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partial Fourier measurements
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Abstract—In this paper, we show that high-dimensional sparse
wavelet signals of finite levels can be constructed from their
partial Fourier measurements on a deterministic sampling set
with cardinality about a multiple of signal sparsity.

I. INTRODUCTION

Sparse representation of signals in a dictionary has been
used in signal processing, compression, noise reduction, source
separation, and many more fields. Wavelet bases are well
localized in time-frequency plane and they provide sparse
representations of many signals and images that have transient
structures and singularities ([1], [2]). In this paper, we consider
recovering sparse wavelet signals of finite levels from their
partial Fourier measurements.

Let D be a dilation matrix with integer entries whose eigen-
values have modulus strictly larger than one, and set M =
|det D| > 2. Wavelet vectors W, = (¥ 1, Vm) L, 1 <
m < M — 1, used in this paper are generated from a
multiresolution analysis {V; } jez, a family of closed subspaces
of L? := L*(R"), that satisfies the following: (i) V; C V; 41
for all j € Z; (i) Vj41 = {f(D-), f € V;} for all
J € Z; (iil) UjezV; = L% (iv) NjezV; = {0}; and (v) there
exists a scaling vector ® = (¢,---,¢,.)T € V such that
{¢i(- — k), 1 <1 <rkeZ"} is a Riesz basis for V; ([1],
[2], [3], [41, [51, [6], [7], [8], [9], [10]). They generate a Riesz
basis {M7/20,,(Dix—k): 1 <m < M—1, k € Z"} for the
wavelet space W; := V; 1 © V}, the orthogonal complement
of V; in V)44, for every j € Z. Therefore any signal f in
the scaling space V; of level J > 0 has a unique wavelet
decomposition,

f=fo+tgo+ - +gi-1, (L1)
where
fo=>_ aj(k)®(-—k) €V, 1.2)
kezn
and
M-1 A A
g; = Z bz,;_’j(k)MJ\Ilm(DJo—k) eW;,0<5<J-1.
m=1 kezZn

1.3)
In this paper, we consider wavelet signals f € V; with f; and
95,0 < j < J—1, in the above wavelet decomposition having
sparse representations.
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Define Fourier transform of an integrable function f on R™

by
f© = [ flt)e .
]R'n.

Due to coherence of wavelet bases between different levels,
the conventional optimization method does not work well to
reconstruct a sparse wavelet signal f of finite level from its
partial Fourier measurements f (£),€ € Q, on a finite sampling
set  ([11], [12], [13], [14], [15], [16], [17], [18]). Recently,
Prony’s method was introduced in [19], [20] for the exact
reconstruction of one-dimensional sparse wavelet signals.

Denote by #FE the cardinality of a set £. We say that a
wavelet signal f € V; has sparsity s = (sg,---,s5—1) if it
has sparsity

S 1= max{#KOa#Kl,Oa .. 'a#KM—l,O} if ] =0
J max{#Kl,j,...,#KM_Lj} lfjil,”]*l,

at level 7,0 < j < J — 1, where Ky and K, ; are supports
of coefficient vectors (ag(k))kez» and (b, ;(k))kez» in the
wavelet decomposition (I.1), (I.2) and (I.3) respectively. For
the classcial one-dimensional scalar case (i.e. n = 1,r = 1
and D = 2), under the assumption that Fourier transform of
the scaling function ¢ does not vanish on (—, ),

¢(§) 7é 0, 5 € (—7r,7T)7

Zhang and Dragotti proved in [19] that a compactly supported
sparse wavelet signal of the form (I.1) can be reconstructed
from its Fourier measurements on a sampling set ) of size
about twice of its sparsity sg + - - - + sy—_1. In this paper, we
extend their result to high-dimensional sparse wavelet signals
without nonvanishing condition (I.4) on the scaling vector
®. Particularly in Theorem III.1, we show that any s-sparse
wavelet signal f of the form (I.1) can be reconstructed from
its Fourier measurements on a sampling set €2 with cardinality
less than 2Mr(sg + -+ + sy—1), which is independent on
dimension n.

