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1 Úó

&Ò�Ã��ïÄ
N�|^&Ò�ÌÝ&E y = |Ax|¡E��&Ò x�¯K.AO/, � A

�Fá�C�Ý
, Ã��=�� ¡E, Öö�ëw©z [1] – [2] 9Ù¥�'©z
)Ù�'?

Ð. Ã��2�A^uÔnÆSÚó§ïÄ�+�. 'X3¬NÆ!1Æ!U©Æ!�Ñ£O¥, &

ÿì�É��&E�kÌÝ, ���&E�� 3D4L§¥½®�6Ï$�¿� [3] – [6]. d�,

e���&Ò, ·�I���&Ò�	�&E, 'XDÕ5, �K5�, 5¡E&Ò [2].

2006c Balan�<lµenØ�*:ïÄ
XÛ|^*ÿÝ
 A�5��x&Ò�� ¡E [7].

�ZyÑNõ|^��µeïÄ� ¡E�ó�,XDÕ� ¡E,��� ¡E� [8] – [11]. 2014

c Bandeira�<y²
k��(lÑ)&Ò� ¡E��35Ú½5´¿�� [12]. 2016c, Cahill

�<�ÑÃ���m¥&Ò�� ¡E�k���/ké�«O [13], ¿JÑ
Ã���©F�ËA

�m¥&Ò�� ¡EØ´��½�. Alaifari �<�y²
Læ�ØUUõ� ¡E���½

5 [14] – [16]. 2016 c·��Ñ
ëY(Ã��)&ÒU¢y� ¡E��=�§´Ø�©�. 3d, �

5�m V ¥&Ò f ´�©�´��3�"&Ò f1, f2 ∈ V ¦� f = f1 + f2 � f1f2 = 0 [17] – [18].

¢S)¹¥�&Ò�õ´Uþk��, ¿�äk�²£ØC5. ²£ØC&Ò�@�´��Ün

�^u�[y¢&Ò��.. ²£ØC�m�2�A^u%CØ!�ÅnØ!æ�nØ��¡�ïÄ,
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�²£ØC�m¥&Ò�Ã��´��pÝ��5�Ã��¯K. � φ �äk;|8�¢�ëY

¼ê, ½ÂÙ|8��Ý

N := min
N1,N2∈Z

{N2 −N1, φ(t) = 0, t /∈ [N1, N2]} (1.1)

9d§)¤�¢²£ØC�m

V (φ) :=
{∑
k∈Z

c(k)φ(· − k), c(k) ∈ R
}
. (1.2)

�½lÑ:8 X ⊂ R, ½ÂÙþæ��Ý

D+(X) := lim sup
R→+∞

sup
x∈Rd

#(X ∩B(x,R))

Rd
(1.3)

Úeæ��Ý

D−(X) := lim inf
R→+∞

inf
x∈Rd

#(X ∩B(x,R))

Rd
. (1.4)

XJ8Ü X �þæ��Ý D+(X) Úeæ��Ý D−(X) ��, K½ÂÙæ��Ý�

D(X) := D+(X) = D−(X).

� φ÷v·��^�,·�3©z [17]¥JÑ
½�Ã���{. d�{�3�Ý� 2N − 1

�æ�8Üþ¡E¢�Ø�©&Ò. �C, �©�y²
�3�Ý� 2 �æ�8Üþ¢y¢�Ø�©

�^&Ò�Ã�¡E [19]. ·�g,/��UÄü$æ��Ý, E,¢y V (φ) ¥¤kØ�©&Ò�

� ¡E. �©3©z [17] ¥��{�Ä:þ, JÑ#��{5¢y3æ��Ý� N �8Üþé²

£ØC¢�Ø�©&Ò�Ã��.

3¢SA^¥,<��É��êâ  ®�D(Z6,l3ù«�D(��¸eXÛ��(g)�

`�&Ò�´�~��. 3k���m¥, ®kNõ�{�^u?1� ¡E, Öö�ë�©

z [20] – [25] 
)Ù�'?Ð. �©31n!¥ïá
3¹D�¸e, |^¤J�#�{¢y²£Ø

C¢�Ø�©&ÒÃ���½5. ¿31o!¥^ê�¢�y¢
¹D�¸eT�{é²£ØC

¢�Ø�©&Ò?1Ã��äk½5.

2 ²£ØC�m¥��þ!æ�

�²£ØC�m V (φ) �)¤� φ ´äk;|8�¢�ëY¼ê, �Ù|8��Ý N > 2. Ø�

��5, ·���

� t 6∈ [0, N ] �, φ(t) = 0, (2.1)

ÄK^,� φ(· −N0), N0 ∈ Z, O� φ.

3©z [17]¥, ·�5¿�Ø´¤k�¢�&Ò f ∈ V (φ)3���N�  ±1�¿Âe, U
d

���þ�Ã�*ÿ |f(t)|, t ∈ R ��(½. 3d©¥, ·��Ñ
U¢yÃ���²£ØC¢�

&Ò��x.

½n 2.1 [17] e φ ´äk;|8�¢�ëY¼ê, V (φ) ´d φ )¤�¢�²£ØC�m. @

o3���N�  ±1 �¿Âe, &Ò f ∈ V (φ) Ud |f(t)|, t ∈ R ��(½�¿©7�^�´ f ´

Ø�©�, =Ø�3�"&Ò f1, f2 ∈ V (φ) ¦� f = f1 + f2 Ú f1f2 = 0.
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Thakur y²
��&ÒU3æ��Ý�ü�G¿dAÇ�8Üþ¢yÃ�� [26]. 3²£Ø

C�m V (φ)¥, �äk;|8�)¤� φ÷v�½^��, ·�¢y
3æ��Ý� 2N − 1�lÑ

8Üþé¢�Ø�©&Ò�Ã�� [17]. ·�g,/��UÄü$æ��Ý, E,¢y V (φ) ¥¤

kØ�©&Ò�Ã��. 3Xe½n¥, ·�ïá
é V (φ) ¥¢�Ø�©&Ò3æ��Ý� N �

8Üþ�Ã��.

