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111���ÙÙÙ ýýý������£££

��Ö���5, �Ùò©o!©O{ãFourier?ê!

FourierC�!2Â¼êÚSÈ�m��
Ä�5�"k,��

Öö�?�Úë� [27,34,56,57,75]"

1.1 Fourier???êêê

��½Â3¢¶þ�¼ê f 3÷vf(x + T ) = f(x) , x ∈ R,

��¡���±Ï¼ê"
~êT > 0 �¡�þã±Ï¼ê f

�±Ï"3ó§A^¥, ��¢¶þ�¼ê��@�´��þ�

&Ò"Ïd, ��±Ï¼ê�Òg,/�¡�±Ï&Ò" ±Ï&

Ò²~Ñyuó§A^¥, Xã1.1.1Úã1.1.2�±ÏÝ/óÀ

&ÒÚ±Ïç¸&Ò"
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ã1.1.1. ±ÏÝ/óÀ&Ò ã1.1.2. ±Ïç¸&Ò

� 1 ≤ p ≤ ∞, ½Â±Ï�T > 0��ÿ¼ê f�Lp��

‖f‖Lp
([0,T ])

=





(
1
|T |

∫ T

0

|f(x)|pdx

)1/p

, 1 ≤ p < ∞,

ess supx∈[0,T ]|f(x)| , p = ∞"

P¤kLp�k�¿�±Ï�T ��ÿ¼ê�N�Lp
([0,T ])"�

âHölderØ�ª,

‖f‖Lp
([0,T ])

≤ ‖f‖Lq
([0,T ])

, 1 ≤ p ≤ q ≤ ∞"

Ïd¼ê�mLp
([0,T ]), 1 ≤ p ≤ ∞, äke¡��¹'X:

L∞([0,T ]) ⊂ Lq
([0,T ]) ⊂ Lp

([0,T ]) ⊂ L1
([0,T ]), 1 ≤ p ≤ q ≤ ∞"

éLp
([0,2π])¥�¼ê f, 1 ≤ p ≤ ∞, ½Â

cn(f) =
1
2π

∫ 2π

0

f(x)e−inxdx ∀n ∈ Z" (1.1.1)

w, |cn(f)| ≤ ‖f‖Lp
([0,2π])

é¤k�ên¤á"dd, é?¿�

Lp
([0,2π])¼ê f , {cn(f)}n∈Z´��k.S�"dS�Ï~�¡

2



� f�FourierXê"
/ªþ�Úª
∑

n∈Z cn(f)einx K�¡

� f�Fourier?ê, ¿P�

f(x) ∼
∑

n∈Z
cn(f)einx" (1.1.2)

·�7L�Ñ�´, ¦+é?¿�Lp
([0,2π])¼ê f , ÑkÙéA

�Fourier?ê, �ûØUä½¤éA�Fourier?ê´Âñ�"

d	, =¦?ê3,�:xÂñ��7Âñu f(x)"

½½½nnn 1.1.1 (RiemannÚn) � 1 ≤ p ≤ ∞Ú f ∈ Lp
([0,2π])"

@o f�FourierXê÷v lim
n→∞

cn(f) = 0"

½½½nnn 1.1.2 (��5½n) � 1 ≤ p ≤ ∞, fÚ g´Lp
([0,2π])

¥���¼ê"P {cn(f)}n∈ZÚ {cn(g)}n∈Z©O�ÙFourierX

ê"XJ cn(f) = cn(g)é¤k��ên ∈ Z¤á, @o f = g"

lþã��5½n�, Lp
([0,2π])¥äk"FourierXê�¼ê

�k"¼ê"Ïdd½n�±^5�½��Lp
([0,2π])¼ê´Äð

Ó"

½½½nnn 1.1.3 (Parsevalð�ª) � f ∈ L2
([0,2π])"P f�

FourierXê� {cn(f)}n∈Z"@o

1
2π

∫ 2π

0

|f(x)|2dx =
∑

n∈Z
|cn(f)|2"

éf ∈ Lp
([0,2π]), ·�^SnfL«ÙFourier?ê�Ü©Ú

(Snf)(x) =
∑

|k|≤n

ck(f)eikx"

3



ÏLO�, ·��±rÜ©ÚSnf L«�eã�È©/ª

(Snf)(x) =
1
2π

∫ 2π

0

f(x− t)
sin(n + 1/2)t

sin(t/2)
dt"

éÜ©ÚSnf, n ≥ 1, �Cesàro²þ

(σnf)(x) =
1

n + 1

n∑

k=0

(Skf)(x)"

aquÜ©Ú, σnf �ke¡�È©L«úª

(σnf)(x) =
1

2(n + 1)π

∫ 2π

0

f(x− t)
sin2(n + 1)t/2

sin2(t/2)
dt,

�Ø¼êKn(t) = sin2(n+1)t/2
(n+1) sin2(t/2)

´��ng�Kn�õ�ª, §

Ï~�¡�FejerØ"é?¿ f ∈ Lp
([0,2π]), σnf�3Lp

([0,2π])¿

Âe%C f"

½½½nnn 1.1.4 � 1 ≤ p < ∞±9 f ∈ Lp
([0,2π]), K lim

n→∞
‖f −

σnf‖Lp
([0,2π])

= 0"

é?¿� 2π±Ï¼ê f ∈ Lp
([0,2π]), 1 ≤ p < ∞"duσnf, n

≥ 0, ´n�õ�ª"Ïd, l½n1.1.4 ·���
n�õ�ª

3Lp
([0,2π])¥´È��(Ø"

½½½nnn 1.1.5 �1 ≤ p < ∞"@on�õ�ª�N¤|¤��
m3Lp

([0,2π])¥´È��"

4



1.2 Fourier CCC���

é¢¶þ��ÿ¼ê f(x), ½Â§�Lp(R)�, 1 ≤ p ≤ ∞,

�

‖f‖p =





(∫

R
|f(x)|pdx

)1/p

, 1 ≤ p < ∞,

ess supx∈R|f(x)| , p = ∞"
P¤käkk�Lp(R)���ÿ¼ê�N�Lp(R)"·�Ï~

¡Lp(R)¥�¼ê� p�È¼ê"� p = 1�, L1(R)¥�¼ê�

{¡��È¼ê"

é���È¼ê f ,·�½Â§�FourierC� f̂�

f̂(ξ) =
∫

R
f(x)e−ixξdx"

k�, ·��P f�Fourier C��F(f)"FourierC�ÃØ3n

Øþ�´3A^¥Ñ´�©k^�óä"¯¢þ, FourierC�ò

��þ�&Ò©Ù=z�
ª�þ�&Ò©Ù, 
��&ÒE�

lª�þ�&Ò©Ù��¡E"

l�È¼ê f�FourierC� f̂�½Â, ·�w� ‖f̂‖∞ ≤
‖f‖1"

½½½nnn 1.2.1 � f ∈ L1(R)"@o f�FourierC� f̂(ξ)´�

�k.ëY¼ê§¿�

‖f̂‖∞ ≤ ‖f‖1 Ú lim
|ξ|→∞

f̂(ξ) = 0"

½Â²£�f τh, h ∈ R, Ú� �f δa, a > 0, ©O�

(τhf)(x) = f(x− h) Ú (δaf)(x) = f(ax) , x ∈ R"

5



é�È¼ê�Fourier C�F(f), ·�N´�ye¡½n1.2.2¥

¤ã�5�"

½½½nnn 1.2.2 � f, g��È¼ê, K

(i)(�55) F(αf +βg)(ξ) = αF(f)(ξ)+βF(g)(ξ), ∀α, β

∈ R;

(ii)(²£5) F(τhf)(ξ) = e−ihξF(f)(ξ) ÚF(e−ih·f)(ξ) =

τhF(f)(ξ);

(iii)(� 5) F(δaf)(ξ) = a−1(Ff)(a−1ξ) ;

(iv)(�ê5�) XJ?�Úb�xf(x) ∈ L1(R), @oF(f)

��, � d
dξF(f)(ξ) = F(−i · f(·))(ξ) ;

(v)XJÓ�b� fÚ f��ê f ′�È, ¿� lim
|x|→∞

f(x) = 0,

@oF(f ′)(ξ) = iξF(f)(ξ)"

½ÂL1(R)¼ê fÚLp(R)¼ê g�òÈ f ∗ g�

f ∗ g(x) =
∫

R
f(x− y)g(y)dy"

ØJ�y

‖f ∗ g‖p ≤ ‖f‖1‖g‖p, 1 ≤ p ≤ ∞,

±9

F(f ∗ g) = F(f)F(g), ∀ f, g ∈ L1(R)"

éFourier C�, ·�ke¡�Parsevalð�ª, =

½½½nnn 1.2.3 � f ∈ L1(R) ∩ L2(R)"@o

‖f‖2 = (2π)−1/2‖f̂‖2"

6



�âParsevalð�ª, ·��±^e��{½ÂL2(R)¼ê

�FourierC�:� f ∈ L2(R),?�S� fn ∈ L1(R)∩L2(R), n ≥
1,¦� limn→∞ ‖fn−f‖2 = 0"~X� fn = fχ[−n,n],ùpχ[−n,n]

L« [−n, n]þ�A�¼ê"dParsevalð�ª,

‖f̂n − f̂m‖2 = (2π)1/2‖fn − fm‖2 , ∀n,m ≥ 1"

l
 f̂n, n ≥ 1, ´��L2(R)þ�CauchyS�, ddS� f̂n3

L2(R)k4�"·�½Âd4�Ò�L2(R)¼ê f�Fourier C

�"é3d¿Âe�L2(R)¼ê�FourierC�, ·�k

‖f̂‖2 =
√

2π‖f‖2 , ∀f ∈ L2(R)"

½Â�È¼ê f�Fourier_C� f∨�

f∨(x) =
1
2π

∫

R
f(ξ)eixξdξ"

k�, ·��^F−1f5L« f�Fourier_C�"

½½½nnn 1.2.4 � f,Ff ∈ L1(R)"@o

f = F−1(Ff) = F(F−1f)"

AOé�KFourier C�Ff , ·�ke¡�(Ø"

½½½nnn 1.2.5 � f ∈ L1(R), f3 0:ëYÚFf ≥ 0"@oFf

∈ L1(R)� f = F−1(Ff)"

FourierC�ÚFourier?ê´���'�"e¡�Poisson

¦Úúª Ò´��éÐ�~y"

7



½½½nnn 1.2.6 � f(x) ∈ L1(R)"b�
∑

k∈Z f(x+2kπ) ??Â

ñu,�ëY¼ê�
∑

k∈Z
f̂(k)eikx ??Âñ§@o

∑

k∈Z
f(x + 2kπ) =

1
2π

∑

k∈Z
f̂(k)eikx , ∀x ∈ R"

²·��� C., ½Â¥�Poission¦Úúª��±de

¡��ØÓ�/ª5Lã:

∑

k∈Z
f(x + 2akπ) = (2aπ)−1

∑

k∈Z
f̂(a−1k)eia−1kx,

Ú
∑

k∈Z
f(x + k) =

∑

k∈Z
f̂(2kπ)e2kiπx"

1.3 222ÂÂÂ¼¼¼êêê

P¤k¢¶þäk;| �C∞¼ê�N�C∞c (R), ¤k

| u;8K�C∞c (R)¼ê�N�C∞c (K)"��2Â¼ê

g´C∞c (R)þ�ëY�5/ª g : C∞c (R) 7−→ R, §÷ve¡�

�55ÚëY5^�:

(i) g(α1f1 + α2f2) = α1g(f1) + α2g(f2) , é¤k f1, f2 ∈
C∞c (R)Úα1, α2 ∈ R¤á;

(ii) é?�;8K, �3g,êNÚ�êC, ¦�eª¤á

|g(f)| ≤ C sup
|k|≤N

‖f (k)‖∞, ∀f ∈ C∞c (K),

8



3d f (k)L« f� kg�ê"

½ÂSchwartz¼êaS�

S =
{

f ∈ C∞(R) : ‖f (k)(x)(1 + |x|)l‖∞ < ∞, ∀ k, l ≥ 0
}
"

lSchwartz¼ê�½Â�±wÑC∞c (R) ⊂ S"Schwartz¼

êa���­��5�Ò´Schwartz¼ê�Fourier C�E

´Schwartz¼ê"

���O©Ù g´Schwartz¼êaSþ�ëY�5/ª g :

S 7−→ R, §÷ve�ü�^�:

(i) g(α1f1 + α2f2) = α1g(f1) + α2g(f2), é¤k f1, f2 ∈
SÚα1, α2 ∈ R¤á;

(ii)�3��êN1, N2Ú�êC,¦�

|g(f)| ≤ C sup
|k|≤N1

‖f (k)(x)(1 + |x|)N2‖∞, ∀f ∈ S"

3�Ö¥, ·��{¡�O©Ù�©Ù"w,�O©Ù´��2

Â¼ê"e¡´�
�O©Ù�;.~f:

(i) δ©Ù, §� f ∈ S��^� δ(f) = f(0);

(ii) Lp(R)¼ê g, 1 ≤ p ≤ ∞, §� f ∈ S��^½Â
� g(f) =

∫
R f(x)g(x)dx;

(iii)õ�ª����ÿ¼ê g,=�3õ�ªP (x)¦� |g(x)|
≤ |P (x)|, d�·�½Â g(f) =

∫
R f(x)g(x)dx"

du Schwartz¼ê�Fourier C�E´ Schwartz¼ê, ·�

�±ÏLe¡�ª5½Â�O©Ù g�FourierC� ĝ:

ĝ(f) = g(f̂), f ∈ S"

9



�±�y, þã�ª½Â��O©Ù g�FourierC� ĝ, 3 g´

L1(R)¼ê½L2(R)¼ê�, �·�±c½Â�FourierC��

Ó"éu δ©Ù, §�FourierC�Ò´~�¼ê 1"

·�ò|^Fourier C��Ä�O©Ù�Âñ5"

½½½nnn 1.3.1 � gn, n ≥ 1, ´��2Â¼ê, �§��Fourier

C� ĝn´�ÿ¼ê¿É,�õ�ª��, =�3õ�ªP (ξ)¦

� |ĝn(ξ)| ≤ P (ξ)é¤k ξ ∈ R ¤á"XJ ĝn, n ≥ 1, 3?�;

8þ��Âñ, @o gn, n ≥ 1, 3©Ù¿ÂeÂñu,��O©

Ù"

1.4 SSSÈÈÈ���mmm

��¢�5�mXþ�SÈ, ��´����ê�¼

ê 〈·, ·〉 : X ×X 7−→ R, §÷ve�^�:

(i) 〈αx+βy, z〉 = α〈x, z〉+β〈y, z〉, ∀α, β ∈ R, x, y, z ∈ X;

(ii) 〈x, y〉 = 〈y, x〉, ∀x, y ∈ X;

(iii) 〈x, x〉 > 0, ∀ 0 6= x ∈ X"

���kSÈ 〈·, ·〉�¢�5�mX, Ï~�¡�SÈ�

m, ¿P� (X, 〈·, ·〉)"é¢SÈ�m (X, 〈·, ·〉)¥�?�x, ½Â

‖x‖ =
√
〈x, x〉"ØJ�y ‖ · ‖´���ê"l
, ·��±d

�êÚ\¢SÈ�m (X, 〈·, ·〉)�ÿÀ"3þã�ê¤Ú\�
ÿÀ¿Âe, (X, 〈· , ·〉)´�����ÿÀ�m�, ·�¡d¢

SÈ�m�¢Hilbert�m"aq/, ·��±½ÂESÈ�m

ÚEHilbert�m"�d�^� (i)¥�~êα, β�Eê, 
^

� (ii)U�: 〈x, y〉 = 〈y, x〉é¤k�x, y ∈ X¤á"

10



;.�Hilbert�m~fk:

(i) Euclidean�mRn3e�SÈ 〈x, y〉 =
∑n

i=1 xiyi¿Âe,

¤���Hilbert�m,Ù¥ x = (x1, x2, · · · , xn) ∈ RnÚ

y = (y1, y2, · · · , yn) ∈ Rn;

(ii)�5�mL2(R)3e�SÈ 〈f, g〉 =
∫
R f(x)g(x)dx¿Â

e¤�Hilbert�m, Ù¥ f, g ∈ L2(R);

(iii)�5�mL2
([0,T ])3e�SÈ 〈f, g〉 = 1

T

∫ T

0
f(x)g(x)dx

¿Âe¤�Hilbert�m, Ù¥ f, g ∈ L2
([0,T ])"

� (X, 〈·, ·〉)´��SÈ�m"�X�ü���x, y÷vÙ

SÈ 〈x, y〉�"�, ·�¡§�´p����, ¿P�x ⊥ y"

Ó�, éX�ü�f8AÚB, XJé¤kx ∈ AÚ y ∈ B¤

áx ⊥ y, K¡A�B��, ¿PA ⊥ B"��X�f8M��

�ÖM⊥, ´�X¥¤k�M�������N, =

M⊥ = {y ∈ X : 〈x, y〉 = 0, ∀x ∈ M} "

éHilbert�m, ·�ke¡���©)½n"

½½½nnn 1.4.1 �M´Hilbert�mH�4�5f�m"@oH

�©)�M�M⊥��Ú, =H¥�?��� f���/�

¤M¥��� f0�M⊥¥��� g0�Ú"d�, ·��PH =

M ⊕M⊥"

½½½nnn 1.4.2 �M´Hilbert�mH��54f�m"é?

� f ∈ H, ½Â3M¥¦� f − g ∈ M⊥��� g� f3Mþ�

ÝK, ¿P�Pf"@oP ´��k.�5�f, P 2 = P, M =

{Pf ∈ H : f ∈ H}, ÚM⊥ = {f ∈ H : Pf = 0}"
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111���ÙÙÙ [[[©©©¼¼¼êêê

�M´���u½�u 2���ê"����O©Ù f÷

ve��§

f =
∑

n∈Z
c(n)f(M · −n) (2.0.1)

�¡��[©©Ù( refinable distribution )"�§ (2.0.1)�¡�

�[©�§"3�Ö¥, ·�ob½[©�§ (2.0.1)¥�¢X

êS� {c(n)}n∈Z´�Ú�, =
∑

n∈Z |c(n)| < ∞"�Au[©�
§ (2.0.1)�ëY 2π±Ï¼ê

H(ξ) =
1
M

∑

n∈Z
c(n)e−inξ

�¡��[©©Ù f�ÎÒ"�Ùò0�[©¼ê��
Ä�

5�"ù
5�Ì�ÏLH(ξ)�A:5£ã"§ 2.1!?Ø
[

©�§ (2.0.1)�[©©Ù)��35Ú��5; § 2.2Ú § 2.3!

�âH(ξ)�©)/ª, ©O^ª�Ú����{?Ø
[©

¼ê�1w5; § 2.5!^­½�²£ÚCQF^��Ñ[©¼

ê��²£����A�; § 2.6Ú § 2.7!^H(ξ)��A55
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�x[©¼ê f��²£��5Ã'�¿©7�^�, ¿`²

�M = 2�, f��²£ÛÜ�5Ã'5Ú�N�5Ã'5�

d—- 
d�d53M > 2�´Ø¤á�; § 2.8!^H(ξ)�©

)/ª�x[©©Ù÷vStrang–Fix^��A5; § 2.9!?Ø

d[©�f5½ÂLp
∗¥¼ê¤)¤�?éS��Lp

∗Âñ5¯

K; § 2.10!�Ñ
;| [©¼ê�é¡½�é¡�A��

x, ?
y²�M = 2�, ;| [©¼ê�Qé¡q����

k [0, 1)þ�A�¼ê9Ù�²£ù�A~; § 2.11!�x
;|

 ëY[©¼êäk��5�A�, ¿`²�M = 2�Ø�3ë

Y;| [©¼êÓ�äk��5Ú��5; § 2.12!K�Ñ


;| �ÿ[©¼ê�ÛÜõ�ª���¿©^�"

2.1 [[[©©©©©©ÙÙÙ������333555ÚÚÚ������555

�!ò?Ø[©�§�O©Ù)��35Ú��5"

½½½nnn 2.1.1 � {c(n)}´k��S��÷v∑
n∈Z c(n) = M"

@o[©�§

f =
∑

n∈Z
c(n)f(M · −n) (2.1.1)

�3;| �O©Ù) f"¿�� f̂(0) = 1�, ;| �O©Ù

)��"

�y²½n2.1.1, ·�I���'uÃ¡¦È��O±9²

;�Paley-Wiener½n"

14



ÚÚÚnnn 2.1.1 �H(ξ)´�� 2π±Ï¼ê, H(0) = 1��3�

êC0 > 0Úλ ∈ (0, 1),¦�

|H(ξ)−H(0)| < C0|ξ|λ, ∀ ξ ∈ [−π, π]" (2.1.2)

PB = supξ∈[−π,π] |H(ξ)|, @o∏n
k=1 H(M−kξ), n ≥ 1, 3?¿

;8þ��Âñ, ��3�n, ξÃ'�~êC, ¦�∣∣∣∣∣
n∏

k=1

H(M−kξ)

∣∣∣∣∣ ≤ C (1 + |ξ|)ln B/ ln M " (2.1.3)

y²µ ?���;8Ω"·���z��;8´k.8,

Ïd�3���~êC1, ¦� |ξ| ≤ C1é¤k ξ ∈ Ω¤á"

d (2.1.2) ·����e¡��O
∣∣H(M−kξ)− 1

∣∣ ≤ C0C
λ
1 M−kλ, ∀ ξ ∈ Ω, k ≥ 1"

l

∞∑

k=1

∣∣H(M−kξ)− 1
∣∣ ≤

∞∑

k=1

C0C
λ
1 M−kλ

= C0C
λ
1 (Mλ − 1)−1 < ∞, ∀ ξ ∈ Ω"

ùy²
S�
n∏

k=1

H(M−kξ), n ≥ 1, 3;8Ωþ���Âñ5"

y3·�m©y² (2.1.3)"é |ξ| ≤ 1,
n∑

k=1

∣∣H(M−kξ)− 1
∣∣ ≤

n∑

k=1

C0M
−kλ ≤ C0(Mλ − 1)−1"

l
é¤k |ξ| ≤ 1,
∣∣∣∣∣

n∏

k=1

H(M−kξ)

∣∣∣∣∣ ≤ exp

(
n∑

k=1

|H(M−kξ)− 1|
)

≤ exp
(
C0(Mλ − 1)−1

)
< ∞" (2.1.4)
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é |ξ| ≥ 1, P j0��u ln |ξ|/ ln M�����ê"K�n ≤
j0�, ∣∣∣∣∣

n∏

k=1

H(M−kξ)

∣∣∣∣∣ ≤ Bn ≤ Bj0 ≤ B
ln |ξ|
ln M +1

≤ B(1 + |ξ|)ln B/ ln M ; (2.1.5)


�n > j0�, d (2.1.4)Ú (2.1.5), ·���
∣∣∣∣∣

n∏

k=1

H(M−kξ)

∣∣∣∣∣ ≤
j0∏

k=1

∣∣H(M−kξ)
∣∣×

n−j0∏

k=1

∣∣H(M−k(M−j0ξ))
∣∣

≤ B(1 + |ξ|)ln B/ ln M exp(C0(Mλ − 1)−1)"

(2.1.6)

nÜ (2.1.4), (2.1.5)Ú (2.1.6)Ò�� (2.1.3)" ¤

ÚÚÚnnn 2.1.2 (Paley-Wiener½n [27]) ���O©Ù fäk

;| �¿©7�^�´: §�FourierC� f̂�*Ü�E²

¡Cþ���)Û¼êF , ��3�Eê zÃ'�~êC, N, L,

¦�

|F (z)| ≤ C(1 + |z|)NeL|Imz|, ∀z ∈ C"

½n2.1.1�y²µ PH(ξ) = 1
M

∑
n∈Z c(n)e−inξ"���

êL, ¦� c(n) = 0é¤k� |n| > L¤á"d½n2.1.1�b�

^��H(0) = 1, Ïd

|H(ξ)− 1| =
1
M

∣∣∣∣∣
∑

n∈Z
c(n)(e−inξ − 1)

∣∣∣∣∣

≤ 1
M

∑

n∈Z
|c(n)|e|n||Imξ||n||ξ|

≤ C0eL|Imξ||ξ|, (2.1.7)
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Ù¥C0 = 1
M

∑
n∈Z |c(n)||n|"dÚn2.1.1,

∏n
k=1 H(M−kξ), n ≥

1, 3R¥�?�;8þ��Âñ, P§�4��F (ξ)"Ó�, 5

¿�

n+1∏

k=1

H(M−kξ) = H(M−1ξ)
n∏

k=1

H(M−k(M−1ξ)),

Ïd
∏n

k=1 H(M−kξ)�4�¼êF (ξ)÷v

F (ξ) = H(M−1ξ)F (M−1ξ)" (2.1.8)

�âÚn2.1.1��, F (ξ)´���O©Ù"PF �Fourier_C

�� f"@o, 3 (2.1.8)ü>�Fourier_C��, ·���d©

Ù f÷v[©�§ (2.1.1)"

y3y² fäk;| "dPaley-Wiener½n, ·��Iy

²F �*Ü�E²¡þ�)Û¼êF ∗, ��3~êC,N, L, ¦

�

|F ∗(z)| ≤ C(1 + |z|)NeL|Imz|, z ∈ C" (2.1.9)

½ÂF (ξ)3E²¡�*Ü�F ∗(z) =
∏∞

k=1 H(M−kz)"d (2.1.7)

�
∏n

k=1 H(M−kz), n ≥ 1, 3E²¡�?�;8þ��Âñ

uF ∗(z)"w,
∏n

k=1 H(M−kz), n ≥ 1, ´E²¡þ�)Û¼

êx, l
F ∗(z)´��)Û¼ê"aquÚn2.1.1�y², e

^ (2.1.7)�O (2.1.3),·��±��aqu (2.1.3)��O (2.1.9)"

��·�y²÷v[©�§ (2.1.1)±9 f̂(0) = 1�;| ©

Ù) f´���"�;| ©Ù f1Ú f2´[©�§ (2.1.1)÷

v f̂1(0) = f̂2(0) = 1�)"P g = f1 − f2, @o gE´;|

 �©Ù, ¿÷v[©�§ (2.1.1)"3[©�§ (2.1.1)ü>

17



�Fourier C�, ·���

ĝ(ξ) = H(ξ/M)ĝ(ξ/M)" (2.1.10)

­EA^ (2.1.10)��

ĝ(ξ)=H(M−1ξ) · · ·H(M−nξ)ĝ(M−nξ)=
n∏

k=1

H(M−kξ)ĝ(M−nξ)"

(2.1.11)

Ïd, dÚn2.1.1Ú ĝ�ëY5�

ĝ(ξ) = lim
n→∞

n∏

k=1

H(M−kξ)× lim
n→∞

ĝ(M−nξ)

=
∞∏

k=1

H(M−kξ)ĝ(0) = 0"

ùÒy²
 f1 = f2, =÷v[©�§ (2.1.1)±9 f̂(0) = 1�;

| ©Ù) f´���" ¤

�[©�§ (2.1.1)¥�¢XêS� {c(n)}n∈Z´Ã���S

�, �3Ã¡�?Pk�½P~^��, ·�E���aqu½

n2.1.1�(Ø"

½½½nnn 2.1.2 �S� {c(n)}n∈Z÷v
∑

n∈Z |c(n)|(1 + |n|)δ <

∞Ú∑
n∈Z c(n) = M , Ù¥ δ´���½�ê"@o[©�§

f =
∑

n∈Z
c(n)f(M · −n)

�3��÷v f̂ëY� f̂(0) = 1��O©Ù) f"¿�,ÙFourier

C�ke¡�úªL«

f̂(ξ) =
∞∏

k=1

H(M−kξ)"
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Öö�'�½n2.1.1�y²
�´/y²½n2.1.2, ·�

3dÒØ�Ñy²
"duL1(R)¼ê�FourierC�´ëY�,

Ïdl½n2.1.2�, �[©�§ (2.1.1)�3L1(R))�, k��

��È)"

2.2 111www555µµµªªª������{{{

� f´��O©Ù, �§�FourierC� f̂��ÿ¼ê, ½Â

§�Fourier�ê sp(f)�

sp(f) = sup
{

γ : f̂(ξ)(1 + |ξ|)γ ∈ Lp(R)
}
" (2.2.1)

� p = 2�, sp(f)Ò´Ï~�Sobolev�ê, =áuSobolev�

mHγ��I γ�þ."¤±, ·�k��¡ sp(f)�Sobolev�

ê"lFourier�ê�½Â�

sp(f) +
1
p
≥ sq(f) +

1
q
, 0 < p ≤ q ≤ ∞"

XJ {ξ0, ξ1, · · · , ξP−1} ⊂ (0, 2π)÷v: ξj = Mξj−1 mod

2π, j=1, 2, · · · , P−1,±9MξP−1 = ξ0 mod 2π,·�Ò¡{ξ0, ξ1,

· · · , ξP−1}´N� τ : ξ → Mξ mod 2π��²�ØC�"é

ÎÒH(ξ)k
(

1−e−iMξ

M−Me−iξ

)N

L(ξ)/ª�[©©Ù f , ·��±

^H(ξ)3�²�ØC���5�O f�Fourier �ê�þ."

