimization problem (1.4). For any 0 < ¢ < 1 and sufficiently small e,
matrices A of size (n — 1) x n are constructed in [13] such that dos(Ag¢) <
2_2"_77(1 + € and there is an s-sparse vector which cannot be recovered exactly
by solving the (9-minimization problem (1.4) with A replaced by A, ¢, where

1nq is the unique positive solution to ng/q +1 = 2(1 —ny)/q. The above
construction of matrices for which the ¢9-minimization fails to recover s-
sparse vectors, together with the asymptotic estimate n, = 1 —qxo+o0(q) as
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q — 0, gives that

Sin—1 2—q—
limsup Qmax( yn 7”78) < hm (J( q 7lq) _

= ~ 3.5911,
Sl 1-9 T q—=0+ 2—q—2n, 2x9 — 1

where z is the unique positive solution of the equation e ?* = 22 — 1. The
second contribution of this paper is a lower asymptotic bound estimate for
the quantity gmax(d;m,n,s) as § — 1—.

Theorem 1.3. Let gmax(d; m,n,s) be defined as in (1.5). Then

(1.5) lim inf —qmax(é;m,n, 5) >

e
im in =3 R 0.6796.

The asymptotic bound estimate for the quantity gmax(d;m,n,s) in Theo-
rem 1.3 would be useful in the sparse recovery problem when we have certain
information about the restricted isometry constant of the measurement ma-
trix. We do not know whether the limit lims_1— gmax(d;m,n,s)/(1 — 6)
exists and how it depends on the dimensions m,n and the sparsity s if it
does.

To prove Theorems 1.2 and 1.3, we introduce a function b(g,d) on the
unit square (0, 1] x (0, 1),

1. 147 2y
b(g,0) = 6! inf max{ - ——r, sup ,
0<ro<1 { (1 +rdoa)t/a V3(1—r0)b/2<y<1 (1 + 2—q/2y2+q> 1/q
3y 2y
(1.6) sup g0 Sup g }
V2(1-ro)s/2<y<1 (1 +y) 1<y (14y)

where 0 < ¢ < 1 and § € (0,1), see Figure 1. The third contribution of
this paper is about stable recovery of a compressive signal from its noisy
observation.

Theorem 1.4. Let m,n and s be integers with 2s < m <mn, A be an m xXn
matriz with da5(A) € (0,1), € > 0, and let q € (0,1] satisfy

(1.7) b(g,61) < 1
where
1 —d25(A)
01 := | ———+—=.
1+ 525(A)

If x is the object we wish to reconstruct, z = Ax + z is the noisy mea-
surement with the noise z satisfying ||z||2 < €, and x* is the solution of the
L-minimization problem:

min ||x||, subject to [|[Ax —yll2 <e¢,
XER?

then
(1.8) Ix* = x|l < Cos'? M9 1x — x4 + Che
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FIGURE 1. The function min(b(g,d),1) on (0,1) x (0, 1).

and

(1.9) " = xlly < Callx — x|l + Cs /1112,

where xg be the best s-sparse vector in R™ to approximate X, i.e.,
s = xly = jnf. I =,

and C;,0 < i < 3, are positive constants independent on €,x and s.

The stable recovery of a compressive signal from its noisy observation has
been established under various assumptions on the restricted isometry con-
stant, for instance, d35(A)+3d45(A) < 2and ¢ = 1in [5], and 25(A) < v/2—
land ¢ = 1in [4], 62:(A) < 2(v/2—1)(t/s)/971/2 /(1 +2(v/2—1)(t/s) /97 1/2)
forsomet > sand 0 < ¢ < 1in [17], and 5kS(A)+k‘2/q_15(k+1)s(A) < ka1
for some k € Z/s and 0 < ¢ < 1 in [22, 23]. As pointed in [13], not all com-
pressive signals can be recovered from their noisy measurements approxi-
mately via solving an ¢'-minimization problem when the restricted isometry
constant of order 2s for the measurement matrix is close to one. From
Theorem 1.4, we see that any compressive signal can be recovered from its
noisy measurements approximately via solving some ¢?-minimization prob-
lem even if the restricted isometry constant of order 2s for the measurement
matrix is close to one (but not equal to one). The exponent ¢ in the ¢9-
minimization is required to satisfy (1.7), which implies that the exponent ¢
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can be chosen to depend only on the restricted isometry constant dos(A)
of order 2s for the measurement matrix A (c.f. [17, 22, 23]). Furthermore,
by Theorem 1.3, the exponent g can be chosen to almost proportional to
1 — d25(A) when the restricted isometry constant des(A) of order 2s is close
to one.