½n 2.2 b� φ ´÷vª (2.1) �¢�ëY¼ê�Ù|8�Ý N > 2. � V (φ) ¥��"¢�

&ÒP� f(t) =
∑
k∈Z

c(k)φ(t− k), Ú8Ü X := {xm, 1 6 m 6 2N − 1} ⊂ (0, 1), Γ := {γ1, . . . , γN} ⊂ X

Ú Γ∗ := {γ∗1 , . . . , γ∗N} ⊂ X ¦�Ý


Φ =
(
φ(xm + n− 1)

)
16m62N−1,16n6N (2.2)

�¤k N ×N fÝ
´�ÛÉ�,

φ(γn) 6= 0, 1 6 n 6 N, (2.3)

�

φ(γ∗n +N − 1) 6= 0, 1 6 n 6 N. (2.4)

@o3���N�  ±1�¿Âe,&Ò f Udæ��Ý� N �8Ü Y∞ := X ∪ (Γ +Z+)∪ (Γ∗+Z−)

þ�Ã��� |f(y)|, y ∈ Y∞ ��(½�¿©7�^�´&Ò f 3 V (φ) ¥´Ø�©�.

�y²½n 2.2, ·��I�XeÚn.

Ún 2.3 e φ ÷v½n 2.2 �^�, é?¿��"¢�&Ò f(t) =
∑
k∈Z

c(k)φ(t− k) ∈ V (φ),

P K−(f) = inf{k, c(k) 6= 0} Ú K+(f) = sup{k, c(k) 6= 0}. @oT&Ò f ´Ø�©���=�

N−2∑
l=0

|c(k + l)|2 6= 0

é?¿� K−(f)−N + 1 < k < K+(f) + 1 ¤á.

TÚnd©z [17] ¥½n 3.2 =�.

Ún 2.4 e φ, ΓÚ Γ∗ ÷v½n 2.2�^�.@oé?¿��"�þ (a(1), . . . , a(N − 1)),Ý
 φ(γ1) . . . φ(γN )
N−1∑
l=1

a(l)φ(γ1 + l) . . .

N−1∑
l=1

a(l)φ(γN + l)

 (2.5)

Ú  φ(γ∗1 +N − 1) . . . φ(γ∗N +N − 1)
N−1∑
l=1

a(l)φ(γ∗1 + l − 1) . . .

N−1∑
l=1

a(l)φ(γ∗N + l − 1)

 (2.6)

��Ñ� 2.

y²: ·�Äk|^�y{y²Ý
 (2.5) ��� 2. b��3�"�þ (a(1), . . . , a(N − 1)) Ú

~ê α ∈ R ¦� ∑N−1
l=1 a(l)φ(γn + l)

φ(γn)
= α, 1 6 n 6 N.

3
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Ï�Ý

(
φ(γn + l − 1)

)
16n,l6N

´�ÛÉ�, ·��� (−α, a(1), . . . , a(N − 1)) ´"�þ. ù�)


gñ�

Ón, ·��±y²ª (2.6) ¥�Ý
���� 2.

Ún 2.5 e φÚX÷v½n 2.2�^�,?� V (φ)¥�¢�&Ò f(t) =
∑
k∈Z c(k)φ(t−k). K3

���N�  ±1�¿Âe,é?¿� l ∈ Z,Xê c(k), l−N+1 6 k 6 lUdÃ��� |f(xm+l)|, xm ∈
X ��(½.

TÚnd©z [17] ¥½n 3.1 �y²=�.

�X Γ = {γn, 1 6 n 6 N} Ú Γ∗ = {γ∗n, 1 6 n 6 N}. é ei = (ei(1), . . . , ei(N)) ∈ RN , i = 1, 2, ½

ÂXe¼ê

h1(e1) =

∣∣∣∣∣∣
∑N
n=1 |φ(γn)|2

∑N
n=1 φ(γn)e1(n)∑N

n=1 φ(γn)e1(n)
∑N
n=1 |e1(n)|2

∣∣∣∣∣∣∑N
n=1 |φ(γn)|2

(2.7)

Ú

h2(e1, e2) =

∣∣∣∣∣∣
∑N
n=1 |φ(γn)|2

∑N
n=1 e2(n)∑N

n=1 φ(γn)e1(n)
∑N
n=1

e1(n)e2(n)
φ(γn)

∣∣∣∣∣∣∑N
n=1 |φ(γn)|2

. (2.8)

e¡·�m©½n 2.2 �y².

½n 2.2 �y²: 7�5: d½n 2.1 ���í�.

¿©5: �&Ò f(t) =

K+(f)∑
k=K−(f)

c(k)φ(t− k) ∈ V (φ) ´Ø�©�, {P K± = K±(f). dÚn 2.3

��é?¿�K− −N + 1 < k < K+ + 1, Ñk

N−2∑
l=0

|c(k + l)|2 6= 0. (2.9)

e¡·�òy²©¤n«�¹µK− 6 0 6 K+ +N − 1, K− > 1 Ú K+ 6 −N .

�/ 1: K− 6 0 6 K+ +N − 1.

dª (2.9) ��, �3 −N + 2 6 l0 6 0 ¦� c(l0) 6= 0 �é?¿� l0 < l 6 0, c(l) = 0. Ø���

5, �±b�

c(l0) > 0 � c(l) = 0 �é?¿� l0 < l 6 0, (2.10)

ÄK�^ −f �O f . dª (2.10) ÚÚn 2.5 ��,

c(−N + 1), . . . , c(−1), c(0) (2.11)

�dÃ��� |f(x)|, x ∈ X ��(½. �e5·�^êÆ8B{y²

Xê c(k), k > 1 �d |f(γ + q)|, γ ∈ Γ, q ∈ Z+ ��(½. (2.12)

b� c(k), 1 6 k < p d |f(γ + q)|, γ ∈ Γ, 1 6 q < p ��(½. XJ p > K+, (Ø (2.12) ®yÐ.

y�I�Ä p 6 K+.