½½½nnn 2.2.1 ��O©Ù f÷v[©�§

f =
∑

n∈Z
c(n)f(M · −n) (2.2.2)
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�ÎÒH(ξ) = 1
M

∑
n∈Z c(n)e−inξäke�©)/ª

H(ξ) =
(

1− e−iMξ

M −Me−iξ

)N

L(ξ), (2.2.3)

Ù¥N ≥ 1, L��� 2π�±ÏëY¼ê"q� {ξ0, · · · , ξP−1}
⊂ [−π, π]�N� τ : ξ → Mξ mod 2π��²�ØC�"

P K̃ =
∑P−1

m=0 ln |L(ξm)|/(P ln M)"XJ f̂ëY� f̂(ξ0) 6= 0, @

o

sp(f) ≤ N − K̃, 0 < p ≤ ∞" (2.2.4)

y²µ3[©�§ (2.2.2)ü>�FourierC����

f̂(ξ) = H(ξ/M)f̂(ξ/M)" (2.2.5)

|^ (2.2.5)ª?1õgS�, ·���e¡�ð�ª

f̂(ξ) =
n∏

k=1

H(M−kξ)f̂(M−nξ)" (2.2.6)

Ø�b½L(ξm) 6= 0é¤k 0 ≤ m ≤ P − 1¤á, ÄK�O

ª (2.2.4)g,¤á"dL(ξ)Ú f̂(ξ)�ëY5�, é?¿ ε >

0,�3 δ ∈ (0, 1)¦�eª¤á,

|L(ξm + ξ)| ≥ (1− ε)|L(ξm)|, ∀ ξ ∈ [−δ, δ]Úm = 0, 1, · · · , P − 1,

(2.2.7)

±9

|f̂(ξ0 + ξ)| ≥ (1− ε)|f̂(ξ0)| > 0, ∀ ξ ∈ [−δ, δ]" (2.2.8)
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é?¿ j ≥ 1, � j′���0u 0ÚP − 1, � j − j′�ØP ��

ê"@oÏL8BN´�y

M jξ0 = ξj′ mod 2π" (2.2.9)

nÜ (2.2.6), (2.2.7), (2.2.8)Ú (2.2.9), á�ke¡��O,

|f̂(MPkξ0 + ξ)|

=
Pk∏

j=1

|H(MPk−jξ0 + M−jξ)||f̂(ξ0 + M−Pkξ)|

=
∣∣∣∣

1− e−iM(ξ0+ξ)

MPk(1− e−i(ξ0+M−P kξ))

∣∣∣∣
N

×
Pk∏

j=1

|L(MPk−jξ0 + M−jξ)| × (1− ε)|f̂(ξ0)|

≥ C(1− ε)PkM−PkN

(
P−1∏
m=0

|L(ξm)|
)k

, ∀ ξ ∈ [−δ, δ],

(2.2.10)

Ù¥C´��� k, ξÃ'��~ê"

d (2.2.10)Ú s∞(f)�½Â·���

s∞(f) ≤ N − K̃ − ln(1− ε)/P " (2.2.11)

é 0 < p < ∞, d (2.2.10)·���e¡��O:

∫ MP k|ξ0|+1

MP (k−1)|ξ0|+1

|f̂(ξ)|pdξ
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≥ C

∫ δ

−δ

|f̂(MPkξ0 + ξ)|pdξ

≥ CM−pPkN (1− ε)Pkp

(
P−1∏
m=0

|L(ξm)|
)kp

δ"

Ïd

sp(f) ≤ N − K̃ − ln(1− ε)/P " (2.2.12)

nÜ|^ (2.2.11), (2.2.12)±9|^ ε > 0�?¿5, ·�ÒU�

� f�Fourier�ê sp(f)��O (2.2.4)" ¤

�Dm, 1 ≤ m ≤ Q, � [−π, π]��xf8"�Dm

⋂
Dm′ =

∅, 1 ≤ m 6= m′ ≤ Q, Ú [−π, π] =
⋃Q

m=1 Dm�, ·�¡Dm, 1 ≤
m ≤ Q,� [−π, π] ���y©"éuÎÒH(ξ)äk

(
1−e−iMξ

M−Me−iξ

)N

L(ξ)/ª��/, |^ [−π, π]þ�,�y©, ·��±��Xe

[©¼ê f�Fourier �ê�e.�O:

½½½nnn 2.2.2 ��O©Ù fäkÛÜk.�ÿ�FourierC

� f̂ , �÷v[©�§

f =
∑

n∈Z
c(n)f(M · −n)" (2.2.13)

q�ÎÒH(ξ) = 1
M

∑
n∈Z c(n)e−inξ�±©)�e�/ª

H(ξ) =
(

1− e−iMξ

M −Me−iξ

)N

L(ξ), (2.2.14)

Ù¥N�g,êÚL(ξ)� 2π±Ï�ëY¼ê"b�Dm, 1 ≤
m ≤ Q,� [−π, π]���y©, D0´ [−π, π]���f8"?�
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Úb�¼êL(ξ)÷ve�ü�^�




|L(ξ)| ≤ q , ξ ∈ D1 ,

|L(ξ)L(Mξ)| ≤ q2 , ξ ∈ D2 ,
...

...

|L(ξ) · · · L(MQ−1ξ)| ≤ qQ , ξ ∈ DQ ;

(2.2.15)

Ú 



|L(ξ)| ≤ rq , ξ ∈ D1 ,

|L(ξ)L(Mξ)| ≤ (rq)2 , ξ ∈ D2 ,
...

...

|L(ξ) · · · L(MQ−1ξ)| ≤ (rq)Q , ξ ∈ DQ ;

(2.2.16)

Ù¥ 0 < r ≤ 1 , q > 0±9

Dm = { ξ ∈ Dm : M jξ ∈ D0 + 2πZ

é,� 0 ≤ j ≤ m− 1¤á} , 1 ≤ m ≤ Q"

@o

s∞(f) ≥ N − ln q

ln M
, (2.2.17)

¿é?¿�R ≥ 1±9 0 < p < ∞ k

sp(f) ≥ N − ln q

ln M
−

ln
∑

(ε1,··· ,εR)∈{0,1,··· ,M−1}R rpδ(ε1,··· ,εR)

Rp ln M
,

(2.2.18)

3d, δ(ε1, · · · , εR)L«8Ü

J (ε1, · · · , εR) = { 0 ≤ j ≤ R− 1 :

2πM j
(∑R

i=1 εiM
−i + [0,M−R]

)
⊂ D0+2πZ}

¥����ê"
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é ξ ∈ R, ½Â

Ik(ξ) =
{
j : 0 ≤ j ≤ k − 1,M jξ ∈ D0 + 2πZ

}
,

¿P Ik(ξ)¥����ê� ik(ξ)"�y²½n2.2.2, ·�I�e

¡'u
∏k−1

j=0 |L(M−jξ)|�:��O"

ÚÚÚnnn 2.2.1 �L�½n2.2.2¥Ñy� 2π±Ï¼ê"@o�

3� kÃ'�~êC, ¦�

k−1∏

j=0

|L(M−jξ)| ≤ Crik(ξ)qk, k ≥ 1" (2.2.19)

y²µ ·�é k�8B5y² (2.2.19)"�·��~êC,

¦� (2.2.19)é¤k k ≤ Q¤á"8Bb½ (2.2.19)é¤k k ≤
k0¤á"

é ξ ∈ Dm·�ke��Oª

k0∏

j=0

|L(M jξ)| =
m−1∏

j=0

|L(M jξ)| ×
k0−m∏

j=0

|L(M j(Mmξ))|

≤ (qr)m × (Crik0+1−m(Mmξ)qk0+1−m)

≤ Crik0+1(ξ)qk0+1" (2.2.20)

3þãí�L§¥,·�|^
k'L��O (2.2.15)Ú (2.2.16),

8Bb�,±9e¡�'u ik0+1(ξ), ξ ∈ Dm�Ø�ª ik0+1(ξ) ≤
ik0+1−m(Mmξ)"

é ξ ∈ Dm \Dm, ik0+1(ξ) = ik0+1−m(Mmξ)"2g|^8B
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b�±9k'L��Oª (2.2.15)Ú (2.2.16), ·���

k0∏

j=0

|L(M jξ)| =
m−1∏

j=0

|L(M jξ)| ×
k0−m∏

j=0

|L(M j(Mmξ))|

≤ qm × (Crik0+1−m(Mmξ)qk0+1−m)

= Crik0+1(ξ)qk0+1" (2.2.21)

nÜ (2.2.20)Ú (2.2.21), ¿5¿�Dm, 1 ≤ m ≤ Q, ´ [−π, π]�

��y©, ·�Ò8B/y²
:��O (2.2.19)" ¤

½n2.2.2�y²µ é[©�§ (2.2.13)ü>�Fourier C�

�, ØJ�� f̂(ξ) = H(ξ/M)f̂(ξ/M)"�E¦^þª�=�

f̂(ξ) =
k∏

j=1

H(M−jξ)f̂(M−kξ)" (2.2.22)

·�k�Ä |ξ| ≥ 2π"�g,ê k, ¦� 2Mk−1π ≤ |ξ| ≤
2Mkπ"d (2.2.22), (2.2.14)ÚÚn2.2.1

|f̂(ξ)| ≤ C|ξ|−N
k−1∏

j=0

|L(M−k+jξ)| ≤ |ξ|−Nqkrik(M−kξ)"

(2.2.23)

l
 s∞(f) ≥ N − ln q

lnM
"

é?¿R ≥ 1, ØJ�y

ikR


2π




k∑

j=1

εjM
−j + M−kRη





 ≥

k∑

j=1

δ(ε(j−1)R, · · · , εjR),

∀ η ∈ [0, 1]" (2.2.24)
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Ïd, �â (2.2.14)Ú (2.2.24), é 0 < p < ∞±9 k ≥ 1, ·�k

e¡��X��O:
∫

2MkR−1π≤|ξ|≤2M(k+1)R−1π

|f̂(ξ)|pdξ

≤ C

∫ 2MkRπ

2MkR−1π

|f̂(ξ)|pdξ

≤ CM−kNRpqkRp

∫ 2MkRπ

0

rpikR(M−kRξ)dξ

≤ CM−kNRpqkRp
∑

0≤εj≤M−1,1≤j≤R

· · ·

∑

0≤εj≤M−1,(k−1)R+1≤j≤kR

∫ 1

0

rpikR(2π(
∑kR

j=1 εjM−j+M−kRη))dη

≤ CM−kNRpqkRp
∑

0≤εj≤M−1,1≤j≤R

· · ·

∑

0≤εj≤M−1,(k−1)R+1≤j≤kR

k∏

i=1

rpδ(ε(i−1)R+1,··· ,εiR)

≤ CM−kNRpqkRp


 ∑

(ε1,··· ,εR)∈{0,1,··· ,M−1}R

rpδ(ε1,··· ,εR)




k

"

(2.2.25)

d f�Fourier C��ÛÜk.5,
∫

|ξ|≤2MR−1π

|f̂(ξ)|pdξ ≤ C"
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¿� (2.2.25)(Üå5Ò�� sp(f), 0 < p < ∞, �e.�O

ª (2.2.18)" ¤

½n2.2.2¥,é
∑

(ε1,··· ,εR)∈{0,1,··· ,M−1}R rpδ(ε1,··· ,εR)��O

wå5�~E,, �é,
AÏ�D0, ·��±�Ñ²(�L«

ª"X�D0 = [−(M − 1)π/M, (M − 1)π/M ], ·��±8B/

y²

∑

(ε1,··· ,εR)∈{0,1,··· ,M−1}R

rpδ(ε1,··· ,εR)

≤ (1 + (M − 1)rp)
∑

(ε2,··· ,εR)∈{0,1,··· ,M−1}R−1

rpδ(ε2,··· ,εR)

é¤k�R ≥ 2¤á"l
, �M ≥ 2��óê�

∑

(ε1,··· ,εR)∈{0,1,··· ,M−1}R

rpδ(ε1,··· ,εR)

≤ (2 + (M − 2)rp) (1 + (M − 1)rp)R−1 " (2.2.26)

�M ≥ 3��Ûê�
∑

(ε1,··· ,εR)∈{0,1,··· ,M−1}R

rpδ(ε1,··· ,εR) ≤ (1 + (M − 1)rp)R "

(2.2.27)

nÜ½n2.2.2Úþã'u
∑

(ε1,··· ,εR)∈{0,1,··· ,M−1}R rpδ(ε1,··· ,εR)

��Oª (2.2.26)Ú (2.2.27), ·���e¡�íØ:

íííØØØ 2.2.1 �[©©Ù f¤éA�ÎÒ¼ê�H,y©Dm, 1

≤ m ≤ Q, X½n2.2.2¤ã"?�Úb�H(ξ)äk©)/
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ª(2.2.14) ¿÷v^� (2.2.15)Ú (2.2.16)"d�, 8ÜD0�

� [−(M − 1)π/M, (M − 1)π/M ]"¿�, �M�óê�, �

D1 = [−Mπ/(M + 1),Mπ/(M + 1)] Ú D2 = [−π, π]\D1

�M�Ûê�, � D1 = [−π, π]"K·�k

sp(f) ≥ N − ln q

ln M
− ln(1 + (M − 1)rp)

p ln M
, 0 < p < ∞"

þãíØ�±�^5ïÄ4�| ��ºÝ¼ê1w5�

ìC�O(ë� [64])"

2.3 111www555µµµ���������{{{

�|^���{ïÄ[©¼ê�1w5, ·�Ú\�a

¼ê�mLp
∗"� 1 ≤ p < ∞�, Lp

∗´Ï~�Lp(R)�m, 


� p = ∞�, ·�5½Lp
∗�3Ã¡�?�"�k.ëY¼ê�

N"é�"�ê k, ½Â

Lk,p
∗ =

{
f : f (l) ∈ Lp

∗, 0 ≤ l ≤ k
}
"

é�� 2π±Ï¼ê a(ξ) ∼ ∑
j∈Z a(j)e−ijξ, ½Â§�F`p�

�§�Fourier Xê� `p�, =

‖a(ξ)‖F`p = ‖{a(j)}j∈Z‖`p"

½½½nnn 2.3.1 � f÷ve�[©�§

f =
∑

j∈Z
c(j)f(M · −j), f̂(0) = 1 (2.3.1)
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±9
∑

j∈Z |c(j)|(1 + |j|)2 < ∞"PH(ξ) = 1
M

∑
j∈Z c(j)e−ijξ"

�H(ξ)kXe©)/ª

H(ξ) =
1− e−iMξ

M(1− e−iξ)
H̃(ξ), (2.3.2)


 H̃(ξ)�ëY� 2π±Ï¼ê"XJ�3~êC > 0Ú γ ∈
(0, 1), ¦�

‖H̃(ξ) · · · H̃(Mnξ)‖F`p ≤ CMn/pγn, (2.3.3)

@o f ∈ Lp
∗"

y²: ½ÂLp
∗þ��f

Tg =
∑

j∈Z
c(j)g(M · −j)" (2.3.4)

w,[©¼ê f´N�T �ØÄ:"2½Â

h0(x) =





1− |x| , x ∈ [−1, 1] ,

0 , x ∈ R \ [−1, 1] ;
(2.3.5)

Ú

hn(x) = Tnh0(x), n ≥ 1"

3 (2.3.4)ü>�FourierC����

(Tg)∧(ξ) = H(ξ/M)ĝ(ξ/M)"

l


ĥn(ξ) = H(ξ/M) · · ·H(ξ/Mn)ĥ0(ξ/Mn)" (2.3.6)

29



dH(0) = 1±9H�HölderëY5, ¿(Ü (2.3.1)Ú (2.3.6)�

�, ĥn(ξ)3?¿�½�;8Kþ��Âñu
∏∞

j=1 H(ξ/M j) =

f̂(ξ)"l
d½n1.3.1�hn3©Ù¿ÂeÂñu f"Ïd·�

��y²: �3�~êC > 0, ¦�

‖hn+1 − hn‖p ≤ Cγn, (2.3.7)

Ù¥ γ ∈ (0, 1)X (2.3.3)¤ã"

PHh(ξ) =
(

1−e−iMξ

M(1−e−iξ)

)2

"@od (2.3.6)��

ĥn+1(ξ)− ĥn(ξ)

=
n+1∏

j=1

H

(
ξ

M j

)
ĥ0

(
ξ

Mn+1

)
−

n∏

j=1

H

(
ξ

M j

)
ĥ0

(
ξ

Mn

)

=
n∏

j=1

H

(
ξ

M j

) (
H

(
ξ

Mn+1

)
−Hh

(
ξ

Mn+1

))
ĥ0

(
ξ

Mn+1

)
"

(2.3.8)

P

an(ξ) = (H(ξ)−Hh(ξ))
n∏

j=1

H(M jξ) =
∑

j∈Z
an(j)e−ijξ, (2.3.9)

±9½Â

H∗(ξ) =
H̃(ξ)− 1
1− e−iξ

−
1−e−iMξ

M(1−e−iξ)
− 1

1− e−iξ
"

d·��b��H∗(ξ)�Fourier Xê´���ÚS�"�

â (2.3.2), ·�k

an(ξ) =
(
1− e−iMn+1ξ

)
M−n−1H∗(ξ)

n∏

j=1

H̃(M jξ)" (2.3.10)

30



,��¡, d (2.3.8)·���

hn+1(x)− hn(x) = Mn+1
∑

j∈Z
an(j)h0(Mn+1x− j)" (2.3.11)

Ïd, nÜ (2.3.10)Ú (2.3.11), ¿|^ H̃(ξ)�FourierXê´�

ÚS�ù�¯¢, ·���

‖hn+1 − hn‖p = M (n+1)(1− 1
p )‖∑

j∈Z an(j)h0(x− j)‖p

≤ 21/pM (n+1)(1− 1
p )‖an(ξ)‖F`p

≤ CM−n/p‖∏n−1
j=0 H̃(M jξ)‖F`p"

ù� (2.3.3)(ÜBy²
 (2.3.7), �Ò´ f ∈ Lp
∗" ¤

[©¼ê f ∈ Lp
∗�ÎÒH¤÷v�¿©^� (2.3.3)3,


�¹e�´7�^�"

½½½nnn 2.3.2 �S� {c(j)}äkk��±9∑
j∈Z c(j) = M"

q�[©¼ê f÷v[©�§

f =
∑

j∈Z
c(j)f(M · −j), f̂(0) = 1" (2.3.12)

PH(ξ) = 1
M

∑
j∈Z c(j)e−ijξ"¿b�H(ξ)ke¡�©)/ª

H(ξ) =
1− e−iMξ

M(1− e−iξ)
H̃(ξ),

Ù¥ H̃�n�õ�ª"XJ f ∈ Lp
∗�k­½��²£ (��

§ 2.4 !), =�3~êC0¦�é?¿ `pS� {d(j)}j∈Z¤á

C−1
0 ‖{d(j)}j∈Z‖`p ≤ ‖∑

j∈Z
d(j)f(· − j)‖

p
≤ C0‖{d(j)}j∈Z‖`p ,

(2.3.13)
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@o�3~êC > 0Ú γ ∈ (0, 1), ¦�

‖H̃(ξ) · · · H̃(Mnξ)‖
F`p ≤ CMn/pγn, n ≥ 1" (2.3.14)

�y²½n2.3.2, ·�I�e¡���­�(Ø"

ÚÚÚnnn 2.3.1 � a(ξ)´��n�õ�ª"XJ

lim
n→∞
‖ n∏

j=0

a(M jξ)‖
F`p

= 0, (2.3.15)

@o�3~êC > 0±9 γ ∈ (0, 1), ¦�

‖ n∏

j=0

a(M jξ)‖
F`p

≤ Cγn" (2.3.16)

y²: Ø�@� a(ξ) =
∑N

j=0 a(j)e−ijξ"�N ′�Ø�LN/

(M − 1)����ê, ½ÂÝ


Bε = (a(Mi− j + ε))0≤i,j≤N ′ , ε = 0, 1, · · · ,M−1" (2.3.17)

qP

an(ξ) =
n−1∏

j=0

a(M jξ) =
∑

j∈Z
an(j)e−ijξ"

ÏLO�, é?¿�þ ν = (ν0, ν1, · · · , νN ′)T ,

‖an(ξ)ν(ξ)‖F`p =





(∑
ε1,··· ,εn∈{0,1,··· ,M−1}n ‖Bε1 · · ·Bεn

ν‖p
p

)1/p

,

1 < p < ∞
supε1,··· ,εn∈{0,1,··· ,M−1}n ‖Bε1 · · ·Bεnν‖∞,

p = ∞"
(2.3.18)
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3d ν(ξ) =
∑N ′

j=0 νje−ijξÚRN ′+1¥�þ ν = (ν0, ν1, · · · , νN ′)T

��ê ‖ · ‖p5½�

‖ν‖p =





(∑N ′

j=0 |νj |p
)1/p

, 1 ≤ p < ∞ ,

sup0≤j≤N ′ |νj |, p = ∞"

d (2.3.15)Ú (2.3.18), �3�ên0¦�é¤k ν ∈ RN ′+1¤á


 ∑

ε1,··· ,εn0∈{0,1,··· ,M−1}n0

‖Bε1 · · ·Bεn0
ν‖p

p




1/p

≤ 1
2
‖ν‖p ,

1 ≤ p < ∞, (2.3.19)

Ú

sup
ε1,··· ,εn0∈{0,1,··· ,M−1}n0

‖Bε1 · · ·Bεn0
ν‖∞ ≤ 1

2
‖ν‖∞, p = ∞"

(2.3.20)

é?¿n ≥ n0, �n = kn0 +m, Ù¥ 0 ≤ m < n0Ú 0 ≤ k ∈
Z"é 1 ≤ p < ∞, ·�l (2.3.18)Ú (2.3.19)��

‖an(ξ)ν(ξ)‖p
F`p =

∑

ε1,··· ,εn∈{0,1,··· ,M−1}n

‖Bε1 · · ·Bεn
ν‖p

p

≤ 2−p
∑

εn0+1,··· ,εn∈{0,1,··· ,M−1}n−n0

‖Bεn0+1 · · ·Bεnν‖p
p

≤ · · ·

≤ 2−pk
∑

εkn0+1,··· ,εn∈{0,1,··· ,M−1}m

‖Bεkn0+1 · · ·Bεn
ν‖p

p

≤ C2−pk‖ν‖p
p ,
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þã�~êC´���nÚ ν ∈ RN ′+1Ã'�~ê"l


�� γ = 2−1/n0�, By²
 (2.3.16)é 1 ≤ p < ∞¤á"a
q/|^ (2.3.18)Ú (2.3.20), �±y² (2.3.16)3 p = ∞��¤
á" ¤

y3·��±m©y²½n2.3.2"

½n2.3.2�y²: �â (2.3.12), f̂(ξ) = H(ξ/M)f̂(ξ/M)"

Ïd

f̂(ξ) = H(ξ/M) · · ·H(ξ/Mn)f̂(ξ/Mn)"

ù�,

f̂(ξ)− e−iξ/Mn

f̂(ξ)

= H(ξ/M) · · ·H(ξ/Mn)(1− e−iξ/Mn

)f̂(ξ/Mn)

= M−n(1− e−iξ)H̃(ξ/M) · · · H̃(ξ/Mn)f̂(ξ/Mn)"

(2.3.21)

P H̃(ξ) · · · H̃(Mn−1ξ) =
∑

j∈Z hn(j)e−ijξ"d (2.3.21)·���

f(x)− f(x−M−n) =
∑

j∈Z
(hn(j)− hn(j + Mn))f(Mnx− j)"

(2.3.22)

qd f ∈ Lp
∗�

lim
n→+∞

‖f(x)− f(x−M−n)‖p = 0" (2.3.23)

nÜ (2.3.13), (2.3.22)Ú (2.3.23),

lim
n→+∞

M−n/p‖(1− e−iξMn

)H̃(ξ) · · · H̃(Mn−1ξ)‖F`p = 0"

(2.3.24)
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du H̃(ξ)´��n�õ�ª, H̃(ξ) · · · H̃(Mn−1ξ)´��gêØ

�LCMn�n�õ�ª"l
�3�nÃ'�~êC, ¦�

‖H̃(ξ) · · · H̃(Mn−1ξ)‖F`p≤C‖(1−e−iξMn

)H̃(ξ) · · · H̃(Mn−1ξ)‖F`p"

(2.3.25)

(Ü (2.3.24)Ú (2.3.25), ùÒ��

lim
n→∞

M−n/p‖H̃(ξ) · · · H̃(Mn−1ξ)‖F`p = 0" (2.3.26)

�d, (Ø (2.3.14)w,�d (2.3.26)ÚÚn2.3.1��" ¤

� {c̃(j)}N
j=0÷v

∑N
j=0 c̃(j) = M"PN ′�Ø�LN/(M −

1)����ê"½Â

Bε = (c̃(Mi− j + ε))0≤i,j≤N ′ , ε = 0, 1, · · · , M − 1"

(2.3.27)

� ‖ · ‖�?�Ý
�, ½ÂdB0, · · · , BM−1¤�)�éÜÌ�

»�:

ρp(B0, · · · , BM−1)

=





lim
n→+∞


 ∑

ε1,··· ,εn∈{0,1,··· ,M−1}n

‖Bε1 · · ·Bεn‖p




1/np

,

1 ≤ p < ∞
lim

n→+∞
sup

ε1,··· ,εn∈{0,1,··· ,M−1}n

‖Bε1 · · ·Bεn
‖1/n,

p = ∞"
(2.3.28)

ØJy²:
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ρp(B0, · · · , BM−1)

=





infn≥1

(∑
ε1,··· ,εn∈{0,1,··· ,M−1}n ‖Bε1 · · ·Bεn‖p

)1/np

,

1 ≤ p < ∞
infn≥1 supε1,··· ,εn∈{0,1,··· ,M−1}n ‖Bε1 · · ·Bεn‖1/n,

p = ∞"

�â½n2.3.1Ú½n2.3.2�y², ·���e¡�(Ø"

íííØØØ 2.3.1 � {c̃(j)}N
j=0÷v

∑N
j=0 c̃(j) = M, f÷ve�[

©�§

f =
∑

j∈Z
c(j)f(M · −j), f̂(0) = 1,



∑

j∈Z
c(j)e−ijξ =

1− e−iMξ

M −Me−iξ

∑

j∈Z
c̃(j)e−ijξ"

�Bε, ε = 0, 1, · · · ,M − 1, ÚéÜÌ�» ρp(B0, · · · , BM−1)X

(2.3.27)Ú (2.3.28) ¤½Â"@o, � ρp(B0, · · · , BM−1) < M1/p

�, f ∈ Lp
∗"
� f ∈ Lp

∗¿k­½��²£�, ρp(B0, · · · , BM−1)

< M1/p"

XJH, H̃�ü�n�õ�ª, H(ξ) = 1−e−iMξ

M−Me−iξ H̃(ξ)� H̃(0)

= 1, @o©O±H, H̃�ÎÒ�[©) fÚ f̃÷v

F(f)(ξ) =
∞∏

j=1

H(M−jξ) =
1− e−iξ

iξ

∞∏

j=1

H̃(M−jξ)

=
1− e−iξ

iξ
F(f̃)(ξ)"
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dd

(iξ)F(f)(ξ) = (1− e−iξ)F(f̃)(ξ)"

�Ò´` f3©Ù¿Âþ��ê´ f̃ − f̃(· − 1)"d f̃�;| 

5� f̃ ∈ Lp
∗� f̃ − f̃(· − 1) ∈ Lp

∗�d"Ïd·��±ÏLéÎ

Ò�©)5ïÄÛ� f ∈ Lk,p
∗ "

½½½nnn 2.3.3 �;| ©Ù f÷v±e[©�§

f =
∑

j∈Z
c(j)f(M · −j), f̂(0) = 1,


k�S� {c(j)}j∈Z¤éA�n�¼êH(ξ)�©)�

H(ξ) =
(

1− e−iMξ

M −Me−iξ

)k+1

H̃(ξ) ,

� H̃(ξ)E�n�õ�ª"XJ�3�êC > 0Ú γ ∈ (0, 1)¦

�,

‖H̃(ξ) · · · H̃(Mn−1ξ)‖F`p ≤ CMn/pγn, n ≥ 0" (2.3.29)

@o f, f ′, · · · , f (k) ∈ Lp
∗"��, XJ fk­½��²£Ú f, f ′,

· · · , f (k) ∈ Lp
∗, @o (2.3.29)¤á"

2.4 ­­­½½½555

���O©Ù f3÷ve�^���¡�äk `1P~��

O©Ù:
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(i) é?¿� Schwartz¼êh, 〈f(·+ x), h〉'uxëY ;

(ii)�3g,ê k0, k1Ú�~êC, ¦�
∑

j∈Z
|〈f(·, +j), h〉| ≤ C

∑

|α|≤k0

‖h(α)(x)(1 + |x|)k1‖∞

é¤k Schwartz¼êh¤á"

N´�y, ;| ��O©ÙÚ�È¼êÑäk `1P~5"

¯¢þ, ��äkëYFourier C��÷v[©�§

f =
∑

n∈Z
c(n)f(M · −n) , f̂(0) = 1

��O©Ù f , 3S� {c(n)}n∈Z÷v
∑

n∈Z(1 + |n|)2|c(n)| < ∞
Ú

∑
n∈Z c(n) = M�, Ò´��äk `1P~��O©Ù( [68])"

éäk `1P~��O©Ù f , ½Â

K∞(f) =



(ω(j))j∈Z ∈ `∞ :

∑

j∈Z
ω(j)f(· − j) ≡ 0



 "

�K∞(f) = {0}�, ·�¡ fäk­½��²£"k��{

¡ f´­½�"éäk `1P~��O©Ù, ·�ke¡�5�µ

½½½nnn 2.4.1 ( [68]) � f´��äk `1P~��O©Ù"@

oe�^��p�dµ

(i) fäk­½��²£;

(ii)é?¿ ξ ∈ R, �3�ê k := k(ξ)¦� f̂(ξ + k) 6= 0;

(iii)�3;| �C∞¼êh, ¦�é¤k ξ ∈ R¤á
∣∣∣∣∣
∑

k∈Z
f̂(ξ + 2πk)ĥ(ξ + 2πk)

∣∣∣∣∣ 6= 0"
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�?�Ú, � f´���ÿ¼ê�
∫ 1

0

(∑
j∈Z |f(x + j)|

)2

dx

< ∞�, ·�kXe�(J"

½½½nnn 2.4.2 ( [41]) � f´���ÿ¼ê�÷v
∫ 1

0
(
∑

j∈Z |f(

x + j)|)2dx < ∞"@oe¡^��p�d:

(i) fäk­½��²£;

(ii) �3�~ê 0 < A1 ≤ B1 < ∞, ¦�

A1

(∑

n∈Z
|d(n)|2

)1/2

≤ ‖∑

n∈Z
d(n)f(· − n)‖

2

≤ B1

(∑

n∈Z
|d(n)|2

)1/2

é¤k `2S� {d(n)}n∈Z¤á;

(iii) �3�~ê 0 < A2 ≤ B2 < ∞, ¦�

A2 ≤
∑

n∈Z
|f̂(ξ + 2nπ)|2 ≤ B2, ∀ ξ ∈ R"

é[©©Ù�²£�­½5, ·���±^§�ÎÒ5�

x"

½½½nnn 2.4.3 � fäkëY�FourierC�, ¿÷v[©�§

f =
∑

n∈Z
c(n)f(M · −n) , f̂(0) = 1" (2.4.1)

?�Úb�ÙXêS� {c(n)}n∈Z÷v
∑

n∈Z(1 + |n|)|c(n)| <

∞Ú∑
n∈Z c(n) = M"P H(ξ) = 1

M

∑
n∈Z c(n)e−inξ, @oe�

^��p�d:
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(i) fäk­½��²£;

