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Abstract—In this paper, we consider a large network con-
taining many regions such that each region is equipped with a
worker with some data processing and communication capability.
For such a network, some workers may become stragglers due
to the failure or heavy delay on computing or communicating.
To resolve the above straggling problem, a coded scheme that
introduces certain redundancy for every worker was recently
proposed, and a gradient coding paradigm was developed to solve
convex optimization problems when the network has a centralized
fusion center. In this paper, we propose an iterative distributed
algorithm, referred as Code-Based Distributed Gradient Descent
algorithm (CoDGraD), to solve convex optimization problems
over distributed networks. In each iteration of the proposed
algorithm, an active worker shares the coded local gradient and
approximated solution of the convex optimization problem with
non-straggling workers at the adjacent regions only. In this paper,
we also provide the consensus and convergence analysis for the
CoDGraD algorithm and we demonstrate its performance via
numerical simulations.

Index Terms—distributed optimization, gradient coding, con-
sensus, distributed networks

I. INTRODUCTION

CONVEX optimization on a network of large size has
played a significant role for solving various problems,

such as big-data processing in machine learning, distributed
parameter estimation in wireless sensor networks, distribut-
ed sampling and signal reconstruction, distributed design of
filter banks, distributed spectrum sensing in cognitive radio
networks, source localization in cellular networks [1, 2, 3,
4, 5, 6, 7]. The objective functions f in such optimization
problems,

f(x) =

m∑
l=1

fl(x), x ∈ RN , (1)

are often the summation of some local objective functions
fl, 1 ≤ l ≤ m, related to a partition of the network. In
this paper, we consider the scenario that each region of the
partition equips with a worker that has some data processing
and communication ability, while the network has a fusion
center with limited computing capacity or it does not have a
fusion center at all.

The optimization problem

x̄ = arg min
x∈RN

m∑
l=1

fl(x), (2)

associated with the objective function f =
∑m
l=1 fl has been

well studied, see [8, 9] and references therein for various
algorithms implementable in a strong fusion center or in local
workers distributed over the network [1, 4, 10, 11, 12, 13, 14].
Denote the gradient of g on RN by ∇g. For a network
equipped with one data processing unit only, a conventional
approach to the optimization problem (2) is the gradient
descent algorithm,

x(k + 1) = x(k)− αk
m

m∑
l=1

∇fl(x(k)), k ≥ 0, (3)

where {αk}∞k=0 is a positive sequence chosen appropriately
[15, 17, 18, 19, 20, 21, 22, 23]. Our illustrate examples of
step sizes αk, k ≥ 0, are

αk = (k + a)−θ, k ≥ 0, (4)

for some θ ∈ (1/2, 1] and a ≥ 1.
Several distributed versions of the gradient descent algorith-

m (3) have been proposed, including the Adapt-Then-Combine
algorithm (ATC) and the Combine-Then-Adapt algorithm (C-
TA) [11, 13], where implementation of the worker at region l
is given by { yl(k) = xl(k)− αk∇fl(xl(k))

xl(k + 1) =
∑
j∈Nl

wlj(k)yj(k)
(5)

and { yl(k) =
∑
j∈Nl

wlj(k)xj(k)

xl(k + 1) = yl(k)− αk∇fl(yl(k))
(6)

respectively, where Nl contains all adjacent regions of the
region l for data sharing, and (wlj)1≤l,j≤m is a consensus
matrix. The above ATC and CTA algorithms may reach
consensus over all nodes to the optimal solution x̄ in (2).
They are essentially the same as the gradient descent algo-
rithm (3) if the graph to describe topological structure of
the network is complete and the consensus weights wlj =
1/m, 1 ≤ l, j ≤ m. However, comparing with the gradient
descent algorithm (3), in the implementation of the ATC and
CTA algorithms, we circumvent the expansive evaluation of
gradient ∇f of the global objective function by evaluating
gradients ∇fl, 1 ≤ l ≤ m, of local objective functions at each
worker node and then communicating local gradients to the
neighbors with nonzero consensus weights.

In applications such as distributed learning and optimization
over the cloud, some workers in the network may become
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inactive due to the failure or heavy delay on computing or
communicating [24, 25, 27]. To resolve the above problem,
uncoded and coded local gradients have been proposed in [28,
29, 30] to recover the full gradient from local gradients on
active nodes ∆ ⊂ {1, . . . ,m}. Without loss of generality, we
assume that ∆ ⊂ {1, . . . , n}, where n ≤ m is the number
of active nodes. In this paper, we follow the coded scheme
in [28] and consider the paradigm that for every active node
i, the global objective function can be recovered from coded
objective functions gj on non-stragglers relative to node i, i.e.,

f(x) =

n∑
j=1

a(i, j)gj(x) (7)

for some decoding matrix

A = (a(i, j))1≤i,j≤n.