4
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é γn ∈ Γ Ú 1 6 n 6 N, ·�k

f(γn + p) = c(p)φ(γn) +

N−1∑
l=1

c(p− l)φ(γn + l) =: c(p)φ(γn) + α(n). (2.13)

|^ª (2.3), ¿éþªü>²��Ó�Ø± φ(γn), ��

φ(γn)(c(p))2 + 2α(n)c(p) =
|f(γn + p)|2 − |α(n)|2

φ(γn)
. (2.14)

Ï K− < p 6 K+,dª (2.9)�� (c(p−N + 1), . . . , c(p− 1))´�"�þ. ÏddÚn 2.3��, 2×N

Ý


 φ(γ1) · · · φ(γN )

α(1) . . . α(N)

 ��� 2. Ïd�5�§| (2.14) k��)

c(p) =
h2(ααα,ηηη)

2h1(ααα)
, (2.15)

Ù¥ h1, h2 ©O´dª (2.7) Ú (2.8) �Ñ�, ααα = (α(1), . . . , α(N)), �

ηηη = (|f(γ1 + p)|2 − |α(1)|2, . . . , |f(γN + p)|2 − |α(N)|2).

(Ø (2.12)�y. aq/,·��^êÆ8B{y² c(k), k < −N+1Ud |f(γ∗+q)|, γ∗ ∈ Γ∗, q ∈ Z−
��(½.

�/ 2: K− > 1.

d K− �½Â��,d� suppf ⊂ [1,∞). Ø���5,·�b� c(K−) > 0,ÄK�^ −f �O f .

d φ �|85���

f(γn +K−) = c(K−)φ(γn), γn ∈ Γ, 1 6 n 6 N.

¦)þã�§|, ��

c(K−) =

∑N
n=1 |φ(γn)||f(γn +K−)|∑N

n=1 |φ(γn)|2
. (2.16)

aqu�/ 1, ·��^êÆ8B{y² c(k), k > K− Ud |f(γ + q)|, γ ∈ Γ, q ∈ Z+ ��(½.

�/ 3: K+ 6 −N .

d K+ �½Â��, d� suppf ⊂ (−∞, 0]. aqu�/ 2 ¥dª (2.16)(½ c(K−) ��ª, 3�

��N�  ±1 �¿Âe, c(K+) �d |f(γ∗ +K+ +N − 1)|, γ∗ ∈ Γ∗ ��(½. �XÓ�/ 1, �^

êÆ8B{y² c(k), k 6 K+ 6 −N Ud |f(γ∗ + q)|, γ ∈ Γ∗, q ∈ Z− ��(½.

nÜXþn«�/, =�¤
½n 2.2 ¥¿©5�y².

3 Ã���{9Ù½5

�!ò3½n 2.2 �y²Ä:þ, JÑ��Ã���{. ¿�Äæ�L§�k.\5D(Z6

��¹e, d�{é²£ØC¢�Ø�©&Ò?1Ã��L§�½5.

�½Ûê L > 1, ½Âæ�8Ü

YL :=
(
X ∪

{
Γ + l,Γ∗ − l′, 1 6 l, l′ 6

L− 1

2

})
+ LZ. (3.1)

5
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é²£ØC�mV (φ)¥�&Òf =
∑
k∈Z c(k)φ(· − k), ½Â

Sf := inf
K−(f)−N+1<k<K+(f)+1

L−2∑
l=0

|c(k + l)|2 (3.2)

Ú

Mf := inf
K−(f)−N+1<k<K+(f)+1

∑N−2
l=0 |c(k + l)|2∑N−1
l=−1 |c(k + l)|2

. (3.3)

3&Ò f �k.DÑZ6��¸e, ·����¹DÃ����

zεεε(y) = |f(y)|2 + εεε(y), y ∈ YL, (3.4)

Ù¥ YL Xª (3.1) ¥½Â, εεε = {ε(y), y ∈ YL} �

|εεε| := sup{|ε(y)|, y ∈ YL} <∞.

�X,Γ, Γ∗ ÷v½n 2.2 �^�, P

‖(ΦN )−1‖ := sup
m0<...<mN−1

∥∥∥((φ(xml + n)
)
06l,n6N−1

)−1∥∥∥, (3.5)

Ù¥Ý
 A ��ê½Â� ‖A‖ = sup‖x‖2=1 ‖Ax‖2. ¿-

γ∗∗n = γ∗n +N − 1, γ∗n ∈ Γ∗, 1 6 n 6 N. (3.6)

é ei = (ei(1), . . . , ei(N)) ∈ RN , i = 1, 2, ½ÂXe¼ê

h∗1(e1) =

∣∣∣∣∣∣
∑N
n=1 |φ(γ∗∗n )|2

∑N
n=1 φ(γ∗∗n )e1(n)∑N

n=1 φ(γ∗∗n )e1(n)
∑N
n=1 |e1(n)|2

∣∣∣∣∣∣∑N
n=1 |φ(γ∗∗n )|2

(3.7)

Ú

h∗2(e1, e2) =

∣∣∣∣∣∣
∑N
n=1 |φ(γ∗∗n )|2

∑N
n=1 e2(n)∑N

n=1 φ(γ∗∗n )e1(n)
∑N
n=1

e1(n)e2(n)
φ(γ∗∗n )

∣∣∣∣∣∣∑N
n=1 |φ(γ∗∗n )|2

. (3.8)

d½n 2.2 �E5�y²L§, ·�JÑXe MEPS �{5¢y¢�Ø�©&Ò f ∈ V (φ) �Ã

��.

1) 4�z(Minimization). é?¿ k′ ∈ Z, Ú xm ∈ X, 1 6 m 6 2N − 1, - xm,k′ = xm + k′L ±9

cεεε,k′ = (cεεε,k′(k))k∈Z, (3.9)

Ù¥©þ cεεε,k′(k), k′L−N + 1 6 k 6 k′L, ´eã4�z¯K

min

2N−1∑
m=1

∣∣∣∣∣∣∣∣
k′L∑

k=k′L−N+1

c(k)φ(xm,k′ − k)
∣∣∣−√zεεε(xm,k′)

∣∣∣∣∣
2

(3.10)

�), Ù{©þ�� 0, ë�©z [27] – [30].