(ii) �3;8K, ¦� 0´K�S:, K + 2πZ = R, ±9é

¤k ξ ∈ KÚg,ê j¤áH(M−jξ) 6= 0"

y²µ ky(ii)=⇒(i)"3 (2.4.1)ü>�FourierC��Ò

¤�f̂(ξ) = H(ξ/M)f̂(ξ/M), l


f̂(ξ) =
∞∏

j=1

H(M−jξ), (2.4.2)

ùp·�®|^
b�^�
∑

n∈Z(1 + |n|)|c(n)| < ∞ÚH(0) =

15�y (2.4.2)m>�Ã¡¦Èk¿Â(ë�Ún2.1.1Ú½

n2.1.2)"l (2.4.2)Úb�^� (ii)·���

f̂(ξ) 6= 0, ∀ ξ ∈ K" (2.4.3)

�d (i)�d (2.4.3)Ú½n2.4.1íÑ"

2y(i)=⇒(ii)"d½n2.4.1, é?¿ ξ ∈ R�3�ê k :=

k(ξ)¦� f̂(ξ + 2πk) 6= 0"d f̂�ëY5, f̂(0) = 1, ��3

k��«m [ai, bi] ⊂ [−π, π], �ê kiÚ�êC¦�
⋃

i[ai, bi] =

[−π, π] ¿� |f̂(ξ + 2πki)| ≥ Cé¤k ξ ∈ [ai, bi]¤á"?�

Ú, ·��±b½: 0áu,�«m [ai, bi]�SÜ�éù�«

m [ai, bi]¤éA��ê ki��""½Â

K =
⋃

i

([ai, bi] + 2πki) "

@o 0´K�S:, K + 2πZ = R, Ó� |f̂(ξ)| ≥ Cé¤k ξ ∈
K¤á"éþãÀJ�8ÜK, d (2.4.2)�, é¤k j ≥ 1Ú ξ ∈
K¤áH(M−jξ) 6= 0" ¤
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½½½nnn 2.4.4 � f´��;| ©Ù¿÷v[©�§

f =
∑

n∈Z
c(n)f(M · −n) , f̂(0) = 1" (2.4.4)

q�S� {c(n)}n∈Zäkk��"PC(z) = 1
M

∑
n∈Z c(n)zn, @

oe�^��p�d:

(i) fäk­½��²£;

(ii) Ø�3Laurentõ�ªC1(z)ÚC2(z), ¦�C1(z)Ø�

ü�ª, C1(1) 6= 0, C1(z)�¤k�3�±|z| = 1þ, ±9

C(z) =
C1(zM )
C1(z)

C2(z)" (2.4.5)

y²µ·�k|^�y{y²(i)=⇒(ii)"b� fäk­½

��²£¿�3Laurentõ�ªC1(z)ÚC2(z), ¦�C1(z)Ø�

ü�ª, C1(1) 6= 0, C1(z)��Ñ3 |z| = 1þ� (2.4.5)¤á"�

â (2.4.4), ·���

f̂(ξ) =
∞∏

j=1

C(e−iM−jξ)" (2.4.6)

qdC1(1) 6= 0Ú (2.4.5), w,C2(1) = 1"�
∏∞

j=1 C2(e−iM−jξ)

´��ëY¼ê"?�Úd (2.4.5)��

f̂(ξ) =
∞∏

j=1

C1(e−iM−j+1ξ)
C1(e−iM−jξ)

×
∞∏

j=1

C2(e−iM−jξ)

= (C1(1))−1
C1(e−iξ)

∞∏

j=1

C2(e−iM−jξ)"

� z1 = e−iξ1 , ξ1 ∈ R, ´C1(z)����"@o
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f̂(ξ1 + 2kπ) = (C1(1))−1
C1(e−iξ1)

∞∏

j=1

C2(e−iM−j(ξ1+2kπ))

= 0 , ∀k ∈ Z"

�â½n2.4.1, f��²£´Ø­½�, ù�b�gñ"

·�2æ^�y{y² (ii)=⇒(i)"��,d½n2.4.1Ú f̂(0)

= 1, �3 ξ0 ∈ R \ 2πZ¦�

f̂(ξ0 + 2πk) = 0, ∀ k ∈ Z" (2.4.7)

Ø�b½Ø�3¢ê η, ¦�

C
(
e−i(η+2πs/M)

)
= 0, é s = 0, 1, · · · ,M − 1¤á" (2.4.8)

ÄK, ·�3�C1(z) =
(
z − e−iMη

)
ÚC2(z) = C(z)C1(z)

C1(zM )
�Ò

�)
gñ"d[©�§ (2.4.4),

f̂(ξ) = C(e−iξ/M )f̂(ξ/M)" (2.4.9)

d (2.4.7), (2.4.8)Ú (2.4.9), �3 ξ1 ∈ [−π, π], ¦�

Mξ1 = ξ0 mod 2π Ú f̂(ξ1 + 2πk) = 0, ∀ k ∈ Z"

­EþãL§, ·����S� ξj ∈ [−π, π), j ≥ 0, ¦�Mξj =

ξj−1 mod 2πÚ f̂(ξj + 2πk) = 0é¤k k ∈ Z¤á"du f̂(ξ)�

*Ü�E²¡þ�)Û¼ê, l
3 [−π, π]þ f̂(z)�kk��

":, ù`²�3 i1 < i2¦� ξi1 = ξi2"du ξ0 = M i1ξi1 mod

2π, Ïd ξ0 = ξi2−i1"�N�÷v ξ0 = ξN�����ê, @
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o ξi 6= ξj mod 2πé¤k 0 ≤ i 6= j < N¤á"

y3·�|^�y{y²:

C
(
e−i(ξi+2πs/M)

)
= 0, 1 ≤ i ≤ N, s = 1, 2, · · · , M − 1"

(2.4.10)

��, C
(
e−i(ξi+2πs/M)

) 6= 0é,� 1 ≤ i ≤ NÚ s = 1, 2, · · · ,M

− 1¤á"@o, d f̂(ξi−1 + 2πk) = 0é¤k k ∈ Z¤á, �

f̂

(
ξi +

2πs

M
+ 2πk

)
=

f̂(ξi−1 + 2π(s + Mk))
C

(
e−i(ξi+2πs/M)

) = 0, ∀ k ∈ Z"

� η0 = ξi + 2πs/M¿|^c¡�í�, �3 η1, · · · , ηN1 ∈
[−π, π)¦� ηi−1 = Mηi mod 2πé¤k 1 ≤ i ≤ N1Ú ηN1 =

η0 mod 2π¤á, l
 η0 = MN1η0 mod 2π"5¿�Mη0 = ξi−1

mod 2π, Ïdé,� 0 ≤ j ≤ N − 1

ξi +
2πs

M
= ξj mod 2π"

du s 6= 0, l
 i 6= j, 3þªü>¦M�Ò�� ξi−1 =

ξj−1 mod 2π, ù�N�ÀJgñ"l
 (2.4.10)�y"

d (2.4.8)Ú (2.4.10)í�C
(
e−iξi

) 6= 0"Ïd, é 0 ≤ i ≤
N − 1

(
zM − e−iMξi

)
/

(
z − e−iξi

)
=

(
zM − e−iξi−1

)
/

(
z − e−iξi

)

´C(z)�Ïf, 3d½Â ξ−1 = ξN−1"l


N−1∏

i=0

(
zM − e−iξi

)/
N−1∏

i=0

(
z − e−iξi

)
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´C(z)�Ïf"�C1(z) =
∏N−1

i=0

(
z − e−iξi

)
, @oC(1) 6= 0,

C(z)�¤k�Ñ3�� |z| = 1þ,±9C1(zM )/C1(z)´C(z)�

Ïf" ¤

2.5 ������555

� f ∈ L2(R), XJ
∫

R
f(x + k)f(x + l)dx =





1 , k = l

0 , k 6= l
(2.5.1)

é¤k k, l ∈ Z¤á, K·�¡ f��²£´���, k��{¡

� f´���"ØJy², f��²£´���¿©7�^�´
∑

n∈Z

∣∣∣f̂(ξ + 2πn)
∣∣∣
2

= 1 , ∀ ξ ∈ R" (2.5.2)

d (2.5.2)Ú½n2.4.2�,é��÷v
∫ 1

0

(∑
j∈Z |f(x + j)|

)2

dx <

∞�¼ê f , Ù�²£���5%º
§�­½5"é;| �

[©¼ê f , Ù�²£���5Ú­½5ke¡��p'X"

½½½nnn 2.5.1 �;| ¼ê f ∈ L2(R)÷v[©�§

f =
∑

n∈Z
c(n)f(M · −n), f̂(0) = 1" (2.5.3)


S� {c(n)}n∈Zäkk��Ý�÷v
∑

n∈Z c(n) = M"PH(ξ)

= 1
M

∑
n∈Z c(n)e−inξ"@o, f��²£´���¿©7�^�

´: fk­½��²£�ÎÒH÷vCQF^�, =
M−1∑
s=0

|H(ξ + 2sπ/M)|2 = 1, ξ ∈ R"
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y²: ky7�5"Äkd (2.5.2)Ú½n2.4.1, fk­½�

�²£"3 (2.5.3)ü>�Fourier C��, f̂(ξ) = H(ξ/M)f̂(ξ/M)"

òdª�\ (2.5.2)��>, ·���

1 =
∑

j∈Z

∣∣∣∣H
(

ξ

M
+

2πj

M

)∣∣∣∣
2 ∣∣∣∣f̂

(
ξ

M
+

2πj

M

)∣∣∣∣
2

=
M−1∑
s=0

∑

j∈Z

∣∣∣∣H
(

ξ

M
+

2πs

M
+ 2πj

)∣∣∣∣
2 ∣∣∣∣f̂

(
ξ

M
+

2πs

M
+ 2πj

)∣∣∣∣
2

=
M−1∑
s=0

∣∣∣∣H
(

ξ

M
+

2πs

M

)∣∣∣∣
2

"

ùÒy²
H÷vCQF^�"

2y¿©5"�â½n2.4.2, �3�~êAÚB, ¦�

0 < A ≤
∑

j∈Z

∣∣∣f̂(ξ + 2πj)
∣∣∣
2

≤ B"

·�Ú\9Ï¼ê f0, §�Fourier C��

f̂0(ξ) =
f̂(ξ)

(∑
j∈Z

∣∣∣f̂(ξ + 2πj)
∣∣∣
2 )

1/2
"

½Â¼êS� fn, n ≥ 1, �

f̂n(ξ) = H(ξ/M)f̂n−1(ξ/M)"

ØJ�y ∑

j∈Z

∣∣∣f̂0(ξ + 2πj)
∣∣∣
2

= 1" (2.5.4)

d (2.5.4)ÚCQF^�, ¿|^8B{, ·�ØJ�y
∑

j∈Z

∣∣∣f̂n(ξ + 2πj)
∣∣∣
2

= 1, n ≥ 0" (2.5.5)
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l fn�½Â·�q�w�

f̂n(ξ) = f̂(ξ)(∑

j∈Z

∣∣∣f̂(M−nξ + 2πj)
∣∣∣
2 )

−1/2

" (2.5.6)

�âPoisson¦Úúª,

∑

j∈Z

∣∣∣f̂(η + 2πj)
∣∣∣
2

=
∑

k∈Z

(∫

R
f(x)f(x + k)dx

)
eikη" (2.5.7)

d (2.5.2), (2.5.5), (2.5.6)Ú (2.5.7), �y² f�²£���5,

= ∑

j∈Z

∣∣∣f̂(ξ + 2πj)
∣∣∣
2

= 1, ξ ∈ R,

·��Iy²

∑

k∈Z

∫

R
f(x)f(x + k)dx = 1" (2.5.8)

dCQF^�ÚH(0) = 1�

H(2πs/M) = 0, s = 1, 2, · · · ,M − 1"

l
d[©�§�ª�úª f̂(ξ) = H(ξ/M)f̂(ξ/M)��

f̂(2πk) = 0, 0 6= k ∈ Z" (2.5.9)

d (2.5.9)ÚPoisson¦Úúª, ·���
∑

k∈Z f(x + k) = 1"r

þª�\� (2.5.8)��>,

∑

k∈Z

∫

R
f(x)f(x + k)dx =

∫

R
f(x)dx = f̂(0) = 1"
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ùB�¤
 (2.5.8)�y², Ó��y²
½n2.5.1" ¤

é?�;| �L2(R)¼ê f , P

F (ξ) =
∑

j∈Z

∣∣∣f̂(ξ + 2jπ)
∣∣∣
2

"

dPoisson¦Úúª,

F (ξ) =
∑

k∈Z
e−ikξ

∫

R
f(x)f(x− k)dx

�F (ξ)´��n�õ�ª"� f´��[©¼ê�, =

f =
∑

j∈Z
c(j)f(M · −j), (2.5.10)

·�k[©�§�ª�úª f̂(ξ) = H(ξ/M)f̂(ξ/M), Ù¥S

� {c(n)}äkk��ÚH(ξ) = 1
M

∑
n∈Z c(n)e−inξ"l


F (ξ) =
∑

j∈Z

∣∣∣∣H
(

ξ

M
+

2jπ

M

)∣∣∣∣
2 ∣∣∣∣f̂

(
ξ

M
+

2jπ

M

)∣∣∣∣
2

=
M−1∑
s=0

∣∣∣∣H
(

ξ

M
+

2sπ

M

)∣∣∣∣
2

F

(
ξ

M
+

2sπ
M

)
" (2.5.11)

½Â=£�fT|H|2�:

T|H|2g(ξ) =
M−1∑
s=0

∣∣∣∣H
(

ξ

M
+

2jπ

M

)∣∣∣∣
2

g

(
ξ

M
+

2jπ

M

)
,

3d g´ 2π±Ï¼ê"l
F (ξ)´=£�fT|H|2�ØÄ:,

F (ξ) = T|H|2F (ξ)"
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�âH�CQF^�, 1´T|H|2�ØÄ:"Ïd, XJT|H|2�Ø

Ä:´���, @o f��²£äk��5"

du f�²£ f(· − t)ØK�§�²£���5"·�Ø

�@� (2.5.10)�¡ä {c(j)}÷v c(0)c(N) 6= 0, 
é¤k j <

0Ú j > Nk c(j) = 0"d�[©¼ê f| u [0, N
M−1 ]"�N ′�

î��u N
M−1�����ê, P

VN ′ =





N ′∑

j=−N ′
α(j)e−ijξ, α(j) ∈ R



 "

@oF (ξ)����F (ξ) =
∑N ′

j=−N ′ α(j)e−ijξ,l
F (ξ) ∈ VN ′"

N´�yT|H|2´VN ′þ��5�f"duVN ′´��k���

m, T|H|2�±^��k��Ý
L«"P

|H(ξ)|2 =

∣∣∣∣∣∣
1
M

N∑

j=0

c(j)e−ijξ

∣∣∣∣∣∣

2

=
1

M2

N∑

k=−N




min(N,N+k)∑

l=max(0,−k)

C(l + k)C(l)


 e−ikξ

=
1
M

N∑

k=−N

h(k)e−ikξ"

é?¿ g(ξ) =
∑N ′

j=−N ′ α(j)e−ijξ, ÏLO�

T|H|2g(ξ) =
M−1∑
s=0

∣∣∣∣H
(

ξ

M
+

2sπ

M

)∣∣∣∣
2

g

(
ξ

M
+

2sπ

M

)

=
1
M

M−1∑
s=0

N∑

k=−N

N ′∑

j=−N ′
h(k)α(j)e−i(k+j)(ξ/M+2sπ/M)
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=
N∑

k=−N

N ′∑

j=−N ′
h(k)α(j)e−i(k+j)ξ/M 1

M

M−1∑
s=0

e−i(k+j)2sπ/M

=
N ′∑

j=−N ′




N ′∑

j′=−N ′
h(Mj − j′)α(j′)


 e−ijξ"

-

B = (h(Mj − j′))−N ′≤j,j′≤N "

@o

T|H|2g =
(
eiN ′ξ, ei(N ′−1)ξ, · · · , e−iN ′ξ

)
B(α(−N ′), · · · , α(N ′))

T
"

Ïd, � 1´Ý
B�A���A��m����, f��²£k

��5"l
� 1´A�õ�ªT (λ) = det(λI − B)�ü��,

f��²£k��5"¯¢þ§þã(Ø�L5��("

½½½nnn 2.5.2 � f´��L2(R)¼ê�÷v[©�§

f =
N∑

j=0

c(j)f(M · −j), f̂(0) = 1" (2.5.12)

q�S� {c(j)}N
j=0¤éA�¼êH(ξ) = 1

M

∑N
j=0 c(j)e−ijξ ÷

vH(0) = 1Ú
∑M−1

s=0 |H(ξ + 2πs
M )|2 ≡ 1"@o, f��²£´�

��¿©7�^�´: 1´A�õ�ªT (λ)�ü�"

y²µÄuc¡��ã, ·��Iy²7�5"^�y{y

²"�� 1´T (λ)�õ­�"P δ=(δ(−N ′ + 1), · · · , δ(N ′ − 1))T

= (0, · · · , 0, 1, 0, · · · , 0)T"5¿�H�CQF^�, ·�k

Bδ = δ" (2.5.13)
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du 1´T (λ)�õ­��b�, �3β ∈ RÚ�"�þ ν =

(ν(−N ′ + 1), · · · , ν(N ′ − 1))T , ¦� ν(0) = 0¿�

Bν = ν + βδ" (2.5.14)

P

e(ξ) =
(
ei(N ′−1)ξ, · · · , e−i(N ′−1)ξ

)T

"

é?¿�þω = (ω(−N ′ + 1), · · · , ω(N ′ − 1))T , ÏLO�,

M−1∑
s=0

|H(ξ+2sπ/M)|2e(ξ+2sπ/M)T ω = e(Mξ)T Bω" (2.5.15)

nÜ (2.5.14)Ú (2.5.15)·���

M−1∑
s=0

|H(ξ + 2sπ/M)|2e(ξ + 2sπ/M)T ν = e(Mξ)T ν + β"

(2.5.16)

ÏLFourierC�, ½Â fn, n ≥ 1, �

f̂n(ξ) = e(M−nξ)T νf̂(ξ)"

@o

lim
n→∞

f̂n(ξ) = e(0)T νf̂(ξ), ξ ∈ R, (2.5.17)

¿��3�n, ξÃ'��~êC, ¦�

|f̂n(ξ)| ≤ C|f̂(ξ)|, ξ ∈ R" (2.5.18)

d fn, n ≥ 0, ��E��

f̂n(ξ) = H(ξ/M)f̂n−1(ξ/M)" (2.5.19)
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,	2½Â

αn(ξ) =
∑

j∈Z
f̂n(ξ + 2jπ)f̂(ξ + 2jπ)"

@o, d (2.5.17), (2.5.18)9 f���5�

lim
n→∞

αn(ξ) = lim
n→∞

∑

j∈Z
f̂n(ξ + 2jπ)f̂(ξ + 2jπ)

= e(0)T ν
∑

j∈Z
|f̂(ξ + 2jπ)|2 = e(0)T ν" (2.5.20)

én = 05½

α0(ξ) = e(ξ)T ν" (2.5.21)

nÜ (2.5.15), (2.5.19)Ú (2.5.21), ·��±8B/y²

αn+1(ξ) =
∑

j∈Z

∣∣∣∣H
(

ξ + 2jπ

M

)∣∣∣∣
2

f̂n

(
ξ + 2jπ

M

)
f̂

(
ξ + 2jπ

M

)

=
M−1∑
s=0

∣∣∣∣H
(

ξ + 2sπ

M

)∣∣∣∣
2

×
∑

j∈Z
f̂n

(
ξ + 2sπ

M
+ 2jπ

)
f̂

(
ξ + 2sπ

M
+ 2jπ

)

=
M−1∑
s=0

∣∣∣∣H
(

ξ + 2sπ

M

)∣∣∣∣
2

αn

(
ξ + 2sπ

M

)

= e(ξ)T ν + (n + 1)β" (2.5.22)

(Ü (2.5.20)Ú (2.5.22)��β = 0±9 e(ξ)T ν = e(0)T ν"d ξ ∈
R�?¿5Ú ν(0) = 0, ØJíÑ ν0´��"�þ, ù�b�g

ñ" ¤
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2.6 ���555ÃÃÃ'''555

� f���;| ©Ù"½Â§��òÈ f∗′���lS�
�m�2Â¼ê�N�:

{d(j)}j∈Z 7−→
∑

j∈Z
d(j)f(· − j)"

XJ f��òÈ f∗′´����N�, ·�¡ fk�5Ã'��

²£ ½{¡��5Ã', k��¡��N�5Ã'"éu;| 

�©Ù f , §�Fourier C� f̂(ξ)´��E²¡Cþ�)Û¼ê

3¢¶þ���"¯¢þ

f̂(z) = 〈e−iz·, f〉 , z ∈ C ,

´FourierC�3E²¡þ�*¿"Ó�,·�¡f̂(z)�f�Fourier

-LapalaceC�"k�,�{Bå�,·�E¡ f̂(z)� f�Fourier

C�"é;| �©Ù f , §��5Ã'�²£�±^§

�Fourier-LapalaceCz�x"

½½½nnn 2.6.1 ( [42, 55, 77]) � f´��;| ��O©Ù"@

oe�^�p��d:

(i) fk�5Ã'��²£;

(ii)é?Û��Eê z0,�3�ê k := k(z0)¦� f̂(z0+2πk)

6= 0;

(iii)�3;| �C∞¼êh, ¦� 〈f, h(· − k)〉 = δk,0é¤

k�ê k¤á"
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l½n2.4.1Ú½n2.6.1, �;| ©Ùk�5Ã'��²£

�, §��²£�´­½�"é;| �[©©Ù, ·�ke¡

�(Ø"

½½½nnn 2.6.2 � f´;| �[©©Ù, §�ÎÒ¼êH´�

�n�õ�ª"@o, f��²£´�5Ã'�¿©7�^�´:

fk­½��²£¿�é¤kEê ζ ∈ C¤á
M−1∑
s=0

∣∣∣∣H
(

ζ +
2πs

M

)∣∣∣∣
2

6= 0"

y²µky7�5"w,��y²
∑M−1

s=0 |H(ζ + 2πs/M)|2
6= 0é¤kEê ζ¤á"XJþã(ØØ¤á, @o�3E

ê ζ0¦�

H(ζ0 + 2πs/M) = 0, s = 0, 1, · · · ,M − 1" (2.6.1)

|^[©©Ù�ª�L«ª

f̂(Mζ) = H(ζ)f̂(ζ) , (2.6.2)

¿� (2.6.1)(Ü, ·���

f̂(Mζ0+2πk) = H(ζ0+2πk/M)f̂(ζ0+2πk/M) = 0, k ∈ Z"

l
, d½n2.6.1��, f��²£´�5�'�, ù�b�g

ñ"

·�æ^�y{5y²¿©5"b� f��²£´�5�

'�"@o, d½n2.6.1�, �3Eê ζ0, ¦�

f̂(ζ0 + 2kπ) = 0 , ∀ k ∈ Z"
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d½n2.4.1Ú·��b�^�� ζ0 ∈ C \ R"UY|^b�^
�Ú (2.6.1)9 (2.6.2), �3 ζ1 = ζ0

M + 2πs
M ¦�Re ζ1 ∈ [−π, π] ,

Mζ1 − ζ0 ∈ 2πZ±9H(ζ1) 6= 0"l
d

0 = f̂(Mζ1 + 2Mkπ) = H(ζ1)f̂(ζ1 + 2kπ) , ∀ k ∈ Z ,

í� f̂(ζ1 +2kπ) = 0é¤k��ê k ∈ Z¤á"�E|^þãL
§,�3 ζj , j ≥ 1,¦�Re ζj ∈ [−π, π], Mζj−ζj−1 ∈ 2πZ¿�é

¤k�ê k¤á f̂(ζj + 2kπ) = 0"5¿�Re ζj ∈ [−π, π], Ïd,

�3 η¦� η�Reζj , j ≥ 1 �à:"du Imζj = M−jImζ0, l


�3f� {ζnj
}j¦� limj→∞ ζnj

= η"2d f̂(ζj+2πk) = 0�

4��� f̂(η + 2πk) = 0 é¤k�êk¤á"Ïd, fvk­½

��²£, ù�b�gñ" ¤

nÜ½n2.4.1Ú½n2.6.2, ·���e¡�'u[©©Ù�

�5Ã'5A�"

íííØØØ 2.6.1 � f´;| �[©©Ù,§�ÎÒ¼êH(ξ)´

��n�õ�ª"@o f��²£´�5Ã'�¿©7�^�

´: Ø�3ü�n�õ�ªH1(ξ)ÚH2(ξ), ¦�H1(0) 6= 0,

H1(ξ)Ø�ü�ª�H(ξ) = H1(Mξ)
H1(ξ)

H2(ξ)"

é?�;| �¼ê f , ·��±r f�¤,�k�5Ã'

�²£�;| ¼ê g�k��5|Ü, = f =
∑

j∈Z d(j)g(· −
j)� {d(j)}j∈Z�k��S�"3 fq´[©¼ê�, þã�¼

ê g����[©¼ê"
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½½½nnn 2.6.3 � f´;| �[©©Ù,§�ÎÒ¼êH(ξ)´

��n�õ�ª"@o, �3���5Ã'�;| [©©

Ù gÚ��k��S� {d(j)}j∈Z¦�

f =
∑

j∈Z
d(j)g(· − j)" (2.6.3)

y²: 3 f��äk�5Ã'��²£�, ·��I� g =

f=�"ÄK, díØ2.6.1, �3ü�n�õ�ªH1(ξ)ÚH2(ξ)

¦�H1(0) 6= 0Ú

H(ξ) =
H1(Mξ)
H1(ξ)

H2(ξ)" (2.6.4)

Ø�@�H1(0) = 1ÚH2(ξ)Ø2äkH1(Mξ)/H1(ξ)/ª�Ï

f"@odíØ2.6.1�, dÎÒH2(ξ)�éA�[©¼ê´;|

 �Úk�5Ã'��²£"·�Pd[©¼ê� g"5¿�

f̂(ξ) =
∞∏

j=1

H(ξ/M j) Ú ĝ(ξ) =
∞∏

j=1

H2(ξ/M j),

l
d (2.6.4)�

f̂(ξ) =
∞∏

j=1

H1(M j−1ξ)
H1(M jξ)

H2(M−jξ)

= H1(ξ)
∞∏

j=1

H2(M−jξ) = H1(ξ)ĝ(ξ)"

dd,L�ª (2.6.3)3�
∑

j∈Z d(j)d−ijξ = H1(ξ)�¤á" ¤
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2.7 ÛÛÛÜÜÜ���555ÃÃÃ'''555

P f´��;| ©Ù"é?¿�m8A, P

Nf (A) =
{
k ∈ Z : f(· − k)3AþØð�"

}
"

é?¿m8A, XJ3Aþ÷v
∑

k∈Nf (A) d(k)f(· − k)ð�"�

S� {d(k)}k∈ Nf (A)�k"S��, ·�¡ fkÛÜ�5Ã'�

�²£½{¡�ÛÜ�5Ã'�"lÛÜ�5Ã'5�½Âw

�, ��;| ©Ù3kÛÜ�5Ã'��²£�, �½äk

�5Ã'��²£"��, éu��k�²£�5Ã'�;|

 ©Ù f , ·�Ué���m8A, ¦�÷v
∑

k∈Nf (A) d(k)f(· −
k)3Aþð�"�S��k"S� (ë� [62])"

é[©©Ù f , �� ÏfM = 2�, ·�ke¡��d'

X"

½½½nnn 2.7.1 � f´��;| ©Ù�÷ve�[©�§

f =
∑

j∈Z
c(j)f(2 · −j)" (2.7.1)

qb�S� {c(j)}j∈Z��Ýk��÷v
∑

j∈Z c(j) = 2"@o,

f�²£�ÛÜ�5Ã'5Ú�N�5Ã'5�d"

duÛÜ�5Ã'5Ú�N�5Ã'53²£eØC, ¤

±3e¡�y²L§¥, Ø�@� (2.7.1)¥�S� {c(n)}÷v:

c(0)c(N) 6= 0, ¿�� j < 0½ j > N�, ¤á c(j) = 0"Ø�@

½N ≥ 1, ÄK c(0) = 2, d� f´Delta©Ù, l
3d�¹e,

fQ´�N�5Ã', �´ÛÜ�5Ã'�"½Â

Bε = (c(2i− j + ε))0≤i,j≤N−1 , ε = 0, 1" (2.7.2)
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ÚÚÚnnn 2.7.1 �S�{c(j)}j∈Z��Ýk�"Ø�b� c(0)c(N)

6= 0±9 c(j) = 0é¤k j < 0Ú j > N¤á"?�Úb

�H(z) =
∑N

j=0 c(j)zjvké¡�, =Ø�3Eê z0 6= 0,

¦�H(−z0) = H(z0) = 0"@o, (2.7.2)¤½Â�N × NÝ


B0ÚB1´�ÛÉ�"

y²µPB = (c(2i− j))1≤i,j≤N−1 "5¿� c(0)c(N) 6=
0±9B0�1�1� (c(0), 0, · · · , 0)ÚB1����1� (0, · · · 0,

c(N))"Ïd, B0ÚB1��ÛÉ5�Ý
B��ÛÉ5�d"

PHe(z) =
∑

i∈Z c(2i)ziÚHo(z) =
∑

i∈Z c(2i + 1)zi, �ùp

·�o@� c(i)3 i < 0½ i > N��"�"éCN−1¥��

þα = (α1, · · · , αN−1), ½Âαe(z) =
∑

i∈Z α(2i)ziÚαo(z) =
∑

i∈Z α(2i + 1)zi, Ó�·�3d5½α(i), � i < 0½ i > N��

""

y3·�|^�y{y²B��ÛÉ5"��, �3���

"�þα = (α(1), · · · , α(N − 1))T ¦�Bα = 0"l


(1, z, · · · , zN−2)Bα = 0" (2.7.3)

N´�y (2.7.3)ªq�±U�¤

αo(z)Ho(z) + z−1αe(z)He(z) = 0"

db�^�H(z)Ãé¡�±9H(z) = He(z2) + zHo(z2)�: õ

�ªHo(z)ÚHe(z)vkú�":"dd, �3õ�ªQ(z)¦�

αo(z) = −He(z)Q(z) Ú z−1αe(z) = Ho(z)Q(z)" (2.7.4)

�N´Ûê�, duαe(z)z−1�gê�õ� (N − 3)/2, 


õ�ªHo(z)�gê� (N − 1)/2, l
Q(z) = 0, ù�α´�"
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�þgñ"