The above requirement is met if the coded scheme for non-
stragglers is given by

gi(x) =

m∑
l=1

b(i, l)fl(x), 1 ≤ i ≤ n, (8)

and the coding matrix

B = (b(i, l))1≤i≤n,1≤l≤m

satisfies
AB = 1n×m, (9)

where 1n×m is the n×m matrix with all entries taking value 1.

The coded scheme (7) and (8) has been used in [28] to
solve the global optimization problem (2), where the worker
at each region evaluates the coded local gradients and sends
them to the worker at the master node; then the worker at the
master node takes weighted sum of coded local gradients to
reach gradient of the global objective function, and applies a
centralized gradient descent approach similar to (3) to update
the approximation to the optimal solution x̄ in (2); and finally
the worker at the master node sends the updated approximation
to all local workers on the network for the next iteration. In this
paper, based on the coded scheme (7) and (8), we propose a
distributed algorithm to solve the convex optimization problem
(2).

In what follows, we use bold capital letters, bold lower
case letters and lower case letters for matrices, vectors and
scalar variables, respectively. Denote the positive part of a real
number t by t+ = max(t, 0), the matrix of dimension n×m
with all entries taking value one by 1n×m, and the column
vector of size n with all entries taking value 1 by 1n. Denote
the transpose of an matrix A by AT , and the transpose and
standard `p-norm of a vector x by xT and ‖x‖p, 1 ≤ p ≤ ∞,
respectively,

The remainder of the paper is organized as follows. In Sec-
tion II, we formulate our code-based distributed gradient de-
scent algorithm (CoDGraD) to solve the optimization problem
(2). Then in Sections III and IV, we consider the consensus and
convergence properties of the proposed CoDGraD algorithm.
Afterwards, we demonstrate the performance of CoDGraD

through simulation in Section V. We conclude the paper in
Section VI.

II. A CODE-BASED DISTRIBUTED GRADIENT DESCENT
ALGORITHM

Let the coded objective functions gj , 1 ≤ j ≤ n, and the
decoding matrix A = (a(i, j))1≤i,j≤n be as in the coded
scheme (7) and (8). Set decoding weights

wi =
( ∑
k∈Γi

|a(i, k)|
)−1

, 1 ≤ i ≤ n, (10)

where
Γi = {j, a(i, j) 6= 0}. (11)

In [26, 28], all workers not in Γi are considered as “stragglers”
for an active node i, since coded information at those workers
are not used to evaluate the gradient∇f of the global objective
function f at the node i. We remark that in this paper active
node are those workers over the network that don’t witness
delay or failure on computing or communicating while non-
stragglers of an active node i are those active nodes that are
in Γi.

To solve the optimization problem (2), we propose an
iterative distributed algorithm with the implementation of the
worker at the region i given by

vi(k) = ∇gi(xi(k)),
y+
i (k) = xi(k)− αkvi(k),

y−i (k) = xi(k) + αkvi(k),
xi(k + 1) =

∑
j∈Γi

wi
{

(a(i, j))+y
+
j (k)

+(−a(i, j))+y
−
j (k)

}
, k ≥ 0,

(12)

where initials xi(0) are chosen randomly or set zero initially,
and step sizes αk, k ≥ 0, [12, 16, 19] are so chosen that

∞∑
k=0

αk =∞ and

∞∑
k=0

α2
k <∞. (13)

We call this algorithm as a code-based distributed gradient
descent algorithm and use CoDGraD for abbreviation. The
implementation of the CoDGraD is described in Algorithm 1.

Algorithm 1 The CoDGraD Algorithm
Input: Set tolerance value ε for halting the algorithm and the

number of iteration k = 0. Initialize an estimate xi(0) of
the optimal solution x̄ and approximation error ei(0) = ε
at the worker i.

1: while ei(k) ≥ ε do {Halting is done at each node
independently with no coordination}

2: At the worker i, use (12) to update the estimate xi(k).
3: Find error ei(k + 1) = ‖xi(k + 1) − xi(k)‖ for all

1 ≤ i ≤ n
4: k = k + 1
5: end while

Output: xi(k) and k.

For our purpose, we consider the coded scheme (7) and (8)
that matches our network topology. Here the network topology
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is described by an undirected graph G = (V,E), where the
worker in each region is represented by a vertex in V and
each edge (l, l′) ∈ E means that workers in the regions l and
l′ ∈ V have direct communication for data sharing. Therefore
the topological matching property of the coded scheme (7) and
(8) is satisfied if the decoding weight a(i, j) takes zero value
whenever there is no direct communication between active
workers in the region i and j, i.e.,

a(i, j) = 0 if (i, j) 6∈ E.