1.4)

II. MULTIRESOLUTION ANALYSIS AND WAVELETS

Set M = DT Then the scaling vector ® = (¢1,...,¢,)T
of a multiresolution analysis {V; };cz satisfies a matrix refine-
ment equation,

B(¢) = Go(M™1E)d(M ™€), (IL1)

where the matrix function G of size r x r is bounded and 27-
periodic. In this paper, we assume that G has trigonometric
polynomial entries. Hence ® is compactly supported, and the



Riesz basis property for the scaling vector ¢ can be reformu-
lated as that (®(€ + 27k))kez» has rank r for every £ € R™.
Therefore for any £ € R™ there exist k(§,1) € Z™,1 <1<,
such that

(P& + 27rk))k6A(§) has full rank r, I1.2)
where

A€) = (k1) ez

Let p,, 0 < m < M — 1, be representatives of Z"/MZ",
and write

1<1<r}. (IL3)

M-1
7" = U (Pm + MZ™).
m=0
Take matrices G,,, 1 < m < M — 1, with trigonometric
polynomial entries such that

M-1
3" Go(6+27M ' py )G € + 27M 1p,,) = 0 (IL4)
m’=0
forall 1 <m < M —1, and
G(€) has rank Mr for all £ € R", (IL.5)
where
Go(€ +27M~!po) Go(€+2rM~'ppr 1)
a© G1(€ +27M~po) Gi1(¢+2nM~py_1)

Gu-1(6+2rM1pg) - Guy_1(+27M 'py_1)

In this paper, wavelet vectors ¥,,,1 < m < M — 1, are
defined as follows:

T, (€) = Gy M1 B(M 1),

Then ¥,,, are compactly supported and {M7/2¥,, (Dix—k) :
1<m< M-1, k € Z"} forms a Riesz basis for the wavelet
space W; := V1, ©Vj for every j € Z.

For the scaling vector ® and wavelet vectors ¥,,,, 1 < m <
M — 1, constructed above, one may verify that any signal in
V; has the unique wavelet decomposition (I.1), (I.2) and (1.3).

1<m<M-1. (IL6)

III. RECONSTRUCTION OF SPARSE WAVELET SIGNALS

Take h = (hy,...,h,) € R™ and sparsity vector s =
(SQ,...,SL],l), and set ||SHoo = maxo<;<Jj—1Sj- For 0 <
j<J—1land 0 <m <M —1, let

Iy ={(=sj + 1/2)h,(=s; + 3/2)h, ..., (s; = 1/2)h},

and

Qj = Uyer, Up =y (77 + 2rM7p,,
+27TMJ+1A(7TM Iy 4 QWM_lpm)),
where the set A of cardinality r is defined by (IL.3). Set
Q=U/ZQ;. (IL.1)
Then

Q@ C{(=lslloc +1/2)m, ... ([Isloc — 1/2)h7} + 272",

and
J—1
#QS Z#Q] :2M7’(80+81+

=0

+sy.1).  (IL2)

The following is the main theorem of this paper.

Theorem III.1. Let D be a dilation matrix, ® be a compactly
supported scaling vector, V,,,1 < m < M — 1, be wavelet
vectors satisfying (11.4) and (I1.5), let ) be the set in (I11.1)
with h = (hy,...,hy). If 1,h1,..., hy, are linearly indepen-
dent over the field of rationals, then any s-sparse wavelet
signal of the form (1.1), (1.2) and (1.3) can be reconstructed
from its Fourier measurements on ).