6



¥I�Æ : êÆ 1 46 ò 1 ? Ï

2) òÿ(Extension). �½K� M0 > 0. é k′ ∈ Z, � 1 6 l 6 (L − 1)/2 �, - αααεεε,l = (αεεε,l(1), . . .,

αεεε,l(N)), Ù¥

αεεε,l(n) =

N−1∑
m=1

cεεε,k′(k
′L+ l −m)φ(γn +m), γn ∈ Γ, 1 6 n 6 N.

·�I�UXeOK�# cεεε,k′ �©þ:

a) e |h1(αααεεε,l)| 6M0. ¦Ñ�5�§|

x|φ(γn)| =
√
zεεε(γn + k′L+ l), γn ∈ Γ, 1 6 n 6 N (3.11)

����¦) x, ¿^ x 5O�©þ cεεε,k′(k
′L+ l).

b) e |h1(αααεεε,l)| > M0. ¦Ñ�5�§|

|xφ(γn) + αεεε,l(n)|2

φ(γn)
=
zεεε(γn + k′L+ l)

φ(γn)
, γn ∈ Γ, 1 6 n 6 N (3.12)

����¦) y, ¿P

z̃εεε(k
′L+ l + γn) :=

√
zεεε(γn + k′L+ l)sgn

(
αεεε,l(n) + yφ(γn)

)
. (3.13)

��d�5�§|

N−1∑
m=0

d(k′L+ l −m)φ(γn +m) = z̃εεε(k
′L+ l + γn), γn ∈ Γ, 1 6 n 6 N (3.14)

¦) d(k′L+ l −m), 0 6 m 6 N − 1, ¿�g^5O�©þ cεεε,k′(k
′L+ l −m), 0 6 m 6 N − 1.

3) é k′ ∈ Z, � 1 6 l′ 6 (L− 1)/2, -

α∗εεε,l(n) =

N−1∑
n′=1

cεεε,k′(k
′L− l′ − n′)φ(γ∗n + n′), γ∗n ∈ Γ∗, 1 6 n 6 N,

¿P ααα∗εεε,l′ = (α∗εεε,l′(1), . . ., α∗εεε,l′(N)). ·�UXe�ª�# cεεε,k′ �©þ:

a) e |h∗1(αααεεε,l)| 6M0. éÑ�5�§|

x|φ(γ∗∗n )| =
√
zεεε(γ∗∗n + k′L− l′), 1 6 n 6 N (3.15)

����¦) x,Ù¥ γ∗∗n , 1 6 n 6 N ´dª (3.6)½Â�. ,�^ x5O�©þ cεεε,k′(k
′L+1−N−l′).

b) e |h∗1(ααα∗εεε,l′)| > M0. éÑ�5�§|

|yφ(γ∗∗n ) + α∗εεε,l′(n)|2

φ(γ∗∗n )
=
zεεε(γ

∗∗
n + k′L− l′)
φ(γ∗∗n )

, 1 6 n 6 N (3.16)

����¦) y, Ù¥ γ∗∗n , 1 6 n 6 N ´dª (3.6) ½Â�. ¿P

z̃εεε(k
′L− l′ + γ∗n) =

√
zεεε(k′L− l′ + γ∗n)sgn

(
α∗εεε,l′(n) + yφ(γ∗∗n )

)
. (3.17)

��^�5�§|

N−1∑
m=0

d(k′L− l′ −m)φ(γ∗n +m) = z̃εεε(k
′L− l′ + γ∗n), γ∗n ∈ Γ∗, 1 6 n 6 N (3.18)

7
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¦) d(k′L− l′ −m), 0 6 m 6 N − 1, ¿�g^5O�©þ cεεε,k′(k
′L− l′ −m), 0 6 m 6 N − 1.

é?¿� k′ ∈ Z, 'u l Ú l′ �Ì�(å�, ·�����#��þ cεεε,k′ , k
′ ∈ Z. �?1eã

§S.

4) � N�(Phase adjustment). N��þ cεεε,k′ , k
′ ∈ Z �� ¦�

〈cεεε,k′ , cεεε,k′+1〉 > 0 (3.19)

é¤k� k′ ∈ Z Ñ¤á.

5) ÊÜ(Sewing). P bqc �Ø�L q ����ê. |^N�Ð��þ cεεε,k′ , k
′ ∈ Z �¤#��

þ cεεε = (cεεε(k))k∈Z, ¦�

cεεε(k) = cεεε,k′(k) (3.20)

Ù¥ k′ = b(2k + L− 1)/(2L)c, k ∈ Z.

3���N�  ±1�¿Âe,e3vkD(��¸e, MEPS�{K�M0 ��"�.d�,�¢

y V (φ)¥Ø�©&Ò�°(¡E.3�D(��¸e,deã½n��é V (φ)¥Ø�©&Ò, MEPS

�{äk½5.

½n 3.1 e φ, X, Γ, Γ∗ ÷v½n 2.2 ¥�^�, YL, Sf , Mf dª (3.1), (3.2) Ú(3.3) ½Â.