This means that any neighboring non-straggling node of any
active node i must be a neighbor of the active node i in the
whole network, i.e.,

Γi ⊂ Ni,

where Γi is given in (11) and Ni = {j : (i, j) ∈ E} ∪ {i}.
For the above scenario of the coded scheme (7) and (8),

the active worker at each region first evaluates the coded local
gradient, then it shares the coded local gradient with non-
straggling active workers at the adjacent regions, next it up-
dates the approximation to the optimal solution x̄, and finally
it shares the updated approximation to active workers at the
adjacent region for the next iteration. Hence the CoDGradD
algorithm is implementable in the network that does not have
a fusion center at all.

For the decoding matrix A in (7), we define its normalized
decoding matrix Ande =

(
ã(i, j)

)
1≤i,j≤n of size n× n by

ã(i, j) = wia(i, j), 1 ≤ i, j ≤ n, (14)

and its row stochastic decoding matrix Asde of size 2n× 2n
by

Asde =

(
Ã+ Ã−
Ã+ Ã−

)
, (15)

where wi, 1 ≤ i ≤ n, are decoding weights given in (10), and

Ã+ =
(
(ã(i, j))+

)
1≤i,j≤n and Ã− =

(
(−ã(i, j))+

)
1≤i,j≤n

are positive/negative parts of the normalized decoding matrix
Ã = (ã(i, j))1≤i,j≤n respectively. In this paper, we consider
the consensus and convergence properties of xi(k), k ≥ 0,
in the proposed CoDGraD algorithm (12) when the row
stochastic matrix Asde has simple eigenvalue one and the
global objective function f is strongly convex.

III. CONSENSUS PROPERTY OF THE CODE-BASED
DISTRIBUTED GRADIENT DESCENT ALGORITHM

In this section, we consider the consensus property of
xi(k), k ≥ 1, in the CoDGraD algorithm (12).

Theorem 1. Let xi(k), k ≥ 1, be in the CoDGraD algorithm
(12). If the row stochastic matrix Asde in (15) has simple
eigenvalue one, the sequence {αk}∞k=0 satisfies (13), and
the local objective functions gi, 1 ≤ i ≤ n, have bounded
gradients, i.e., there exists a positive constant M such that

‖∇gi(x)‖2 ≤M, x ∈ RN , (16)

then
lim
k→∞

(xi(k)− xj(k)) = 0 (17)

and
lim
k→∞

(f(xi(k))− f(xj(k))) = 0 (18)

for all 1 ≤ i, j ≤ n.

Let the row stochastic matrix Asde in (15) have simple
eigenvalue one and λm(Asde), 1 ≤ m ≤ 2n, be its eigenvalues
listed in the order that

1 = λ1(Asde) > |λ2(Asde)| ≥ . . . ≥ |λ2n(Asde)|. (19)

Write Asde = (q(i, j))1≤i,j≤2n and for 1 ≤ i ≤ n, set

zi(k) = zi+n(k) = xi(k), k ≥ 0. (20)

Then the CoDGraD algorithm (12) can be rewritten as

zi(k+1) =

2n∑
j=1

q(i, j)
(
zj(k)−αkhj(k)

)
, 1 ≤ i ≤ 2n, (21)

where

hi(k) =

{
∇gi(zi(k)) if 1 ≤ i ≤ n
−∇gi−n(zi(k)) if n+ 1 ≤ i ≤ 2n.

(22)

Set

z(k) :=
(
zi(k)

)
1≤i≤2n

and h(k) :=
(
hi(k)

)
1≤i≤2n

(23)

with vectors zi(k) and hi(k) ∈ RN , 1 ≤ i ≤ 2n, as their i-th
entries respectively. Then the iterative algorithm (21) can be
reformulated in a matrix form:

z(k + 1) = Asdez(k)− αkAsdeh(k), k ≥ 0. (24)

Define
z̃(k) = z(k)−Pz(k), k ≥ 0, (25)

where
P = 12n(asde)T (26)

and asde is the stationary probability vector invariant under the
row stochastic matrix Asde, i.e., the left eigenvector of Asde

associated with eigenvalue one that satisfies

aTsdeAsde = aTsde and aTsde12n = 1. (27)

Then the consensus property (17) reduces to establishing

lim
k→∞

‖z̃(k)‖2,∞ = 0, (28)

where ‖z‖2,∞ = sup1≤i≤2n ‖zi‖2 for a vector z = (zi)1≤i≤2n

with entries zi ∈ RN , 1 ≤ i ≤ 2n.
By (26) and (27), we have

PAsde = AsdeP = P and P2 = P. (29)

This together with (24) implies that

z̃(k + 1) = (Asde −P)z̃(k)− αk(Asde −P)h(k). (30)

Applying (30) repeatedly yields

z̃(k) = (Asde−P)kz̃(0)−
k−1∑
l=0

αl(Asde−P)k−lh(l), k ≥ 1.