Proof. Let f be an s-sparse signal with wavelet representation
(I.1), (1.2) and (1.3). Set

a6) = > ag(k)e ™?, (IIL3)
keZm
and
£ =Y by ket (I1L.4)

kezn

for1<m <M —1and 0 <j <J—1. Then taking Fourier
transform on both sides of the equation (I.1) gives

J—-1M-1

f& = )+ Z b/ &), (M)
mem= (11L.5)
Define f;,0 <i< J—1, by
N i M-—1 '
fi(e) = )+ 30 b (M), (ME).
mom= (11L.6)
Then
frci=1, (I11.7)
and
N ‘ M-1
fi(M€) = fia( Z by, ©)
N -
= al(©a©)+ > bl ©)
m=1 ]wil/\
- (a/G + > bl (€
m=1
X G (M) B(M1E) (111.8)

for some vectors a;(£€) with trigonometric polynomial entries,
where the last equality follows from (II.1) and (IL.6).

For0<j<J-1,yel;and 0 <m' <M —1, set
nj(’va/) = 7-‘-:l\/l:_j’y—"_271-13771’-

Applying (II.7) and (II1.8) with ¢ = J — 1, replacing £ in
(IIL8) by ny-1(y,m') + 2rMk, k € AM™~'n;_1(y,m’)),
and using periodicity of a;_; and by, j_1, we obtain
FOMT =20,y (y,m') + 2MK)
= A(J = 1,4, m)®(M 'n;_1(y,m') + 27k) (IL9)



for all k € A(M ™19 _1(y,m’)), where

A(J = 1,y,m') =aF_ (M~ y)Go(M 1y 1 (v, m'))
M—-1
+ 30 Bh (M) G (M (,m)). (ILI0)

m=1

Recall from (I1.2) that

(am—lm,m, m') + 27Tk)) (IL11)

keAM~1ny_1(y,m’))

is nonsingular. Then A(J — 1,49, m’) can be solved from the
linear system (IM1.9) forall 0 <m’/ < M —1andy €T ;_;.
Recall from (I1.4) and (IL.5) that

Go(M ™ 'ny_1(y,m"))

G1 (M s (yom))
G(haM ) = .

Gt (M 5-1(¥,m)) ) o ns
(IIL.12)

is nonsingular. Thus, foreveryy € I'y_;and 1 <m < M —1,

ﬁJ,l(ﬂM_J'H'y) and Em’J,l(wM_J'H'y) (I11.13)

are uniquely determined from samples of f on ;1 C Q by
(II1.10) and (II1.12).

For 1 < m < M —1, it follows from the linear independence
assumption of 1, hq,...,h, on the field of rationals that

e*”k'M_th, k € K,,,,y—1, are distinct to each other.
Fory=nh withn € {—sy_1 +1/2,...,5;-1 — 1/2},

Z an7J_1(k) (e,iﬂ—k.MfJJrlh)n
keKm, -1

~

b o1 (7M™ y) =

(II1.14)
by (II.4). Therefore applying Prony’s method ([18], [19], [21],
[22], [23], [24], [25], [26]) recovers trigonometric polynomials
by, 7-1,1 < m < M — 1, from their measurements on
aM~/*ly 4 € T';_;. Hence b, ;_1(k), k € Z", can be
recovered from samples of f onNforalll <m< M —1.

By the above argument,

fro1=fsosand f1 5(€), €9, (IIL15)
can be obtained from samples of f on (2, because
R X M-1 _ i~
Fr2© =€ = > (32 buua (e M TG, (M)
m=1 kezZn
by (II1.3) and (IIL.8). Inductively we can reconstruct
fi— fiov and fia(€), €9, (IIL.16)

from the samples offon Qfori=J—2,---,1.

