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‘We consider the convolution dilation operator

We,af(x) = a/ clax —y)f(y)dy, fe€ LP(R),
R

where « is a real number strictly larger than 1, and c is a compactly supported in-
tegrable kernel with fR ¢(z)dx = 1. For any sufficiently large number K the space
LP([—K, K]) of all LP-functions with support in the interval [— K, K] is an invariant
space of W . It is known that W,  restricted to LP([— K, K]) is a compact oper-
ator with eigenvalues a=*, k =0,1,..., and spectrum {a~* : k =1,2,...} U {0},
which are independent of ¢ and K. This result is better understood in the context
of weighted LP space, L%, (R) that comprises functions f for which fw belong to
LP(R). We prove that under an oscillation condition on w, W o is a compact oper-
ator on L%, (R) if and only if lim;|_, oo w(z)/w(az) = 0. Further, We,q has exactly
the same eigenvalues and spectrum as its restriction to LP([— K, K]). We also prove
that if lim|,|_ o w(®)/w(az) = 7 for some positive constant r, then the spectrum
of We, o on the space L, (R) is the closed disc Ds := {A € C : |\ < ra!~1/P} in
addition to the set {a_k :k=1,2,...}, and that all nonzero complex numbers with
absolute value strictly less than r are eigenvalues of the operator W o on L%, (R).
In particular, for w = 1 the results say that the spectrum of W o on LP(R) is
the closed disc with centre at the origin and radius a!~1/?, and that all nonzero
complex numbers with absolute value strictly less than 1 are its eigenvalues.

1 Introduction

Take a real number « strictly larger than one, and a compactly supported
function ¢ in L' (R) with [ ¢(x)dz = 1. Define a convolution dilation operator
Wea : LP(R) — LP(R) by

Weof(z) = a/ clax —y)f(y)dy, feLP(R). (1.1)
R

The operator W, ,, is a continuous analogy of the transfer operator (also known

as Ruelle operator) that arises in a number of different context, such as wavelet

analysis® %20 stationary subdivision®®1%2! and dynamical systems!6:17:18,

It is easy to check that W, , is a bounded operator on LP(R) for any 1 <
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p < oo. For any K > 0, denote by LP([—K, K]) the space of all LP-functions
with support in the interval [—K, K], and by L{([—K, K]) the space of all
functions f € LP([-K,K]) with [; f(z)dz = 0. Let Ky be the smallest
positive number that satisfies supp(c) C [—(a— 1)Ky, (& —1)Kp]. Then it can
be checked that for any K > Ky, the spaces LP([—K, K|) and L5([-K, K])
are invariant subspaces of W, 4.

An eigenfunction ¢ of W, , with eigenvalue 1 is a solution of the convo-
lution dilation equation

$=a /R e(or —4)d(y)dy. (12)

The simplest convolution dilation equation is one with kernel ¢ = % X(—1,1] and
dilation o = 2, and it was studied by Kebaya and Iri'* and Rvachev!'? inde-
pendently. Recent interests in convolution dilation equations are associated
with nonstationary multiresolution and wavelets®?, nonstationary subdivi-
sion processes® 7, and invariant densities for model sets and quasicrystals’2.
It is known that (1.2) has a unique compactly supported solution ¢ normal-
ized so that fR ¢(z)dz = 1 and the solution ¢ is infinitely differentiable and
supported in [—Kp, Ko]'3.

For a Banach space X and an operator 7' on X, we shall denote the
resolvent set, spectrum, the set of all eigenvalues, and the spectral radius of
Ton X by P(T,X), o(T,X), E(T,X) and p(T, X) respectively. Then

E(T,X)Co(T,X)=C\P(T,X) (1.3)
and
p(T,X) =sup{|A\|: Neo(T,X)} = nh—rnc}o ||, (1.4)

Note that if ¢ € LP([-K,K]) is the solution of (1.2), then ¢*), the k-th
derivative of ¢, is the eigenfunction of the restricted operator W o|rr (- k)

with eigenvalue a=* for any K > Kj. This follows by taking derivatives of
both sides of (1.2). Set

Yo:={aF: k=0,1,...}.