Now let us apply Theorem 1.4 to prove Theorems 1.2 and 1.3. We observe
that b(g,d) tends to zero as g approaches zero, i.e.,

(1.10) lim b(¢q,0) =0 forall 6 € (0,1),
q—0+

see Figure 1. Applying Theorem 1.4 with e = 0 and x = x,, and using the
limit (1.10), we establish Theorem 1.2.

Define

(1.11) dmax(0) = sup{q € (0, 1]] b(q,0) < 1},
see Figure 2. We notice that

0.7

0.6

0.5r

0.4r

0.3

0.2

0.1r

FIGURE 2. The function Gmax(d) on (0, 1).

(jmax((s) €

1.12 i =
( ) 55& 52 2’

see Appendix A for the proof. Applying Theorem 1.4 with e = 0 and x = x;,
we conclude that

Qmax((svm?nv 5) > Qmax( (1 - 5)/(1 + 5))

This together with (1.12) leads to the lower asymptotic estimate (1.5) and
hence proves Theorem 1.3.
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We present a visual interpretation of the requirement on the exponent ¢
in Theorem 1.4 and [13]. Let

QSucc(5) = Qmax( (1 - 5)/(1 + 6))7
and gg,i1(9) be the solution of the equation
((qu)(s)?/q 1:2—25+2q5
1+06 q+qé
if it exists and be equal to one otherwise, see Figure 3. Then when ¢ <

0.9+ \

0.8F N

0.7F \

0.6F \

0.5F N
0.4+ \
0.3F \
0.2+

0.1r x

FIGURE 3. The function gsyec(0) is plotted in continuous line,
while the function gg,;(0) is plotted in dashed line

Gsuce(025(A)) (i-e. (g,025(A)) lies in the region below the continuous line in
Figure 3), any s-sparse vector x can be exactly recovered by solving the ¢9-
minimization problem (1.4) by Theorem 1.4, while if ¢ > gu(0) (i-e. (g,9)
is in the region above the dashed line in Figure 3) by [13] there exists a
matrix A with do5(A) < § and an s-sparse vector x such that the vector x
cannot be exactly recovered by solving the ¢¢-minimization problem (1.4).

The rest of this paper is organized as follows. In the next section, we
give the proof of Theorem 1.4 and a remark on null space property of a
measurement matrix. The proof of the limit (1.12) is given in Appendix A.

2. PROOF OF THEOREM 1.4
For any finite decreasing sequence {a;};>1 of nonnegative numbers, it

holds that

S

Z ( a%sH) e < gl/2-1/q < Z a?) 1/41.
1

k>1  i= >1
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In the following lemma, we are seeking conditions on the decreasing sequence
{a;};>1 and the exponent ¢ € (0, 1] for any given r € (0, 1) such that

Z ( ZS: ais—&-i) v < psi/2-t/a ( Z ag> 1/q‘

E>1 =1 j>1

Lemma 2.1. Let 0 < ¢ <1, s > 1 be a positive integer, and let {a;};>1 be
a finite decreasing sequence of nonnegative numbers with

(2.1) S (Xt 2 ()
=1

k>1 =1
for some 6 € (0,1). Then

ey S (Sat)” <o Yan)

E>1 i=1 §>1
where b(q, ) is defined as in (1.6).
We postpone the proof of the above lemma to the end of this section

as the proof is long and of interest by itself. The contour plotting of the
function 6b(q, d) is given in Figure 4.