(31)
Therefore, we have the following estimate for ‖z̃(k)‖2,∞, k ≥
1 in Proposition 1, see Appendix A for a detailed proof.
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Proposition 1. Let Asde, λ2(Asde) and P be as in (15), (19)
and (26) respectively. Assume that the row stochastic matrix
Asde has simple eigenvalue one, and that the local objective
functions gi, 1 ≤ i ≤ n, satisfy (16). Then there exists a
positive constant C1 such that

‖z̃(k)‖2,∞ ≤ C1M

k−1∑
l=0

(1 + |λ2(Asde)|
2

)k−l
αl

+C1

(1 + |λ2(Asde)|
2

)k
‖z̃(0)‖2,∞ (32)

hold for all k ≥ 1.

By (26), we can write

Pz(k) = x̄(k)12n, (33)

for some x̄(k) ∈ RN . Observe that

‖z̃(k)‖2,∞ = max
1≤i≤n

‖xi(k)− x̄(k)‖2, k ≥ 1.

Then by Proposition 1 we obtain the following estimate about
the consensus property of xi(k) for different 1 ≤ i ≤ n:

max
1≤i≤n

‖xi(k)− x̄(k)‖2

≤ C1

(1 + |λ2(Asde)|
2

)k
max

1≤i≤n
‖xi(0)− x̄(0)‖2

+C1M

k−1∑
l=0

(1 + |λ2(Asde)|
2

)k−l
αl, k ≥ 1. (34)

Applying (34) to our illustrate example (4) of step sizes, we
can find a postive constant C such that

max
1≤i≤n

‖xi(k)− x̄(k)‖2 ≤ C(k + a)−θ, k ≥ 0. (35)

We finish this section with the proof of Theorem 1.

Proof of Theorem 1. By (19) and (32),( ∞∑
k=0

max
1≤i≤n

‖xi(k)− x̄(k)‖22
)1/2

≤ C1M
( ∞∑
k=0

( k−1∑
l=0

(1 + |λ2(Asde)|
2

)k−l
αl

)2)1/2

+C1

( ∞∑
k=0

(1 + |λ2(Asde)|
2

)2k)1/2

× max
1≤i≤n

‖xi(0)− x̄(0)‖2

≤ 2C1M

1− |λ2(Asde))|

( ∞∑
k=0

α2
k

)1/2

+
4C1

1− |λ2(Asde))|
max

1≤i≤n
‖xi(0)− x̄(0)‖2. (36)

Therefore the limit in (17) follows as the sequence {αk}∞k=0

is square summable by (13).

By (7) and (10), we have

‖∇f(x)‖2 ≤W−1 sup
1≤j≤n

‖∇gj(x)‖2 ≤MW−1,

where W = max1≤i≤n wi. This together with Proposition 1
implies that

|f(xi(k))− f(x̄(k))|

≤C1MW−1
k−1∑
l=0

(1 + |λ2(Asde)|
2

)k−l
αl

+C1W
−1
(1 + |λ2(Asde)|

2

)k
max

1≤i≤n
‖xi(0)− x̄(0)‖2

→0 as k →∞ (37)

for all 1 ≤ i ≤ n. Then (18) follows.

IV. CONVERGENCE PROPERTY OF THE CODE-BASED
DISTRIBUTED GRADIENT DESCENT ALGORITHM

In this section, we consider the convergence of xi(k), k ≥
1, in the CoDGraD algorithm (12),

lim
k→∞

xi(k) = x̄, 1 ≤ i ≤ n, (38)

where x̄ is the solution of the optimization problem (2). By
(17), (33) and (36), it suffices to show that x̄(k), k ≥ 1,
converges to x̄.

Theorem 2. Assume that the row stochastic matrix Asde in
(15) has simple eigenvalue one, the sequence {αk}∞k=0 satisfies
(13), the local objective functions gj , 1 ≤ j ≤ n, satisfy (16)
and

‖∇gi(x)−∇gi(y)‖2 ≤ L‖x− y‖2, x, y ∈ RN , 1 ≤ i ≤ n,
(39)

for some positive constant L, and the global objective function
f is strongly convex in the sense that

〈∇f(x)−∇f(y),x− y〉N ≥ A‖x− y‖22 (40)

for all x,y ∈ B(x̄, C2), where 〈·, ·〉N is the inner product on
RN , B(x̄, C2) is the ball with center x̄ and radius C2, and

C2 : = exp
( ∞∑
j=0

α2
j

){
‖x̄(0)− x̄‖22

+
32C2

1L
2

(1− |λ2(Asde))|)2
max

1≤i≤n
‖xi(0)− x̄(0)‖22

+
M2(1 + 8C2

1 )

(1− |λ2(Asde)|)2

( ∞∑
j=0

α2
j

)}
.