Then any A € ¥ is an eigenvalue of the operator W, , on the Banach space
LP([-K,K]), and any A € Xo\{1} is an eigenvalue of the operator W, ,
on LE([-K,K]). Moreover, the operator W,, is a compact operator on
LP([-K,K]) and on Li([-K, K]) for any K > K'3. Therefore, the fol-
lowing result about spectrum of the restricted operator We o|r»([—k,kx]) and
Wc,a |Lg([fK,K]) fOHOWSl3.
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Theorem 1.1 Leta > 1,1 <p < oo, ¢ be a compactly supported function in
L'(R) with Jrc(@)dz =1, and let K > Ky. Then W, o is a compact operator
on LP([-K, K]) and LE([-K, K]). Moreover

E(We,a, LP([- K, K])) = S0, (1.5)
0(We,a, LP([- K, K])) = {0} U 5, (1.6)
PWe,ar LP([=K, K])) = 1, (1.7)
and
P(We o, L (=K, K])) = o™ (1.8)

Observe that the spectrum of W, , restricted to LP([—K, K]|) depends
only on «. In particular, it is independent of K as long as K > K. Therefore,
one would expect that the spectrum of the operator W, , on the entire space
LP(R) to be the same as in (1.6). However, this is not the case, and it turns
out that the spectrum of the operator W, o, on LP(R) is the closed disc with
radius o' ~1/?, and that all the nonzero complex numbers with absolute value
strictly less than one are eigenvalues of W, , (see Corollary 1.5 for detail).
This big difference in the spectra of W, , on LP([—K, K]) and LP(R) can be
better understood if we consider W, , as an operator on the weighted spaces
L?(R),1 < p < oo, which comprise all functions f with fw € LP(R). Here
and hereafter, a weight w means a positive measurable function on R, and
the norm || - ||, of a function f on L? (R) is the usual LP norm of fw.

In order to study the spectrum of W, , on the space L (R), it must at
least be a bounded operator. This imposes the following restrictions on the
weight w.

(i) There is a positive constant Cy such that

Cy tw(z) < w(y) < Cow(z) ae. forall |z —y| < 1. (1.9)

(ii) There is a positive constant C such that

w(z) < Crw(azx) a.e. forall z € R. (1.10)

We shall assume throughout the paper that (1.9) is satisfied. If w satisfies
both (1.9) and (1.10), then W, , is a bounded operator on L% (R) for any
1 <p < co. We remark that if w satisfies (1.9) then (1.10) is a necessary and
sufficient condition for W, , to be bounded on L% (R) for any 1 < p < co. We
state this as
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Theorem 1.2 Let 1 < p < oo, a>1, ¢ be a compactly supported function in
LY(R) with [g c(x)dz =1, and w be a weight function satisfying (1.9). Then
We o is bounded on LP (R) if and only if w satisfies (1.10).

For any K > 0, let L? ([ K, K]) be the space of all L? (R) functions with
support in the interval [— K, K]. Observe that for any weight w that satisfies
(1.9), the norm || - ||p in L2 ([ K, K]) is equivalent to || - ||, in LP([—K, K]).
Therefore, part of the results of Theorem 1.1 can be stated as follows.

Theorem 1.3 Let o, p, ¢, K and W, be as in Theorem 1.1, and suppose
that w satisfies (1.9). Then W, is a compact operator on LP([—K, K]).
Moreover

E(Wea, L ([ K, K])) = X, (1.11)
0(Wea, L2, (|- K, K])) = {0} U, (1.12)
and
p(Wea, L ([-K, K])) = 1. (1.13)
It
im 2@ g, (1.14)

|z|—o00 w(ax)
then w satisfies (1.10), and we have
Theorem 1.4 Let 1 <p <oo,a>1, ¢ be a compactly supported function in

L'(R) with [ c(z)dz =1, and w be a weight function that satisfies (1.9) and
(1.14) for some r > 0. Then

EW,o, L2 (R)) D{A € C:0< | <r}UZ,
c(Wea, LE(R)) ={A e C: |\l < ra' 7P} U B,
P(Wea, LE(R)) = {\ € C: [N > ra' "V/P}\ %,
p(We,a, Li,(R)) = max(1, Talil/p)'
Consider the weight ws(z) = (1 + |z|)®, where s € R. Then

lim| |~ oo ws () /ws(ax) = a~* and LP(R) = L, (R). Therefore, by taking
w = wy in Theorem 1.4, we have
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Corollary 1.5 Let p,a,c and W, be as in Theorem 1.4, and let wy(x) =
(1+z])*, s € R. Then

EWea, LE (R) D{A€C:0< [N <a ™} UXy,
c(Wea L8 (R)) = {A € C: |\ < a " 71/P U,
P(WcmLﬁ} (R)) ={A e C: |\ >a*T71/PN\ 5,
p(We,a, LE, (R)) = max(1,a =T 71/7),

Next, we shall show that if (1.9) is satisfied then
lim w(z)
2| —o0 w ()

=0 (1.15)

is a necessary and sufficient condition for W, , to be a compact operator on
L2 (R). This characterization of W, , as a compact operator on L? (R) as
well as the results on its spectrum (Theorem 1.6 below) put Theorem 1.1 in
a proper perspective.