�N´óê�, õ�ªHe(z)�gê�N/2, 
αo(z)�g

ê�õ� (N − 2)/2, ÏdQ(z) = 0"l
αo(z) = αe(z) = 0, ù

�α 6= 0gñ" ¤

ÚÚÚnnn 2.7.2 �S� {c(j)}N
j=0ÚÝ
B0, B1XÚn2.7.1¥¤

½Â"q�H(z) =
∑N

j=0 c(j)zjvké¡":"XJ�5f�

mV ⊂ CN÷v

B0V = B1V = V, (2.7.5)

@oV = {0}½CN , ½�3�"Eê z0¦�

(1, z0, · · · , zN−1
0 )ν = 0 , é¤k ν ∈ V ¤á"

y²µØ�@�V 6= {0}ÚCN"� ei = (ei1, · · · , eiN )T , 1 ≤
i ≤ m < N�V ��|Ä"PEi(z) =

∑N
j=1 eijz

j , Eie(z) =

(Ei(z1/2)+Ei(−z1/2))/2,±9Eio(z) = (Ei(z1/2)−Ei(−z1/2))/(2

z1/2)"db� (2.7.5)�, �3�ÛÉÝ
 Bε
m =

(
λε

ij

)
1≤i,j≤m

,

¦�

Bεei =
m∑

j=1

λε
ijej , ε = 0, 1 Ú i = 1, · · · ,m" (2.7.6)

P

He(z) =
∑

j∈Z
c(2j)zj Ú Ho(z) =

∑

j∈Z
c(2j + 1)zj ,

Ó�ùp·�E�½: � j < 0½ j > N� c(j) = 0"3�

ª (2.7.6)�ü>Ó¦ (1, z, · · · , zN−1), �·���
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



He(z)Eio(z) + Ho(z)Eie(z) =
∑m

j=1 λ0
ijEj(z) ,

Ho(z)Eio(z) + z−1He(z)Eie(z) =
∑m

j=1 λ1
ijEj(z)"

(2.7.7)

PE(z) = (E1(z), · · · , Em(z))T , Ee(z) = (E(z1/2)+E(−z1/2))/2

ÚEo(z) =
E(z1/2)−E(−z1/2)

2z1/2
"@o, ·��±r (2.7.7)�¤

e¡�Ý
/ªµ



He(z)Eo(z) + Ho(z)Ee(z) = B0
mE(z) ,

z−1He(z)Ee(z) + Ho(z)Eo(z) = B1
mE(z)"

(2.7.8)

PC = B0
m

(
B1

m

)−1"@o, d (2.7.8)��

He(z)
(
z−1CEe(z)− Eo(z)

)
+ Ho(z) (CEo(z)− Ee(z)) = 0"

(2.7.9)

ùy²
�3õ�ª�þ P (z) = (p1(z), · · · , pm(z))T , ¦�



z−1CEe(z)− Eo(z) = Ho(z)P (z) ,

CEo(z)− Ee(z) = −He(z)P (z)"
(2.7.10)

dEe(z), Eo(z)��E��: Ee(z)ÚEo(z)�z�©þ�

gê©OØ�L (N − 1)/2ÚN/2��êÜ©"�N�Ûê

�, Ho(z)�gê� (N − 1)/2 ; 
�N�óê�, He(z)�g

ê�N/2"ù�, '�
 (2.7.10)ü>õ�ª�gê���,

P (z)´��~��þ, Ø�ÒP�α"- Im�m × mü Ý


")�5�§ (2.7.10), ·���



(
z−1C2 − Im

)
Ee(z) = CαHo(z)− αHe(z) ,

(
z−1C2 − Im

)
Eo(z) = −Cαz−1He(z) + αHo(z)"

(2.7.11)
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ò (2.7.11)�\ (2.7.8),

(
z−1C2 − Im

)
B0

mE(z) = Cα
(−z−1(He(z))2 + (Ho(z))2

)
,

=

(
C2 − zIm

)
B0

mE(z) = Cα
(−(He(z))2 + z(Ho(z))2

)
"

3þªü>¦
(
C2 − zIm

)
���Ý


(
C2 − zIm

)∗���

det
(
C2 − zIm

)
B0

mE(z)

=
(
z (Ho(z))2 − (He(z))2

) (
C2 − zIm

)∗
Cα"

du c(0)c(N) 6= 0±9 z(Ho(z))2 − (He(z))2´��gê�N�

õ�ª, Ïd z(Ho(z))2 − (He(z))2TkN�� (�)­ê)",

��¡, det(C2 − zIm)�õ�km�A�� (�)­ê)"Ïd,

lm ≤ N−1��3Eê z0¦�E(z0) = 0"= (1, z0, · · · , zN−1
0 )ν

= 0é¤k ν ∈ V ¤á" ¤

ÚÚÚnnn 2.7.3 �;| �[©©Ù f÷v[©�§

f =
N∑

j=0

c(j)f(2 · −j) Ú f̂(0) = 1,

Ù¥N ≥ 1, c(0)c(N) 6= 0Ú
∑N

j=0 c(j) = 2"XJ�3�"E

êz0, ¦�©Ù
∑

j∈Z zj
0f(· − j)|uZ"@o, �3,���"

Eê z′0¦�
∑

j∈Z z′0
j
f(· − j) ≡ 0"

y²µPF =
∑

j∈Z zj
0f(· − j)"K suppF ⊂ Z, ¿�F (· −

1) =
∑

j∈Z zj
0f(· − j − 1) = z−1

0 F (·)"l
�3�K�ê kÚE
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Xê as, 0 ≤ s ≤ k, ¦�

F =
∑

j∈Z
zj
0

(
k∑

s=0

asδ
s(· − j)

)
, (2.7.12)

ùp δsL« s�Delta¼ê"Ø�@� a0ak 6= 0, ÄK� z′0 =

z0Ò´·�¤Ié�Eê"

P z0 = eθ±9R(x) =
∑k

s=0 asx
s, é (2.7.12)ªü>©O

�FourierC�, ·���

f̂(θ + 2πk) = R(θ + 2πk), k ∈ Z" (2.7.13)

PH(ξ) =
1
2

∑N
j=0 c(j)e−ijξ, d f÷v�[©�§� f̂÷ve�

�§

f̂(2ξ) = H(ξ)f̂(ξ)" (2.7.14)

l


f̂(θ+2mkπ) =
m−1∏

j=1

H(2−jθ)f̂(2−m+1θ+2kπ) , ∀m ≥ 1 , k ∈ Z"

(2.7.15)

3 (2.7.15)�ü>'um�4�¿|^ (2.7.13)��, R´��"

gõ�ª,

f̂(θ)f̂(2kπ) = a0 6= 0, (2.7.16)

±9

f̂(2kπ) = f̂(0), k ∈ Z"

d (2.7.14)¿|^ f̂�ëY5,

f̂(y) = f̂(y + 2π) , ∀ y ∈ R"
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ù`² f̂´�� 2π±Ï¼ê"l
 f´��|u {0, 1, · · · , N}�
©Ù, =

f =
N∑

k=0

d(k)δ(· − k)"

du c(0)c(N) 6= 0, Ïd d(0)d(N) 6= 0"d�êÄ�½nÚN ≥
1, �3�"Eê z′0, ¦�

∑N
k=0 d(k) (z′0)

−k = 0"@o

∑

j∈Z
(z′0)

j
f(· − j) =

∑

j∈Z

∑

k∈Z
d(k) (z′0)

j
δ(· − k − j)

=
∑

j∈Z

∑

k∈Z
d(k) (z′0)

j−k
δ(· − j) = 0"

ùy²
 z′0Ò´·��é��"Eê" ¤

y3·��±m©y²½n2.7.1 "

½n2.7.1�y²: w,·��Iy²: f��N�5Ã'5

%º§�ÛÜ�5Ã'5"du�NÚÛÜ�5Ã'53²£

eØC"Ø�@� (2.7.1)¥�S� {c(j)}j∈Z÷v c(0)c(N) 6= 0,

¿� c(j) = 0é¤k j < 0� j > N¤á"du�N = 0�, fÒ

´Delta©Ù, 
§Ó�äkÛÜÚ�N�5Ã'5, Ïde¡·

�ob½N ≥ 1"

�A� (0, 1)þ�?Û��m8"dÛÜ�5Ã'5�½Â

·��Iy²

WA =

{
(d(0), · · · , d(N − 1))T :

N−1∑

k=0

d(k)f(·+ k)3Aþð�"

}

´��"�m"duA��, @o�3�ê kÚ εi ∈ {0, 1}, i =

0, 1, · · · k, ¦�
∑k

i=0 εi2−i−1 + 2−k−1(0, 1) ⊂ A"P
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F = (f(·), f(·+ 1), · · · , f(·+ N − 1))T "

d[©�§ (2.7.1)�, é ε = 0, 1,

BεF = F

( ·+ ε

2

)
(2.7.17)

3 (0, 1)þ¤á"Ïd·���WA�

WA = { d = (d(0), · · · , d(N−1))T : dT F 3Aþð�"} "
(2.7.18)

nÜ (2.7.17)Ú (2.7.18), ·���

W(0,1) ⊂ WA ⊂ BT
εk
· · ·BT

ε1W(0,1)" (2.7.19)

dÚn2.7.1��: Bε, ε = 0, 1, ´�ÛÉÝ
"2� (2.7.19)(

Üå5, ·�ØJ��

WA = W(0,1)"

l
·��Iy²W(0,1) = {0}"
½Â

V = { (ν(0), · · · , ν(N − 1))T :
∑N−1

i=0 ν(i)d(i) = 0 ,

é¤k (d(0), · · · , d(N − 1))T ∈ W(0,1)¤á} "
dBT

0 W(0,1) = BT
1 W(0,1) = W(0,1), �B0V = B1V = V"Ïdd

Ún2.7.2, V = {0}½�3�"Eê z0, ¦� (1, z0, · · · , zN−1
0 )R

�uV ½V = CN , �Ò´W(0,1)´ {0}½�3 (1, z0, · · · , zN−1
0 )
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∈ W(0,1)½W(0,1) = CN"�W(0,1) = {0}�, ·�Ò�� f�Û

Ü�5Ã'5"�W(0,1) 6= {0}�, (1, z0, · · · , zN−1
0 ) ∈ W(0,1)é

,�Eê z0¤á"dW(0,1)�½Â�, 3 (0, 1)þ
∑N−1

j=0 zj
0f(·+

j) = 0¤á, l
2Â¼ê
∑

j∈Z zj
0f(· + j)| uZ"dÚ

n2.7.3, �3�"Eê z′0¦�
∑

j∈Z z′0
j
f(·+ j) ≡ 0, ù� f��

N5Ã'5gñ" ¤

3�!���, ·�7L�Ñ: �,� Ïf� 2�[©¼

ê�ÛÜÚ�N�5Ã'5�d"�3� Ïf�u 2��d5

ÒØ2¤á"Xe¡�� Ïf� 3�[©�§

fλ(·) = λ(fλ(3·) + fλ(3 · −1)) + fλ(3 · −2) + (1− λ)(fλ(3 · −3)

+fλ(3 · −4)), 0 < λ < 1 ,

÷v f̂λ(0) = 1��O©Ù)Ò´ù��~f"¯¢þ, (λ −
1)fλ(·) + λfλ(·+ 1) 3 (1/3, 2/3)þð�" (ë� [19])"

2.8 Strang-Fix ^̂̂���

� f���;| ©Ù, k��K�ê"XJ

f̂(0) 6= 0 Ú f̂ (j)(2πn) = 0 , ∀n ∈ Z \ {0}Ú 0 ≤ j ≤ k − 1

(2.8.1)

¤á, ·�Ò¡ f÷v k� Strang-Fix^�"

dPoissonÈ©úª�, ��;| ©Ù f÷v k�Strang-

Fix^��¿©7�^�´: é?¿gêØ�L k − 1g�õ�
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ªP , �3,��gêØ�L k − 1�õ�ªQ, ¦�

P (x) =
∑

k∈Z
Q(k)f(· − k)" (2.8.2)

é;| �[©¼ê, §÷v�Strang-Fix^��±^¤éA�

ÎÒ¼ê5�x"

½½½nnn 2.8.1 � f´��;| [©©Ù, §¤éA�Î

ÒH´��n�õ�ª"XJÎÒH(ξ)�±�¤e¡/ª

H(ξ) =
(

1− e−iMξ

M(1− e−iξ)

)k

H̃(ξ), (2.8.3)

Ù¥ k ≥ 1, H̃(ξ)�n�õ�ª"@o, f÷v k�Strang-Fix^

�"��, XJ f÷v k�Strang-Fix^��k­½��²£,

@o¤éA�ÎÒH(ξ)k/X (2.8.3)�©)"

y²µ�H(ξ)�[©©Ù f¤éA�ÎÒ"K

f̂(Mξ) = H(ξ)f̂(ξ)" (2.8.4)

d (2.8.3), ·�k:

H(j)(2sπ/M) = 0 , ∀ s = 1, 2, · · · ,M − 1, 0 ≤ j ≤ k − 1"

(2.8.5)

�n ∈ Z \ {0}"XJ�3n1 ∈ {1, 2, · · · ,M − 1}Ú 0 ≤ n2 ∈ Z,

¦�n = n1M
n2½n = −n1M

n2"|^ (2.8.4)·���:

f̂(2πn + ξ) =




n2∏

j=1

H(M−jξ)


H

(
M−n2−1ξ ± 2πn1

M

)

×f̂

(
M−n2−1ξ ± 2πn1

M

)
" (2.8.6)
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ÄK, �3n1 ∈ {1, 2, · · · ,M − 1}, 0 ≤ n2 ∈ Z ±9 l ∈ Z, ¦

�n = Mn2(lM + n1)"|^ (2.8.4)·���

f̂(2πn + ξ) =




n2∏

j=1

H(M−jξ)


H

(
M−n2−1ξ +

2πn1

M

)

×f̂

(
M−n2−1ξ +

2πn1

M
+ 2lπ

)
" (2.8.7)

nÜ (2.8.5), (2.8.6)Ú (2.8.7)��

f̂ (j)(2πn) = 0, ∀ 0 ≤ j ≤ k − 1, n ∈ Z \ {0}"

ùÒy²
 f÷v k�Strang-Fix^�"

yy²(Ø�1�Ü©"b� f÷v k�Strang-Fix^�

Úk­½��²£"d½n2.4.1, é s = 1, 2, · · · ,M − 1, �

3 k(s) ∈ Z¦� f̂(2πs/M + 2k(s)π) 6= 0"d (2.8.4)�

f̂(2πs+2Mk(s)π+Mξ) = H

(
2πs

M
+ ξ

)
f̂

(
2πs

M
+ 2k(s)π + ξ

)
"

(2.8.8)

(Ü f�Strang-Fix^�·���

H(j)

(
2sπ

M

)
= 0, 0 ≤ j ≤ k − 1"

l
 H̃(ξ) = H(ξ)
(

1− e−iξ

1− e−iMξ

)−k

E´��)Û¼ê",��

¡, H(ξ)�n�õ�ª, l
 H̃(ξ)��n�õ�ª"ùy²


H(ξ)k/X (2.8.3)�©)" ¤

½½½nnn 2.8.2 � f´��;| �[©¼ê�k­½��²

£"XJ f̂(0) = 1 ±9 f (j) ∈ L1, 0 ≤ j ≤ k − 1"@o, f÷

v k�Strang-Fix^�"
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y²µd½n1.2.1Úb� f (j) ∈ L1, 0 ≤ j ≤ k − 1, �

lim
|ξ|→∞

|ξ|−k+1f̂(ξ) = 0" (2.8.9)

� f¤éA�ÈÅì�H(ξ), @o f̂(ξ) = H(M−1ξ)f̂(M−1ξ)"

�n�?��"�ê"@o, é 1 ≤ m ∈ Z,

f̂(2Mmnπ + ξ) = H(M−1ξ) · · ·H(M−mξ)f̂(2nπ + M−mξ)

=
f̂(ξ)

f̂(M−mξ)
f̂(2nπ + M−mξ)" (2.8.10)

Ïd,d (2.8.9), (2.8.10)��: S� f̂(2nπ+M−mξ)Mm(k−1) , m

≥ 1, 3�:��+�S��Âñu 0"du f̂�)Û¼ê, l


f̂ (j)(2πn) = 0, ∀ 0 ≤ j ≤ k − 1, n ∈ Z \ {0}"

ùy²
 f÷v k�Strang-Fix^�" ¤

2.9 ???éééSSS������ÂÂÂñññ555

� {c(j)}j∈Z´��k���S��÷v
∑

j∈Z c(j) = M"

½ÂLp
∗, 1 ≤ p ≤ ∞, þ�N�Tc:

Tcf =
∑

j∈Z
c(j)f(M · −j) , (2.9.1)

3dLp
∗X § 2.3!¥¤�ã"ØJw�, Tc´��Lp

∗þ�k.�

f, 
Tc�ØÄ:Ò´��[©¼ê"

?���;| �Lp
∗¼ê f0, ½Â

fn = Tcfn−1, n ≥ 1" (2.9.2)
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@o, ¼êS� {fn}n≥0�¡�?éS� ( Cascade Sequence )"

�!�Ì�SN´�Ä {fn}�Âñ5"
½ÂH(ξ) = M−1

∑
j∈Z c(j)e−ijξ"@o, 3 (2.9.1)ü>�

FourierC���

(Tcf)∧(ξ) = H(ξ/M)f̂(ξ/M), (2.9.3)

l


f̂n(ξ) =
n∏

j=1

H(M−jξ)f̂0(M−nξ)" (2.9.4)

dÚn2.1.1�,
∏n

j=1 H(M−jξ)3?Û;8þ��Âñ"� f´

[©�§

f =
∑

j∈Z
c(j)f(M · −j), f̂(0) = 1

���©Ù)"@o, f̂n3©Ù¿ÂeÂñu f̂0(0)f̂"

3¢SA^¥, ·��'% {fn}3Lp
∗, 1 ≤ p ≤ ∞, þ�Â

ñ5, AO´L∞∗ þ�Âñ5"ù´Ï�L∞Âñ5ò�Ï·�

£±[©¼ê�ã�"3ê�©Û¥, ·��?�ÚI�?éS

� {fn}∞n=13 Sobolev�mþ�Âñ5"3�!¥·�ò�'%

?éS�3Lp
∗¥�Âñ5¯K"k,�ïÄ?éS�3Ù§¼

ê�mþÂñ5�Öö�ë� [66,67]Ú¤Ú^�©z"

� {c(j)}j∈Z���k��S��÷v
∑

j∈Z c(j) = M , é

?¿λ = (λ(j))j∈Z ∈ `p, ½Â `pþ��fSc3λþ��^�

(Scλ) (k) =
∑

j∈Z
c(k −Mj)λ(j) , k ∈ Z, λ = (λ(j))j∈Z ∈ `p"

(2.9.5)
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�fScÏ~�¡�[©�f ( Subdivision operator )"P δ =

(δ(j))j∈Z�DeltaS�, ÏLO�ØJ�y

fn =
∑

j∈Z
(Snδ)(j)f0(Mn · −j)" (2.9.6)

y3·�5w�e?éS�3Lp¥Âñ���7�^�"

½½½nnn 2.9.1 � 1 ≤ p ≤ ∞, f0´��;| �Lp
∗¼ê�÷

v f̂0(0) = 1"q� {c(j)}j∈Z´��k��S�¿÷v
∑

j∈Z c(j)

= M , S� {fn}n≥0X (2.9.2)¤½Â"XJ {fn}n≥03Lp
∗¿Â

eÂñ, @o f0÷v��Strang-Fix^�"

y²: P g�?éS� {fn}n≥03Lp
∗¿Âe�4�"@o,

g´��;| �Lp
∗¼ê"diùÚn (½n1.2.1)

lim
|ξ|→∞

ĝ(ξ) = 0" (2.9.7)

duS� {fn}3Lp
∗¿ÂeÂñ, qN´�y {fn}�| u�

��½�;8, Ïd fn�Ò3L1¿ÂeÂñu g"l
d½

n1.2.1,

lim
n→∞

‖f̂n − ĝ‖∞ = 0" (2.9.8)

nÜ (2.9.7)Ú (2.9.8), ·�k

lim
n→∞

f̂n(2Mnkπ) = 0 , ∀ k ∈ Z \ {0}"

d (2.9.4)ÚH(0) = 1, ·��� f̂n(2Mnkπ) = f̂0(2kπ)"òdª

�\þª, ·���

f̂0(2kπ) = 0 , ∀ k ∈ Z \ {0}"
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ù�Òy²
 f0÷v��Strang-Fix^�" ¤

� fn, n ≥ 0, 3Lp¿ÂeÂñ�, §�4�¼ê g�Lp
∗[

©¼ê�k;| "d½n2.6.3, 4�¼ê g�±�¤,�ä

k�5Ã'�²£�;| [©¼ê��²£�k��5|

Ü"5¿�¼ê�Lp
∗�È53�²£�k��5|Üe´Ø

C�, ù`² g�±d��äk�5Ã'�²£�;| Lp
∗[

©¼ê, ²L�²£k��5|Ü��"�â½n2.8.1, g�Î

ÒH(ξ) = M−1
∑

j∈Z c(j)e−ijξ��¤

H(ξ) =
1− e−iMξ

M −Me−iξ
H̃(ξ) =

1− e−iMξ

M −Me−iξ


 1

M

∑

j∈Z
b(j)e−ijξ


 "

½½½nnn 2.9.2 � 1 ≤ p < ∞, f0´��;| �Lp
∗¼ê¿÷

v��Strang-Fix^�, q� {c(j)}j∈Z´��k��S��÷

v
∑

j∈Z c(j) = MÚ

H(ξ) =
1
M

∑

j∈Z
c(j)e−ijξ =

1− e−iMξ

M −Me−iξ
H̃(ξ)"

�?éS� fn, n ≥ 0, X (2.9.2)¤ã"XJ f0k­½��²£

¿� fn3Lp
∗¿ÂeÂñ, @o

lim
n→∞

M−n/p‖H̃(ξ) · · · H̃(Mn−1ξ)‖F`p = 0"

y²: PMnH(ξ) · · ·H(Mn−1ξ) =
∑

j∈Z an(j)e−ijξ"·�

�±8B/y²

fn(x) =
∑

j∈Z
an(j)f0(Mnx− j)"
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Ïd,

fn(x)− fn(x−M−n) =
∑

j∈Z
(an(j)− an(j − 1))f0(Mnx− j)"

d f0�­½�²£b��, �3�nÃ'�~êC¦�

‖{an(j)− an(j − 1)}j∈Z‖`p ≤ CMn/p‖fn − fn(· −M−n)‖p"

(2.9.9)

(Ü fn3Lp
∗þ�Âñ5Ú�mLp

∗¥?¿¼ê f�5�

lim
t→0

‖f(·)− f(·+ t)‖p = 0 , 1 ≤ p ≤ ∞

·���

lim
n→∞

‖fn(·)− fn(· −M−n)‖p = 0" (2.9.10)

,��¡,∑

j∈Z
(an(j)− an(j − 1))e−ijξ

= (1− e−iξ)MnH(ξ) · · ·H(Mn−1ξ)

= (1− e−iMnξ)H̃(ξ) · · · H̃(Mn−1ξ)"

ØJ�y, H̃(ξ), · · · , H̃(Mn−1ξ)�gêØ�LCMn, �C´�

��nÃ'�~ê"Ïd�3�nÃ'�~êC1¤áeª

C1‖∑

j∈Z
(an(j)−an(j−1))e−ijξ‖

F`p
≥‖H̃(ξ) · · · H̃(Mn−1ξ)‖

F`p"

(2.9.11)

�d, nÜ (2.9.9), (2.9.10)Ú (2.9.11)Òy²


lim
n→∞

M−n/p‖H̃(ξ) · · · H̃(Mn−1ξ)‖F`p = 0" ¤
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3�!���, ·�5?Ø?éS�Lp
∗Âñ���¿©^

�, d^�3Ð©�äk­½5��´7�� (�½n2.9.2)"

½½½nnn 2.9.3 � 1 ≤ p ≤ ∞, f0´��;| �Lp
∗¼ê�÷v

��Strang-Fix^�"q� {c(j)}j∈Z ´��k��S�, �÷

v
∑

j∈Z c(j) = MÚ

H(ξ) =
1
M

∑

j∈Z
c(j)e−ijξ =

1− e−iMξ

M −Me−iξ
H̃(ξ)"

�?éS� fn, n ≥ 0X (2.9.2)¤ã"XJ

lim
n→∞

M−n/p‖H̃(ξ) · · · H̃(Mn−1ξ)‖F`p = 0 ,

@o fn3Lp
∗¿ÂeÂñ"

y²:d½n2.3.1�, ±H�ÎÒ�[©¼ê f´Lp
∗¼ê"

qd½n2.8.1,

f̂(2kπ) = 0 , ∀ k ∈ Z \ {0}"

PF0 = f0 − f̂0(0)f"dPoisson¦Úúª��

∑

j∈Z
F0(· − j) = 0" (2.9.12)

�

∑

j∈Z
an(j)e−ijξ = MnH(ξ)H(Mξ) · · ·H(Mn−1ξ) (2.9.13)

¿P fn =
∑

j∈Z an(j)f0(Mn · −j)"d (2.9.12)ª��,
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(fn − f̂0(0)f)(x) =
∑

j∈Z
an(j)F0(Mnx− j)

=
∑

j∈Z
(an(j)− an([Mnx]))F0(Mnx− j) ,

ùp [Mnx]XÏ~@�L«Mnx��êÜ©"��êN¦

�F0| u [−N + 1, N − 1]"� p = ∞�,
∥∥∥
(
fn − f̂0(0)f

)∥∥∥
∞

≤ sup
x

∑

|j−Mnx|≤N

|an(j)− an([Mnx])| × ‖F0‖∞

≤ sup
j∈Z

∑

|l|≤N

|an(l + j)− an(j)| × ‖F0‖∞" (2.9.14)

� 1 ≤ p < ∞�,
∥∥∥
(
fn − f̂0(0)f

)∥∥∥
p

p

=
∑

l∈Z

∫ M−n(l+1)

M−nl

|∑
j∈Z

|an(j)− an(l)| × |F0(Mnx− j)||pdx

≤ C
∑

l∈Z

∑

j∈Z
|an(j)− an(l)|p

∫ M−n(l+1)

M−nl

|F0(Mnx− j)|p dx

≤ C ′M−n
∑

j∈Z

∑

|l|≤N

|an(j)− an(j + l)|p , (2.9.15)

3d·�®|^
F0´;| Lp(R)¼ê�¯¢5����ü

�Ø�ª"nÜ (2.9.14)Ú (2.9.15), ·�k

‖fn − f̂0(0)f‖p ≤ CM−n/p
∑

|l|≤N

‖{an(j)− an(j + l)}j∈Z‖`p"

(2.9.16)
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�â (2.9.13)±9H(ξ)�©)/ª
∑

j∈Z
an(j)e−ijξ −

∑

j∈Z
an(j + l)e−ijξ

=
(
1− e−ilξ

)
MnH(ξ) · · ·H(Mn−1ξ)

=
1− e−ilξ

1− e−iξ

(
1− e−iMξ

)
H̃(ξ) · · · H̃(Mn−1ξ)"

Ïd, �3��~êCl¦�e��O¤á,

‖{an(j)− an(j + l)}j∈Z‖`p ≤ Cl‖H̃(ξ) · · · H̃(Mn−1ξ)‖F`p"

(2.9.17)

nÜ (2.9.16)Ú (2.9.17), Ò�� fn3Lp
∗¿Âe�Âñ5" ¤

2.10 ééé¡¡¡555

¯¤±�, ¢¶þ�¼ê f�±©)���Û¼ê fo�

��ó¼ê fe�Ú, = f = fo + fe"¯¢þ, fe(x) = (f(x) +

f(−x))/2Ú fo(x) = (f(x) − f(−x))/2"lAÛ*:5w, Û¼

ê�ã'u�:é¡, ó¼ê�ã'u y¶é¡"

� ε = ±1, f´��¢¼ê"XJ�3¢êλ¦�

f(λ + x) = εf(λ− x), x ∈ R , (2.10.1)

·�Ò©O3 ε = 1Ú−1�¡ f'ux = λé¡Ú�é¡"3

&Ò©Û¥, é¡Ú�é¡&ÒkXAO�¿Â, §�±!��

��&Ò;þÚ?n, 
�k���2�5"

é��[©¼ê f�é¡Ú�é¡5, ·��±^§¤éA
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�ÈÅìH5�x"� f´��;| �÷v f̂(0) = 1�[©

©Ù, q�n�õ�ªH´§¤éA�ÎÒ"@o

f̂(ξ) = H(ξ/M)f̂(ξ/M)"

ù`²
 f̂ÚHke¡�'X:

f̂(ξ) =
∞∏

j=1

H(M−jξ) (2.10.2)

Ú

H(ξ) = f̂(Mξ)/f̂(ξ)" (2.10.3)

3é (2.10.1)ü>�Fourier C��, ·�ØJ��¼ê�é¡5

Ú�é¡53Fourier ��L«úª´

f̂(−ξ) = e2iλξεf̂(ξ)" (2.10.4)

Ïd, ��÷v f̂(0) = 1�;| [©©ÙØ�U´�é¡�"

nÜ (2.10.2), (2.10.3)Ú (2.10.4), ·���e¡�(Ø"

½½½nnn 2.10.1 �;| �[©©Ù f÷v f̂(0) = 1, �¤éA

�ÈÅìH�n�õ�ª"@o, f'ux = λé¡�¿©7�

^�´: H(−ξ) = e2iλ(M−1)ξH(ξ)"d	 (M−1)λ´���ê"

;.�é¡[©¼ê´B−�^Bn,

B0 = χ[0,1], Bn(x) =
∫ 1

0

Bn−1(x− t)dt, n ≥ 1 ,

Ú sinc¼ê,

sinc(x) =
sin πx

πx
"
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½½½nnn 2.10.2 �;| [©©Ù fk�5Ã'��²£,

{d(j)}j∈Z ´���"�k��S�"XJ gke¡�L�

ª

g =
∑

j∈Z
d(j)f(· − j)" (2.10.5)

PD(z) =
∑

j∈Z d(j)zj"@o, g´é¡½�é¡�¿©7�

^�´: f´é¡��D(z)´é¡½�é¡�, =�3,��

ê kÚ ε = ±1, ¦�D(z−1) = εzkD(z)¤á"

y²: ky¿©5"3 (2.10.5)ü>�FourierC��, ·�

��

ĝ(ξ) = D(e−iξ)f̂(ξ)" (2.10.6)

d fÚD�é¡5�, �3λ ∈ R, k ∈ ZÚ ε = ±1¦�

f̂(−ξ) = e2iλξf̂(ξ) (2.10.7)