Taking ¢ = 1 in (II.16) determines samples of fy on (.
Next we recover the function f; from its Fourier measurements
on Qy C Q. By (II1.3) and (II1.4),

ap(nrh) = ) ag(k)(e ™))"
keKg

and

bro(nmh) = Y by (k) (e ™),
keK,, 0

where n € {—sp+1/2,—so+3/2,...,s0 — 1/2}. Similar to
(II1.13), we can show that

ag(nrh) and Bmvo(mrh), 1<m<M-1,

are uniquely determined from samples of fo on 2. Applying
Prony’s method again recovers ag (k) for k € K and by, (k)
for 1 <m < M —1 and k € K,, o. Therefore fy could be
completely recovered from its Fourier measurements on 2.
This together with (II1.7), (II.15) and (III.16) completes the
proof. O

The linear independence requirement on h = (hq,..., h,)
in Theorem III.1 can be replaced by a quantitative condition
if the sparse signal has some additional information on its
support, c.f. [19].

Corollary IIL2. Let D, ® and ¥,,,1 < m < M — 1, be
as in Theorem IIl.1, and let f be an s-sparse signal in (1.1)
satisfying

Ko C [a,b)" and K, ; C D’[a,b)", (I11.17)

where 1 <m < M—-1,0<j53<J—1and a < b. Then
f can be recovered from its Fourier measurements on ) in
(UL1) with h = (hq,. .., h,) satisfying

0<(b—a)(hi+ha+ - +hy) <2 (IIL.18)

Proof. Following the argument in Theorem III.1, it suffices
to prove that e’”k'h,k € Ky, are distinct, and also that
e"imke-Mh 1 ¢ [, i, are distinct for every 1 <m < M —1
and 0 < 57 < J — 1. The above distinctive property follows
from (III.17) and (III.18) immediately. O

From the proof of Theorem III.1, we have the following
result on the reconstruction of an s-sparse trigonometric poly-
nomial from its samples on a set of size 2s.

Corollary IIL3. Let h = (hy,...,hy,) with 1,hy,... h,
being linearly independent over the field of rationals, and
define

Os ={(-s+1/2)h,(—s+3/2)h,...,(s—1/2)h}, s> 1.
Then any n-dimensional trigonometric polynomial

PE) =Y plkje ¢

kezn

with sparsity s,

#{k: p(k) #0} <s,

can be reconstructed from its samples on Og.

IV. SIMULATIONS

The following algorithm for sparse wavelet signal recovery
is proposed in the proof of Theorem III.1.
Algorithm 1:

1. Input sparsity vector s = (o, ,87-1)-

2. Input Fourier measurements f(£), £ € Q and set f;_1 =

f
3. for j=J—1to0do
for every v € I'; do



for every m' =0, - - ;M —1do
33) nj (77 m/) = 7TM_j’y =+ 27Tp'm’~
3b) Solve the linear system

(fj (Mjnj (y,m’) + 27TMj+1k))keA(M—177j (y,m’))
= Ay, m) (@O 1y (v, ') + 270y a1, ()
to get
A(j,y,m') == a] (TM7y)Go(M ™ 'n;(y,m"))
M—-1
+ Z bl (TMy) G, (M~ s (v, m)).
end for

3c) Solve the linear equation
(5?(7FM_j’Y)7 B{j(WM_j’Y)7 T 76%71,;'(”1\/[_]"7))
XG(hﬂ-M_j_l’Y) = (A(]7’77 0)7 e
end for

3d) Recover b, ; from Bm](ﬂM’j'y) v €T'; with
Prony’s method for ever¥ 1< m <M-1

R 3e) Subtract Z M~—i¢) ¥ m( ~i£) from
£5(6) to get f;_1(€). € e o
end for

4. Recover ag from a(my), v € T'y with Prony’s method.
5. Reconstruct the sparse wavelet signal

F6) = 3 al )@t - k)
1‘:EZJ 1M—-1

22D by

=0 m=1 kezn

K)MIW,, (DIt — k).