Theorem 1.6 Let1l < p < oo, a > 1, and c be a compactly supported function
in LY(R) with fR z)dx = 1, and suppose that w is a weight function that
satisfies (1.9). Then Wc’a is a compact operator on LP (R) if and only if w
satisfies (1.15). Furthermore, if (1.15) holds, then

EWe,a, LA (R)) =% (1.16)

and
o(We,a, LE(R)) = {0} U Zo. (1.17)
Now, take positive numbers A and ~ with v < 1 Since
lim) | oo er=eDlzl” — 0, by setting w(z) = e**!” in Theorem 1.6, we obtain

the following corollary.
Corollary 1.7 Let p,a,c, W, be as in Theorem 1.6, and let w(z) = eN=I”
for some A >0 and 0 <y < 1. Then W, is a compact operator on LF (R),
and (1.16) and (1.17) hold.

We remark that the spectral properties of W., are reminiscent of
those of the transfer operators and their adjoints, which are the subdivision
operators®10:1117:18:21 " However our results in Theorems 1.4 and 1.6 for the
continuous case are more precise and complete than those of available in the
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literature. We thank Professor Zhou Ding-Xuan for pointing out the similar-
ity of our results with those of the transfer operators, and for providing the
related references.

This paper is organized as follows. Theorem 1.2 is proved in Section 2,
which deals with the question of boundedness of the operator W, ,, on L% (R).
Spectral properties of W, , on L? (R) are developed and proved in Section
3. Theorem 1.4 is derived from stronger results proved in that section. The
last section is devoted to the characterization in terms of w for W, , to be a
compact operator on L (R). It contains a proof of Theorem 1.6.

2 Boundedness of W, , on L2 (R)

The requirement that W, , be a bounded linear operator on L% (R) entails
constraints on the weight w as given by Theorem 1.2. To develop the proof of
Theorem 1.2, we shall first establish a result, which is also essential in setting
up the proof of Theorem 1.4.

Theorem 2.1 Let 1 < p < oo, @ > 1, ¢ be a compactly supported function
in L*(R) with [ c(z)dz =1, and w be a weight function that satisfies (1.9).
Then there exists a positive constant C' independent of n and f such that

W fllpaw < Ca™ P fl augano)
foralln>1 and f € L? (R).

w(a—"-)

Rewriting (1.1) as

Weaf(e) = a* [ clalz =) fan)dy, 21)
R
and repeated application of (2.1) n times gives
W f(z) = / K,(z—y)a"f(a"y)dy forall n>1, (2.2)
R
where
K, (z) = (ac(a:)) * - * (a"c(a™)), (2.3)

and f x g denotes the convolution of two integrable functions f and g.
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Lemma 2.2 Let a and ¢ be as in Theorem 2.1, Ky be chosen so that c is
supported in [—(a— 1)Ky, (a — 1)Ko], ¢ be the solution of (1.2) normalized so
that [5 ¢(x)dx =1, and K, (x),n > 1, be as in (2.3). Then

supp(K,(+)) C [-Ko, Ko]  for all n > 1, (2.4)
and
Jim K~ ol =0 (2.5)

Proof. Note that a*c(a*-) is supported in [—(a—1)a"* Ky, (a—1)a"* Ky
for any & > 0. Therefore K,(x),n > 1, are supported in [—(a —
DKo> o * (e —1)Ko > p_, a=*] C [-Ko, Ko]. This proves (2.4).

To prove (2.5), note that by (1.2), (2.2) and (2.3), we have

Ky —¢=W:c—9). (2.6)

Since [ (¢(z) — ¢(x))dz = 0 and supp(c — ¢) C [—akKo, aKo], by (1.8), (2.6)
and the definition of spectral radius, there exists a positive constant C' inde-
pendent of n such that

1+a !
2

n—1
|Kn—¢1—||wgfa1<c—¢>||1sc7( ) le—@ly forall n> 1.