0.9

0.8

0.71

0.6

0.5

0.4

0.3F —

0.21

e ]

FIGURE 4. The contour plotting of the function db(q,d) on
(0,1) x (0,1).

Denote by vg the vector which equals to v € R™ on S and vanishes on
the complement S¢ where S C {1,...,n}. Now we start to prove Theorem
1.4. In the first half part of the argument, we follow [4, 5]. Set h = x* — x,
and denote by Sy the support of the vector x, € X, by S§ the complement
of the set Sp in {1,...,n}. Then

(2.3) [Ah[ly = [|AX" — Ax|jz < [[AX" —yll2 + [|z[ls < 2¢
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and
(2.4) [hsgl|§ < lhs, [l + 2[Jx — xs]|Z,
since
151G+ lIxgells = MIxl1§ = 171G = [1xs + g 1 + [[xge + hell
> 1%sllg = [, 1 + Mgl — 1% 11

We partition S§ C {1,...,n} as S§ = S1 U--- US|, where S; is the set of
indices of the s largest absolute-value component of h in S§, Sy is the set
of indices of the next s largest absolute-value components of h on 5§, and
so on. Applying the parallelogram identity, we obtain from the restricted
isometry property (1.3) that

[(Au, Av)| < das(A)[ull2][v]]2

for all s-sparse vectors u,v € g whose supports have empty intersection
[7]. Then

(A(D hg),A(D hg)) < > 62(A)|hg,ll2]hs,lla+ > [Ihs, 13
i>2 3>2 0,j>2 3>2
2

= 02u(A)( X sy ll2) + D s 3
j>2 j>2
2
< (14 024(8)) (X I, )

Jj=2

This together with (1.3) and (2.3) implies that

(1 - 52S(A))(Hh5’0”g + ||hS1 H%) < <A(h50 + hS1)a A(hSo + h51)>
< (An-A(Yhs).Ah- A(Y k)
i>2 Jj=2
(2.5) < (2e+v/1+02(A) Y |Ihs, [2)*.

Jj=2

In the following second half part of the argument, we use the improved
inequality (2.2) to obtain the desired estimates (1.8) and (1.9). By the
continuity of the function b(q,d) about ¢ € (0,1) and the assumption (1.7),
there exists a positive number r such that

(2.6) b(g,01/(1+7)) < 1.
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If > 5o lhs;[l2 < 2€/(ry/1 4 d25(A)), then it follows from (2.4), (2.5) and
the fact that hg, € ¥, that

Ix* =x|l2 = [hll2 < ([hs,l13 + [Ihs, [13)/2 + D |hs; 12
Jj=2
(2.7) < 2( a+r ! )e,
T\/l—(SQS(A) 7“\/1+(523(A)

and

[x" —x|[7 = |hs g + [[hsgllf < 2[hg, [l + 2[|x — x]|7

< 25" || hg || + 2] x — x|
1 q

(2.8) SR A Ul LR N )

r4(1 — §25(A))7/2

If 3750 [Ihs;[l2 > 2€/(ry/1 + d25(A)), then
1/2
(2.9) 81 (s, 13 + s, 13) % < (1+7) D g, 2
Jj=2
by (2.5), where we set 01 = /(1 — d25(A))/(1 + d25(A)). Using (2.9) and
applying Lemma 2.1 with § = 61 /(1 + r) give
o1 1/2—1
(2.10) Z s, ll2 < 7=—b(q,01/(1 +1))s P21 g .
Jj=2
Noting the fact that hg, € X5 and then applying (2.4), (2.9) and (2.10) yield
sl < s sy 1§ < (b(g61/(1 + 7)) | hsg g
< (b(g,81/(1+ 7)) [Ihsy [l + 2(b(g, 61/(1 + 7)) [1x — x5
This, together with (2.6), leads to the following crucial estimate:

2(b(q,01/(1+7)))?
2.11 he |2 <
(211) Rsollé < T b(g.0, /0 + )0
Combining (2.4), (2.9), (2.10) and (2.11), we obtain
Ix* —x|l2 < (|[hs |3+ [Ihs, 3% + Z [hs, |2
j=>2
2Y9(1 + v+ 61)b(q, 61/(1 + 1))

1% = x][§-

(2.12) 129 x = x4 g,
(1= (b(g,81/(1 +7)))2) !
and
[x* —x[|Z < 2|hs,||Z + 2[|x — x|
2+ 2(b(q. 61 /(1 q

1 —(b(g,61/(L+7)))4
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The desired error estimates (1.8) and (1.9) follow from (2.7), (2.8), (2.12)
and (2.13).

Remark 2.2. We say that an m x n matrix A has the null space property
of order s in #9 if there exists a positive constant v such that

(2.14) sy < 7yllhsellq

holds for all h satisfying Ah = 0 and all sets S with its cardinality #5 less
than or equal to s ([12]). The minimal constant v in (2.14), to be denoted by
Vs,q(A), is known as the null space constant of order s in £9. Recall that any
s-sparse signal x can be recovered from its measurement Ax via solving the
¢9-minimization (1.4) if and only if 75 4(A) < 1. This together with Theorem
1.4 implies that vs4(A) < 1 whenever b(q, /(1 — d25(A))/(1 + 625(A))) <
1. In the next theorem, we show that

(2.15) Ysq(A) < b(q, /(1 02(A))/(1 + 025(A)))
holds for all measurement matrices A with dos(A) € (0,1).

Theorem 2.3. Let g be a positive number in (0,1], integers m,n and s
satisfy 2s < m < n, A be an m xn matriz with d25(A) € (0,1). Then A has
the null space property of order s in 9, and its null space constant s q(A)
satisfies (2.15).

Proof. Let h satisfy Ah = 0, and Sy be a subset of {1,...,n} with car-
dinality #Sp less than or equal to s. We partition S§ C {1,...,n} as
S§ = S1U---US;, where S is the set of indices of the s largest components,
in absolute value, of h in S, S is the set of indices of the next s largest
components, in absolute value, of h in (Sy U S1)¢, and so on. Using similar
argument to the one used in establishing (2.5), we obtain

(1— 025(A)) (Jhso I3 + D [3) < (A(D hs,), A(S hs,))
i>2 j=>2

(2.16) < (1+on(a) (X ns )
i>2

e —55(A)\1/2
which implies that ;-5 [lhg;[|2 > 01][hg, [|2, where 6; = (L_g;:gig) 2 Ap-

plying Lemma 2.1 gives

> lIhs,ll2 < 616(g, d1)s" /> hsg -

Jj=2
Then substituting the above estimate for » .-, [|hg;||2 into the right hand
side of the inequality (2.16) and recalling that hg, is an s-sparse vector lead
to

1/qg—1/2 st/am1/2
hsyllg < 57797 7[[hsy ]2 < TZ Ihs; ll2 < b(g; 61)[[hsgllg;
Jj=2

and hence (2.15) is proved. O
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We conclude this section by the proof of Lemma 2.1.

2.1. Proof of Lemma 2.1. To prove it, we need two inequalities (2.17)
and (2.21).

Lemma 2.4. Let0<¢<1,0<c<1 anda,b>0. Then

(2.17) a"‘itkﬁmax{ s k+a a+c }(b—i‘kitZ)l/q

pet 1<k<m (k + b)l/q’ (b+ cq)l/q

hold for all (t1,...,tm) € [0,1]™ with t; + -+ -+t > c.