Next we present simulations to demonstrate the above
algorithm for perfect reconstruction of sparse wavelet signals

of finite levels. Let ¢1(t) = x[o,1)(t) and ¢o(t) = 2v/3(t —
1/2)x(0,1)(t) be scaling functions, and let

P1(t) = (6t — 1)x0,1/2)(t) + (6t — 5)x[1/2,1)(t),

and

Pa(t) = 2v/3(2t — 1/2)x10,1/2)(t) — 2V/3(2t — 3/2)x[1/2,1)(1)
be wavelet functions. Consider reconstructing the sparse signal

f(t) = ag (2)2(t — 2) +ag (4)@(t —4)
+b{ (L)W (t — 1) + by (5)¥(t — 5)
+b{(6)W(2t — 6) + bl (12)¥(2t — 12) (IV.1)

from its Fourier measurements on the sampling set

Q= {—rgnﬂzlm n=41,+3 and k =0, £1, £2 4}
in (II1.1), where ® = (¢1,¢2)T, ¥ = (¢1,12)T, and the
nonzero components of ay, by and b; are randomly chosen
n [—1,1]\ (=0.1,0.1), see Figure 1. Applying the proposed
algorithm, our numerical results support the conclusion on
perfect recovery of sparse wavelet signals from their Fourier
measurements on ).

7A(j777M - 1))

; ; .
- » ol
f WTA/ | ‘rw

Fig. 1. Plotted on the left is the sparse wavelet signal f in (IV.1), while on
the right is the magnitude of its Fourier transform and the measurements on
Q.

The proposed algorithm is tested when the Fourier measure-
ments of the signal f are corrupted by random noises ¢,

h(€)

In this case, sparsity locations obtained by Prony’s method in
the algorithm are not necessarily integers, but it is observed
that they are not far away from the sparsity locations of the
signal f, when the signal-to-noise-ratio (SNR),

=f&) +e©), e

maxecq |€(§)]

SNR = _20 10g10 =
maxecq | f(§)|

is above 50 dB. Taking nearest integers of those locations may
perfectly recover the sparsity positions {2,4} for the scaling
component of level 0, {1,5} for the wavelet component of
level 0, and {6, 12} for the wavelet component of level 1. Then
the signal f can be reconstructed by the proposed algorithm
approximately, see Figure 2.

bbb e w e w8 B

Fig. 2. The difference between the original signal and the reconstructed signal.
In this figure, the reconstruction is generated by the proposed algorithm with
modified Prony’s method, and the noise level on Fourier measurements is
SNR=50 dB.

We also tested our proposed algorithm for two-dimensional

wavelet signals with dilation D = . Presented on

1 0
the left of Figure 3 is the amplitude of a sparse wavelet signal

f(ti,t2) = aod(ts — 1,t2) + ar1¢(ts — 2,t2 — 3)
+ b (t1 — 2,t2 — 1) + bip(t1 — 3,2 — 5), (IV.2)

where ag,a1,bp,b1 € [-1,1] \ (-0.1,0.1) are se-
lected randomly, the scaling function is ¢(t1,t2) =
Xjo,1)(t1)X[0,1)(t2), and the wavelet function is (t1,t2) =
Xjo,1) (t1)(X[0,1/2)(t1) — X[1/2,1)(t2)). Our simulations show



that the signal f in (IV.2) can be reconstructed from its Fourier
measurements on

2 3
0= {(£n+2k, £n+2z)7r, n=141+3andk [ =0, 1},
64 64
(Iv.3)
which is plotted on the right of Figure 3.

Fig. 3. Fourier amplitudes of the signal f in (IV.2) and the sampling set 2
in (IV.3) for sparse recovery.

V. CONCLUSION

In this paper, we show that sparse wavelet signals of finite
level can be reconstructed from their Fourier measurements on
a deterministic sampling set, whose cardinality is independent
on signal dimension and almost proportional to signal sparsity.
A difficult problem on this aspect is exact reconstruction
of signals having sparse wavelet-like (e.g. wavelet packet,
framelet, curvelet, and shearlet) representations from their
partial Fourier information ([27], [28], [29], [30], [31]).
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