This gives (2.5). &

Proof of Theorem 2.1. For 1 < p < oo, it follows from (1.9), (2.2) and
Lemma 2.2 that for any f € Li(a,n')(R)7

P
w(z)Pdz

noep r— nopan
1WA /R ] /R Koo - y)a™ f(a™y)dy

p
dz

<o [ \ [ 1Kot = )l iy
< [ ( / Kn(x—y)If(a”y)lpw(y)lpdy)

x (/R | K (2 — y)|dy>p_1dx

< Coa™ PV FIP Ly

where C7,Cy are positive constants independent of f and n. Similarly for
p = 00, we have

||Wc”faf|‘00’w < Ca””f”oo,w(a_"‘% (27)
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where C is independent of f and n. &

Proof of Theorem 1.2. If (1.10) holds, the boundedness of W, , follows
from Theorem 2.1. We shall prove the converse by contradiction. The norm
of the operator W, , on L¥ (R) will be denoted by [[We o1z (m)- Let No =

2C§‘+2KU+4HWC7Q||LZ(R), where Cj is the constant in (1.9). Suppose on the
contrary that there is a set E with positive measure such that

w(zx) > Now(ax), =z € E. (2.8)

Let k be an integer such that [k, k + 1] N E has a positive measure. It then
follows from (1.9) and (2.8) that

w(z) > Cy *“ *Now(azx) € [k,k+ 1]. (2.9)

Let ¢ be the solution of (1.2) normalized so that [; ¢(z)dzr = 1, and set
or = ¢(- —ak), k > 1. By (1.1), we have

Wc,agt = Wc,ag( . t/a)7 g€ Li (R)a (210)
where g, = g( - —t), t € R. This together with (1.2) lead to
Wc,a(bk = ¢( - k) (211)

Now (2.11), (1.9) and (2.9) give

Weatkllpw = 16¢ = F)llpw = Co 0 w(k) |4,
> 205(0—“HWC,DA”LZ(R)W(O‘MHQSHP > 2[[We,a

|2, &) |9k lp,w # 0,

which is a contradiction. &

3 Spectrum of W_, on L? (R)

The main object of this section is to prove Theorem 1.4. In particular, we
shall prove a slightly stronger result.

Theorem 3.1 Let 1 < p < oo, a> 1, ¢ be a compactly supported function in
LY(R) with [ c(z)dz =1, and w be a weight function that satisfies (1.9) and
(1.10). If

lim inf —~ =y > 0, (3.1)
F (6%

then
EWea, LE(R)) D{AeC:0< | <rm}UX (3.2)
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and

P(Weu, LB (R)) C {A € C: |\ > ria!~VP}\ 5. (3.3)

Theorem 3.2 Let 1 < p < oo, a > 1, ¢ be a compactly supported function in
L'(R) with [ c(z)dz =1, and w be a weight function that satisfies (1.9) and
(1.10). If

w()

li = 4
Ti?fip wlon) =27 0, (3.4)

then
P(Weo, LE(R)) D {X € C: |A| > rpa! "VPI\5,. (3.5)

It is clear that Theorem 1.4 follows directly from (1.3), (1.4) and Theorems
3.1 and 3.2. To set up the proofs of Theorems 3.1 and 3.2, we need some
elementary properties on the support of W, f, the asymptotic behavior of
the weights that satisfy (3.1) or (3.4), and the relationship between the norms
in LP(R) and L% (R) for compactly supported functions. These properties
follow directly from (1.1), (3.1) and (3.4), and the definition of the weighted
space LP (R) respectively. We shall state these results but omit the details of
their proofs.

Lemma 3.3 Let a > 1, ¢ be an integrable function with [g c(x) =1, Ky be
the smallest positive number such that supp(c) C [—(a—1)Ky, (o —1)Kp], and
let W, o be defined as in (1.1). Then

supp(W. o f) Cla™"a— (1 —a ")Ko,a "o+ (1 —a™ ") K]
C la™"a — Ko,a "b+ Ky

for any function f with support in [a,b] and for alln > 1.

Lemma 3.4 Let w(z) be a weight function that satisfies (1.9) and (1.10).

(i) If w satisfies (3.1), then for any 0 < & < 1/2 there exists a positive
constant Cy independent of x such that

w(z) < CL(1+ |z))~mr/matd  for gll 2 € R. (3.6)

’ transf op4: submitted to World Scientific on December 16, 2010 9 ‘




(i1) Ifw satisfies (3.4), then for any 0 < § < 1/2, there exist positive constants
Cy and C5 independent of x and n such that

w(a"x) > Cory "(14+6) "w(x), |z|>1, (3.7)
w(a"z) > Cymin(l,ry " (14 0)""w(z), |z| <1, (3.8)
for alln > 1.