±9

D(eiξ) = ε e−ikξD(e−iξ)" (2.10.8)

nÜ (2.10.6), (2.10.7)Ú (2.10.8), ·���

ĝ(−ξ) = ε ei(2λ−k)ξĝ(ξ)"

ùÒy²
 g�é¡½�é¡5"

2y7�5"� g'ux = δé¡½�é¡, @o

ĝ(−ξ) = ε eiδξ ĝ(ξ)" (2.10.9)
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rþª�\ (2.10.6), ·���

D(eiξ)f̂(−ξ) = ε eiδξD(e−iξ)f̂(ξ)" (2.10.10)

PR(z)´D(z)ÚD(z−1)���úÏª,qP D̃(z)=D(z)/R(z)"

dR(z)�½Â�R(z−1)=ε′zkR(z),Ù¥ ε′ = ±1"2d (2.10.10),

·���

D̃(eiξ)f̂(−ξ) = εε′ei(δ+k)ξD̃(e−iξ)f̂(ξ)" (2.10.11)

bX�3���"Eê z0 = eiθ¦� D̃(eiθ) = 0,@o D̃(e−iθ) 6=
0, ù� (2.10.11)(Üå5Ò`²
, é¤k�ê k¤á f̂(θ +

2kπ) = 0"�â½n2.6.1, ù� f��5Ã'�²£5gñ"

Ïd D̃(e−iξ)´��ü�ª, =�3~êC ∈ RÚ�ê l ∈ Z¦
� D̃(e−iξ) = Ce−ilξ"rdª�\ (2.10.11)�� f�é¡5"

¤

½½½nnn 2.10.3 � f´��;| �[©¼êÙ� Ïf

� 2"@o fQé¡q���¿©7�^�´: f´χ[0,1)�

�²£"

y²: w,χ[0,1)��²£Qé¡q��, Ïd·���y²

7�5"� f÷ve�[©�§

f =
∑

j∈Z
c(j)f(2 · −j)

¿PH(ξ) = 1
2

∑
j∈Z c(j)e−ijξ"du f´;| �, c(j) = 1

2〈f,

f(2 · −j)〉±9H(ξ)�n�õ�ª"XJ fé¡, d½n2.10.1,
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H(ξ)�é¡, =�3�êN¦�

H(−ξ) = eiNξH(ξ)" (2.10.12)

d½n2.5.1,

|H(ξ)|2 + |H(ξ + π)|2 = 1" (2.10.13)

r (2.10.12)�\ (2.10.13),

eiNξH(ξ)2 + eiN(ξ+π)H(ξ + π)2 = 1" (2.10.14)

PH(ξ)2 =
∑

j∈Z h(j)e−ijξ" @o,�3 j1, j2¦�h(2j1)h(2j2)

6= 0,±9h(j) = 0é¤k j > 2j2½ j < 2j1¤á"d (2.10.14)�

N7�Ûê"Ïd, ·��±ò (2.10.14)�¤

(H(ξ) + H(ξ + π)) (H(ξ)−H(ξ + π)) = e−iNξ" (2.10.15)

dd




H(ξ) + H(ξ + π) = αe−iN0ξ ,

H(ξ)−H(ξ + π) = α−1e−i(N−N0)ξ ,
(2.10.16)

é,�N0 ∈ ZÚ 0 6= α ∈ R¤á"l (2.10.16)ÚH(0) = 1á=

��, α = 1Ú H(ξ) = e−iN0ξ(1 + e−i(N−2N0)ξ)/2"

�N − 2N0 = 0�, f´Delta©Ù, §Øäk����

²£"�N − 2N0 ≥ 1�, f = 1
N−2N0

χ[0,N−2N0)(· − N0), (

Ü��5��N − 2N0 = 1"
�N − 2N0 ≤ −1�, f =
1

|2N0−N |χ[0,2N0−N)(· −N0 −N)"Ó�(Ü��5� 2N0 −N =

1"nÜþã, f´χ[0,1)��²£" ¤
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��, ·�7L�Ñ3M ≥ 3��/, þã(ØØ¤á"

Pα = 1
2 −

√
6

4 , @oe�[©�§"

f = αf(Mx) +
1
2
f(Mx− 1) + (1− α)f(Mx− 2) + f(Mx− 3)

+ · · ·+ f(Mx−M + 1) + (1− α)f(Mx−M)

+
1
2
f(Mx−M − 1) + αf(Mx−M − 2),

�ëY)ÒÓ�äké¡5Ú��5 ( [2])"

2.11 ������555

��½Â3¢¶þ�ëY¼ê f3÷v f(0) = 1Ú f(j) =

0, j ∈ Z \ {0}��¡�äk��5";.�~f´ sinc¼

ê sinc(x) = sinπx/πxÚl¼ê

h(x) = (1− |x|)+ =





1 + x, x ∈ [−1, 0) ,

1− x, x ∈ [0, 1] ,

0, |x| > 1"

XJφäk��5, @odÙ�²£)¤��m

V = Span{φ(· − j), j ∈ Z}

¥�?¿¼ê f�±L«� f(x) =
∑

j∈Z f(j)φ(x − j)"Ïd,

�φäk��5Ú;| 5�, φÒäk�5Ã'��²£"

3
∑

j∈Z |φ̂(ξ +2kπ)|´ëY¼ê�, |^Poisson¦Úúª, ·�

�� ∑

k∈Z
φ(ξ + 2kπ) =

∑

j∈Z
φ(j)e−ijξ"
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l
φäk��5�¿©7�^�´

∑

k∈Z
φ̂(ξ + 2kπ) = 1, ξ ∈ R"

é[©¼ê���5, ·�ke¡�(Ø"

½½½nnn 2.11.1 � f´��;| �ëY¼ê�÷v[©�§

f(x) =
∑

j∈Z
c(j)f(Mx− j) Ú f̂(0) = 1, (2.11.1)


S� {c(n)}äkk��"@o,ÎÒH(ξ) = 1
M

∑
j∈Z c(j)e−ijξ

3 fäk��5�, ÷v

M−1∑
s=0

H(ξ + 2sπ/M) = 1" (2.11.2)

��, XJH÷v (2.11.2)¿� fk­½��²£�, fÒk��

5"

y²: b� fäk��5"@o

f(j) = δ(j), j ∈ Z" (2.11.3)

,��¡, d (2.11.1)�

f(j) =
∑

k∈Z
c(k)f(Mj − k)" (2.11.4)

nÜ (2.11.3)Ú (2.11.4)��

c(Mj) = δ(j), j ∈ Z" (2.11.5)
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�âH(ξ)�½Â, ùÒy²
 (2.11.2)"

�L5, b½H÷v (2.11.2)¿� fk­½��²£"� f0

�l¼ê, = f0(x) = (1− |x|)+, ¿½Â

fn(x) =
∑

j∈Z
c(j)fn−1(Mx− j), n ≥ 1"

@o fn´ëY¼ê"�â f�ëY5!½n2.3.2Ú½n2.9.3,

·���

lim
n→∞

‖fn − f‖∞ = 0"

Ïd, ·���U8B/y² fn, n ≥ 0, ���5=�"d f0�

½Â� f0äk��5"8B/b� fn−1äk��5, @o

fn(j) =
∑

k∈Z
c(k)fn−1(Mj − k) = c(Mj) = δ(j), j ∈ Z"

ùBy²
 fn���5, �Ó��¤
½n�y²" ¤

sinc¼êäk��5Ú��5, �Øäk;| 5"l¼ê

äk��5Ú;| 5, �vk��5"�� Ïf� 2�, ·

�Ø�U����ëY¼ê, ¦�§Ó�äk;| 5!��5

Ú��5",
, �� ÏfM ≥ 3�, ·�U
é�ù��¼

ê (� § 4.4!)"

½½½nnn 2.11.2 �� Ïf� 2�, Ø�3[©¼ê¦�§Ó�

äk��5!��5Ú;| 5"

y²: � f÷ve�[©�§

f =
∑

j∈Z
c(j)f(2 · −j),
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¿� fÓ�äk;| 5!��5Ú��5"Ï� fäk��

5, ¤± c(j) = f(j/2), j ∈ Z, l
 {c(j)}j∈Zäkk��Ý"

PH(ξ) = 1
M

∑
j∈Z c(j)e−ijξ"@o, d f���5Ú��5�

|H(ξ)|2 + |H(ξ + π)|2 = 1 (2.11.6)

Ú

H(ξ) + H(ξ + π) = 1" (2.11.7)

d (2.11.7), H(ξ) = 1
2 + 1

2e−iξH̃(2ξ)"rdª�\ (2.11.6)�

� |H̃(ξ)|2 = 1"Ïd, �3 ε = ±1Ú�êm ∈ Z, ¦� H̃(ξ) =

ε e−imξ"� ε = −1�, H(0) = 0Ú |H(ξ)| ≤ 1"l

∏∞

j=1 H(2−j

ξ) = 0, ù%º
 f´��"¼ê, �Ò���5gñ"X

J ε = 1,

H(ξ) =
1
2

(
1 + ei(2m+1)ξ

)
"

,
, ·���[©�§ g(x) = g(2x)+ g(2x−2m−1)�;| 

)� (2m+1)−1χ[0,2m+1) , m ≥ 0,½−(2m+1)−1χ[2m+1,0),m ≤
−1, 
§�þØ´ëY¼ê, ùB�¤
½n�y²" ¤

2.12 )))ÛÛÛLLL���ªªª

� f´��¢¶þ�;| ¼ê"XJ�3«m [a, b] ⊃
suppfþ���©� a = a1 < a2 < · · · < aN+1 = b, ¦� f3

z�f«m (ai, ai+1)þ, 1 ≤ i ≤ N , ´,�õ�ª���"d

�, ·�¡ f´��©ãõ�ª"Ó�, XJ©� a = a1 < a2 <

· · · < aN+1 = b�À�U¦ f3z�f«m (ai, ai+1), 1 ≤ i ≤
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Nþ´,�¢¶þ�C∞¼ê���, ·�Ò¡ f´��©ã1

w¼ê"

��äk²(�L�ª�[©¼ê´é­��, AO3I�

kép°Ý�/�"B−�^��;| �[©¼ê, §´©ã

õ�ª, l
�´©ãC∞¼ê"�Ø3�´, ��äk©ã1

w�;| [©¼ê�½´B−�^��5|Ü( [47])"ù½¦

·�I�Ú\ÛÜõ�ª�qg, 
��ÛÜõ�ªE,�@�

äk)ÛL�ª"

XJ f´¢¶þ;| u [a, b]�¼ê, ¿��3m8A ⊂
[a, b], ¦� f3A�z�ëÏ©| (=�¹uA�m«m )þ�

��´õ�ª, Ó�A�LebesgueÿÝ |A|�u b − a, @o f�

¡�´ÛÜõ�ª"w,, ��©ãõ�ª´��ÛÜõ�ª"

é��ÛÜõ�ª f , �éA�m8AÚ f3m8þ���k²

wL�ª�, ·�g,�±@� fk²(�L�ª"

½½½nnn 2.12.1 � f´��;| �[©�ÿ¼ê, ¿÷ve

�[©�§

f =
∑

j∈Z
c(j)f(M · −j)" (2.12.1)

q� {c(j)}j∈Z¤éA�n�õ�ªH(ξ) = 1
M

∑
j∈Z c(j)e−ijξk

e�©)/ª

H(ξ) =
(

1− e−iMξ

M −Me−iξ

)N

Qr(ξ), (2.12.2)

Ù¥N´���ê, Qr(ξ) =
∑r

j=0 q(j)e−ijξ÷vQr(0) = 1±

9 0 < r < M − 1"@o f´��ÛÜõ�ª"
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�y²½n2.12.1, ·�I�Ú\�
PÒÚky²�
Ú

n"� fX½n2.12.1¥¤ã"P




F (x) = (f(x), · · · , f(x + N − 1))T
,

F̃ (x) = (f(x + 1), · · · , f(x + N))T
, x ∈ (0, 1) ,

Ú

mj =
∫

R
xjf(x)dx, 0 ≤ j ≤ N − 1"

½ÂA(x) =
(
(x + k)j

)
0≤j,k≤N−1

±9

Ã(x) =
(
(x + k)j

)
0≤j≤N−1,1≤k≤N

"

N´�y

det A(x) =
∏

0≤i<j≤N−1

(j − i) 6= 0" (2.12.3)

ÚÚÚnnn 2.12.1 � rÚ fX½n2.12.1¤ã"@o, 3 (0, 1)þ

¤á




A(x)F (x) = (m0, · · · , mN−1)T

−(1, x + N, · · · , (x + N)N−1)T f(x + N) ,

Ã(x)F̃ (x) = (m0, · · · , mN−1)T − (1, x, · · · , xN−1)T f(x)"
(2.12.4)

d	, f3∪N−1
j=0 (j + ( r

M−1 , 1))þ�����õN − 1g�õ�

ª"

y²: d (2.12.2)�, f| u [0, r
M−1 +N ]"l
d (2.12.4)

�1�ªÚ (2.12.3), f3∪N−1
j=0

(
j + ( r

M−1 , 1)
)
þ�����
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õN − 1g�õ�ª"Ïd, ·��Iy²(2.12.4)"

d (2.12.2)Ú½n2.8.1�

f̂ (j)(2kπ) = 0 (2.12.5)

é¤k 0 ≤ j ≤ N − 1Ú k ∈ Z \ {0}¤á"l
dPoisson¦Ú

úªÚ (2.12.5)��
∑

k∈Z
(x + k)jf(x + k) =

∫

R
xjf(x)dx = mj , 0 ≤ j ≤ N − 1"

2�â suppf ⊂ [0, N + r
M−1 ], éx ∈ [0, 1), ·���

N∑

k=0

(x + k)jf(x + k) = mj , 0 ≤ j ≤ N − 1"

ùÒy²
 (2.12.4)" ¤

ÚÚÚnnn 2.12.2 � fX½n2.12.1¥¤ã"@o,�3 a(0), · · · ,

a(r)Úgê�õ�N − 1�õ�ªP1, · · · , Pr, ¦�é¤k j =

0, 1, · · · , r,

f

(
x + j

M

)
= a(j)f(x) + Pj(x), x ∈ (0, 1)" (2.12.6)

d	, é?Û k ≥ 1Ú εj ∈ {0, 1, · · · , r}, 1 ≤ j ≤ k,

f




k∑

j=1

εj

M j
+

x

Mk


 =

k∏

j=1

a(εj)f(x)+Pεk




k∑

j=2

εj

M j−1
+

x

Mk−1




+
k−2∑

i=0

k∏

l=k−i

a(εl)Pεk−1−i




k∑

j=i+s

εj

M j−i−2
+

x

Mk−i−2




(2.12.7)
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é¤kx ∈ (0, 1)¤á"

y²: d (2.12.1), éx ∈ (0, 1), ¤áeª

f

(
x + j

M

)
=

(M−1)N+r∑

l=0

c(l)f(x + j − l) =
j∑

l=0

c(j − l)f(x + l)"

(2.12.8)

dÚn2.12.1, �3 dj ∈ RÚgêØ�LN − 1�õ�ªQj ,

0 ≤ j ≤ N , ¦�

f(x + j) = djf(x) + Qj(x)" (2.12.9)

nÜ (2.12.8)Ú (2.12.9)Ò%º
 (2.12.6)"�E|^ (2.12.6),·

�N´�� (2.12.7)" ¤

é?¿� εj ∈ {0, 1, · · · , r}Ú 1 ≤ j ≤ k, ½Â

A(ε1, · · · , εk) =




k∑

j=1

εj

M j
+

r

(M − 1)Mk
,

k∑

j=1

εj

M j
+

1
Mk


 "

w,� εk 6= r�, A(ε1, · · · , εk) ⊂ (0, r
M−1)"

ÚÚÚnnn 2.12.3 �A(ε1, · · · , εk)Xþ¤ã"@o, � εk, ε′k′ 6=
r�, Ø k = k′¿� (ε1, · · · , εk) = (ε′1, · · · , ε′k′)�	Ñ¤á

A(ε1, · · · , εk) ∩A(ε′1, · · · , ε′k′) = ∅" (2.12.10)

y²: ½Â

a(ε1, · · · , εk) =
k∑

j=1

εj

M j
+

r

(M − 1)Mk

Ú
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b(ε1, · · · , εk) =
k∑

j=1

εj

M j
+

1
Mk
"

w,, ·���y²: � a(ε′1, · · · , ε′k′) > a(ε1, · · · , εk)�

a(ε′1, · · · , ε′k′) ≥ b(ε1, · · · , εk)" (2.12.11)

¯¢þ, ·��I3e¡�ü«�¹e: a) ε′1 6= ε1 Ú b)

ε′1 = ε1¿� k = 1½ k′ = 1, y² (2.12.11)"

5¿�� ε′1 < ε1�,

a(ε′1, · · · , ε′k′) < M−1(1 + ε′1) ≤ a(ε1, · · · , εk) ,

ù�b�gñ"¤±é1�«�/ ε′1 6= ε1, ·�k ε′1 > ε1"Ï

d,

b(ε1, · · · , εk) ≤ M−1(1 + ε1) ≤ a(ε′1, · · · , ε′k′)

= (2.12.11)¤á"

� ε′1 = ε1¿� k1 = 1½ k′ = 1�, ·��±`² k′ = 1"

ÄK k = 1,

a(ε′1, · · · , ε′k′) <
ε1
M

+
k′∑

j=2

r

M j
+

r

(M − 1)Mk

=
ε1
M

+
r

(M − 1)M
= a(ε1),

ù�b�gñ"l
3�/ b)� ε′1 = ε1Ú k′ = 1"d�

b(ε1, · · · , εk′) ≤ ε1
M

+
k−1∑

j=2

r

M j
+

r − 1
Mk

+
1

Mk
≤ a(ε′1),

ùÓ�y²
 (2.12.11)" ¤

87



y3, ·�m©y²½n2.12.1"

½n2.12.1�y²: ½Â

O = ∪∞k=1 ∪(ε1,··· ,εk−1)∈{0,1,··· ,r}k−1 ∪εk∈{0,1,··· ,r−1}A(ε1, · · · , εk)

Ú

A =
(∪N

i=0(O + i)
) ∪

(
∪N−1

i=0

(
i +

(
r

M − 1
, 1

)))
"

dÚn2.12.2, f3A�z�f«mþ���´gêØ�LN −
1�õ�ª",��¡, dÚn2.12.3,

|A| = N

(
1− r

M − 1

)

+(N + 1)
∞∑

k=1

(
1− r

M − 1

)
r

M

(
r + 1
M

)k−1

= N +
r

M − 1
"

ùB�¤
½n2.12.1�y²" ¤
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111nnnÙÙÙ õõõ©©©EEE©©©ÛÛÛÚÚÚ���ÅÅÅ

�ÙÚ\õ©E©Û9ÙºÝ¼ê�Vg"§ 3.2!?ØºÝ

¼êÚ[©¼ê�'X, `²[©¼ê�,õ©E©Û�ºÝ¼

ê�¿©7�^�´T¼ê��²£äk­½5; § 3.3� § 3.4!

©O0�
XÛæ^Ý
*Ü��{l��õ©E©ÛÑu�

E���ÅÚ����ÅÄ; § 3.5!0�
l��V��õ©E

©ÛÑu�EV���ÅÄ��{; § 3.6!�Ñ
�Å©)�Ü

¤��{"

3.1 õõõ©©©EEE©©©ÛÛÛÚÚÚºººÝÝÝ¼¼¼êêê

�!ò0�õ©E©Û±9§�ºÝ¼ê���éX"

�M´���u�u 2��ê"��õ©E©Û��´÷ve

�^���xL2(R)4f�m {Vj}j∈Z:

(i) Vj ⊂ Vj+1, j ∈ Z ;

(ii) ∪j∈ZVj3L2(R)¥È�, ¿�∩j∈ZVj = {0} ;

(iii) f ∈ Vj� f(M ·) ∈ Vj+1�d;
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(iv) �3V0¥�¼êφ, ¦� {φ(· − k)}k∈Z¤�V0��|

RieszÄ"=, é?¿ f ∈ V0, �3��� `2S�

{d(k)}k∈ZÚ� fÃ'��~êA,B > 0¦�

f =
∑

k∈Z
d(k)φ(· − k) (3.1.1)

±9

A

(∑

k∈Z
|d(k)|2

)1/2

≤ ‖f‖2 ≤ B

(∑

k∈Z
|d(k)|2

)1/2

" (3.1.2)

3õ©E©Û {Vj}j∈Z�½Â¥, ^� (iv)¥�¼êφ �¡

�dõ©E©Û�ºÝ¼ê"d^� (iii), é?¿ j ∈ Z¤á

Vj =

{∑

k∈Z
d(k)φ(M j · −k) :

∑

k∈Z
|d(k)|2 < ∞

}
" (3.1.3)

ù`²
��ºÝ¼êÒû½
�mx {Vj}j∈Z"é?¿��õ

©E©Û {Vj}j∈Z, ·�Ué�NõºÝ¼ê"

½½½nnn 3.1.1 � {Vj}j∈Z´��õ©E©Û, φ´§���º

Ý¼ê"@o, φ̃ ∈ V0´��ºÝ¼ê�¿©7�^�´: �3

�� 2π±Ï¼êA(ω)Ú���~êC, ¦�

̂̃
φ(ω) = A(ω)φ̂(ω) (3.1.4)

Ú

C−1 ≤ |A(ω)| ≤ C , ω ∈ [0, 2π]" (3.1.5)
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y²: ky¿©5"P

A(ω) =
∑

k∈Z
a(k)e−ikω" (3.1.6)

d (3.1.4)Ú (3.1.5)�,
∑

k∈Z |a(k)|2 < ∞�

φ̃ =
∑

k∈Z
a(k)φ(· − k)"

l
 φ̃ ∈ V0",��¡, é?¿�½� f ∈ V0, dφ�½Â�, �

3 2π±Ï�L2¼êD(ω)Ú� fÃ'��~êA,B¦�

f̂(ω) = D(ω)φ̂(ω)

±9

A

(
1
2π

∫ 2π

0

|D(ω)|2dω

)1/2

≤ ‖f‖2 ≤ B

(
1
2π

∫ 2π

0

|D(ω)|2dω

)1/2

"

(3.1.7)

P D̃(ω) = D(ω)A(ω)−1, @o

f̂(ω) = D̃(ω)̂̃φ(ω), (3.1.8)

¿� D̃(ω)´�� 2π±Ï¼ê,

A

(
1
2π

∫ 2π

0

|D(ω)|2dω

)1/2

≤
(

1
2π

∫ 2π

0

|D̃(ω)|2dω

)1/2

≤ B

(
1
2π

∫ 2π

0

|D(ω)|2dω

)1/2

"

(3.1.9)
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nÜ (3.1.7), (3.1.8)Ú (3.1.9)��, φ̃´��ºÝ¼ê"

2y7�5"� φ̃´��ºÝ¼ê, K�3 2π±Ï¼

êA(ω) ¦�
̂̃
φ(ω) = A(ω)φ̂(ω)" (3.1.10)

du φ̃ÚφÑ´ºÝ¼ê, φ̃Úφþk­½��²£"Ïd, �3

�~êC1ÚC2¦�

C−1
1 ≤

∑

k∈Z
|φ̂(ω + 2kπ)|2 ≤ C1, (3.1.11)

Ú

C−1
2 ≤

∑

k∈Z

∣∣∣∣
̂̃
φ(ω + 2kπ)

∣∣∣∣
2

≤ C2, ω ∈ R" (3.1.12)

r (3.1.10)�\ (3.1.12), ·���

∑

k∈Z

∣∣∣∣
̂̃
φ(ω + 2kπ)

∣∣∣∣
2

= |A(ω)|2
∑

k∈Z
|φ̂(ω + 2kπ)|2"

òþª� (3.1.11)Ú (3.1.12)(Üå5ÒØJ�� (3.1.5)" ¤

d½n3.1.1, é?����õ©E©Û, �½�3k���

²£�ºÝ¼ê"

íííØØØ 3.1.1 � {Vj}j∈Z´��õ©E©Û, φ´§���º

Ý¼ê"½Â φ̃�

̂̃
φ(ω) =

φ̂(ω)
(∑

k∈Z |φ̂(ω + 2kπ)|2
)1/2

"

@o, φ̃´��äk���²£�ºÝ¼ê"
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½½½nnn 3.1.2 � {Vj}j∈Z´��õ©E©Û"XJ�3;| 

�ºÝ¼ê, @o�½�3äk�5Ã'�²£�;| ºÝ¼

ê"
y²: P

Vc =
{
g ∈ V0 : suppg ⊂ [0,∞), g�äk;| �ºÝ¼ê

}
"

db��Vc 6= ∅"éVc¥�¼ê g, ½ÂS+(g)�÷v suppg ⊂
[0, S+(g)]����"À�Vc¥�¼ê g1, ¦�

S+(g1) ≤ min
{
S+(g) : g ∈ Vc

}
+

1
2
" (3.1.13)

d g1�À���, g1´��ºÝ¼ê"y�Iy²: g1äk�

5Ã'��²£"��, g1k�5�'��²£"@od½

n2.6.1, �3Eê z0¦�

ĝ1(z0 + 2kπ) = 0 , ∀ k ∈ Z" (3.1.14)

du g1äk­½��²£, l
 z0�JÜ�", = Imz0 6= 0"

l (3.1.14)ÚPoisson¦Úúª�
∑

k∈Z
eiz0kg1(x− k) = 0, x ∈ R" (3.1.15)

� Imz0 > 0�, ½Â

h(x) =
∞∑

k=0

Re(eiz0k)g1(x− k)" (3.1.16)

du
∣∣Re(eiz0k)

∣∣ = e−(Imz0)k, k ≥ 0, l
h ∈ V0"d (3.1.16)�

ĥ(ξ) =
1
2
(1− ei(ξ+z0))−1(1− ei(ξ−z0))−1

× (
2− eiξ(eiz0 + e−iz0)

)
ĝ(ξ)" (3.1.17)
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l (3.1.17)Ú½n3.1.1��, h´��ºÝ¼ê"�â g1�½Â

��

supph ⊂ [0,∞)" (3.1.18)

Ó�d (3.1.16)q�

h =
−1∑

k=−∞
Re(eiz0k)g1(x− k),

l


supph ⊂ (−∞, S+(g1)− 1]" (3.1.19)

nÜ (3.1.18)Ú (3.1.19), ·���

supph ⊂ [0, S+(g1)− 1], (3.1.20)

l
h ∈ Vc"�â (3.1.20), S+(h) ≤ S+(g1)−1"ù� (3.1.13)g

ñ"

aq/é Imz0 < 0��¹, h(x) =
∑0

k=−∞Re(eiz0k)g1(x −
k)´ºÝ¼ê¿| u [0, S+(g1)− 1], ùÓ�� (3.1.13)gñ"

¤

½½½nnn 3.1.3 � {Vj}j∈Z´��õ©E©Û, φ1Úφ2´ü�ä

k�5Ã'�²£�;| ºÝ¼ê"@o, �3�"~êCÚ

�ê k¦� φ1 = Cφ2(· − k)"

y²: dºÝ¼ê�½Â, �3 `2S� {d(k)}k∈Z¦�

φ1 =
∑

k∈Z
d(k)φ2(· − k)"
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d½n2.6.1, �3;| �C∞¼êh¦�
∫

R
h(x)φ2(· − k)dx = δk , k ∈ Z"

Ïd

d(k) =
∫

R
φ1(x)h(x− k)dx , k ∈ Z"

ù`²
 {d(k)}k∈Z´��k��S�"P

D(z) =
∑

j∈Z
d(k)z−k"

y3·��Iy²D(z)´��ü�ª"b�D(z)Ø´ü�ª,

Kd�êÄ�½n, �3�"Eê z0¦�D(z0) = 0"d�
∑

j∈Z
zj
0φ1(· − j) =

∑

j∈Z

∑

k∈Z
zj
0d(k)φ2(· − k − j)

=
∑

j∈Z
zj
0

(∑

k∈Z
z−k
0 d(k)

)
φ2(· − j) = 0,

ù�φ1äk�5Ã'�²£gñ" ¤

3.2 ºººÝÝÝ¼¼¼êêêÚÚÚ[[[©©©¼¼¼êêê

�!ò?Ø[©¼êÚºÝ¼ê��p'X"�!�Ì�

(Ø´½n3.2.3"

½½½nnn 3.2.1 �φ ∈ L2äk­½��²£"½Â

Vj =

{∑

k∈Z
d(k)M j/2φ(M j · −k) :

∑

k∈Z
|d(k)|2 < ∞

}
, j ∈ Z"

@o∩j∈ZVj = {0}"
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y²: ½Â

̂̃
φ(ω) =

φ̂(ω)
(∑

k∈Z |φ̂(ω + 2kπ)|2
)1/2

"

K φ̃ ∈ L2k����²£, �

Vj =

{∑

k∈Z
d(k)M j/2φ̃(M j · −k) :

∑

k∈Z
|d(k)|2 < ∞

}
, j ∈ Z"

¤±, ·�Ø�b�¼êφk����²£"

� f ∈ ∩j∈ZVj , ·��Iy² ‖f‖2 = 0"é?¿�½� ε >

0,d;| ëY¼ê3L2¥�È�5,�3;| L2¼ê f̃ ,¦

�

‖f − f̃‖2 < ε" (3.2.1)

½ÂL2�Vj�ÝK�fPj�

Pjf =
∑

k∈Z
〈f, φj,k〉φj,k,

Ù¥φj,k(x) = M j/2φ(M jx− k), j, k ∈ Z"N´��

‖f − Pj f̃‖2 = ‖Pj(f − f̃)‖2 ≤ ‖f − f̃‖2 < ε ,

l


‖f‖2 ≤ ‖Pj f̃‖2 + ε =

(∑

k∈Z
|〈f̃ , φj,k〉|2

)1/2

+ ε" (3.2.2)

d (3.2.2)Ú ε > 0�?¿5, ·���y²:

lim
j→−∞

∑

k∈Z
|〈f̃ , φj,k〉|2 = 0 , (3.2.3)
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é?¿;| �ëY¼ê f̃¤á"��êR¦� suppf̃ ⊂ {x :

|x| ≤ R}"@o, é?¿� j, k ∈ Z, ·�ke¡��O

|〈f̃ , φj,k〉| ≤ M j/2

∫

R
|f̃(x)| × |φ(M jx− k)|dx

≤ ‖f̃‖∞M j/2

∫

|x|≤R

|φ(M jx− k)|dx

≤ ‖f̃‖∞
(∫ k+MjR

k−MjR

|φ(y)|dy

)1/2

" (3.2.4)