Proof. Define

n-+a-+ 2211 tr
(2.18) Foapec(m,n) = sup = .
(t1 . b)) € [0,1m (R D+ 304 )14

t1+"'+thC

By the method of Lagrange multiplier, the function (n +a+ > ;" tx)(n +
b+, t%)*l/ 7 attains its maximum on the boundary or on those points
(t1,...,tm) whose components are the same, i.e.,

Foape(m,n) = max {Fq7a7b70(m —1L,n+1),Fapc(m—1,n),

. n+a+mt }
u .
c/mgrt)gl (’/l + b + mtq)l/q

As the function (n 4 a +mt)(n 4 b+ mt?) =/ has at most one critical point
and the second derivative at that critical point (if it exists) is positive, we
then have

Foape(m,n) = max {Fq7a7b,0(m —1,n+1),Fqpc(m—1,n),
(2‘19) n+m-+a ’ n+a-+c }
(n+m+b)1/4" (n+ b+ ml-ac1)l/a
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Applying (2.19) iteratively we obtain

Foapc(m,n) = max {Fq’&b’o(m —-2,n+2),F,qp0(m—2,n+1),
n+1+a n+m-—1+a

(n+1+b)Y (n+m—1+b)l/a’

n+m-+a n+a-+c

(n+m—+bYe (n+b+ (m—1)1-9c1)l/a }

Fq7a1b,0(m - 27 n)’

_ mw{Em@MLn+m—J%nwEm@dLn+U,
n+a+c
qua,b,C(]‘7n)7 (n+b+2lich)1/q’
n+m-+a n+2+a n+l+a }
(n+m+b)V' "7 (n424b)1/47 (n+ 1+ b)l/a
n+k+a n+a+c }
n+k+b)1e (n4b+ct)l/a)
Then the conclusion (2.17) follows by letting n = 0 in the above estimate.
O
Lemma 2.5. Let 0 < q < 1, ¢1,c0 € [0,1] and d;,b; > 0 fori = 1,2,3.
Then

(2.20) = max{ max
1<k<m (

dq +d2z+d3y+2tk
k=1
dy + da dy + dacy - dy + do + (d3 + 1)c
(b1 + b)YV (by + bzclf)l/‘foglgpm (b1 + bz + (b + 1))/’

di + dacy + (ds + 1)co o\ Ve
2.21) su X by 4 box? + b3y? + » t}
(2:21) ogzgpm (by + bac] + (b3 + l)cg)l/q} ( 12 3Y ; k)

hold for all 0 <ty,....tmm <y, c1 <z <1 and 0 <y < cs.
Proof. Note that the maximum values of the function (a + bt)/(c + dt?)'/4
on any closed subinterval of [0, c0) are attained on its boundary. Then
di + dox + d3y + > 1 th
(b1 =+ bg:l?q + bqu + E?:l tz)l/q
di1 +dox + (d3 + l)y
= sup
o<i<m (b1 + bax? + (b3 + 1)y?)1/a
_ maX{ dy + dax sup di + (d3 + l)CQ + dox }
(b1 4 baz )Y g<j<p (b1 + (b3 + 1) + bazd)1/a
di + do d1 + dacq di + do + (dg + l)CQ
max{ g’ Tijg: Sup NI
(bl + bg) q (bl + bzcl) 9" 0<i<m (b1 + by + (b3 + l)CQ) q
sup di + doc1 + (dg + l)CQ }
o<i<m (b1 + bac] + (bg + 1)cd)t/a )’

< max{

IN
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and (2.21) follows. O

Now we start to prove Lemma, 2.1. The proof is quite technical. For better
understanding, the reader may consider the illustrated example s = 1 at the
beginning. Clearly the conclusion (2.2) holds when asy1 = 0 for in this case
the left hand side of (2.2) is equal to 0. So we may assume that asy; # 0
from now on. Let rg be an arbitrary number in (0,1). To establish (2.2),
we consider two cases.

Case I ZkZQ Akst1 > T00As+1-
In this case,

ZkZl (Zf:1 a%s+i)1/2 < st/ Zkzl Aks+1
(ijla?)w - Sl/q(zkzlazsﬂ)l/q
121/ L+ D koo Qkst1/@st1
(1 + Croa(arsr1/ast)?)