Then x̄(k), k ≥ 1, in (33) converges to the solution x̄ of the
optimization problem (2),

lim
k→∞

x̄(k) = x̄. (41)

To prove Theorem 2, we need a technical lemma, which
follows the probability property for the vector asde in (27).
For the completeness of this paper, we include a detailed proof
in Appendix B.

Lemma 1. Let asde and wi, 1 ≤ i ≤ n, be as in (10) and (27)
respectively. Set

w = (w1, . . . , wn, w1, . . . , wn)T (42)
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and
w̃ = aTsdew. (43)

Then
0 < min

1≤i≤n
wi ≤ w̃ ≤ max

1≤i≤n
wi. (44)

By (26) and (33), we have

x̄(k) = aTsdez(k). (45)

This together with (24) leads to the following iterative algo-
rithm for x̄(k), k ≥ 0:

x̄(k + 1) = x̄(k)− αkaTsdeh(k), k ≥ 0. (46)

For local objective functions gi, 1 ≤ i ≤ n, with Lipschitz
gradients (39), we observe that aTsdeh(k) is an inexact estimate
of the scaled global gradient w̃∇f(x̄(k)), see Appendix C for
a detailed proof.

Proposition 2. Let Asde, λ2(Asde), P and w̃ be as in (15),
(19), (26) and (43) respectively. Assume that the row stochastic
matrix Asde has simple eigenvalue one, and the local objective
functions gj , 1 ≤ j ≤ n, satisfy (39). Then

‖aTsdeh(k)− w̃∇f(x̄(k))‖2 ≤ L‖asde‖1‖z̃(k)‖2,∞. (47)

By Proposition 2, the iterative algorithm (46) can be con-
sidered as the gradient descent algorithm (3) with inexact
gradient update. Then following a standard argument, we have
the boundedness of x̄(k), k ≥ 1, when the objective function
f is convex, see Appendix D for a detailed proof.

Proposition 3. Let the matrix Asde, the sequence {αk}∞k=0

and the local objective functions gj , 1 ≤ j ≤ n, be as in
Theorem 2. If the global objective function f is convex, then

‖x̄(k)− x̄‖2 ≤ C2 for all k ≥ 0, (48)

where C2 is the constant in Theorem 2.

The estimate in (48) can be improved if the objective
function f has the strongly convex property (40), see Appendix
D for a detailed proof.

.

Proposition 4. Let the matrix Asde, the sequence {αk}∞k=0,
the local objective functions gj , 1 ≤ j ≤ n, and the global
objective function f be as in Theorem 2. Then

‖x̄(k)− x̄‖22 ≤ exp
(
− w̃A

k−1∑
j=0

αj

){
‖x̄(0)− x̄‖22

+

k−1∑
j=0

exp
(
w̃A

j∑
l=0

αl

)(
M2α2

j

+L2 max
1≤i≤n

‖xi(j)− x̄(j)‖22
)}

(49)

hold for all k ≥ 2.

Applying (49) for the illustrative examples (4) of step sizes,
and using (35), we obtain that

‖x̄(k)− x̄‖2 ≤ C(k + a)−θ/2, k ≥ 1, (50)

hold for some positive constant C, cf. the convergence rate
O(log k/

√
k) for the uncoded incremental gradient methods

[1, 8].
Set W = max1≤i≤n wi. Observe that

‖∇f(x)‖2 ≤ ‖∇f(x)−∇f(x̄)‖2 ≤ LW−1‖x− x̄‖2,

where the second inequality follows from (39) and the row
stochastic property for the matrix Asde. This together with
Proposition 4 proves that

f(x̄) ≤ f(x̄(k)) ≤ f(x̄) + LW−1 exp
(
− w̃A

k−1∑
j=0

αj

)

×
{
‖x̄(0)− x̄‖22 +

k−1∑
j=0

exp
(
w̃A

j∑
l=0

αl

)
×
(
M2α2

j + L2 max
1≤i≤n

‖xi(j)− x̄(j)‖22
)}

(51)

hold for all k ≥ 2.
We finish this section with the proof of Theorem 2 under

the assumption that Proposition 4 holds.

Proof of Theorem 2. By (13) and (36), we have
∞∑
j=0

M2α2
j + L2 max

1≤i≤n
‖xi(j)− x̄(j)‖22 <∞, (52)

and

lim
k→∞

exp
(
− w̃A

k∑
j=l

αj

)
= 0 (53)

for all l ≥ 0. Combining (49), (52) and (53) proves the desired
limit in (41) by the dominated convergence theorem.