�²£ØC¢�Ø�©&Ò f(t) =
∑
k∈Z

c(k)φ(t− k) ∈ V (φ) ÷v

Sf > 0 � Mf > 0. (3.21)

�K�

M0 =
Sf

4‖(ΦN )−1‖2
, (3.22)

¿P�â MEPS �{dæ�8Ü YL þ�Ã�����&Ò� fεεε(t) :=
∑
k∈Z

cεεε(k)φ(t− k). e

|εεε| 6 Sf
27N3‖(ΦN )−1‖2(Cf,φ)4N+L−5 , (3.23)

K�3�N�  δ ∈ {−1, 1}, ¦�é?¿� k ∈ Z Ñk

|cεεε(k)− δc(k)| 6 N‖(ΦN )−1‖(Cf,φ)N−1+(L−1)/2
√

8|εεε| (3.24)

¤á, Ù¥

Cf,φ =
28‖Φ‖4‖(ΦN )−1‖3

Mf ·min16n6N{|φ(γn)|, |φ(γ∗n +N − 1)|}
. (3.25)

e^&Ò�Ø�

E(εεε) := min
δ∈{−1,1}

‖fεεε(t)− δf(t)‖∞

ïþ MEPS �{�g`5, Kd(3.24) �, �3~ê C > 0 ¦�

E(εεε) 6 N‖φ‖∞ min
δ∈{−1,1}

max
k∈Z
|cεεε(k)− δc(k)| 6 C

√
|εεε|. (3.26)

8
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·�r½n 3.1 �y²©)�eão�·K, §�©OéAu MEPS �{¥1�Ú�1oÚ�

½5?Ø. ò MEPS �{1�Ú����þP� c0εεε,k′ = (c0εεε,k′(k))k∈Z, k
′ ∈ Z. 3©z [17] ¥·�®

ïá MEPS �{1�Ú�½5.

·K 3.2 [17] e c, εεε ÷v½n 3.1 �^�. Ké?¿� k′ ∈ Z, �3 δk′ ∈ {−1, 1} ¦�

k′L∑
k=k′L−N+1

|c0εεε,k′(k)− δk′c(k)|2 6 8N‖(ΦN )−1‖2|εεε| (3.27)

¤á.

òMEPS �{1�Ú����þP� c
1/2
εεε,k′ = (c

1/2
εεε,k′(k))k∈Z, k

′ ∈ Z. ·�ke¡�Ø��O.

·K 3.3 e c, εεε ÷v½n 3.1 �^�. Ké?¿� k′ ∈ Z, �3 δk′ ∈ {−1, 1} ¦�

|c1/2εεε,k′(k)− δk′c(k)| 6 ‖(ΦN )−1‖(Cf,φ)k−k
′L+N−1

√
8N |εεε| (3.28)

3 k′L+ 1−N 6 k 6 k′L+ (L− 1)/2 �¤á.

�y²·K 3.3, ·�kïáXeÚn

Ún 3.4 e h2 Ú h∗2 ´ª (2.8) Ú (3.8) ½Â�¼ê. Ké¤k� e1, e2 ∈ RN , Ñk

|h2(e1, e2)| 6 ‖e1‖‖e2‖
min16n6N |φ(γn)|

(3.29)

Ú

|h∗2(e1, e2)| 6 ‖e1‖‖e2‖
min16n6N |φ(γ∗n +N − 1)|

(3.30)

¤á.

y²: Äk·�y²ª (3.29) ¤á. - α =
∑N
n=1 e2(n)∑N

n=1 |φ(γn)|2
, ·�k

|h2(e1, e2)| 6
( N∑
n=1

∣∣∣ e2(n)

φ(γn)
− αφ(γn)

∣∣∣2)1/2‖e1‖ 6 ( N∑
n=1

∣∣∣ e2(n)

φ(γn)

∣∣∣2)1/2‖e1‖.
ùÒ��
ª (3.29). Ón·��±y²ª (3.30).

�e5, ·�y²·K 3.3.

·K 3.3 �y²: é?¿� k′ ∈ Z, - c
1/2
εεε,k′,0 = c0εεε,k′ , � 1 6 l 6 L−1

2 �, ò c
1/2
εεε,k′,l ½Â�dª

(3.11)Ú (3.14)¤���þ. d MEPS�{�1�Ú��,� k′L−N + 1 6 k 6 k′L+ L−1
2 �,Ké¤

k� l > min{k− k′L+N − 1, L−12 }, c
1/2
εεε,k′(k) = c

1/2
εεε,k′,l(k)Ñ¤á. Ïd·��Iy²�3 δk′ ∈ {−1, 1}

¦�� 0 6 l 6 L−1
2 �,

k′L+l∑
k=k′L+l+1−N

|c1/2εεε,k′,l(k)− δk′c(k)|2 6 8N‖(ΦN )−1‖2(Cf,φ)2l|εεε| (3.31)

¤á. ·�ò$^êÆ8B{y²ª (3.31).

� l = 0 �, d·K 3.2 ��ª (3.31) ¤á. b�� 0 6 l = l0 6 (L− 1)/2 �, �3 δk′ ∈ {−1, 1}
¦�

k′L+l0∑
k=k′L+l0+1−N

|c1/2εεε,k′,l0
(k)− δk′c(k)|2 6 8N‖(ΦN )−1‖2(Cf,φ)2l0 |εεε| (3.32)

9



���: �a²£ØC¢�&ÒÃ����35�½5

¤á. � 1 6 n 6 N , γn ∈ Γ �, P

αεεε(n) :=

N−2∑
l′=0

c
1/2
εεε,k′,l0

(k′L+ l0 − l′)φ(γn + l′ + 1)

Ú

α(n) :=

N−2∑
l′=0

c(k′L+ l0 − l′)φ(γn + l′ + 1).

- eεεε,1 = (αεεε(1), . . . , αεεε(N)) Ú e0,1 = (α(1), . . . , α(N)). e¡·�ò©ü«�/5y²� l = l0 + 1 6

(L− 1)/2 �, ª (3.31) �¤á.

�/ 1.

k′L+l0∑
k=k′L+l0+2−N

|c(k)|2 = 0.

- αεεε(0) =
∑N
n=1 φ(γn)αεεε(n)∑N
n=1 |φ(γn)|2

Ú α(0) =
∑N
n=1 φ(γn)α(n)∑N
n=1 |φ(γn)|2

. dª (3.22), (3.23) Ú (3.32), ·�k

h1(eεεε,1) 6 ‖Φ‖2
k′L+l0∑

k=k′L+l0+2−N

|c1/2εεε,k′,l0
(k)|2 6 8N‖Φ‖2‖(ΦN )−1‖2(Cf,φ)2l0 |εεε| 6M0. (3.33)

d�dª (3.11) =�

c
1/2
εεε,k′,l0+1(k′L+ l0 + 1) =

∑N
n=1 |φ(γn)|

√
zεεε(γn + k′L+ l0 + 1)∑N

n=1 |φ(γn)|2
. (3.34)

�� k′L+ l0 + 2−N 6 k 6 k′L+ l0 �,

c
1/2
εεε,k′,l0+1(k) = c

1/2
εεε,k′,l0

(k) Ú c(k) = 0. (3.35)

1) e c(k′L+ l0 + 1) = 0. d�

zεεε(γn + k′L+ l0 + 1) = εεε(γn + k′L+ l0 + 1), γn ∈ Γ, 1 6 n 6 N.