½ÂSR,j = ∪k∈Z[k − M jR , k + M jR]"�M jR ≤ 1/2�,

d (3.2.4)�
∑

k∈Z
|〈f̃ , φj,k〉|2 ≤ ‖f̃‖2∞

∫

SR,j

|φ(x)|2dx" (3.2.5)

w,SR,j−1 ⊂ SR,j , ¿� limj→−∞ χ
SR,j

(x) = 0éA�¤kx ∈
R¤á"l
d (3.2.5)Ú��Âñ½n�±�� (3.2.3)" ¤

½½½nnn 3.2.2 �φ ∈ L1 ∩ L2k­½��²£� φ̂(0) 6= 0"½

Â

Vj =

{∑

k∈Z
d(k)M j/2φ(M j · −k) :

∑

k∈Z
|d(k)|2 < ∞

}
, j ∈ Z"

@o, ∪j∈ZVj3L2¥È�"

y²: ?� f ∈ (∪j∈ZVj)
⊥Ú�ê ε > 0, d;| C∞¼ê

3L2(R)¥È�5�, �3;| �C∞¼ê f̃¦� ‖f − f̃‖2 ≤
ε"�Pj�L2�Vj�ÝK�f"d f�½ÂKk ‖Pjf‖2 =

〈f, Pjf〉 = 0, l


‖Pj f̃‖2 = ‖Pj(f − f̃)‖2 ≤ ‖f − f̃‖2 ≤ ε" (3.2.6)
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qdÝK�f�½Â�, �3� g ∈ L2(R)Ã'��~êB, ¦�

‖Pjg‖2 ≥ B

(∑

k∈Z

∣∣∣
〈
g, M j/2φ(M j · −k)

〉∣∣∣
2
)1/2

"

rþã�Oª�\ (3.2.6)�

∑

k∈Z
|〈f̃ , M j/2φ(M j · −k)〉|2 ≤ B−2ε2" (3.2.7)

y3·�5�O
∑

k∈Z |〈f̃ , M j/2φ(M j ·−k)〉|2"|^Parseval

ð�ª, ·���

〈f̃ , M j/2φ(M j · −k)〉 = M−j/2〈̂̃
f, φ̂(M−j ·)e−iM−jk·〉"

l

∑

k∈Z
|〈f̃ ,M j/2φ(M j · −k)〉|2

=
∑

k∈Z
M−j|∫

R

̂̃
f(ξ)φ̂(M−jξ)e−iM−jkξdξ|2

=
∑

k∈Z
M j|∫ π

−π

e−ikξ
∑

l∈Z

̂̃
f(M j(ξ + 2lπ))φ̂(ξ + 2lπ)dξ|2

= M j

∫ π

−π

|∑
l∈Z

̂̃
f(M j(ξ + 2lπ))φ̂(ξ + 2lπ)|2dξ

= M j

∫

R
|̂̃f(M jξ)|2|φ̂(ξ)|2dξ

+
∑

l′ 6=0

M j

∫

R

̂̃
f(M jξ)̂̃f(M j(ξ + 2πl′))φ̂(ξ)φ̂(ξ + 2πl′)dξ
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=
∫

R
|̂̃f(ξ)|2|φ̂(M−jξ)|2dξ

+
∑

l 6=0

∫

R

̂̃
f(ξ)̂̃f(ξ + 2M jπl)φ̂(M−jξ)φ̂(M−jξ + 2πl)dξ"

Pþª¥1���Ξ"du·�b½
 f̃�1w5Ú;| 5,

¤±§�FourierC�k�½�eü�Ý, l
�3~êC¦�

|̂̃f(ξ)| ≤ C(1 + |ξ|)−4" (3.2.8)

r (3.2.8)±9φ ∈ L1(R)^u�OΞ, ·���

|Ξ| ≤
∑

l 6=0

∫

R
|̂̃f(ξ)||̂̃f(ξ + 2M jπl)||φ̂(M−jξ)||φ̂(M−jξ + 2πl)|dξ

≤ ‖φ̂‖2∞C2
∑

l 6=0

∫

R
(1 + |ξ|)−4(1 + |ξ + 2M jπl|)−4dξ

≤ ‖φ̂‖2∞C2
∑

l 6=0

∫

R
(1 + |2M jπl|)−2(1 + |ξ|)−2dξ

≤ C ′′M−j , (3.2.9)

3þã�O�1n�Ø�ª¥,·�^
Ä�Ø�ª (1+ |a|)(1+

|b|) ≥ 1 + |a + b|"(Ü (3.2.7), (3.2.8)Ú (3.2.9), ·���
∫

R
|̂̃f(ξ)|2|φ̂(M−jξ)|2dξ ≤ C ′′M−j + B−2ε2" (3.2.10)

�â��Âñ½n, 3 (3.2.10)ü>'u j�þ4�, ¿|^ φ̂(0)

6= 0, ·���

|φ̂(0)|2‖f̃‖22 ≤ B−2ε2"

l
�3ýé~êC¦� ‖f̃‖ ≤ Cε"ù� ‖f − f̃‖ ≤ ε(Ü�

� ‖f‖ ≤ (C + 1)ε, 2d ε�?¿5� f = 0" ¤

99



nÜ½n3.2.1Ú½n3.2.2, ·���e¡�'u[©¼êÚ

ºÝ¼ê�m�'X"

½½½nnn 3.2.3 XJφ ∈ L1 ∩ L2÷v[©�§

φ =
∑

j∈Z
c(j)φ(M · −j)

±9
∑

j∈Z |c(j)| < ∞Ú φ̂(0) = 1"@o, φ´,�õ©E©Û�

ºÝ¼ê�¿©7�^�´: φäk­½��²£"

3.3 ���������ÅÅÅ©©©)))

XJψ1, · · · , ψM−1�� Ú²£¤)¤�¼êx{M j/2ψs(

M j · −k) : 1 ≤ s ≤ M − 1, j, k ∈ Z} ´L2�IO��Ä, K

¡ψ1, · · · , ψM−1����Å"�!ò�Äù����¯K: N

�l��õ©E©Û5�E���ÅÄ"

� {Vj}j∈Z´��õ©E©Û, φ´§�����ºÝ¼ê,

=§Q´ºÝ¼êqäk����²£"dºÝ¼ê�½Â�

�, �3 `2S� {c(j)}j∈Z ,¦�

φ =
∑

j∈Z
c(j)φ(M · −j)" (3.3.1)

3�!¥·�?�Úb½

φ ∈ L1 Ú φ̂(0) = 1 , (3.3.2)

¿� ∑

j∈Z
|c(j)| < ∞" (3.3.3)
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½½½nnn 3.3.1 � {Vj}j∈Z´��õ©E©Û, φ´§����

�ºÝ¼ê�÷v (3.3.1)∼(3.3.3)"b�ψs ∈ V1, 1 ≤ s ≤ M −
1, �±L«�

ψs =
∑

j∈Z
cs(j)φ(M · −j), 1 ≤ s ≤ M − 1, (3.3.4)

�
∑

j∈Z |cs(j)| < ∞"@o, {ψs(· − j) : 1 ≤ s ≤ M − 1, j ∈
Z}´W0 := V1 ª V0���IO��Ä�¿©7�^�´
M−1∑

l=0

Hs(ξ + 2πl/M)Ht(ξ + 2πl/M) = δs,t, 0 ≤ s, t ≤ M − 1,

(3.3.5)

Ù¥

H0(ξ) =
1
M

∑

j∈Z
c(j)e−ijξ

Ú

Hs(ξ) =
1
M

∑

j∈Z
cs(j)e−ijξ, 1 ≤ s ≤ M − 1"

y²: ky7�5"d½n2.5.1Úφäk���²£�b

�,
M−1∑

l=0

H0(ξ + 2πl/M)H0(ξ + 2πl/M) = 1" (3.3.6)

dψs ∈ W0�,

〈ψs(· − j), φ(· − j′)〉 = 0 , ∀ j, j′ ∈ Z, 1 ≤ s ≤ M − 1"

(3.3.7)

aqu½n2.5.1�y², ·��� (3.3.7)�du
∑

j∈Z
ψ̂s(ξ + 2πj)φ̂(ξ + 2πj) = 0, ξ ∈ R" (3.3.8)
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é (3.3.1)Ú (3.3.4)ü>©O�FourierC��, ·���

φ̂(ξ) = H0(ξ/M)φ̂(ξ/M) (3.3.9)

Ú

ψ̂s(ξ) = Hs(ξ/M)φ̂(ξ/M)" (3.3.10)

ò (3.3.9)Ú (3.3.10)�\ (3.3.8)�, 2|^φ����²£5�,

·���
∑

j∈Z
ψ̂s(ξ + 2πj)φ̂(ξ + 2πj)

=
∑

j∈Z
Hs

(
ξ

M
+

2πj

M

)
H0

(
ξ

M
+

2πj

M

) ∣∣∣∣φ̂
(

ξ

M
+

2πj

M

)∣∣∣∣
2

=
M−1∑

l=0

Hs

(
ξ

M
+

2πl

M

)
H0

(
ξ

M
+

2πl

M

)

×
∑

j∈Z

∣∣∣∣φ̂
(

ξ

M
+

2πl

M
+ 2πj

)∣∣∣∣
2

=
M−1∑

l=0

Hs

(
ξ

M
+

2πl

M

)
H0

(
ξ

M
+

2πl

M

)
"

ùÒy²


M−1∑

l=0

Hs(ξ + 2πl/M)H0(ξ + 2πl/M) = 0" (3.3.11)

e¡·�y²

M−1∑

l=0

Hs(ξ+2πl/M)Ht(ξ + 2πl/M) = δs,t , ∀ 1 ≤ s, t ≤ M−1"

(3.3.12)
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�âb�, ·�k

〈ψs(·−j), ψt(·−j′)〉 = δs,tδj,j′ , ∀ j, j′ ∈ Z, 1 ≤ s, t ≤ M−1"

(3.3.13)

Ó�, aqu½n2.5.1�y², (3.3.13)�du
∑

j∈Z
ψ̂s(ξ + 2πj)ψ̂t(ξ + 2πj) = δs,t, ξ ∈ R" (3.3.14)

r (3.3.10)�\ (3.3.14),|^φ����²£5¿^� (3.3.11)Ó

��y²�{, ·���

∑

j∈Z
ψ̂s(ξ+2πj)ψ̂t(ξ + 2πj) =

M−1∑

l=0

Hs

(
ξ

M
+

2πl

M

)
Ht

(
ξ

M
+

2πl

M

)
"

(3.3.15)

(Ü(3.3.14)Ú(3.3.15)ùÒy²
(3.3.12)"nÜ (3.3.6), (3.3.11)

Ú (3.3.12), ·�y²
 (3.3.5)"

2y¿©5"P

W0,s =





∑

j∈Z
ds(j)ψs(· − j) :

∑

j∈Z
|ds(j)|2 < ∞



 "

l·��7�5y²¥�±w�, {ψs(· − j), j ∈ Z}´W0,s�I

O��Ä, 
W0,s, 1 ≤ s ≤ M − 1, �V0R�, �W0,s, 1 ≤ s ≤
M − 1�m��p��"Ïd·���y²

V1 = V0 ⊕
(⊕M−1

s=1 W0,s

)
" (3.3.16)

duψs ∈ V1, 1 ≤ s ≤ M − 1, ÚS� {cs(j)}j∈Z, 1 ≤ s ≤ M − 1,

´�ÚS�, l


W0,s ⊂ V1 , 1 ≤ s ≤ M − 1"
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¤±·���ey²

V1 ⊂ V0 ⊕
(⊕M−1

s=1 W0,s

)
" (3.3.17)

du{M1/2φ(M ·−j) : j ∈ Z}´V1��|IO��Ä, (3.3.17)�

y²Ò=z�:é?¿� 0 ≤ s ≤ M−1,�3 `1S� {c∗s,t(j)}j∈Z,

0 ≤ t ≤ M − 1, ¦�

Mφ(M · −s) =
M−1∑
t=0

∑

j∈Z
c∗s,t(j)ψt(· − j), (3.3.18)

�Ú�ÎÒ,ùp·��
φ = ψ0"3 (3.3.18)ü>�Fourier C

�¿½Â

Rs,t(ξ) =
∑

j∈Z
c∗s,t(j)e

−ijξ, 0 ≤ s, t ≤ M − 1,

·���

e−isξ/M φ̂(ξ/M) =
M−1∑
t=0

Rs,t(ξ)ψ̂t(ξ)

=
M−1∑
t=0

Rs,t(ξ)Ht(ξ/M)φ̂(ξ/M)" (3.3.19)

l
·���é�ù�� 2π±Ï¼êRs,t(ξ),¦�§��Fourier

Xê´�ÚS�, �

e−isξ/M =
M−1∑
t=0

Rs,t(ξ)Ht(ξ/M)" (3.3.20)

½Â

Rs,t(ξ) =
M−1∑

l=0

e−is(ξ+2πl)/MHt

(
ξ + 2πl

M

)
, 0 ≤ s, t ≤ M −1"

(3.3.21)
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w,Rs,t(ξ)´ 2π±Ï¼ê"duHt(ξ), 0 ≤ t ≤ M−1,�Fourier

Xê´�ÚS�, l
dRs,t(ξ)�½Â�§��FourierXê�

´�ÚS�"y3·�5�y (3.3.20)"�d·�½Â���


H(ξ) =
(

Ht

(
ξ + 2πt′

M

))

0≤t,t′≤M−1

"

|^d�
H, ·��±ò (3.3.5)�¤

H(ξ)H(ξ)
T

= IM , ξ ∈ R"

ù%º
H(ξ)
TH(ξ)�´ü Ý
, =

M−1∑
t=0

Ht

(
ξ + 2πl

M

)
Ht

(
ξ + 2πl′

M

)
= δl,l′ , 0 ≤ l, l′ ≤ M−1"

(3.3.22)

d (3.3.21)Ú (3.3.22)�
M−1∑
t=0

Rs,t(ξ)Ht

(
ξ

M

)

=
M−1∑

l=0

M−1∑
t=0

e−is(ξ+2πl)/MHt

(
ξ + 2πl

M

)
Ht

(
ξ

M

)

= e−isξ/M"

ùy²
 (3.3.20), �Ó��¤
½n3.3.1�y²" ¤

� {Vj}j∈Z´��õ©E©Û, φ´§�����ºÝ¼ê

�÷v (3.3.1)∼(3.3.3)"q�ψs ∈ V1÷v (3.3.4)Ú (3.3.5)"½

Â

Wj,s =

{∑

k∈Z
d(k)ψs(M j · −k) :

∑

k∈Z
|d(k)|2 < ∞

}
"
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@oV1 = V0⊕
(⊕M−1

s=1 W0,s

)
"�Pj�L2 �Vj�ÝK, Qj�L2

�Wj = Vj+1 ª Vj = ⊕M−1
s=1 Wj,s�ÝK"@o, �âõ©E©Û

�½Â, é?¿� f ∈ L2, ·�k

lim
j→+∞

‖f − Pjf‖2 = 0 Ú lim
j→−∞

‖Pjf‖2 = 0"

,��¡

Pj+1 = Pj + Qj , j ∈ Z"

l


f =
∑

j∈Z
Qjf,

�Ò´`, {M j/2ψs(M j · −k), 1 ≤ s ≤ M − 1, j, k ∈ Z}´L2�

IO��Ä"ùÒ`²
 {ψs, 1 ≤ s ≤ M − 1}´L2����

Å"

l±þ�©Û·�w�, l��õ©E©Û5�E��

�Å�L§�=z��E 2π±Ï¼êHs(ξ), 1 ≤ s ≤ M − 1,

¦�§�÷v (3.3.5), �Ò´��Ý
*Ü�¯K"O(/

`, �½1�1 (H0(ξ), · · · ,H0 (ξ + 2π(M − 1)/M)), ·��é

Ù§� (M − 1)1 (Hs(ξ), · · · ,Hs (ξ + 2π(M − 1)/M)) , 1 ≤ s ≤
M − 1, ¦�ù
1|¤��
´��jÝ
"duz�1¯¢

þ´d,�¼êHs)¤�"Ïd, z�1¥�©þ´�pk'

é�, ùé·���E�)
æ�"�;�d�¯K, ·�Ú\

�«¡�õ� ©)��{"õ� ©)�Ä��{´: r�

� 2π±Ï¼ê©)�M� 2π/M±Ï¼ê�U\

Hs(ξ) =
M−1∑
t=0

eitξHs,t(Mξ)" (3.3.23)
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ù�

Hs

(
ξ +

2πl

M

)
=

M−1∑
t=0

eitξe2πitl/MHs,t(Mξ), l = 0, 1, · · · ,M−1"

Ú
(
Hs

(
ξ + 2πl

M

))
0≤s,l≤M−1

= (Hs,t(Mξ))0≤s,t≤M−1 ×
(
eit(ξ+ 2πl

M )
)

0≤t,l≤M−1
"

(3.3.24)

5¿�Ý
 1√
M

(
eit(ξ+ 2πl

M )
)

0≤t,l≤M−1
´��jÝ
"Ïd3

PG(ξ) = (Hs,t(ξ))0≤s,t≤M−1��, ^� (3.3.5)Ò=z�'u

Hs(ξ), 0 ≤ s ≤ M − 1, �õ� ©)G(ξ)�e�^�

G(ξ)G(ξ)
T

= M−1I" (3.3.25)

�^� (3.3.5)�'�,
√

MG(ξ)�H(ξ)Ó�jÝ
, �H(ξ)�

z�1����p��'X3Ý
G(ξ)¥Ø2Pk, ùée¡

��þj*Ü¥AOk�"�,��¡, ·�3e�!¥�¬�

Ñ, ��ÄÝ
�é¡*Ü, =Hs, 0 ≤ s ≤ M − 1, äk,«é

¡5Ú�é¡5�, ^^� (3.3.5)q��\Ü·"

·�Ø?Ø���Ý
*Ü¯K, 
��ÄHs, 0 ≤ s ≤
M − 1, ´n�õ�ª�Fourier ?ê�¢Xê��/"

�½���þα(ξ) = (α0(ξ), · · · , αM−1(ξ))
T"���Ý


*Ü�{Xe: À���Ý
aN , ù��Ý
aÏ~´k��

�, ����¦§äk{ü�/ª!�ÛÉ�N´O�"X3

Ý
j*Ü¥^��Ý
a (3.3.26)"qXd {IM + (zk − 1)P :

k ∈ Z, P 2 = 0}|¤�Ý
a, ·�ò3V���Å��E¥�
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9�þ*Ü¥^�"

3�Å©Û¥, ��Ý
*Ü��{��ãXe:

1�Ú: ék��Ý
Ui(ξ) ∈ N , 1 ≤ i ≤ L, ¦�

α̃(ξ) = U1(ξ) · · ·UL(ξ)α(ξ)

´��{ü/ª��þ"

·�6�ØäN?Ø, �o���þäk{ü/ª, �k�

:´(½�, é{ü�þ�±?1e¡�Ú½"

1�Ú: *Ü α̃(ξ)��� (÷v,«5�� ) M × MÝ


G0(ξ)"

1nÚ: ½ÂG(ξ) = (UL(ξ))−1 · · · (U1(ξ))−1G0(ξ)"@o,

G(ξ)�1��Ò�α(ξ)"dd, ·�Ò�±����Ý
*Ü"

y3·�5äN?Øþ¡���Ý
*Ü�{, ¦Ý
*Ü

�j*Ü"d�·��

N = { P : P´¢Xê��Ý
}
⋃ { diag(e−ik0ξ, · · · , e−ikM−1ξ) : k0, · · · , kM−1 ∈ Z} "

(3.3.26)

?À��dn�õ�ª¤|¤��÷v (α(ξ))T α(ξ) = I��

þα(ξ), ·�I�é (3.3.26)¥�Ý
Ui(ξ), 1 ≤ i ≤ L, ¦�

U1(ξ) · · ·UL(ξ)α(ξ) = (1, 0, · · · , 0)T " (3.3.27)

�dé?�n�õ�ªα(ξ) =
∑

j∈Z αje−ijξ, αj ∈ RM , ·�

½Âαj 6= 0�4��êÚ4��ê���§��égê, ¿P
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�deg(α(ξ))"~X, (eiξ, 1)T ��égê´ 1, 
 (e−iξ, e−iξ)T �

�égê� 0"

y3y² (3.3.27)"�deg(α(ξ)) = 0�, �3 k ∈ ZÚ�

�ü �þβ ∈ RM¦�α(ξ) = eikξβ"d�, ���ê�Ý


U1(ξ), ¦�U1(ξ)β = (1, 0, · · · , 0)T Úü�ªÝ
U2(ξ) =

e−ikξIÒ�� (3.3.27)"y3·���3deg(α(ξ)) > 0�, éü

�N ¥�Ý
U1(ξ)ÚU2(ξ)¦�

deg (U1(ξ)U2(ξ)α(ξ)) < deg(α(ξ)) (3.3.28)

=�"�éN ¥�Ý
U1(ξ)ÚU2(ξ), ·�I�|^α(ξ)�5

�"P

α(ξ) =
k2∑

j=k1

αje−ijξ

�αk1 , αk2 6= 0"dα(ξ)T α(ξ) = 1�,� k1 6= k2�,=deg(α(ξ))

6= 0�,

αT
k1

αk2 = 0" (3.3.29)

l
�3����Ý
P ¦�Pαk1 = (‖αk1‖, 0, · · · , 0)T ÚPαk2

= (0, · · · , 0, ‖αk2‖)T , 3d ‖ · ‖L«�þ��"·��±w�:

diag(1, eiξ, · · · , eiξ)Pα(ξ)���
∑k∗2

j=k1
α∗je

−ijξ,
 k∗2 ≤ k2−1¤

±deg(diag(1, eiξ, · · · , eiξ)Pα(ξ)) < k2 − k1 = deg(α(ξ)), ùÒ�

¤
 (3.3.27)�y², �Ó��¤
Ý
*Ü�1�Ú"

²L1�Ú�{z?n�, ·����{ü/ª´ü �

þ (1, 0, · · · , 0)T"l
, éù����{ü/ª, g,�Ý
*

Ü´ü Ý
, ùÒ´·��1�Ú"d�1nÚÒég,
"

ùÒ�¤
;| �Å��E"
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3.4 ������������ÅÅÅ©©©)))

XJL2(R)¼êψs, 1 ≤ s ≤ M − 1, äke�5�:

(i) {ψs,j,k := M j/2ψs(M j ·−k) : 1 ≤ s ≤ M−1, j, k ∈ Z}´
L2(R)�RieszÄ;

(ii) é¤k j 6= j′, 1 ≤ s, s′ ≤ M − 1Ú k, k′ ∈ Z, ¤á

〈ψs,j,k, ψs′,j′,k′〉 = 0,

·�¡ψ1, ψ2, · · · , ψM−1��|����Å"

3�!¥, ·�ò?ØN�l��õ©E©Û5�E���

�Å"

½½½nnn 3.4.1 � {Vj}j∈Z´��õ©E©Û, φ ∈ L1 ∩ L2´§

���ºÝ¼ê, �÷ve�[©�§

φ =
∑

j∈Z
c(j)φ(M · −j), φ̂(0) = 1, (3.4.1)

3d
∑

j∈Z |c(j)| < ∞"XJψs ∈ V1, 1 ≤ s ≤ M − 1, ���

ψs =
∑

j∈Z
cs(j)φ(M · −j), (3.4.2)

Ù¥
∑

j∈Z |cs(j)| < ∞"½Â

Φ(ξ) =
∑

j∈Z
|φ̂(ξ + 2πj)|2"

@o�eª¤á

M−1∑

l=0

Hs

(
ξ +

2πl

M

)
H0

(
ξ +

2πl

M

)
Φ

(
ξ +

2πl

M

)
= 0, (3.4.3)
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�Ý

(

M−1∑

l=0

Hs

(
ξ +

2πl

M

)
Ht

(
ξ +

2πl

M

)
Φ

(
ξ +

2πl

M

))

1≤s,t≤M−1

(3.4.4)

�ÛÉ�, ψs, 1 ≤ s ≤ M − 1, ´����Å"3d, aqu½

n3.3.1·�½Â

H0(ξ) =
1
M

∑

j∈Z
c(j)e−ijξ

Ú

Hs(ξ) =
1
M

∑

j∈Z
cs(j)e−ijξ, 1 ≤ s ≤ M − 1"

y²: PW0 = V1 ª V0"aqu½n3.3.1�y², ·��

�ψs ∈ W0, 1 ≤ s ≤ M − 1"¤±�4ψs, 1 ≤ s ≤ M − 1´

����Å, ·��Iy² {ψs(· − j), j ∈ Z, 1 ≤ s ≤ M −
1}´V1 ª V0�RieszÄ"�d, ·��Schmidt��z"½Â#

�ψnew
1 , · · · , ψnew

M−1Xe:




ψ̂new
1 = ψ̂1 ,

ψ̂new
s (ξ) = ψ̂s(ξ)[ψ̂1, ψ̂1](ξ)− ψ̂1(ξ)[ψ̂s, ψ̂1](ξ), 2 ≤ s ≤ M − 1,

(3.4.5)

Ù¥ [f̂ , ĝ](ξ) =
∑

j∈Z f̂(ξ + 2πj)ĝ(ξ + 2πj)"ØJ�y

[ψ̂new
s , ψ̂new

1 ] = [ψ̂1, ψ̂1] · [ψ̂s, ψ̂1]− [ψ̂1, ψ̂1] · [ψ̂s, ψ̂1] = 0,

=, ψ̂new
1 � ψ̂new

s , 2 ≤ s ≤ M − 1, ´�pR��",��¡, d

u
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[ψ̂s, ψ̂s](ξ) =
M−1∑

l=0

Hs

(
ξ +

2πl

M

)
Hs

(
ξ +

2πl

M

)
Φ

(
ξ +

2πl

M

)
,

k."l




ψ̂new
1 (ξ)

ψ̂new
2 (ξ)

...

ψ̂new
M−1(ξ)




=




1 [ψ̂s, ψ̂1](ξ) · · · [ψ̂M−1, ψ̂1](ξ)

0 [ψ̂1, ψ̂1](ξ) · · · 0
...

... · · · ...

0 0 · · · [ψ̂1, ψ̂1](ξ)




×




ψ̂1(ξ)

ψ̂2(ξ)
...

ψ̂M−1(ξ)




= A(ξ)




ψ̂1(ξ)

ψ̂2(ξ)
...

ψ̂M−1(ξ)




�A(ξ)�_, A(ξ)Ú (A(ξ))−1Ñ´ 2π±Ï�k.Ý
"db

� (3.4.4)�,
(
ψ̂new

1 (ξ), ψ̂new
2 (ξ), · · · , ψ̂new

M−1(ξ)
)
¤éA�Ý
(

[ψ̂new
s , ψ̂new

t ](ξ)
)
´ 2π±Ï!k.!�_�_�k.�Ý
"

­Eþã��zL§, ·������| ψ̃s, 1 ≤ s ≤ M − 1, ¦

�

[̂̃ψs,
̂̃
ψt](ξ) = 0, 1 ≤ s 6= t ≤ M − 1"
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��2½Âψ∗s�

ψ̂∗s(ξ) =
̂̃
ψs(ξ)√

[̂̃ψs,
̂̃
ψs](ξ)

"

@o

[ψ̂∗s , ψ̂∗t ](ξ) = δs,t, 1 ≤ s, t ≤ M − 1,

��3��k.!�_�_��k.� 2π±Ï¼ê¤|¤�Ý


A(ξ), ¦�



ψ̂1(ξ)

ψ̂2(ξ)
...

ψ̂M−1(ξ)




= A(ξ)




ψ̂∗1(ξ)

ψ̂∗2(ξ)
...