Lemma 3.5 Let w(z) be a weight function that satisfies (1.9). Then

(min w(@) £l < [l < (s w@)S (39)

for any function f € L2 ([a,b]), 1 < p < co.
Proof of Theorem 3.1. To prove (3.2), we note that L ([-K, K]) C
L2 (R), for any 1 < p < 0o and K > 0. Then every eigenvalue of the operator

W« restricted to LP ([—K, K]) is an eigenvalue of W, , restricted to L? (R).
This together with Theorem 1.3 gives

E0 = E(Wc,av L:Z;([_Km KO])) - E(Wc,om Li(R)) (310)

Let A be any complex number that satisfies 0 < |A| < r; and A € Xy. Then
by (3.10), the proof of (3.2) reduces to proving that A € E(W, 4, LI, (R)). By
(1.3) and (1.12), A € P(W¢,o, LY ([-Ko — 1, Ko + 1])). Thus, there exists a
compactly supported function v, such that

(Wea = ADPA = ¢( - —1) (3.11)

and
P ELZ([—Ko—l,K0+1])7 (3.12)

where ¢ is the solution of (1.2) normalized so that [p ¢(z)dz = 1.
Set

Or=—tr+ > A"Tlo(- —a”). (3.13)
n=1

Then

o\ # 0, (3.14)

’ transf op4: submitted to World Scientific on December 16, 2010 10 ‘




because ¢( - — a™) are supported in the sets [— Ky, Ko] + o™, n = 1,2,...,
which are mutually disjoint for sufficiently large n. Let §o > 0 be chosen that
a?%|\| = r;. Using (3.6), (3.12) and (3.13) with &y chosen as § leads to

pw T Z |)“n_1||¢(' —a")lp,w

n=1

[@Allp.w < ll9x

SC+OY A gll

n=1
“ofie ) <
a% —1

where C' is a positive constant independent of n. This shows that
or € LY (R). (3.15)
Applying W, o — Al to (3.13), and using (1.2), (2.10) and (3.11) lead to
(Wea = AD)éa = —(Wea — AD)tr + ¢ - —1) =0. (3.16)

It follows from (3.14), (3.15) and (3.16) that X is an eigenvalue of W, , re-
stricted to L? (R). This completes the proof of (3.2).

To prove (3.3), recall that (W, o, LY, (R)) is closed and contains {0} UX.
Then, by (1.3) and (3.2), it suffices to prove that for any A\ ¢ ¥y with 0 <
IA| < ria'=YP there exists f, € L?(R), n > 1, such that f, # 0 and

w

lim H(WC,a — )‘I)anp,w

. [ frllp,u

—0. (3.17)

Let ¢ be the solution of (1.2) normalized so that [; ¢(z)dx = 1, and let mq
be the minimal positive integer so that a™ (1 —a~1) > 4Ky and

sup  [lo(- = 6) = ¢llp < ll9llp/2- (3.18)

|6]<2Koa—m0

The existence of such an integer mg follows from the fact that ¢ is a compactly
supported continuous function. For any integer n > 2mg + 1, let

gm= > 6(—2kK;—a").

ng<an—2m0—1
Then g, is supported in [a™ — Ko, (1 + 2Koa~?™0~1)a™ + K], and hence

gnllp.w < Crry" e |gnll, (3.19)
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by (3.6), where C is a positive constant independent of n, and Jy satisfies
|Na?% = ria'=1/P Note that ¢(- — 2kKo —a"), 0 < k < a"~?™0~1 have
mutually disjoint support. Therefore,

lgnlly < Ca™P|| ], (3.20)

for some positive constant C' independent of n. Combining (3.19) and (3.20)
leads to

Hgnllp,w < 07”1_”0450”+n/p- (3.21)

Define f,, = ¢ for 1 < n < 2my, and

fo=— Zn: AW gn + AT T (Wea — ADTTW gy (3.22)
i=0
for n > 2mg + 1. Note that
Wiagn= > ¢(—2kKea™ —a"™) (3.23)
0<k<anmn—2mo—1
by (1.2), and
supp(W;agn) C [ = Koy, (1 4+ 2Koa™ 2™~ Ha" ™" + K] (3.24)

for all 0 < i < n+ 1. Therefore, the functions f,, n > 1, in (3.22) are well
defined because of (3.24), Theorem 1.3 and the assumption that A & Xy. By
(3.24), the term A~"Fmo=1ynrmog. in the sum on the right of (3.22) has
support that is disjoint from the supports of all the other terms. Therefore,
wWeimeg, and f,, + )\_”+m0_1ng;m°gn have disjoint supports. These facts,
together with (3.18), (3.22), (1.9), (3.23) and (3.24), lead to

1 fn

lpaw = LA O WIS gl = Col AT HIWES ™0 g0

(| X etam)|

ng<an—2m0—l
=Y 60— 2Koka T — am) — (- — ™))
ng<an—2m0—1

> Cy|\|7"a™||¢|l, for all n > 2mgy+1, (3.25)

where C;, 1 < i < 4, are positive constants independent of n.
Applying W, o — AI to both sides of (3.22) gives