Kk

|c1/2εεε,k′,l0+1(k′L+ l0 + 1)− δk′c(k′L+ l0 + 1)| =
∑N
n=1 |φ(γn)|

√
εεε(γn + k′L+ l0 + 1)∑N

n=1 |φ(γn)|2

6 ‖(ΦN )−1‖
√
N |εεε|. (3.36)

2) e c(k′L+ l0 + 1) 6= 0. d�dª (3.35), ��� 0 6 l 6 l0 �, ª (3.31) é?¿� δk′ ∈ {−1, 1}
¤á. -

δk′ =
c(k′L+ l0 + 1)

|c(k′L+ l0 + 1)|
.

Kdª (3.34), Ø�ª

|
√
x2 + y − |x|| 6

√
|y|, (x ∈ R, y > −x2) (3.37)

±9

f(γn + k′L+ l0 + 1) = c(k′L+ l0 + 1)φ(γn), γn ∈ Γ, 1 6 n 6 N,

10
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��

|c1/2εεε,k′,l0+1(k′L+ l0 + 1)− δk′c(k′L+ l0 + 1)|

6

∑N
n=1 |φ(γn)|

√
|εεε(γn + k′L+ l0 + 1)|∑N

n=1 |φ(γn)|2
6 ‖(ΦN )−1‖

√
N |εεε|. (3.38)

nÜª (3.32), (3.36) Ú (3.38), ·�y²
3�/ 1 �, ª (3.31) é l = l0 + 1 ¤á.

�/ 2:

k′L+l0∑
k=k′L+l0+2−N

|c(k)|2 6= 0.

db� (3.32), =�3 δk′ ∈ {−1, 1} ¦�

‖eεεε,1 − δk′e000,1‖ 6 ‖Φ‖‖(ΦN )−1‖(Cf,φ)l0
√

8N |εεε|. (3.39)

l(Üª (3.23) Ú

‖Φ‖‖(ΦN )−1‖ > 1, (3.40)

·�k

‖eεεε,1‖ 6 ‖eεεε,1 − δk′e000,1‖+ ‖e000,1‖ 6 2‖Φ‖
( k′L+l0∑
k=k′L+l0+2−N

|c(k)|2
)1/2

. (3.41)

dª (3.21), (3.22), (3.23) Ú (3.32), ��

h1(eεεε,1) > ‖(ΦN )−1‖−2
k′L+l0∑

k=k′L+l0+2−N

|c1/2εεε,k′,l0
(k)|2 >

∑k′L+l0
k=k′L+l0+2−N |c(k)|2

4‖(ΦN )−1‖2
> M0. (3.42)

- ηεεε(n) = zεεε(γn + k′L+ l0 + 1)−|αεεε(n)|2, 1 6 n 6 N, γn ∈ Γ,Ú eεεε,2 = (ηεεε(1), . . . , ηεεε(N)). dª (3.12)

=�

dεεε,k′(k
′L+ l0 + 1) =

h2(eεεε,1, eεεε,2)

2h1(eεεε,1)
. (3.43)

aq�, - εεε = 000. � 1 6 n 6 N, γn ∈ Γ �, P η(n) := |f(γn + k′L + l0 + 1)|2 − |α(n)|2 Ú e000,2 :=

(η(1), . . . , η(N)), u´k

c(k′L+ l0 + 1) =
h2(e0,1, e0,2)

2h1(e0,1)
. (3.44)

e¡�OØ� |dεεε,k′(k′L+ l0 + 1)− δk′c(k′L+ l0 + 1)|.
� γn ∈ Γ, 1 6 n 6 N �, P βεεε(n) := αεεε(n)− φ(γn)αεεε(0) � β0(n) := α(n)− φ(γn)α(0). ·�k

N∑
n=1

|βεεε(n)− δk′β0(n)|2 6
N∑
n=1

∣∣∣N−2∑
l=0

(
c
1/2
εεε,k′,l0

(k′L+ l0 − l′)− δk′c(k′L+ l0 − l′)
)
φ(γn + l′ + 1)

∣∣∣2
6 ‖Φ‖2

( k′L+l0∑
k=k′L+l0+2−N

|c1/2εεε,k′,l0
(k)− δk′c(k)|2

)
. (3.45)

(Üª (3.23), (3.32) Ú (3.33), =�

|h1(eεεε,1)− h1(e0,1)|

11
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6 ‖Φ‖2
( k′L+l0∑
k=k′L+l0+2−N

|c1/2εεε,k′,l0
(k)− δk′c(k)|2

)1/2( k′L+l0∑
k=k′L+l0+2−N

|c1/2εεε,k′,l0
(k) + δk′c(k)|2

)1/2
6 3

√
8N |εεε|‖Φ‖2‖(ΦN )−1‖(Cf,φ)l0

( k′L+l0∑
k=k′L+l0+2−N

|c(k)|2
)1/2

. (3.46)

,��¡,

‖e000,2‖ 6
N∑
n=1

|η(n)| 6 2‖Φ‖2
( k′L+l0+1∑
k=k′L+l0+2−N

|c(k)|2
)

(3.47)

Ú

‖eεεε,2 − e000,2‖ 6
N∑
n=1

|ηεεε(n)− η(n)|

6 ‖Φ‖2
( k′L+l0∑
k=k′L+l0+2−N

|c1/2εεε,k′,l0
(k)− δk′c(k)|2

)1/2
×
( k′L+l0∑
k=k′L+l0+2−N

|c1/2εεε,k′,l0
(k) + δk′c(k)|2

)1/2
+N |εεε|

6 4‖Φ‖2‖(ΦN )−1‖
√

8N |εεε|(Cf,φ)l0
( k′L+l0∑
k=k′L+l0+2−N

|c(k)|2
)1/2

. (3.48)