ψ̂∗M−1(ξ)



"

d�, ·�^ψ∗1 , · · · , ψ∗M−1O�ψ1, · · · , ψM−1"ù�, ¦���

²£^ `2S�|Ü��5�m´���, �k�:ØÓ"ù�,

ψ∗1 , · · · , ψ∗M−1��²£´�m���Ä"½Âφ∗�

φ̂∗(ξ) = φ̂(ξ)/[φ̂, φ̂](ξ)1/2

@o
(
φ∗0, ψ

∗
1 , · · · , ψ∗M−1

)
��²£�V1���Ä"(Ø�aq

u½n3.3.1�y²��"3d, ·�Ø`d½n3.3.1����,

´Ï�d�½Â�φ∗�ψ∗1 , · · · , ψ∗M−1¤éA� (3.4.1)Ú (3.4.2)

L�ª¥�S� {c(j)}Ú {cs(j)}�UØ´ `1S�, 
´ `2S

�"Ïd, ·��I���
Eâþ�?n, 3dÒØ�ã
"

¤
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l½n3.4.1w�, 'uõ©E©Û�E����Å�¯K,

¢Sþ��=z�Ý
�*Ü¯K"é (3.4.2)¤½Â�¼êψs,

e½Â

W0,s =





∑

j∈Z
ds(j)ψs(M · −j) :

∑

j∈Z
|ds(j)|2 < ∞



 " (3.4.6)

@o3ψs, 1 ≤ s ≤ M − 1, ´����Å�, ψs��²£

��W0,s�RieszÄ, �W0,s´L2(R)¥���4f�m"3

½n3.4.1�y²¥, ·�¯¢þ3�Schmidt��z"§�

��­�`³´�{ (3.4.5)�±
é¡Ú�é¡5"ù�A

:¦�·�U
����lké¡;| ºÝ¼ê�õ©

E©Û5�Eé¡½�é¡����ÅÄ"é�mW0,s5

`, ·�F"W0,s, 1 ≤ s ≤ M − 1, ´�p���"@o,

ù�'uHs(ξ)ÚH0(ξ)�^� (3.4.2)Ú (3.4.3)Ò=z�: é¤

k 0 ≤ s 6= t ≤ M − 1,

M−1∑

l=0

Hs

(
ξ +

2πl

M

)
Ht

(
ξ +

2πl

M

)
Φ

(
ξ +

2πl

M

)
= 0, (3.4.7)

Ú�3�~êC0 > 0, ¦�

C0
−1 ≤

M−1∑

l=0

Hs

(
ξ +

2πl

M

)
Hs

(
ξ +

2πl

M

)
Φ

(
ξ +

2πl

M

)
≤ C0

(3.4.8)

é�� ξ ∈ R¤á"
·�òØ�Ä���÷v (3.4.7)Ú (3.4.8)�Ý
*Ü¯

K"e¡·�ò�?nN�l��õ©E©Û5�Eé¡½�

é¡�;| ����Å¯K"
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�½��õ©E©Û {Vj}j∈Z, �φ´§�;| �ºÝ¼

ê"d½n3.1.2, ·�Ø�@�φäk�5Ã'��²£"d½

n2.8.2�, XJ�3V1¥é¡½�é¡��";| ¼ê, @

oφ´é¡�"¤±e¡·�Òb½φ´é¡�"�φ¤éA�

[©�§�

φ =
∑

j∈Z
c0(j)φ(M · −j)" (3.4.9)

dφ��²£�5Ã'5Ú;| 5��: {c(j)}j∈Z´��k�

�S�",��¡, dφ�é¡5, ÎÒ¼ê

H0(ξ) =
1
M

∑

j∈Z
c0(j)e−ijξ

´é¡�, =�3 k ∈ Z, ¦�

H0(−ξ) = e−kiξH0(ξ)" (3.4.10)

3õ©E©Û¥, ·�©ªb½φ ∈ L2"l
�φk;| �,

φ�áuL1"d½n2.8.2�

H0(0) = 1 Ú H0

(
2πl

M

)
= 0, 1 ≤ l ≤ M − 1" (3.4.11)

·�Ý
*Ü�Ä��{´: kéM − 1�é¡Ú�é¡�n�

õ�ªP1(ξ), · · · , PM−1(ξ), ¦��

(

H0

(
ξ +

2πl

M

)
, P1

(
ξ +

2πl

M

)
, · · · , PM−1

(
ξ +

2πl

M

))

0≤l≤M−1

�1�ª�", �§Ï~Øäk (3.4.7)Ú (3.4.8)�5�",
,

·�|^Schmidt��z�{5����÷v (3.4.7)Ú (3.4.8)�
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n�õ�ªHs, 1 ≤ s ≤ M − 1"

�éÐ©�n�õ�ªP1(ξ), · · · , PM−1(ξ), ·�r (3.4.10)

¥��ê k©�Û!óü«�/5?Ø"��Bå�, 3±eü

Ún¥·�^P0(ξ)5L«H0(ξ)"

ÚÚÚnnn 3.4.1 � ν´���ê, P0(ξ)´��n�õ�ª�÷

vP0(−ξ) = e2iνξP0(ξ), P0(0) = MÚP0(2πl
M ) = 0, 1 ≤ l ≤

M − 1"½Â

Ps(ξ) =





2e−iνξ cos sξ , 1 ≤ s ≤ [(M − 1)/2] ,

2e−iνξi sin(s−M)ξ , (M + 1)/2 ≤ s ≤ M − 1"
(3.4.12)

@oé εs = ±1¤á

Ps(−ξ) = εse2iνξPs(ξ), 0 ≤ s ≤ M − 1, (3.4.13)

�
(
Ps(ξ + 2πt

M )
)
0≤s,t≤M−1

�1�ª�""

y²: (3.4.13)��y´²w�"yïÄ (Ps(ξ+2πt
M ))

0≤s,t≤M−1

3M´óê��1�ª"P

eiνξP0(ξ) =
M/2−1∑

t=−M/2

eitξP0,t(Mξ)"

@o

P0,t(0) = 1, −M/2 ≤ t ≤ M/2− 1"

lPs(ξ)��E�




PM/2(ξ) = (1− eiMξ)e−i(ν+M/2)ξ ,

Ps(ξ) + PM−s(ξ) = 2e−i(s+ν)ξ ,

Ps(ξ)− PM−s(ξ) = 2e−i(ν−s)ξ, 1 ≤ s ≤ M/2− 1"
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l


det (Ps(ξ + 2πt/M))0≤s,t≤M−1

= C1e−iνMξ(1− eiMξ) det[(P0(ξ + 2πt/M), e−i M
2 (ξ+2πt/M), · · · ,

e−i(ξ+2πt/M), ei(ξ+2πt/M), · · · , ei(M/2−1)(ξ+2πt/M))0≤t≤M−1]

= C2e−iνMξ(1−eiMξ)P0,0(Mξ) det
(
eis(ξ+ 2πt

M )
)
−M

2 ≤s≤M
2 −1 , 0≤t≤M−1

6= 0

Ù¥C1ÚC2´�"~ê, ����Ø�ª¤á��Ï´du

det
(
eis(ξ+2πt/M)

)
−M/2≤s≤M/2−1 , 0≤t≤M−1

´��Vandermonde

1�ª"

�M�Ûê�/�,aq/k det (Ps(ξ + 2πt/M))0≤s,t≤M−1

´�"n�õ�ª"¤

ÚÚÚnnn 3.4.2 � ν´���ê, P0(ξ)´��n�õ�ª, �÷

vP0(−ξ) = ei(2ν+1)ξP0(ξ), P0(0) = MÚP0(2πl/M) = 0, 1 ≤
l ≤ M − 1"�M´óê�, ½Â

Ps(ξ) =





e−i(s+1+ν)ξ + ei(s−ν)ξ , 1 ≤ s ≤ M
2 − 1 ,

e−i(M−s+ν)ξ − e−i(s+1−M+ν)ξ , M
2 ≤ s ≤ M − 1,

(3.4.14)


�M´Ûê�, ½Â

Ps(ξ) =





e−i(s+ν)ξ + e−i(1−s+ν)ξ , 1 ≤ s ≤ M−1
2 ,

e−i(M−s+ν)ξ − e−i(s+1−M+ν)ξ , M+1
2 ≤ s ≤ M − 1"

(3.4.15)

@o

Ps(−ξ) = ei(2ν+1)ξεsPs(ξ), εs = ±1,
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±9det (Ps(ξ + 2πt/M))0≤s,t≤M−1��"n�õ�ª"

aquÚn3.4.1, ·��±y²þãÚn"3dÒØ�[�

y
"

lÚn3.4.1ÚÚn3.4.2w�,é?¿÷v (3.4.10)Ú (3.4.11)

�n�õ�ª, d (3.4.12), (3.4.14)Ú (3.4.15)�é�n�õ�

ªPs(ξ), 1 ≤ s ≤ M − 1, ¦�

Ps(−ξ) = εseikξPs(ξ), 1 ≤ s ≤ M − 1, εs = ±1, (3.4.16)

�

det
(
H0

(
ξ +

2πt

M

)
, P1

(
ξ +

2πt

M

)
, · · · , PM−1

(
ξ +

2πt

M

))

0≤t≤M−1

6≡ 0, (3.4.17)

ù´·��E�1�Ú"

�|^ Schmidt��z, ·�I�Ú\��#PÒ: �G�

n�õ�ª�÷vG(ξ) = G(−ξ), é?¿�ü�n�õ�

ªP, Q½Â§���SÈ

[P, Q]G(ξ) =
M−1∑
t=0

P

(
ξ + 2πt

M

)
Q

(
ξ + 2πt

M

)
G

(
ξ + 2πt

M

)
"

N´�ye¡�Schmidt��z�3
é¡5Ú�é¡5"

ÚÚÚnnn 3.4.3 �n�õ�ªG÷v

G(ξ) = G(−ξ), G(ξ) > 0 , ∀ ξ ∈ R" (3.4.18)
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XJQ1, Q2�n�õ�ª��3α ∈ Z, ¦�

Qs(−ξ) = εse
−iαξQs(ξ), εs = ±1"

½Â

Q̃2(ξ) = [Q1, Q1]G(Mξ)Q2(ξ)− [Q1, Q2]G(Mξ)Q1(ξ)"

@o Q̃2(−ξ) = ε2e
−iαξQ̃2(ξ)Ú [Q1, Q̃2]G(ξ) = 0"

é÷v (3.4.16)Ú (3.4.17)�n�õ�ª�Schmidt��z,

·�ÒU���|#�n�õ�ªQ1(ξ), · · · , QM−1(ξ)¦�:




Qs(−ξ) = εseikξQs(ξ) ,

[Qs, Qt]Φ (ξ) = 0 , 1 ≤ s 6= t ≤ M − 1 ,

[Qs,H0]Φ (ξ) = 0 , 1 ≤ s ≤ M − 1"

(3.4.19)

±9

det
(

H0

(
ξ +

2πt

M

)
, Q1

(
ξ +

2πt

M

)
, · · · , QM−1

(
ξ +

2πt

M

))
6≡ 0"

(3.4.20)

3d, 2π±Ï¼êΦ(ξ) =
∑

j∈Z |φ̂(ξ+2πj)|2w,÷v (3.4.18)"

·�I��Ñ�´, �´du^� (3.4.18)�y
é?¿�"¢

Xên�õ�ªQ1¤á [Q1, Q1]G(ξ) > 0"l
·��±�

� (3.4.20)"

'�Qs, 1 ≤ s ≤ M − 1, ÷v (3.4.19)Ú (3.4.20)�·�

¤F"�Hs, 1 ≤ s ≤ M − 1, �^� (3.4.7)Ú (3.4.8), ��^

� (3.4.8)
"�d·�I��KQs, 1 ≤ s ≤ M − 1¥�Mé

¡":"�Ò´`

Qs(ξ) = Q1,s(ξ)Q2,s(Mξ), 1 ≤ s ≤ M − 1,
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¦�Q1,s, Q2,s�n�õ�ª�Q1,svkMé¡":, =Ø�

3 ξ0 ∈ R, ¦�Q1,s(ξ0 + 2πt/M) = 0é¤k 0 ≤ t ≤ M − 1¤

á"½Â

Hs(ξ) = Q1,s(ξ), 1 ≤ s ≤ M − 1" (3.4.21)

@o
M−1∑
t=0

|Hs(ξ + 2πt/M)|2 > 0 , ∀ ξ ∈ R"

Ó�, ·��±�y, dþã¤½Â�n�õ�ªHs(ξ), ÷

v (3.4.7)Ú (3.4.8)"3d, ·��Ñù�½Â�Hs(ξ)¤éA�

é¡5Ú�é¡5�U�Qs(ξ)�é¡5Ú�é¡5ØÓ"²(

/`, �Uu)ù���/: Qs´é¡�, �Hs´�é¡�, �

�½,"

3.5 VVV���������ÅÅÅ©©©)))

�Ψ = {ψ1, · · · , ψM−1}Ú Ψ̃ = {ψ̃1, · · · , ψ̃M−1}´L2(R)¥

�ü|¼ê"�

F = {M j/2ψs(M j · −k) : 1 ≤ s ≤ M − 1, j, k ∈ Z}

Ú

F̃ = {M j/2ψ̃s(M j · −k) : 1 ≤ s ≤ M − 1, j, k ∈ Z}

¤|¤�éf (F , F̃)´L2(R)�V��Ä�, K¡Ψ, Ψ̃�V�

��Å"éuV���ÅΨÚΨ̃, ?Û¼ê fÑk���L«

120



f =
M−1∑
s=1

∑

j,k∈Z
〈f, ψs,j,k〉ψ̃s,j,k =

M−1∑
s=1

∑

j,k∈Z
〈f, ψ̃s,j,k〉ψs,j,k,

��3�~êC1ÚC2, ¦�

C−1
1 ‖f‖2 ≤

M−1∑
s=1

∑

j,k∈Z
|〈f, ψs,j,k〉|2 ≤ C1‖f‖2

Ú

C−1
2 ‖f‖2 ≤

M−1∑
s=1

∑

j,k∈Z
|〈f, ψ̃s,j,k〉|2 ≤ C2‖f‖2,

ùp, ·�æ^Ï^�ÎÒ

ψs,j,k = M j/2ψs(M j · −k) Ú ψ̃s,j,k = M j/2ψ̃s(M j · −k)"

3�!¥·�ØO�?Ø���V���ÅÄ��E, 
=

?ØXÛlV��õ©E©Û5�E;| �V���Å�¯

K"XJü�õ©E©Û {Vj}j∈ZÚ {Ṽj}j∈Z©O�3, §�¤

éA�ºÝ¼êφÚ φ̃÷v

〈φ(· − k), φ̃(· − k′)〉 = δk,k′ , k, k′ ∈ Z , (3.5.1)

·�Ò¡��V��õ©E©Û"d�, ºÝ¼êφ, φ̃�¡�

V��ºÝ¼ê"lV��õ©E©Û {Vj}j∈ZÚ {Ṽj}j∈Z5

�EV���Å�Ä��{´: Ïé¼êψs ∈ W0 := Ṽ ⊥
0 ∩

V1Ú ψ̃s ∈ W̃0 := V ⊥
0 ∩ Ṽ1, 1 ≤ s ≤ M − 1, ¦�§���²£©

O�W0Ú W̃0�RieszÄ, �÷v

〈ψs(· − k), ψ̃t(· − k′)〉 = δs,tδk,k′ , 1 ≤ s, t ≤ M − 1, k, k′ ∈ Z"
(3.5.2)
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�ψs ∈ W0Ú ψ̃s ∈ W̃0 ÷v (3.5.2)�, N´lV��õ©

E©Û�5��y, §�Ò��|V���Å"dÙ�E�

�ψs ∈ V1Ú ψ̃s ∈ Ṽ1"·��±L«ψsÚ ψ̃s�




ψs =
∑

k∈Z ds(k)φ(M · −k) ,

ψ̃s =
∑

k∈Z d̃s(k)φ̃(M · −k),
(3.5.3)


S� {ds(k)}k∈ZÚ {d̃s(k)}k∈Z� `2S�"��Bå�, 3�

EL§¥, ·���E {ds(k)}k∈ZÚ {d̃s(k)}k∈Z� `1S��V

���ÅψsÚ ψ̃s, 1 ≤ s ≤ M − 1"½ÂV���ÅÈÅ¼

êHsÚ H̃s, 1 ≤ s ≤ M − 1�




Hs(ξ) = 1
M

∑
k∈Z ds(k)e−ikξ ,

H̃s(ξ) = 1
M

∑
k∈Z d̃s(k)e−ikξ"

Kψs, ψ̃s�V��^� (3.5.2)�du

M−1∑
t=0

Hs(ξ+2πt/M)H̃s′(ξ + 2πt/M) = δs,s′ , 1 ≤ s, s′ ≤ M−1"

(3.5.4)

,��¡, ψsÚ ψ̃s©OáuW0Ú W̃0�¿©7�^�´:

M−1∑
t=0

H0(ξ + 2πt/M)H̃s(ξ + 2πt/M) = 0, ξ ∈ R (3.5.5)

Ú

M−1∑
t=0

Hs(ξ + 2πt/M)H̃0(ξ + 2πt/M) = 0, ξ ∈ R, (3.5.6)
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Ù¥H0(ξ), H̃0(ξ)©O�ºÝ¼êφÚ φ̃¤éA�ÎÒ¼ê, =

φ̂(ξ) = H0(ξ/M)φ̂(ξ/M) Ú ̂̃
φ(ξ) = H̃0(ξ/M)̂̃φ(ξ/M)"

(3.5.7)

nÜþ¡�©Û, ·�ke¡�(Ø"

½½½nnn 3.5.1 � {Vj}j∈ZÚ {Ṽj}j∈Z��éV��õ©E©Û,

φ Ú φ̃©O´§��V��ºÝ¼ê�÷v (3.5.1)"XJk.

� 2π±Ï¼êHsÚ H̃s, 1 ≤ s ≤ M − 1, ÷v (3.5.4)∼(3.5.6)"

@od (3.5.3)¤½Â�L2(R)¼êψsÚ ψ̃s, 1 ≤ s ≤ M − 1´�

éV���Å"

�H0(ξ), H̃0(ξ)©O�ºÝ¼êφÚ φ̃�ÎÒ¼ê�, lV

��^� (3.5.1)·���

M−1∑
t=0

H0(ξ + 2πt/M)H̃0(ξ + 2πt/M) = 1, ξ ∈ R" (3.5.8)

P

H(ξ) = (Hs(ξ + 2πt/M))0≤s,t≤M−1

Ú

H̃(ξ) =
(
H̃s(ξ + 2πt/M)

)
0≤s,t≤M−1

"

·��±r (3.5.4)∼(3.5.8)�¤

H(ξ)H̃(ξ)
T

= I"

lV���õ©E©Û5�EV���Å, �c¡�E��

Ú����Å��, �±=z�Ý
�*Ü¯K"��Bå�,
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·��´|^õ� ©)��{"©OP

Hs(ξ) =
M−1∑
t=0

e−itξHs,t(Mξ) (3.5.9)

Ú

H̃s(ξ) =
M−1∑
t=0

e−itξH̃s,t(Mξ)" (3.5.10)

@o^� (3.5.4)∼(3.5.8)Ò�du

M−1∑
t=0

Hs,t(ξ)H̃s′,t(ξ) =
1
M

δs,s′ , 0 ≤ s, s′ ≤ M − 1" (3.5.11)

¤±, �½H0(ξ)Ú H̃0(ξ)
éHs(ξ)Ú H̃s(ξ), 1 ≤ s ≤ M − 1,

�¯K�±=z�e��Ý
*Ü¯K:

�½ü�dk. 2π±Ï¼ê¤)¤�÷v

a(ξ)T
b(ξ) = 1 (3.5.12)

�M��þ a(ξ)Ú b(ξ), éü�dk. 2π±Ï¼ê¤)¤

�M ×M��
A(ξ)ÚB(ξ), ¦�

A(ξ)T
B(ξ) = I (3.5.13)

¤á�A(ξ), B(ξ)�1��©O� a(ξ)Ú b(ξ)"

é?�÷v (3.5.12)�ü�n�õ�ª a(ξ)Ú b(ξ), ·�3

e¡ò�Ñ���{5�En�õ�ª¤|¤��
A(ξ)ÚB(ξ),

¦� a(ξ), b(ξ)©O�A(ξ), B(ξ)�1�1, �A(ξ)ÚB(ξ)÷

v (3.5.13)"

é�þ�n�õ�ª a(ξ) =
∑

j∈Z aje−ijξ, aj ∈ RM , ½
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ÂdÙFourier Xê {aj}j∈Z¤)¤��5�m�L(a), 
§

�º� gen(a)½Â�÷v aj 6= 0����IÚ���I�

�"éü��þ�n�õ�ª a(ξ) =
∑

j∈Z aje−ijξÚ b(ξ) =
∑

j∈Z bje−ijξ, ½Â a(ξ)�éu b(ξ)�º� genb(a)�

genb(a) = min{gen(c) : L(a− c) ⊂ L(b)⊥}"

ùp·�Eæ^Ï^ÎÒV ⊥L«�5�mV ���Ö"2½

Â

C(a, b) =
(
bT
j aj′

)
j,j′∈Z

¿PR(a, b)�Ý
C(a, b)��"À�

N (a, b) =
{
I + (zk − 1)uwT : u ∈ L(a), w ∈ L(b), wT u = 0

}
"

·�òy²e¡�½n:

½½½nnn 3.5.2 � a(ξ), b(ξ)�ü��þ�n�õ�ª, �÷v

a(ξ)T b(ξ) = 1"

@o�3m ∈ ZÚUi ∈ N (a, b), 1 ≤ i ≤ d, ¦�




a(ξ) = e−imξUd(ξ) · · ·U1(ξ)a(1) ,

b(ξ) = e−imξUd(ξ)
T · · ·U1(ξ)

T
b(1)"

|^ê��þ a(1)Ú b(1)�*Ü,·�ÒUé� a(ξ), b(ξ)�

*ÜA(ξ)ÚB(ξ), ¦�B(ξ)
T
A(ξ) = I"

�y²½n3.5.2, ·�kïáXeü�Ún"
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ÚÚÚnnn 3.5.1 � a(ξ)Ú b(ξ)X½n3.5.2¤ã"@o�3αi∈
L(a), βi ∈ L(b)Ún�õ�ªHi(ξ), 1 ≤ i ≤ N := R(a, b), ¦�

αT
j βj′ = δj,j′ , 1 ≤ j, j′ ≤ N, (3.5.14)

L(a−
N∑

i=1

Hiαi) ⊂ L(a) ∩ L(b)⊥, (3.5.15)

Ú

gen

(
N∑

i=1

Hiαi

)
= genb(a)" (3.5.16)

��, XJ�3αi ∈ L(a)Ún�õ�ªHi, 1 ≤ i ≤ N ′, ¦

�L(a−∑N ′

i=1 Hiαi) ⊂ L(b)⊥, @o

R(a, b) ≤ N ′" (3.5.17)

y²: P a(ξ) =
∑

j∈Z aje−ijξÚ b(ξ) =
∑

j∈Z bje−ijξ, ¿

� i1 < i2 < · · · < iNÚ j1 < j2 < · · · < jN¦�

B =
(
bT
il
ajk

)
1≤l,k≤N

´��÷�Ý
"PB�_� (ck,l)1≤k,l≤N"@o·��αl =

ail
, 1 ≤ l ≤ NÚβk =

∑N
l=1 ck,lbil

=�"

dR(a, b)�½ÂÚα1, · · · , αN��EL§, ·�ØJw�
(
bT
j αi

)
j∈Z 1 ≤ i ≤ N´�5Ã'��þ"l
�3¢ê dii′ ,

¦�

bT
j ai′ =

N∑

i=1

dii′b
T
j αi,

¿� ai′−
∑N

i=1 dii′αi ∈ L(a)∩L(b)⊥"@oHk(ξ)=
∑

j′∈Z
dkj′e

−ij′ξ,

1 ≤ k ≤ N , B÷v (3.5.15)"
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5¿�αk, 1 ≤ k ≤ N , ��E, ·���
∑N

k=1 dkαk∈
L(b)⊥�¿©7�^�´: dk = 0, é¤k 1 ≤ k ≤ N¤á"d

d,

gen

(
N∑

k=1

Hkαk

)
= genb

(
N∑

k=1

Hkαk

)
"

ù� (3.5.15)(Üå5Òy²
 (3.5.16)"

PHk(ξ) =
∑

j∈Z hk,je−ijξ"@o (3.5.17)w,�±l

C(a, b) =
(
bT
i αk

)
i∈Z,1≤k≤N ′ × (hkj)1≤k≤N ′,j∈Z

��" ¤

ÚÚÚnnn 3.5.2 � a(ξ)Ú b(ξ)X½n3.5.2¤ã"XJ?�Úb

��3α ∈ L(a)Ún�õ�ªH(ξ)±9 ãj ∈ L(a) ∩ L(b)⊥, j ∈
Z, ¦�

a(ξ) = H(ξ)α +
∑

j∈Z
ãje−ijξ" (3.5.18)

@o�3Ui(ξ) ∈ N (a, b)Úm ∈ Z, ¦�




a(ξ) = e−imξUd(ξ) · · ·U1(ξ)a(1) ,

b(ξ) = e−imξUd(ξ)
T · · ·U1(ξ)

T
b(1)"

(3.5.19)

y²: r a(ξ)�L�ª (3.5.18)�\ a(ξ)T b(ξ) = 1, ¿|

^ ãj ∈ L(b)⊥, ��

1 = a(ξ)T b(ξ) = H(ξ)αT b(ξ)"

Ïd, H(ξ)´�ü�ª, =H(ξ) = Ce−ij0ξ, C ∈ R, j0 ∈ Z"
Ø���5, Ø�@� j0 = 0ÚC = 1"ÄK, ���#�αÚ
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éa(ξ)Úb(ξ)Ó�¦ e−ij0ξ"dH(ξ) = 1,r b(ξ)�¤
∑

j∈Z
bje−ijξ

�, ·�k

bT
j α = δj,0 , (3.5.20)

l
Ý
Uj(ξ) = I−(e−ijξ−1)ãjb
T
0 , ja ≤ j ≤ Ja, áuN (a, b)"

ùp, �ê jaÚJa©O�÷v ãj 6= 0�4�Ú4��I"d�,

#��þ�n�õ�ª ã(ξ)Ú b̃(ξ)




ã(ξ) = Uja(ξ) · · ·UJa(ξ)a(ξ) ,

b̃(ξ) = Uja
(ξ)

T · · ·UJa
(ξ)

T
b(ξ),

(3.5.21)

E,÷v

ã(ξ)T b̃(ξ) = 1" (3.5.22)

d	,

ã(ξ) = a(ξ)−
Ja∑

j=ja

ãj(e−ijξ − 1) = a(1) (3.5.23)

Ú

L(̃b) < L(b)" (3.5.24)

P b̃(j) =
∑J

b̃
j=j

b̃
b̃je−ijξ"d (3.5.22)Ú (3.5.23)� b̃T

j a(1) = δj,0"

ÏdÝ


Uj(ξ) = I+(e−ijξ−1)a(1)̃bT
j ∈ N (a, b̃) ⊂ N (a, b), jb̃ ≤ j ≤ Jb̃"

,��¡, ·��±�y

Uj
b̃
(ξ) · · ·UJ

b̃
(ξ)ã(ξ) = Uj

b̃
(ξ) · · ·UJ

b̃
(ξ)a(1) = a(1)
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Ú

Uj
b̃
(ξ)

T · · ·UJ
b̃
(ξ)

T
b̃(ξ) = b̃(ξ)−

J
b̃∑

j=j
b̃

b̃j(e−ijξ − 1) = b(1)"

ùB�¤
Ún�y²" ¤

k
Ún3.5.1ÚÚn3.5.2, ·��±m©y²½n3.5.2"

½n3.5.2�y²: ·��y²´æ^'uR(a, b)Ú genb(a)

�V­8B{"�R(a, b) = 1�, dÚn3.5.1, �3n�õ�

ªH(ξ), �þα ∈ L(a)Ú�þ�n�õ�ª ã(ξ), ¦�

a(ξ) = H(ξ)α + ã(ξ) Ú L(ã) ⊂ L(a) ∩ L(b)⊥"

ÏdR(a, b) = 1�(ØdÚn3.5.2��"

� genb(a) = 0�, d genb(a)�½Â�

a(ξ) = ce−inbξ +
∑

j∈Z
ãje−ijξ,

Ù¥n ∈ Z, c ∈ L(a), ãj ∈ L(a) ∩ L(b)⊥"@o½n(Ø�dÚ

n3.5.2��"

8Bb�, (Øé¤k÷vR(a, b) ≤ NÚ genb(a) ≤ R −
1��þn�õ�ª a(ξ)Ú b(ξ)¤á"y?��é÷v a(ξ)

T
b(ξ)

= 1��þ�n�õ�ª a(ξ)Ú b(ξ), Ó�b�R(a, b) = N ≥
2Ú genb(a) = R ≥ 1"d8Bb�, ·���é�Ui(ξ) ∈
N (a, b), 1 ≤ i ≤ l, ¦�





a1(ξ) = Ul(ξ) · · ·U1(ξ)a(ξ) ,

b1(ξ) = Ul(ξ)
T · · ·U1(ξ)

T
b(ξ),

(3.5.25)
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�

R(a1, b1) ≤ N Ú genb1(a1) ≤ R− 1

¤á"dÚn3.5.1, �3αi ∈ L(a)Úβi ∈ L(b)±9n�õ�

ªHi(ξ) , 1 ≤ i ≤ N , ¦�

a(ξ) =
N∑

i=1

Hi(ξ)αi +
∑

j∈Z
ãje−ijξ, (3.5.26)

¿÷v




αT
i βi′ = δi,i′ , 1 ≤ i, i′ ≤ N ,

ãj ∈ L(a) ∩ L(b)⊥, j ∈ Z"
(3.5.27)

rH1(ξ), · · · , HN (ξ)¤|¤��þ (H1(ξ), · · · ,HN (ξ))T �¤�
∑

j∈Z hje−ijξ"Ø�b�, é¤k j < 0¤áhj = 0, ÄK�{,

¦þ,� eij0ξ=�"Ó�, Ø�@�

deg(H1) < deg(H2) < · · · < deg(HN ), (3.5.28)


ùpdeg(P )L«P (ξ) =
∑

j≥0 pje−ijξ�¦ pj 6= 0�4��

I j, ÄK·���éαiÚβj ?1�g�5C�"d (3.5.28)�

HN−1(ξ) 6= 0, Ø,�{, d (3.5.26)ÚÚn3.5.1�R(a, b) =

1, ù�b�R(a, b) ≥ 2gñ"dR(a, b) = N , a(ξ)�L«

ª (3.5.26)ÚHi, 1 ≤ i ≤ N , �^� (3.5.28), ·���deg(HN )

= R"ù%º
deg(HN−1) ≤ R− 1"l


HN (ξ) = RN (ξ)HN−1(ξ) + H̃N (ξ),

130



Ù¥RN (ξ) =
∑l

j=1 rje−ijξÚdeg(H̃N ) ≤ deg(H̃N−1)"y3½

Â�
áuN (a, b)��


Uj(ξ) = IM − rjαNβT
N−1(e

−ijξ − 1), 1 ≤ j ≤ N"

d�,

Ul(ξ) · · ·U1(ξ)a(ξ) = a(ξ)−
l∑

j=1

rj(e−ijξ − 1)HN−1(ξ)αN

=
(
RN (0)HN−1(ξ) + H̃N (ξ)

)
αN

+
N−1∑

i=1

Hi(ξ)αi +
∑

j∈Z
α̃je−ijξ" (3.5.29)

@o

a1(ξ) = Ul(ξ) · · ·U1(ξ)a(ξ) Ú b1(ξ) = Ul(ξ)
T · · ·U1(ξ)

T
b(ξ)

�÷v a1(ξ)T b(ξ) = 1",��¡, dUi(ξ)��EÚ (3.5.29)�

�L(b1)⊂L(b), L(a1)⊂L(a), genb1(a1) ≤ genb(a1) ≤ deg(HN−1)

≤ R − 1±9R(a1, b1) ≤ R(a, b) ≤ N"d8B{·��¤
½

n3.5.2y²" ¤

3.6 ���ÅÅÅ©©©)))���ÜÜÜ¤¤¤

� {Vj}j∈Z���õ©E©Û, Pj , j ∈ Z, ´L2(R)�Vj�

k.�f, �é?¿� f ∈ L2

lim
j→+∞

‖Pjf − f‖2 = 0 Ú lim
j→−∞

‖Pjf‖2 = 0" (3.6.1)
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@o, d {Vj}j∈Z�5��, f�©)�Vj , j ∈ Z, ¥���Ú"

f =
+∞∑

j=−∞
(Pj+1 − Pj) f" (3.6.2)

÷v (3.6.1)��fxkéõ, XPj�L2(R)�Vj�ÝK�

f"é?�L2(R)¼êφ, ½Âφj,k = M j/2φ(M j · −k), j, k ∈
Z"�φ´ {Vj}j∈Z�ºÝ¼ê, �äk����²£5�, Pj�

��

Pjf =
∑

k∈Z
〈f, φj,k〉φj,k"

�φ´ {Vj}j∈Z�ºÝ¼ê, ��k­½��²£�, ·��

±½ÂPj�

Pjf =
∑

k∈Z
〈f, φ̃j,k〉φj,k"

ùp ̂̃
φ(ξ) = φ̂(ξ)

(∑
k∈Z |φ̂(ξ + 2πk)|2

)−1

"