14 rgd k+1
< J1/2-1/q L1470 Ck+1
=0 max{(1+r85q)1/q’rl?3¥ (k+1)1/q}
(2.22) = M2V 4 r8) (1 4 15t~

where the first inequality holds because {a;};>1 is a decreasing sequence of
nonnegative numbers, the second inequality follows from Lemma 2.4, and
the last equality is true as (1 + ¢)(1 + t9)~'/7 is a decreasing function on
(0,1].

Case II: Zk22 Opst1 < 100Gsy].

Let sp be the smallest integer in [1, s satisfying as4sy+1/as+1 < (50/5)1/2.
(For the illustrated example s = 1, we have that s = 1.) The existence
and uniqueness of such an integer s follow from the decreasing property of
the sequence {@sys,+1/as+1}5,—1, the increasing property of the sequence
{(50/3)1/2}20:1, and asisy11/as41 < (s0/5)'/? when sy = s. Then from
(2.1), the decreasing property of the sequence {a;};>1 and the definition of
the integer sq it follows that

(2.23) fotso 5 (20T 1)1/2

As+41 S
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and

1/2 50 1/2
\/530/ ast1 > (soaZyq + (s — so) ay) /

1/2
2 2 1 2
> (Soa’erl + (S - 80)a3+so+1 / ( § :aerz)

s 1/2 1/2
> o(a) X (k)
i=1 k>2 =1
> 05" 2agp1 — 517D aper1 = (1—10)65M a1,
k>2
which implies that
1— 252
(2.24) s0 > (’2"0)55.

Applying the decreasing property of the sequence {a;} and using the in-
equality (fa® + (1 — 0)b*)'/2 < 020 + (1 — 6'/2)b where a > b > 0 and
6 € 10, 1], we obtain

sT1/2 Z ( i a%s-ﬁ-i) 2

E>1 =1
—-1/2 2 2 2
8 / ((80 - 1)a8+1 + Qg5 + (5 - So)a’s—i-so—i-l

— 1/2
+s 12 Z (SOGiS-H + (S - So)ais—i-sg—i—l) /
k>2

)1/2

IN

I
@
o | &
/N
®
o
®
|
—
[V )
+
=
Jr
—
S}
[V )
+
vy
o
N———
~
~
[\]
/N
—_
|
V)
ﬁ\
N——
s}
w
+
»
o
+
—_

k>2
S0 — 1 SO — VS0 — 1
(225) < S Gs+1 + \/>\/§as+so + Z Aks+so+1)
k>1
and
dal > (s+1)al + (so— Dali,,
Jj=1
(2.26) +ag+so+1 +s Z a%s-ﬁ-sg-ﬁ-l'

k>2

(For the illustrated example s = 1, the above two inequalities become equal-
ities.) Combining (2.25) and (2.26), recalling (2.23) and the definition of the

integer s, and applying Lemma 2.5 with ¢; = y/(so — 1)/s and ¢ = \/s0/s,
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we get
S 2 1/2
Sl/a-1/2 21@1 ( >z aks-i—i)
(Z aq) 1/q
J=173
—1 S()—\/!?()i—1
< \/Qasﬂ + V%0 75 Gstso t Qstsorl + 2 k2 Whstso+1

1/
(L +1/s)adsy + (s0 = Dadig /s +ali, 1/s+ X0 aisrgn)
vs0—vs0—1
S

VE (14 )

< (1+50/8)"" (1+1/5+ ((s0 = 1) /) +0/2) /7
sup (1+2)/2
120 (1+so/s+ (I + 1/5)@)1/%
30 so—1 VS0—+v/so—1
(2.27) sup G+ ?+\/T(1+ Vs ) . }
20 (14 1/8)/Z + 1+ 1/s) + ((so — 1)/s)1+a/2) /1
Therefore
Zk21 (Zf:1 aisﬂ-) 12
(X1 a?)l/q
< stV max{ Vso/s 7 Vso/s ’
(1+ 50/5)1/q (1+ 2—Q/2(50/8)1+q/2)1/‘1
qup (LT 2DVsols (L+2)\/50/5 |
120 (1+ s0/s + lm)l/q’ 120 (1+1y/s0/s+ qu/2(50/8)1+q/2)1/q