(Weo — AL fr = g for all n > 2mg + 1. (3.26)
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Combining (3.21), (3.25) and (3.26), and using the assumption that |\|a?% =
rat VP we obtain

- I ) — _
lim sup ||(Wc,a A )fn”pu < Climsup(|)\|7"1 1, 1+1/p+50)n —0.

n—oc ([ fllp,uw n—o0

This proves (3.17) and hence Theorem 3.1. &

Our proof of Theorem 3.6 requires two lemmas, one on the spectral radius
of the operator W, ,, on L2 (R) (Lemma 3.6) and the other on an estimate of
the set of eigenvalues, E(W, o, LY, (R)) (Lemma 3.7).

Lemma 3.6 Let p,o,w,c and W, be as in Theorem 3.2. For any 6,0 €
(0,1), there exists a positive constant C' independent of f and n for which

IWeafllpaw < Ca”="/P max(L, 75 (14 6)")IIf | pw (3.27)
foralln>1 and f € LY (R), and
IWeafllpaw < C(L+8)" Q" Pry||fllpw (3.28)

foralln > 1 and f € L2 (R) with support in R\[-ca™, oa™].

Proof. For any 0 < 4, 0 < 1, by (3.7) and (3.8), there exists a positive
constant C independent of n such that

[fllpwia—ny < Crg(1+0)"[|fllpw forall f e LE (R [-oa™, 0a™]), (3.29)
and
1 fllp,wia—n) < Cmax(1,75(1+0)")||fllp forall feLP(R).  (3.30)
Thus (3.27) and (3.28) follow from (3.29), (3.30) and Theorem 2.1. &

Lemma 3.7 Let p,a,w,c and W, o be as in Theorem 3.2. Then
E(W,o, LE(R)) C {X € C: |\ < ra!" VP US,. (3.31)

w

Proof. Suppose on the contrary that there exists a complex number A €
E(WC,Q,L%L(R)) with |/\‘ > Tgal_l/p, A ¢ Y. Then

Wc,af = >\f (332)

for some nonzero f € LP (R). Since A € ¥, f does not have compact support
by Theorem 1.3. Hence there exists an integer mo such that |ng] > 1/(a —
1) +2Ko/(a — 1)? and f # 0 on [ng,ng + 1]. Define Qy = [ng,no + 1] and
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Q. = [aFng — Ko Zf;é o?,af(ng + 1) + Ko Zf;é al] for k > 1, and set
fr = fxa,- Then Q, k > 1, are mutually disjoint. By Lemma 3.3, W, og
is supported in R\Qy_1 for any function g with support in R\Qg, k& > 1.
Therefore from (3.32),

W fro=Xf = WE(f = fr)
= MNfo+ (f = fo) = WEL(F — fr) = Mo fo + fi, (3.33)
where fk, k > 1, are supported in R\€g. This implies that
[Weatillpw = A1 follp,w- (3.34)

Since fi is supported in 2 for any £ > 1, by Lemma 3.6, there exists a
positive constant C' independent of k > 1 such that

IWE o fillpaw < C(L+ 80)Frka® =P £l 0, (3.35)

where dy is a positive constant so chosen that [A| = (1 4 &y)?roa~1/P. Com-
bining (3.34) and (3.35), we obtain

I fillp.w = C(1+ 60)" || follpws (3.36)

for sufficiently large k, where C' is a positive constant independent of k£ and f.
Since || fllpw = I fxllpw for all & > 1, (3.36) implies that || f||,» = oo, which
is a contradiction. &

Proof of Theorem 3.2. Let A be a complex number that satisfies |A| >
roa! =P and A ¢ ¥o. By Lemma 3.7, A ¢ E(W. o, L2, (R)). Therefore, (W, o, —
Al) is injective on LP (R). Then it remains to show that for any f € L? (R),
we can find g € L? (R) such that

I9llp,w < Cll fllp,w (3.37)
and
(Wea = AM)g = f, (3.38)
where C' is a positive constant independent of f.
Write
f=FXao + Z (fX(aj,aHl} + fX[—aj+1,—aj)) = Z fis

j=1 JjEZ

where fo = fX[—a,ay [i = [X(ai,ast1) @and foj = fX[—ait1,—qs) for j > 1.
Then the support of f;, j € Z, are mutually disjoint and

Hf”p,w = ||(||fj| p’w)jEZ”E” (3‘39)
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by the definition of the norm in LP (R). Here and hereafter, for any countable
index set A and 1 < p < oo, we let

P(A) :={D = (dj)jen : d; € C},
and define the norm on ¢P(A) by

[Dller := { (Xjen lds[P)1/P ?f I<p<oo
sup e |d;| if p = oo.