V. NUMERICAL SIMULATIONS

In this section, we consider the following unconstrained
convex optimization problem on a network

arg min
x∈RN

‖Gx− y‖22, (54)

where the network contains n regions with each region of the
partition equipped with a worker, G is a random matrix of
size M × N whose entries are independent and identically
distributed standard normal random variables, and

y = Gxo ∈ RM (55)

has entries of xo being identically independent random vari-
ables sampled from the uniform bounded random distribution
between −1 and 1. The solution x̄ of the above optimization
problem is the least squares solution of the overdetermined
system y = Gxo,xo ∈ RN . In this section, we demonstrate
the performance of the CoDGraD algorithm (12) to solve the
convex optimization problem (54) and also compare it with
the performance of the the conventional distributed gradient
descent algorithm (DGD) under the CTA prototype (6).

Assume that the network has n active nodes. Then we
can repartition the network into n regions around those n
nodes, and accordingly, the random measurement matrix G,
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the measurement data y, and the objective function f(x) :=
‖Gx− y‖22 in (54) as follows,

f(x) =

m∑
i=1

fi(x) :=

n∑
i=1

‖Gix− yi‖22.

In our simulations, we assume that the repartitioned regions
have the same size, i.e., the number of rows in Gi and lengths
of vectors yi, 1 ≤ i ≤ n are the same. Shown in Figure 1 are
two undirected graphs to describe data exchanging structure
for active nodes of a 3-node and 5-node network respectively.

Fig. 1. Data exchanging structures with three/five-node network

In our simulations, we take (M,N) = (225, 225) for
Figures 2, 3, 4, 5 and (M,N) = (250, 50) for Figures 6 and
7. We use absolute error

AE := max
1≤i≤n

‖xi(k)− xo‖2
‖x0‖2

and consensus error

CE := max
1≤i≤n

‖xi(k)− x̄(k)‖2
‖xo‖2

to measure the performance of the CoDGraD algorithm (12)
and the CTA algorithm (6), where n is the number of active
nodes in the network.

In the first simulation where there are 3 nodes with its
topology described on the left of Figure 1, we take the coding
matrix B

B =

 1 −5/4 0
0 1 4/9

18/10 0 1

 (56)

and the decoding matrix

A =

 0 1 10/18
1 9/4 0
−4/5 0 1

 . (57)

The above coding/decoding matrix pair satisfies (9) and the
corresponding row stochastic matrix in (15) is

Asde =


0 1 10/18 0 0 0
1 9/4 0 0 0 0
0 0 1 4/5 0 0
0 1 10/18 0 0 0
1 9/4 0 0 0 0
0 0 1 4/5 0 0

 .

In Figures 2 and 3, we present the performance of the
CoDGraD algorithm (12) and the CTA algorithm (6) with
absolute and consensus metric being the average of the corre-
sponding metrics over 100 trials, where random measurement

matrix G has independent and identically distributed standard
normal random variables as its entries, the original vector xo is
identically independent random variables uniform distributed
in [−1, 1], and step sizes are αk = (k + 300)−0.75 and
(k + 500)−0.95, k ≥ 0, respectively.

Fig. 2. Performance comparison of the CoDGraD algorithm (12) and the CTA
algorithm (6) over a three active nodes network with (M,N) = (225, 225)
and step sizes αk = (k + 300)−0.75, k ≥ 0.

Fig. 3. Performance comparison of the CoDGraD algorithm (12) and the CTA
algorithm (6) over a three active nodes network with (M,N) = (225, 225)
and step sizes αk = (k + 500)−0.95, k ≥ 0.

In the second simulation, the network has 5 active nodes
with data exchanging structure described on the right of Figure
1. In that simulation, the coding/decoding matrices are given
by

B =


1 2 1/2 0 0
0 −1 3 4 0
0 0 −5/2 −3 1
1 0 0 1/5 13/5
2 1 0 0 4

 (58)

and

A =


1/2 1/4 0 0 1/4
1 1 1 0 0
0 −1 −8/5 1 0
0 0 −2/5 −1 1
2 0 0 5 −3

 (59)
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respectively. The above coding/decoding matrix pair satisfies
(9) and the corresponding row stochastic matrix in (15) is

Asde =



1
2

1
4 0 0 1

4 0 0 0 0 0
1
3

1
3

1
3 0 0 0 0 0 0 0

0 0 0 5
18 0 0 5

18
8
18 0 0

0 0 0 0 5
12 0 0 1

6
5
12 0

1
5 0 0 1

2 0 0 0 0 0 3
10

1
2

1
4 0 0 1

4 0 0 0 0 0
1
3

1
3

1
3 0 0 0 0 0 0 0

0 0 0 5
18 0 0 5

18
2
9 0 0

0 0 0 0 5
12 0 0 1

6
5
12 0

1
5 0 0 1

2 0 0 0 0 0 3
10


.

Shown in Figures 4 and 5 are the performance of the CoDGraD
algorithm (12) and the CTA algorithm (6), where the absolute
metric and consensus metric are the average of the correspond-
ing metrics over 100 trials with random measurement matrix
G and the original vector xo being selected as in the first
simulation, and step sizes being αk = (k + 800)−0.90 and
(k + 500)−0.95, k ≥ 0, respectively.