Ïddª (3.39), (3.41), (3.47), (3.48) ÚÚn 3.3 ��

|h2(eεεε,1, eεεε,2)− δk′h2(e0,1, e0,2)|

6 |h2(eεεε,1, eεεε,2 − e0,2)|+ |h2(eεεε,1 − δk′e0,1, e0,2)|

6
‖eεεε,1‖‖eεεε,2 − e0,2‖+ ‖eεεε,1 − δk′e0,1‖‖e0,2‖

min16n6N |φ(γn)|

6
10‖Φ‖3‖(ΦN )−1‖

min16n62N−1 |φ(γn)|
√

8N |εεε|(Cf,φ)l0
( k′L+l0+1∑
k=k′L+l0+2−N

|c(k)|2
)
. (3.49)

nÜª (3.42), (3.43), (3.44), (3.46) Ú (3.49), ·�k

|dεεε,k′(k′L+ l0 + 1)− δk′c(k′L+ l0 + 1)|

6
|h2(eεεε,1, eεεε,2)− δk′h2(e0,1, e0,2)|

2h1(eεεε,1)
+
|h1(eεεε,1)− h1(e0,1)|

h1(eεεε,1)
|c(k′L+ l0 + 1)|

6
( 20‖Φ‖

min16n6N |φ(γn)|
+ 12

)
‖Φ‖2‖(ΦN )−1‖3

√
8N |εεε|(Cf,φ)l0

∑k′L+l0+1
k=k′L+l0+2−N |c(k)|2∑k′L+l0
k=k′L+l0+2−N |c(k)|2

6
25‖Φ‖3‖(ΦN )−1‖3

Mf min16n6N |φ(γn)|
√

8N |εεε|(Cf,φ)l0 . (3.50)

(Üb� (3.32), é 1 6 n 6 N Ñk

∣∣∣N−1∑
m=1

c
1/2

εεε,k′,l0
(k′L+ l0 + 1−m)φ(γn +m) + dεεε,k′(k

′L+ l0 + 1)φ(γn)− δk′f(γn + k′L+ l0 + 1)
∣∣∣2

12
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6
(N−1∑
m=1

|c1/2εεε,k′,l0
(k′L+ l0 + 1−m)− δk′c(k′L+ l0 + 1−m)|2 + |dεεε,k′(k′L+ l0 + 1)− δk′c(k′L+ l0 + 1)|2

)
×
(N−1∑
m=0

|φ(γn +m)|2
)

6
214N‖Φ‖8‖(ΦN )−1‖6

(Mf )2 min16n6N |φ(γn)|2 (Cf,φ)2l0 |εεε|. (3.51)

XJ

|f(γn + k′L+ l0 + 1)| > 27‖Φ‖4‖(ΦN )−1‖3(Cf,φ)l0

Mf min16n6N |φ(γn)|
√
N |εεε|, γn ∈ Γ, 1 6 n 6 N, (3.52)

Kk

|z̃εεε(k′L+ l0 + γn + 1)− δk′f(γn + k′L+ l0 + 1)| 6
√
|εεε| (3.53)

¤á.

XJª (3.52) Ø¤á, ��

|z̃εεε(k′L+ l0 + γn + 1)− δk′f(γn + k′L+ l0 + 1)| 6 |z̃εεε(k′L+ l0 + 1 + γn)|+ |f(γn + k′L+ l0 + 1)|

6
29‖Φ‖4‖(ΦN )−1‖3

Mf ×min16n6N |φ(γn)|
(Cf,φ)l0

√
N |εεε|. (3.54)

ÏdØØª (3.52) ¤á�Ä, dª (3.14), (3.53) Ú (3.54), ·�=�

k′L+l0+1∑
k=k′L+l0+2−N

|c1/2εεε,k′,l0+1(k)− δk′c(k)|2 6
218N‖Φ‖8‖(ΦN )−1‖8

(Mf )2 min16n6N |φ(γn)|2
(Cf,φ)2l0N |εεε|

6 8N‖(ΦN )−1‖2(Cf,φ)2l0+2|εεε|. (3.55)

¤±3�/ 2 �, ª (3.31) é l = l0 + 1 �¤á. ·K 3.3 dêÆ8B{y..

- MEPS �{1nÚ����þ� c1εεε,k′ = (c1εεε,k′(k))k∈Z, k
′ ∈ Z. aqu·K 3.4, ·�kXe·

K.

·K 3.5 e c, εεε÷v½n 3.1�^�.Ké?¿ k′ ∈ Z,�3 δk′ ∈ {−1, 1}¦�� k′L+1−N 6

k 6 k′L+ (L− 1)/2 �,

|c1εεε,k′(k)− δk′c(k)| 6 ‖(ΦN )−1‖(Cf,φ)|k−k
′L|+N−1

√
8N |εεε| (3.56)

¤á.

ò MEPS �{¥²1oÚN�� �����þP� c2εεε,k′ , k
′ ∈ Z. Kd©z [17] ¥·K 6.11

��Xe·K.

·K3.6 e c1εεε,k′ , δk′ ∈ {−1, 1}, k′ ∈ Z �·K 3.5 ¥½Â��þ. XJª (3.23) ¤á, K�3�

N�  δ ∈ {−1, 1}, � k′ ∈ Z �
0∑

k=2−N

|c(k − k′L− (L− 1)/2)|2 6= 0 �, Òk c2εεε,k′ = δδk′c
1
εεε,k′ ¤á.

�!��|^ c2εεε,k′ , k
′ ∈ Z ?1ÊÜ, ¿y²½n 3.1.