Note that W7, (f; 4+ f-;) is supported in [~ — Ko, + Ko] by Lemma 3.3.
Therefore, by Theorem 1.3 and the assumption that A € X U {0}, there exist
functions ¢; € LE ([—a — Ko, o + Ky)), j > 0, such that

(WC,a - )\I)lﬁo = f07
{ Iollpw < Clfollpw, (3.40)
and
(Wea = AD); = W (fi + f-j),
{ 195 lpw < ClIWE o (fj + F=i)llpws (3.41)

where 7 > 1, and C is a positive generic constant, which is independent of j
and f.
Let §; be a positive constant chosen so that

IAl= (14 61)rpa 7. (3.42)
Since f; + f—; is supported in R\[—a?, /], by (3.41) and Lemma 3.6, we have
15llpw < COL+ 807?721 £+ f—jllpw (3.43)

for j > 1, where C is independent of j and f € L2 (R). Therefore, it follows
from (3.40), (3.42) and (3.43) that

(DR = Sy Yl 177 ¥
=0 P =0

< Cllfollpw +C (1 +80) (1]

paw + 1 =illpw)- (3.44)
j=1
Combining (3.39) and (3.44) gives
| x| < Ol + Cllfllp (1 +60)
=0 " j=1
= C(L+ 67 ) fllpw- (3.45)
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We now define
Z W fl"r] + f—z J) .7 2 0. (346)

By Lemma 3.3, W7, (fi+j + f—i—;) is supported in [—a/t! — Ko, —a' + Ko U
[a® — Ko, a4+ Kj], which have finite overlaps for any given j. This together
with (3.39) and Lemma 3.6 leads to

65 1lp.w < CLl(IWE o (firs + f=izi)llp,w)iz1ller
< Cory? e YPI (1 + 80V | (| fislpw + I F=i—llpyeo )il ev
< Cyry? @I YPI (1 4 5,)| f|lpa for all j >0, (3.47)

where C7, Co and Cj5 are positive constants independent of j and f. Combin-
ing (3.42) and (3.47), we obtain

(DRt I Sy Vi T %
=0 P =0

< O3 (14 8) 7 fllpw = Cs(1+ 671 f lpow- (3.48)
=0
By (3.45), (3.48) and (3.49), the function
9= A= A e (3.49)
=0 j=0

belongs to L, (R). Furthermore

191lp,w0 < Cll fllp,w

for some positive constant C' independent of f € LP (R). This proves (3.37).
Applying W, o — AI to (3.49) and using (3.40), (3.41) and (3.46) give

(Wca—AI)g
—fo—f—z)\ WL (f5 + f—; ZZ)\ ITWIE (figs + f=imj)
7=0 =1
+ZZ)\ IWI o (firj + foimy)
=0 i=1
:fo_zz)\ JW fl+]+f*l J +ZZ)‘ JW fz+]+ffz J)
j=11i=1 j=0i=1
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=fo+ Y (fi+fa)="1

i=1

This proves (3.38), and hence completes the proof of Theorem 3.2. &

4 Characterization of Compactness of W, , on L (R)

It is known that W, restricted to the invariant subspace LP([-K, K]) is a
compact operator for all sufficiently large K. One would expect that it is also
a compact operator if restricted to a subspace of LP(R) comprising functions
with fast decay. This result is contained in Theorem 1.6. A proof is given
below.

Proof of Theorem 1.6. We first prove the compactness of the operator
We.o on LP (R) under the assumption that w satisfies (1.15). Let f,, n > 1, be
any bounded sequence in L (R). Since L? (R) is a Banach space, it suffices
to prove the existence of a subsequence g,, n > 1 of f,, n > 1, such that
We agn is a Cauchy sequence in L? (R).

By the assumption on f,, n > 1, the set {fnX[—atKyakKk, 1 = 1} is a
bounded set in L2 ([—a* Ky, aF K;)) for k > 1. Setting f,. 0 := f, for alln > 1,
an inductive argument using Theorem 1.3 shows that there exist sequences
fnk,m > 1, for k > 0, such that f, », n > 1, is a subsequence of f,, p—1, 7 > 1,
for any k > 1, and W o (fn kX[—a*Ko,akKo))s ? = 1, is a Cauchy sequence in
L2 ([-a*Ky,a*Ky]). Then g,, := fy.n, n > 1, is a subsequence of f,, n > 1,
and also g,, n > k, is a subsequence of the sequences f, x, n > 1, for any
k>1.