Fig. 4. Performance comparison of the CoDGraD algorithm (12) and the
CTA algorithm (6) over a five node network with (M,N) = (225, 225) and
step sizes αk = (k + 800)−0.9, k ≥ 0.

Fig. 5. Performance comparison of the CoDGraD algorithm (12) and the
CTA algorithm (6) over a five node network with (M,N) = (225, 225) and
step sizes αk = (k + 500)−0.95, k ≥ 0.

From the above simulations, we observe that the CoD-
GraD algorithm (12) has much better performance than the

CTA algorithm (6) in reaching consensus. Even though x̄(k)
satisfies a gradient descent algorithm (46) with an inexact
global gradient, see Proposition 2, our simulations indicate
that the CoDGraD algorithm (12) still has comparable per-
formance in the absolute error with the CTA algorithm (6).
Also we can conceive from the simulations that the CoDGraD
algorithm (12) has faster convergence for a smaller exponent
θ ∈ (1/2, 1], which confirms its convergence rate estimate in
(35) and (50). On the other hand, our simulations also indicate
that decreasing the exponent θ moves the CoDGraD algorithm
(12) into the instability phase, which could directly be related
to the sparsity of the network. It is worth mentioning that
we can adequately calibrate this instability by increasing the
value of a in our illustrate examples (4) for a fixed exponent
θ. Thus we can anticipate in Figures 2 and 3 that the increase
in the value to θ = 0.95 degraded the convergence so that
the CoDGraD algorithm became closer in performance to the
CTA algorithm. While in Figures 4 and 5 we realize that the
lower value of θ = 0.75 is impermissible since the CoGraD
algorithm will considerably enter the instability region while
a higher value of θ = 0.9 favors a better convergence rate and
the highest value of θ = 0.95 degraded the convergence again.

In Figures 6 and 7, we implement the CoDGraD algorithm
(12) and the CTA algorithm (6) over the 5-node network with
subsystems on nodes being overdetermined. It is observed that
the absolute error decreases significantly in 2000 iterations
to reach the machine precision of 10−16 using the step size
with θ = 0.75 and a = 300 or the algorithms have slower
convergence with θ = 0.85 and a = 500, cf. Figures 4 and
5. Our further simulations indicate that convergence behaviors
of the CoDGraD algorithm (12) and the CTA algorithm (6)
depends directly on maximal condition number of matrices
Gi, 1 ≤ i ≤ n, cf. (37) and (51) where A is closely related to
the maximal condition number in the current setting.

Fig. 6. Performance comparison of the CoDGraD algorithm (12) and the
CTA algorithm (6) over a five node network with (M,N) = (250, 50) and
step sizes αk = (k + 300)−0.75, k ≥ 0.

VI. CONCLUSIONS

In this paper, we proposed the Code-Based Distributed
Gradient Descent algorithm (12) to solve a convex optimiza-
tion problem over a large network with some workers being
stragglers due to the failure or heavy delay on computing
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Fig. 7. Performance comparison of the CoDGraD algorithm (12) and the
CTA algorithm (6) over a five node network with (M,N) = (250, 50) and
step sizes αk = (k + 500)−0.85, k ≥ 0.

or communicating. The proposed algorithm is a distributed
version of gradient descent algorithm with inexact gradient
updating, and it has better performance in reaching consen-
sus as we apply the row stochastic matrix associated with
the coding/decoding scheme. The convergence rate of the
proposed CoDGraD algorithm depends on the topological
structure of the network, the second largest eigenvalue of
row stochastic matrix in magnitude, and the updating step
sizes in the algorithm. Moreover, our coding scheme does
not necessarily comply with the conventional paradigm of
decomposing the global convex function onto a summand of
local convex functions and hence our coding/decoding scheme
may shed new light on distributed inexact (stochastic) gradient
descent algorithms.

APPENDIX

A. Proof of Proposition 1

Denote the spectrum of a square matrix A by σ(A). By the
assumption on the matrix Asde,

σ(Asde) ⊂ {1} ∪ {z, |z| < 1}, (60)

and the eigenspace associated with eigenvalue one is given by

N(Asde − I) = span {12n} . (61)

Combining (26), (29), (60) and (61), we obtain

σ(Asde−P) =
(
σ(Asde)\{1}

)
∪{0} ⊂ {z, |z| ≤ |λ2(Asde)|}.

(62)
Therefore there exists a positive constant C1 such that

‖(Asde −P)k‖B∞ ≤ C1

(1 + 2|λ2(Asde)|
3

)k
, k ≥ 1, (63)

where ‖A‖B∞ = sup‖x‖∞=1 ‖Ax‖∞.
By (8), (16), (22) and (23), we have

‖h(k)‖2,∞ ≤ sup
1≤i≤n

sup
x∈RN

‖∇gi(x)‖2 ≤M. (64)

Then combining (31), (63) and (64) completes the proof.