½n 3.1 �y² - k′+ = bK+(f)+(L−1)/2
L c Ú k′− = bK−(f)−(L−1)/2L c. �é k ∈ Z, ½Â k′ =

b 2k+L−12L c. K� k ∈ [k′−L− (L− 1)/2, k′+L+ (L− 1)/2], dª (3.19), (3.20), Ú·K 3.5, 3.6, �é�

�N�  δ ∈ {−1, 1} ¦�

|cεεε(k)− δc(k)| = |δδk′c1εεε,k′(k)− δc(k)| 6 ‖(ΦN )−1‖(Cf,φ)N−1+(L−1)/2
√

8N |εεε|. (3.57)

13
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� k 6∈ [k′−L− (L− 1)/2, k′+L+ (L− 1)/2] �, c(k) = 0, ¿d·K 3.5 k

|cεεε(k)− δc(k)| = |cεεε(k)| = |c1εεε,k′(k)− δk′c(k)|

6 ‖(ΦN )−1‖(Cf,φ)N−1+(L−1)/2
√

8N |εεε|. (3.58)

nÜª (3.57) Ú (3.58), ·��¤
½n 3.1 �y².

4 ê�¢�

�!·�À�do� B �^ B4 )¤�¢²£ØC�m V (B4) ¥Ø�©&Ò���., Ù¥ N

� B �^ BN �½ÂXe

BN = χ[0,1) ∗ · · · ∗ χ[0,1)︸ ︷︷ ︸
N

. (4.1)

5¿��)¤�� BN �, 3 (0, 1) ¥?¿À� 2N − 1 �ØÓ�:, Uìª (2.2) ½Â�Ý
 Φ ÷v

½n 2.2 ¥¤k�^�, ë�©z [31] – [32]. �½Ûê L > 1, ·�À�æ�8Ü

YL =
({m

8
, 1 6 m 6 7

}
+ LZ

)⋃({1

8
,

3

8
,

5

8
,

7

8

}
+ Z

)
, (4.2)

Ùæ��Ý� 4 + 3/L.

·��Ääk;|8�&Ò f(t) =

K+(f)∑
k=K−(f)

c(k)B4(t− k) ∈ V (φ), ÙXê

c(k) ∈ [−1, 1] \ [−0.1, 0.1], K−(f) 6 k 6 K+(f) (4.3)

´�ÅÀ��. 3�k.D( εεε Z6���¸e, ·����¹DÃ����

zεεε(y) = |f(y)|2 + ε(y)‖f‖∞ > 0, y ∈ YL, (4.4)

Ù¥ ε(y), y ∈ YL ´3 [−ε, ε] ¥�ÅÀ��. �½K�

M0 = 0.005 ≈ 6Sf
‖(ΦN )−1‖

.

·�r|^Ã�¹D�� (4.4), d MEPS �{��&ÒP�

fε,L(t) :=
∑
k∈Z

cε,L(k)B4(t− k), (4.5)

¿½Â�Ø�

e(ε, L) := min
δ∈{−1,1}

max
k∈Z
|cε,L(k)− δc(k)|. (4.6)

Ï B4(t) > 0 �é?¿ t ∈ R ÷v
∑
k∈Z

B4(t− k) = 1, ��

min
δ∈{−1,1}

max
t∈R
|fε,L(t)− δf(t)| 6 e(ε, L). (4.7)

d½n 3.1 ��, ª (4.6) ¥��Ø� e(ε, L) = O(
√
ε), (cf. ª (3.26)), �ã 1.

14
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ã 1 �ã£±�´o� B �^Ø�©&Ò f(t) =

32∑
k=5

c(k)B4(t− k), Ù¥Xê c(k), 5 6 k 6 32

dª (4.3) (½. mã£±�´|^æ�8Ü (4.2) þ�¹DÃ��� (4.4), 3���N�  ±1

�¿Âe, d MEPS �{��&Ò fε,L ��&Ò f �m��, Ù¥DÑ6Ä ε = 10−5 Úò

ÿ�Ý L = 1, ~ê ‖(Φ4)−1‖ ≈ 1.2396 × 103. d��Ø� e(ε, L) = 0.0029, ���æ�Ø

� minδ∈{−1,1}maxy∈YL |fε,L(y)− δf(y)| = 0.0016.

L 1 MEPS �{¤õ¡E&Ò�VÇ(ü :%)

HHH
HHHHε

L
1 3 5 7 15 31

10−4 91.5 25.4 4.4 1.7 0 0

5× 10−5 98.3 35.7 12.9 5.0 0 0

10−5 100 69.5 45.3 31.4 10.8 0.9

5× 10−6 100 78.1 57.9 50.1 23.9 4.9

10−6 100 92.6 80.8 74.5 53.3 25.4

d½n 3.1 ¥ª (3.23) ���òÿ�Ý L ½DÑ6Ä ε ���, MEPS �{�UØUéÐ�¡

E²£ØC¢�Ø�©&Ò. 3�!¥e�Ø�

e(ε, L) < 0.1, (4.8)

·�@� MEPS �{¤õ¡E
&Ò, d��3�N�  δ ∈ {−1, 1} ¦�

δcε,L(k)c(k) > 0, K−(f) 6 k 6 K+(f).

�!�ê�¢��y¢
�òÿ�Ý L ½DÑ6Ä ε ���, MEPS �{ØUéÐ/¢yo� B �

^Ø�©&Ò�Ã��. L 1 �éØÓ�òÿ�Ý L ÚDÑ6Ä ε, ² 1000 gÁ�� MEPS �{

¤õ¡E, (�(4.8)), d B4 )¤�¢�Ø�©&Ò�VÇ.
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SCIENTIA SINICA Mathematica: A phaseless reconstruction

algorithm for real-valued signals in a shift-invariant space

Chen Y & Cheng C & Sun Q Y

Abstract In this paper, we consider an infinite dimensional phase retrieval problem to reconstruct real-valued

signals living in a shift-invariant space from their phaseless samples taken on a discrete set with finite sampling

density. In this paper, we also propose a suboptimal reconstruction algorithm when its noisy phaseless samples are

available only. Finally, numerical simulations are performed to demonstrate the stable reconstruction of B-spline

signals from their noisy phaseless samples.
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