We now prove that W, agn, n > 1, is a Cauchy sequence in L? (R).
Without loss of generality, we assume that

I follpw <1 forall m>1. (4.1)

For any positive integers n and &, let gn x = gnX[—a* Ko,ak Ko]- Lhen by (4.1),
we have

”gn”p,w + | gn.k pw <2 forall n>1 k>1.

This, together with Theorem 2.1, lead to
||WC,a9n||p,w(a~) + HWC,agn.,k”p,w(w) < Cy, (4'2)

where Cj is a positive constant independent of positive integers n and k. Since
gn — gn.i is supported in R\[—a* Ko, a*Ky], W o (gn — gn.k) is supported in
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R\[-a*72Ky, a*~2K]. Hence for any n, k > 1, it follows from that (4.2) that

w(x)

Weatan = gl < {0 S 10,00 = 000 st
w

< CO{ max z) } (4.3)

|z|>ak 2K, w(ax)

where Cj is the positive constant in (4.2). By (1.15), for any € > 0 there
exists a positive integer k. so that

w(z)

max <Cile forall k> k. (4.4)
lz|>ak—2K, w(ax)
Therefore, (4.3) and (4.4) give
Wealgn — gni)llpw <€ foral k>k. and n>1. (4.5)

Recall that We ogn k., 7 > 1, is a Cauchy sequence in L2 ([—aF< Ky, o< Ky)),
and We ognk., n > 1, are supported in [—a*< Ky, ok Ky]. Then W, ogn k.,
n > 1, is a Cauchy sequence in LP (R). Therefore there exists an integer n.
such that for all n,m > n,

||Wc,o<gn,kg - Wc,ozgm,kg p,w S €. (46)

Combining (4.5) and (4.6), we obtain
IWe.agn — We,agmllpw < 3¢ for all m,n > n..

This proves that the sequence W, ogn, n > 1, is a convergent sequence in
L2 (R), and hence W, is a compact operator in L (R).

We now prove that if W, , is a compact operator on L% (R), then w sat-
isfies (1.15). If (1.15) does not hold, then by (1.9) there exists an ¢ > 0
independent of n such that lim, . x, = 00, [z, — Ko, 2, + Kp] are mutually
disjoint, and w(x) > eqw(ax) for almost all « € [z, — Ko, x, + Ky]. Define
On = (- — axy)/||6(- — axy)||p,w, Where ¢ is the compactly supported eigen-
function of W, , with eigenvalue 1. Then ¢, n > 1, is a bounded sequence in
LP (R), and

Wc,ad)n = ¢( - xn)/”QS( - axn)”pﬂﬂ

by (1.2) and (2.10). Therefore W, o¢,, converges to zero pointwise since it is
supported in [z, — Ko, x, + Ko] and lim,,_, 2, = oo.
On the other hand,

HWC,a¢n||p,w = ||¢( - xn)

wa/”qb(' - O‘xn)”p,w > Cw(fcn)/w(agcn) > CEO,
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for some constant C independent of n. Therefore there is no convergent sub-
sequence of {W, a¢n}n>1 in LP (R), which contradicts the compactness of the
operator W, , on L% (R).

Finally, we prove (1.16) and (1.17). Note that (1.17) follows from (1.16)
and the compactness of the operator W, , on LP (R). Hence it suffices to
prove (1.16). Since LP ([-K, K]|) C LP(R), every eigenvalue of W, , with
eigenfunctions in L? ([—K, K1) is an eigenvalue of W, , restricted to L? (R).
Therefore,

Yo = EWea, Ly, ([- K, K])) € E(We,a, L, (R)). (4.7)

For any nonnegative number s and weight w that satisfies (1.9) and (1.15),
there exists a positive constant Cy such that w(x) > Cs(14|x|)®. This implies
that L2 (R) C LZ e (R) for any s > 1. Hence any eigenvalue of the operator
W« restricted to L2 (R) is an eigenvalue of the operator W, o restricted to

L1(71+|~|)5 (R). Therefore by Corollary 1.5,
E(Wc,on L:Z)(R)) C E(WC,OM L%.H\)s(R)) C O'(an, L%.A,.H)s (R>)

CYoU{NeC: [N\ <astiml/ry
for all s > 1, which implies
E(Wea, LL(R)) € ZoU {0}, (48)

Note that 0 ¢ E(W,.4, L? (R)) since L? (R) C L*(R). This together with
(4.7) and (4.8) lead to (1.16). &
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