B. Proof of Lemma 1

By (29), we have

(Asde −P)k = Ak
sde −P, k ≥ 1.

Therefore
lim
k→∞

Ak
sde = P

by (63). This, together with the observation that all entries
of Ak

sde, k ≥ 1 are nonnegative. Hence the required estimate
implies that all entries of asde are nonnegative and the desired
estimate (44) follows.

C. Proof of Proposition 2

By (22), (33) and (39), we have

‖hi(k)−∇gi(x̄(k))‖2 = ‖∇gi(zi(k))−∇gi(x̄(k))‖2
≤ L‖zi(k)− x̄(k)‖2 ≤ L‖z̃(k)‖2,∞

for 1 ≤ i ≤ n, and

‖hi(k) +∇gi−n(x̄(k))‖2 ≤ L‖z̃(k)‖2,∞

for n+ 1 ≤ i ≤ 2n. Therefore

‖h(k)− h̃(k)‖2,∞ ≤ L‖z̃(k)‖2,∞, (65)

where

h̃(k) =

(
∇G(x̄(k))
−∇G(x̄(k))

)
and ∇G(x) =

 ∇g1(x)
...

∇gn(x)

 .

Therefore

‖aTsdeh(k)− aTsdeh̃(k)‖2
≤ ‖asde‖1‖h(k)− h̃(k)‖2,∞ ≤ L‖asde‖1‖z̃(k)‖2,∞, (66)

where the second estimate follows from (65).
Observe from (9) that

Asdeh̃(k) = ∇f(x̄(k))w,

which together with (27) implies that

aTsdeh̃(k) = aTsdeAsdeh̃(k) = w̃∇f(x̄(k)). (67)

Combining (66) and (67) proves the desired estimate (47).

D. Proof of Proposition 3

Set
βk = M2α2

k + L2‖z̃(k)‖22,∞, k ≥ 0. (68)

By (22), (16), (46) and (47), we obtain

‖x̄(k + 1)− x̄‖22 = ‖x̄(k)− x̄‖22 + α2
k‖aTsdeh(k)‖22

−2αk〈aTsdeh(k), x̄(k)− x̄〉N
≤ ‖x̄(k)− x̄‖22 +M2‖asde‖21α2

k

+2L‖asde‖1αk‖z̃(k)‖2,∞‖x̄(k)− x̄‖2
= ‖x̄(k)− x̄‖22 +M2α2

k

+2Lαk‖z̃(k)‖2,∞‖x̄(k)− x̄‖2
≤ (1 + α2

k)‖x̄(k)− x̄‖22 + βk, (69)
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where we also use the positivity of w̃ in (44), ‖asde‖1 = 1
and the convexity of the objective function f ,

〈∇f(x),x− x̄〉N ≥ 0, x ∈ RN . (70)

Applying (69) repeatedly, we get

‖x̄(k + 1)− x̄‖22

≤
k∏
j=0

(1 + α2
j )‖x̄(0)− x̄‖22 + βk +

k−1∑
j=0

βj

k∏
j′=j+1

(1 + α2
j′)

≤ exp
( k∑
j=0

α2
j

)(
‖x̄(0)− x̄‖22 +

k∑
j=0

βj

)
≤ exp

( ∞∑
j=0

α2
j

)(
‖x̄(0)− x̄‖22 +

∞∑
j=0

βj

)
, k ≥ 1. (71)

This together with (13) and (36) proves the desired bound (48)
for the sequence x̄(k), k ≥ 0.

E. Proof of Proposition 4

By (13), without a loss of generality, we assume that

0 ≤ αk ≤ w̃A for all k ≥ 0.

Then for k ≥ 1, following the argument in (69) with the
convexity (70) replaced by the strong converxity (40), we
obtain

‖x̄(k)− x̄‖22 ≤ (1− w̃Aαk−1)‖x̄(k− 1)− x̄‖22 +βk−1, (72)

cf. (69). Applying the above estimate repeatedly leads to

‖x̄(k)− x̄‖22 ≤
k−1∏
j=0

(1− w̃Aαj)‖x̄(0)− x̄‖22 + βk−1

+

k−2∑
j=0

βj

k−1∏
j′=j+1

(1− w̃Aαj′)

≤ exp
(
− w̃A

k−1∑
j=0

αj

)
‖x̄(0)− x̄‖22 + βk−1

+

k−2∑
j=0

exp
(
− w̃A

k−1∑
j=j+1

αj

)
βj ,

where βj , j ≥ 0, is given in (68). This proves the desired
estimate (49).
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