< slﬂ*l/qmax{ 2\/@ s Sup (H'Q)@ }
(14 2-9/2(s9 /)1 +4/2) /47 >3 (1+l\/%) /4

< gl/21a max{ sup 2y
B —q/2q2+q) /T
Va(1-ro)s/2<y<1 (1 4 279/2y2+a)
2
(2.28) sup 37y1/7 sup 7,1;1/}’
Va(1-ro)s/2<y<t (L+y) '" 1<y (14y) "

where the third inequality is valid by (2.24) and the first inequality follows
from the following two inequalities:

e () =

(o30)
§+(t; 1>1+q/2 N (i)l+q/2+<t; 1)1+q/2 > Q_Q/Q(E)Hq/?’ l<i<s.
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The conclusion (2.2) follows from (2.22) and (2.28). (For the illustrated
example s = 1,

1/2
§1/a-1/2 D k>t (e @Reri) _ ag + >3 44
(2;51al)" (af + a5 + 35 55 a5)1e

(1 + T05)a2

-1
W < (1 + T06)2 /(]

by (2.1), the assumption that Zk22 aks+1 < rodast1, and the monotonicity
of the function (1 4 t9)~'/9 on (0,1). This together with (2.22) yields

1/2—1/ > 2 \1/2 ) 1+7T05 1/q
(2.31) s quZI (;aks+z) < <02(1)21 1 +7"85‘1)1/‘1> X <;a?>

which provides an improvement of the estimate (2.2) for the illustrated ex-
ample s = 1.)

APPENDIX A. PROOF OF THE LIMIT (1.12)

Take sufficiently small € > 0. Note that

2
(A.1) sup Y v,
VE(1-ro)s/2<y<t (14 279/2y2+a) /1
\/5(177’0)5 e 1f q < (1 _ T0)2+q52+q7

— (1+2-1-9((1-rg)5)2+a)
ql/(2+q)(1 + %)—1/q2(1+3q/2)/(2+q) if1>¢> (1 _ T0)2+q52+q‘

Then for any small ¢ > (e/2 + €)% and sufficiently small § > 0, we have
that ¢ > (1 — 79)?795%%4 for all ro € (0,1). Then applying (1.6) and (A.1)
yields

. 2y
inf sup i
0<ro<l a(1—r)s/2<y<t (14 279/2y2+a) /1

= g (1 4 Iy ag(tse/2)/(24a)
2

b(g,6) > o1

Y

(L+¢/e)? > 1,

where the last inequality holds since

(A2) T g0/ (1 ) IR = (3612
Thus

, < ARTAIR gh
(A.3) hrgljélp 52 = 11r;1j81p 52 <5 +e€

for any sufficiently small € > 0.
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Take ro = 1 —+/2/4 and sufficiently small € > 0. Then for ¢ < (e/2 — €)§2
and sufficiently small § > 0,

(14 ro8) (1 + r869) =1/ < 2(3/2)"1/1 < (1 — ¢/e) /25,
supy>1 Y(1 +y) 7 < supysy (1+y) V<217V < (1 - e/e)/?6/2,

6/4
SupyZﬁ(l—ro)6/2 (1+ZyJ)1/q = (18 /4)1/a < (1 - 5/6)1/25/3’

and

sup 2y 77 < (1—¢/e)'/?s
V3(1-ro)s/2<y<1 (1 + 27/2y2+a) /4

by (1.6), (A.1) and (A.2). Thus
b(g,8) < (1—e/e)/? <1

whenever ¢ < (e/2 — €)§2 and § € (0,1) is sufficiently small, which implies
that

Gmax(0) > (/2 — €)6?
when ¢ is sufficiently small. Hence

Gmax (0 2 —€)d?
(A4) hgn_}ig)lf qu;;() > lil;ljélp W626) > % — €.
Combining (A.3) and (A.4) and recalling that ¢ > 0 is a sufficiently small
number chosen arbitrarily proves the limit (1.12).
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