� {Vj}j∈ZÚ {Ṽj}j∈Z���V���õ©E©Û, �φÚ φ̃

�ÙV��ºÝ¼ê�, ·��±½Â

Pjf =
∑

k∈Z
〈f, φ̃j,k〉φj,k"

�!¥, ·���Ääke¡/ª��f:

Pjf =
∑

k∈Z
〈f, φ̃j,k〉φj,k (3.6.3)

Ù¥ φ̃´õ©E©Û {Ṽj}j∈Z�ºÝ¼ê, �÷v

〈φ̃j,k, φj,k′〉 = δk,k′ , k, k′ ∈ Z" (3.6.4)
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�φÚ φ̃÷ve¡�[©�§




φ =
∑

j∈Z h0(j)φ(M · −j) ,

φ̃ =
∑

j∈Z h̃0(j)φ̃(M · −j),
(3.6.5)


{h0(j)}j∈ZÚ{h̃0(j)}j∈Z÷v
∑

j∈Z |h0(j)| < ∞Ú∑
j∈Z |h̃0(j)|

< ∞"P 



H0(ξ) = 1
M

∑
j∈Z h0(j)e−ijξ ,

H̃0(ξ) = 1
M

∑
j∈Z h̃0(j)e−ijξ,

(3.6.6)

@o3 (3.6.5)ü>�FourierC��k




φ̂(ξ) = H0(ξ/M)φ̂(ξ/M) ,
̂̃
φ(ξ) = H̃0(ξ/M)̂̃φ(ξ/M)"

(3.6.7)

�â§ 3.4!�,�3S� {hs(j)}j∈ZÚ {h̃s(j)}j∈Z , 1 ≤ s ≤ M−
1, ¦�

M−1∑
t=0

Hs

(
ξ + 2πt

M

)
H̃s′

(
ξ + 2πt

M

)
= δs,s′ , 0 ≤ s, s′ ≤ M−1,

(3.6.8)

Ù¥

Hs(ξ) =
1
M

∑

j∈Z
hs(j)e−ijξ Ú H̃s(ξ) =

1
M

∑

j∈Z
h̃s(j)e−ijξ"

(3.6.9)

é÷v (3.6.7)�Hs(ξ), ½Â¼êψs ∈ V1Ú ψ̃s ∈ Ṽ1, 1 ≤ s ≤
M − 1� 




ψ̂s(ξ) = Hs(ξ/M)φ̂(ξ/M) ,
̂̃
ψs(ξ) = H̃s(ξ/M)̂̃φ(ξ/M)"

(3.6.10)
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Kþã¼êψsÚ ψ̃sÒ�V���Å"�φäk����²£�

� H̃s = Hs,@oψs = ψ̃s, 1 ≤ s ≤ M−1Ò����Å"�φä

k­½��²£�, � φ̃� ̂̃
φ = φ̂

(∑
k∈Z |φ̂(ξ + 2πk)|2

)−1

±

9 H̃s(ξ) = Hs(ξ)
(∑

k∈Z |φ̂(ξ + 2πk)|2
)
, @oψs, 1 ≤ s ≤ M −

1Ò�����Å"

é?¿� f ∈ V1, �3 `2S� {c1(j)}j∈Z, ¦�

f = M1/2
∑

j∈Z
c1(j)φ(M · −j) (3.6.11)

é (3.6.11)�FourierC��, ¿PC1(ξ) =
∑

j∈Z c1(j)e−ijξ��

f̂(ξ) = M−1/2C1(ξ/M)φ̂(ξ/M) (3.6.12)

½Â



C0(ξ) = M−1/2
∑M−1

t=0 C1

(
ξ+2πt

M

)
H̃0

(
ξ+2πt

M

)
,

D0,s(ξ) = M−1/2
∑M−1

t=0 C1

(
ξ+2πt

M

)
H̃s

(
ξ+2πt

M

)
, 1 ≤ s ≤ M−1,

=




c0(j) = M1/2
∑

j′∈Z c1(j′)h̃0(j′ −Mj), j ∈ Z ,

d0,s(j) = M1/2
∑

j′∈Z c1(j′)h̃s(−Mj + j′), j ∈ Z"
(3.6.13)

@o, d (3.6.7), (3.6.9)Ú (3.6.10)��

C0(ξ)φ̂(ξ)+
M−1∑
s=1

D0,s(ξ)φ̂s(ξ)

= M−1/2
M−1∑
s=0

M−1∑
t=0

C1

(
ξ + 2πt

M

)
H̃s

(
ξ + 2πt

M

)
Hs

(
ξ

M

)
φ̂

(
ξ

M

)
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= M−1/2C1(ξ/M)φ̂(ξ/M) = f̂(ξ)"

ùL« f�±ke��L«ª

f =
M−1∑
s=1

∑

j∈Z
d0,s(j)ψs(· − j) +

∑

j∈Z
c0(j)φ(· − j) , (3.6.14)


S� {c0(j)}j∈ZÚ {d0,s(j)}j∈Z, 1 ≤ s ≤ M−1,�d (3.6.13)©

)
�"ù�Ò´`, (3.6.13)r��S� {c1(j)}j∈Z©)�


M�S� {c0(j)}j∈ZÚ {d0,s(j)}j∈Z, 1 ≤ s ≤ M − 1, =

{c1(j)}j∈Z {c0(j)}j∈Z

{d0,1(j)}j∈Z

...

{d0,M−1(j)}j∈Z

-PPPPPPq
Z

Z
Z

Z
Z

Z~

S
S

S
S

S
S

S
Sw

�S� {c1(j)}j∈ZéAuV1¥�¼ê
∑

j∈Z c1(j)M1/2φ(M ·
−j), S� {c0(j)}j∈ZéAuV0¥�¼ê

∑
j∈Z c0(j)φ(· − j), ±

9 {d0,s(j)}j∈ZéAu
∑

j∈Z d0,s(j)ψs(·−j)�,·�k (3.6.14)�

©)/ª"

P

Wj,s =

{∑

k∈Z
d(k)M j/2ψs(M j · −k) :

∑

k∈Z
|d(k)|2 < ∞

}
"
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|^ (3.6.14),

V1 = V0 + W0,1 + · · ·+ W0,M−1" (3.6.15)

õg|^ (3.6.15), éN2 ≥ N1 + 1k

VN2 = VN1 +
N2−1∑

j=N1

(Wj,1 + · · ·+ Wj,M−1) ,

�Ò´`, é?¿� fN2 ∈ VN2 , ·�k

fN2 = fN1 +
N2−1∑

j=N1

M−1∑
s=1

gj,s , (3.6.16)

Ù¥ fN1 ∈ VN1Ú gj,s ∈ Wj,s"P

fN =
∑

k∈Z
cn(k)MN/2φ(MN · −k)

Ú

gj,s =
∑

k∈Z
dj,s(k)M j/2ψs(M j · −k)"

é fNÚ gj,s�Xê {cN (k)}k∈ZÚ {dj,s(k)}k∈Z, ·�ke¡

�Mallat©)�{'X




cj−1(k) = M1/2
∑

k′∈Z cj(k′)h̃0(k′ −Mk) ,

dj−1,s(k) = M1/2
∑

k′∈Z cj(k′)h̃s(k′ −Mk), 1 ≤ s ≤ M − 1,

(3.6.17)

�Ò´e¡�©)ãª:
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{cN2(k)}k∈Z {cN2−1(k)}k∈Z {cN1(k)}k∈Z

{dN2−1,1(k)}k∈Z

...

{dN2−1,M−1(k)}k∈Z

{dN1,1(k)}k∈Z

...

{dN1,M−1(k)}k∈Z

-
@

@R
A
A
A
AU

C
C
C
C
C
C
C
CW

-- · · ·
S

SSw
A
A
A
AU

C
C
C
C
C
C
CCW

3PCj(ξ) =
∑

k∈Z cj(k)e−ikξÚDj,s(ξ) =
∑

k∈Z dj,s(k)e−ikξ

�, ·��±ò (3.6.17) ��




Cj−1(ξ) = M−1/2
∑M−1

t=0 H̃0( ξ+2πt
M )Cj( ξ+2πt

M ) ,

Dj−1,s(ξ) = M−1/2
∑M−1

t=0 H̃s( ξ+2πt
M )Cj( ξ+2πt

M )"

lþ¡�©)ãª, ·�w�, ���S� {cN2(k)}k∈ZéA

�VN2¥���¼ê fN2�, |^�Å©) (3.6.16), ^©)�

�¼ê3�ÅÄþ�L«Xê, ��S� {dj,s(k)}k∈Z, 1 ≤ s ≤
M − 1, N1 ≤ j ≤ N2 − 1Ú {cN1(k)}k∈Z"

3&Ò©Û¥, ·�é���S�?1?n"¤±g,�

¯KÒ´­�
"�Ò´`, N�lS� {dj,s(k)}k∈Z, 1 ≤ s ≤
M−1, N1 ≤ j ≤ N2−1Ú{cN1(k)}k∈Z5­� {cN2(k)}k∈Z"N´

w�,·����Ñ^ {d0,s(k)}k∈Z, 1 ≤ s ≤ M−1Ú {c0(k)}k∈Z

5­� {c1(k)}k∈Z�úª=�"r {d0,s(k)}k∈ZéA�¼ê gs =
∑

k∈Z d0,k(k)ψs(·−k), {c1(k)}k∈ZéA�¼ê f0 =
∑

k∈Z c0(k)φ(·
−k)� {c1(k)}k∈ZéA�¼ê f1 =

∑
k∈Z c1(k)φ(M ·−k)M1/2"

137



@o f1, f0, gs, 1 ≤ s ≤ M − 1AT÷v

f1 = f0 + g1 + · · ·+ gM−1 (3.6.18)

=
∑

k∈Z
c0(k)φ(· − k) +

M−1∑
s=1

∑

k∈Z
d0,s(k)ψs(· − k)"

r (3.6.10)�\ (3.6.18)�

f1 =
∑

k∈Z

∑

l∈Z
c0(k)h0(l)φ(M · −Mk − l)

+
M−1∑
s=1

∑

k∈Z

∑

l∈Z
d0,s(k)hs(l)φ(M · −Mk − l)

=
∑

k∈Z

(∑

k′∈Z
c0(k′)h0(k −Mk′)

+
M−1∑
s=1

∑

k′∈Z
d0,s(k′)hs(k −Mk′)

)
φ(M · −k)"

l


c1(k) = M−1/2
∑

k′∈Z
c0(k′)h(k −Mk′)

+M−1/2
M−1∑
s=1

∑

k′∈Z
d0,s(k′)hs(k −Mk′)"

dd·���
e¡�MallatÜ¤úª:

cj(k) = M−1/2
∑

k′∈Z
cj−1(k′)h(k −Mk′)

+M−1/2
M−1∑
s=1

∑

k′∈Z
dj−1,s(k′)hs(k −Mk′)"

(3.6.19)
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�PCj(ξ)=
∑

k∈Z cj(k)e−ikξÚDj,s(ξ)=
∑

k∈Z dj,s(k)e−ikξ

�, ·��ò (3.6.19)��

Cj(ξ) = M1/2H(ξ)Cj−1(Mξ) + M1/2
M−1∑
s=0

Hs(ξ)Dj−1,s(Mξ)"

é?¿��êN1 < N2, d (3.6.19), ·���e¡�Mallat­�

ã:

{cN1(k)}k∈Z {cN1+1(k)}k∈Z {cN2(k)}k∈Z

{dN1,1(k)}k∈Z

...

{dN1,M−1(k)}k∈Z

{dN1+1,1(k)}k∈Z

...

{dN1+1,M−1(k)}k∈Z

-

¶
¶

¶7

¤
¤
¤
¤
¤
¤
¤
¤º

--· · ·

¡
¡¡µ

¤
¤
¤
¤
¤
¤
¤
¤º

­
­
­Á

¤
¤
¤
¤
¤
¤
¤
¤º
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111oooÙÙÙ õõõ???���ÅÅÅ���~~~fff

3�Ù¥·�ò0��
õ?�Å�~f"XHaar�Å!

äk4�| ����Å!é¡½�é¡����Å!äk�

�5����Å!����Å�"

4.1 Haar���ÅÅÅ

Haar¼êφÒ´«m [0, 1)þ�A�¼ê, =

φ(x) =





1, x ∈ [0, 1) ,

0, x /∈ [0, 1)"

Haar¼ê´��éAO�¼ê"ÖöØJ�y:
∫
R φ(x)dx =

1, φ��²£´���, φ̂(ξ) = 1−e−iξ

iξ �φ'u 1/2é¡X

ã 4.1.1¤«"é?¿�M ≥ 2, §´��[©¼ê"¯¢

þ,§÷ve��[©�§

φ(x) = φ(Mx) + φ(Mx− 1) + · · ·+ φ(Mx−M + 1)" (4.1.1)
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�L«�Ù� Ïfk', PHaar¼ê�ÎÒ¼ê�H0,M (ξ),

H0,M (ξ) =
1
M

(
1 + e−iξ + · · ·+ e−i(M−1)ξ

)
=

1− e−iMξ

M −Me−iξ
"

5¿�H0,M (ξ)3 [−π/M, π/M ]þ�", l
�m� {Vj}j∈Z,

Vj =

{∑

k∈Z
M j/2d(k)φ(M j · −k) :

∑

k∈Z
|d(k)|2 < ∞

}
,

´��õ©E©Û"y3·�5�Edþãõ©E©Û¤éA

���é¡½�é¡�Å"

�
L«�� ÏfMk', ·�ò¤�E��ÅP

�ψs,M , 1 ≤ s ≤ M − 1, 
Ø´Ï~�ψs"¯¢þ, e¡·

�ò��E�ψs,M| 3 [0, 1]�¥"¤±ψs,M���

ψs,M (x) =
M−1∑

k=0

ds,M (k)φ(Mx− k), 1 ≤ s ≤ M − 1"

P

Hs,M (ξ) =
1
M

M−1∑

k=0

ds,M (k)e−ikξ" (4.1.2)

@o,d½n2.10.1Ú½n3.3.1, ψs,M , 1 ≤ s ≤ M−1´ {Vj}j∈Z¤

éA�é¡½�é¡���Å�¿©7�^�´

M−1∑
t=0

Hs,M (ξ+2tπ/M)Hs′,M (ξ + 2tπ/M) = δs,s′ , 0 ≤ s, s′≤M−1,

(4.1.3)

�é?Û 1 ≤ s ≤ M − 1,

Hs,M (ξ)/Hs,M (−ξ)´n�ü�ª" (4.1.4)
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y3·�ÏLé� ÏfM�8B, �ÑHs,M , 1 ≤ s ≤
M − 1, �²(L«ª"éM = 2, ½Â

H1,2(ξ) =
1− e−iξ

2
" (4.1.5)

N´�yH0,2ÚH1,2÷v (4.1.2), (4.1.3)Ú (4.1.4)"

éM = 3, ½Â




H1,3(ξ) =
√

2
6

(
1− 2e−iξ + e−2iξ

)
,

H2,3(ξ) =
√

6
6

(
1− e−2iξ

)
"

(4.1.6)

Ó�ØJ�y, d (4.1.6)¤½Â�Hs,3(ξ), s = 1, 2, ÷v (4.1.2),

(4.1.3)Ú (4.1.4)"

y3·�8B/5�EHs,M , 1 ≤ s ≤ M − 1"�d, ·�

rM©��«�¹: Ûê½óê"

�/ I: M ≥ 4�óê"

P l = M/2"�Hs,l, 1 ≤ s ≤ l − 1�8B¤��ÈÅì"

§��H0,l�å÷v(4.1.2), (4.1.3)Ú (4.1.4)"y3½Â

Hs,M (ξ) =





1
2Hs,l(ξ)(1 + e−ilξ), 1 ≤ s ≤ l − 1 ,

1
2(1− e−ilξ) 1−e−ilξ

M l(1−e−iξ)
, s = l ,

1
2Hs−l,l(ξ)(1− e−ilξ), l + 1 ≤ s ≤ M − 1"

(4.1.7)

ØJ�yd (4.1.7)���Hs,M (ξ), 1 ≤ s ≤ M − 1, ÷v (4.1.2)

Ú (4.1.4)"y35�y (4.1.3)"3½Â d0,M (t) = 1 , 0 ≤ t ≤
M −1,¿PDM = (ds,M (t))0≤s,t≤M−1�,dH0,MÚHs,M�L

�ª (4.1.2)�, ·��±r (4.1.3)�¤

DT
MDM = MIM"
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d�, ·�l (4.1.7)��Ew�

DM =


 Dl Dl

Dl −Dl




l


DT
MDM =


 DT

l DT
l

DT
l −DT

l





 Dl Dl

Dl −Dl




=


 2lIl 0

0 2lIl


 = MIM"

�Ò`²
d (4.1.7)½Â�Hs,M (ξ), 1 ≤ s ≤ M−1,÷v(4.1.3)"

�/ II: M ≥ 5�Ûê"

P l = (M − 1)/2"�Hs,l, 1 ≤ s ≤ l − 1, �8B¤��È

Åì"§��H0,l�å÷v (4.1.2), (4.1.3)Ú (4.1.4)"½Â

Hs,M (ξ)=





√
l

4l+2Hs,l(ξ)(1 + e−i(l+1)ξ) , 1 ≤ s ≤ l − 1 ,

1
2l+1

√
1
2l

(
1−e−ilξ

l(1−e−iξ)
(1 + e−i(l+1)ξ)− 2e−ilξ

)
, s = l ,

√
l

4l+2
1−e−ilξ

l(1−e−iξ)
(1 + e−i(l+1)ξ) , s = l + 1 ,

√
l

4l+2Hs−l−1,l(ξ)(1− e−i(l+1)ξ) , l + 2 ≤ s ≤ M − 1"
(4.1.8)

N´�y, d (4.1.8)¤½Â�Hs,M (ξ), 1 ≤ s ≤ M − 1, ÷

v (4.1.2)Ú (4.1.4)"P

D′
M = (ds,M (t))1≤s≤M−1,0≤t≤M−1
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Ú 1M = (1, · · · , 1)T"@oDM = (1M , D′
M ), ¿�d (4.1.8)¤

½Â�DM�DlkXe�'X

DM =




1l

√
2l+1
2l D′

l
1√
2l

1l

√
2l+1
2l 1l

√
2l+1
2l D′

l

1 0 −
√

2l 0 0

1l

√
2l+1
2l D′

l
1√
2l

1l −
√

2l+1
2l 1l −

√
2l+1
2l D′

l




dþãL«ª, ·�ÒØJ�y(4.1.3)"

AOéM = 3,·�ÏLþãL§�E����Åψ1,3 (ã4.1.2),

ψ2,3 (ã4.1.3)�

ψ1,3(x) =





√
2

2 , x ∈ [0, 1
3) ,

−√2, x ∈ [13 , 2
3) ,

√
2

2 , x ∈ [23 , 1) ,

0, Ù§ ;

Ú

ψ2,3(x) =





√
6

2 , x ∈ [0, 1
3) ,

−
√

6
2 , x ∈ [23 , 1) ,

0, Ù§"
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ã4.1.1. Haar¼êφ
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1

1.5

ã4.1.2. é¡�Åψ1,3 ã4.1.3. �é¡�Åψ2,3

éM = 4, ÏLþãL§���Haar¼êφXã 4.1.4, �E��

��Åψ1,4 (ã4.1.5), ψ2,4 (ã4.1.6), ψ3,4 (ã4.1.7)�

ψ1,4(x) =





1, x ∈ [0, 1/4) ∪ [1/2, 3/4) ,

−1, x ∈ [1/4, 1/2) ∪ [3/4, 1) ,

0, Ù§ ;

ψ2,4(x) =





1, x ∈ [0, 1/2) ,

−1, x ∈ [1/2, 1) ,

0, Ù§ ;

ψ3,4(x) =





1, x ∈ [0, 1/4) ∪ [3/4, 1) ,

−1, x ∈ [1/4, 3/4) ,

0, Ù§"

−0.5 0 0.5 1 1.5
−0.5

0

0.5

1

−0.5 0 0.5 1 1.5
−1.5

−1

−0.5

0

0.5

1

ã4.1.4. Haar¼êφ ã4.1.5. �é¡�Åψ1,4
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ã4.1.6. �é¡�Åψ2,4 ã4.1.7. é¡�Åψ3,4

4.2 ���������ÅÅÅ

;| ���Å��´<�¤'5��K"3 § 4.1¥, ·�

®²�E
���Haar�Å"Haar�Å¿ØëY, ù½¦·�

�Ä�Eäk�½1w5�ºÝ¼ê, l
�â § 3.3!Jø��

{5�Eäk�½1w5����Å"� {Vj}j∈Z´��õ©E

©Û, φ´§���;| �äk���²£�ºÝ¼ê"@o,

φ÷v[©�§

φ =
∑

j∈Z
c(j)φ(M · −j)" (4.2.1)

dφ�;| 5Ú���²£5, ·�l c(j) = M〈φ, φ(M ·
−j)〉, j ∈ Z,� {c(j)}j∈Z´k���S�"P

H(ξ) =
1
M

∑

j∈Z
c(j)e−ijξ" (4.2.2)

@od½n2.5.1,




∑M−1
s=0 |H(ξ + 2πs

M )|2 = 1 ,

H(0) = 1"
(4.2.3)

147



d½n2.8.1Ú½n2.8.2�, H(ξ)q�±L«�

H(ξ) =
(

1− e−iMξ

M −Me−iξ

)N

Q(ξ), (4.2.4)

Ù¥N ≥ 1ÚQ�n�õ�ª"dd

|H(ξ)|2 =

(
sin2 Mξ

2

M2 sin2 ξ
2

)N

|Q(ξ)|2"

rþª�\ (4.2.3)¿PR(ξ) = |Q(ξ)|2, ·���
(

sin2 Mξ
2

M2 sin2 ξ
2

)N

R(ξ)+
M−1∑
t=1

(
sin2 Mξ

2

M2 sin2( ξ
2 + tπ

M )

)N

R

(
ξ +

2πt

M

)
= 1"

(4.2.5)

l (4.2.5), ·�w�
(

sin2 Mξ
2

M2 sin2 ξ
2

)N

R(ξ) = 1 + O
(
ξ2N

)
, ξ → 0" (4.2.6)

,��¡,

sin2 Mξ
2

M2 sin2 ξ
2

=
M−1∏
s=1

(
1− sin2 ξ

2

sin2 sπ
M

)
" (4.2.7)

A^TaylarÐm, ·���

(
sin2 Mξ

2

M2 sin2 ξ
2

)−N

=




M−1∏
s=1

(
1− sin2 ξ

2

sin2 sπ
M

)−1



N

=
N−1∑
s=0

∑
s1+···+sM=s

M−1∏

j=1


 N − 1 + sj

sj




(
sin

jπ

M

)−2sj

sin2s ξ

2

+O
(
ξ2N

)
" (4.2.8)
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P

M
N P (ξ)=

N−1∑
s=0

∑
s1+···+sM=s

M−1∏

j=1


 N − 1 + sj

sj




(
sin

jπ

M

)−2sj

sin2s ξ

2
,

@o, ÷v (4.2.6)�n�õ�ªR(ξ)���

R(ξ) = M
N P (ξ) + RN (ξ),

Ù¥RN (ξ)´��n�õ�ª¿÷v |RN (ξ)| = O
(
ξ2N

)
, ξ →

0"¯¢þ, ��RN (ξ) = 0�, RÒ÷v (4.2.5)"?�Ú, ·�

ke¡�(Ø"

½½½nnn 4.2.1 �H(ξ)´��n�õ�ª�k (4.2.4)�/ª"

@o, H(ξ)÷v (4.2.3)�¿©7�^�´:

|Q(ξ)|2 = M
N P (ξ) + sin2N ξ

2

M−1∑
s=1

e−isξRs(Mξ), (4.2.9)

Rs(−ξ) = e−iξRM−s(ξ) , ±9

M
N P (ξ) + sin2N ξ

2

M−1∑
s=1

e−isξRs(Mξ) ≥ 0, ξ ∈ R"

3d, ·�7LJ�RieszÚn (ë� [22]), §�²
� (4.2.9)�

m>´�K� cos ξõ�ª�, �3��¢Xê�n�õ�

ªQ(ξ), ¦� (4.2.9)¤á"

ÚÚÚnnn 4.2.1 �A(ξ)´��n�õ�ª,

A(ξ) =
N−1∑
m=0

am

(
e−imξ + eimξ

)
, am ∈ R.
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q�A(ξ) ≥ 0, é¤k ξ ∈ R¤á"@o, �3n�õ�ª

B(ξ) =
N−1∑
m=0

bme−imξ, bm ∈ R,

¦� |B(ξ)|2 = A(ξ)"

w,, é�� ξ ∈ [−π, π]¤áM
N P (ξ) > 0"dÚn4.2.1�,

�3n�õ�ª
∑N−1

m=0 bme−imξ¦�§���²��M
N P (ξ)"

·�Pdn�õ�ª�M
N Q(ξ), =

M
N Q(ξ) =

N−1∑
m=0

M
N b(m)e−imξ, |MN Q(ξ)|2 = M

N P (ξ)" (4.2.10)

�N = 2�,

M
N Q(ξ) =

1 + θM

2
+

1− θM

2
e−iξ ½

1− θM

2
+

1 + θM

2
e−iξ"

Ù¥ θM =
√

2M2+1
3 "P

M
N H(ξ) =

(
1− e−iMξ

M −Me−iξ

)N
M
N Q(ξ),

@o, M
N H(ξ)k (4.2.4)�L�ª�÷v (4.2.3)"�âþ¡��

ã, ·�w�M
N H(ξ)´÷v (4.2.3)Ú (4.2.4)�äk��gê

�n�õ�ª"éþã½Â�n�õ�ªM
N H(ξ), d[©�

§ (4.2.1), ·����A���[©¼ê, P�M
N φ"dué

�� |ξ| ≤ π/MÑk |MN H(ξ)| 6= 0"Ïd, M
N φÒk����²

£"éM = 2, M
N φ@31988cÒd I.DaubechiesÚ\, éM ≥

3, M
N φ�þã)¤�{dHeller��( [32]), �ö31995c�QÕ
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á/��L"é4�| ���ºÝ¼ê, ·�ke¡�5�:

(i) M
N φ| u [0, N + N−1

M−1 ];

(ii) M
N φ��²£´���;

(iii) M
N φØN = 1�	Ø´é¡�;

(iv) M
N φ3N ≤ M − 1��ÛÜõ�ª;

(v) M
N φ3N ≤ M − 1�´ÛÜ�5�'�;

(vi) � 0 < p < ∞�, éM
N φ�Fourier�ê sp(M

N φ)ke¡

��O: �3~êC¦�, �M�óê�
∣∣∣∣∣sp(M

N φ)− 4N ln(sin Mπ
2m+2)−1 + ln N

4 ln M

∣∣∣∣∣ ≤ C;

±9�M�Ûê�
∣∣∣∣sp(M

N φ)− ln N

4 ln M

∣∣∣∣ ≤ C;

(vii) �N = 2�, M
N φ�Hölder�ê�

ln
(
1 +

√
(2M2 + 1)/3

)
/ ln M"

|^ § 3.3�Ý
*Ü, éºÝ¼êM
N φ)¤�õ©E©

Û, ·�ÒU���|���ÅM
N ψ1, · · · , M

N ψM−1"e¡, ·�

éM = 3, 4ÚN = 2, 3�, �ÑM
N φ, M

N ψ1, · · · , M
N ψM−1�L�ª

Úã/"

���/// 1: M = 3ÚN = 2"

d� 3
2H(ξ) =

∑5
n=0

3
2h(n)e−inξ"d § 3.3!�jÝ
*Ü·

��� 



3
2H1(ξ) =

∑5
n=0

3
2h1(n)e−inξ ,

3
2H2(ξ) =

∑5
n=0

3
2h2(n)e−inξ ,
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¤éA�Xê {32h(n)}5n=0 , {32h1(n)}5n=0Ú {32h2(n)}5n=0, ë�e

¡�L1"ddºÝ¼ê 3
2φXã4.2.1, §÷v

3̂
2φ(ξ) = 3

2H(ξ/3)3̂2φ(ξ/3),


���Å 3
2ψ1 (ã4.2.2), 3

2ψ2 (ã4.2.3)©O´




3̂
2ψ1(ξ) = 3

2H1(ξ/3)3̂2φ(ξ/3) ,

3̂
2ψ2(ξ) = 3

2H2(ξ/3)3̂2φ(ξ/3)"

L1: 3
2H(ξ) , 3

2H1(ξ) Ú3
2H2(ξ) �Xê

n {32h(n)}5n=0 {32h1(n)}5n=0 {32h2(n)}5n=0

0 0.195367304356866 -0.06776765186212 0.23303985493097

1 0.306478415467977 0.31426968052735 -0.36288736930121

2 0.417589526579088 -0.01079976826972 0.26593027785820

3 0.137966028976468 -0.40363686892891 -0.23303985493097

4 0.026854917865357 -0.07856742013184 -0.04536092116266

5 -0.084256193245755 0.24650202866523 0.14231801260566
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−0.4

−0.2
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ã4.2.1.ºÝ¼ê3
2φ
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2

ã4.2.2.�Å3
2ψ1 ã4.2.3.�Å3

2ψ2

���/// 2: M = 3ÚN = 3"

d� 3
3H(ξ) =

∑8
n=0

3
3h(n)e−inξ"d § 3.3!�jÝ
*Ü·

��� 



3
3H1(ξ) =

∑8
n=0

3
3h1(n)e−inξ ,

3
3H2(ξ) =

∑8
n=0

3
3h2(n)e−inξ ,

¤éA�Xê {33h(n)}8n=0 , {33h1(n)}8n=0Ú {33h2(n)}8n=0ë�ã

��L2"ddºÝ¼ê 3
3φXã4.2.4, §÷v

3̂
3φ(ξ) = 3

3H(ξ/3)3̂3φ(ξ/3),

0 1 2 3 4 5 6
−0.6

−0.4

−0.2

0
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0.8

1
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ã4.2.4 ºÝ¼ê3
3φ
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���Å 3
3ψ1 (ã4.2.5), 3

3ψ2 (ã4.2.6)©O�




3̂
3ψ1(ξ) = 3

3H1(ξ/3)3̂3φ(ξ/3) ,

3̂
3ψ2(ξ) = 3

3H2(ξ/3)3̂3φ(ξ/3)"

0 1 2 3 4 5 6
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−1.5

−1

−0.5

0

0.5

1

1.5

ã4.2.5 �Å3
3ψ1 ã4.2.6 �Å3

3ψ2

L2: 3
3H(ξ) , 3

3H1(ξ) Ú3
3H2(ξ)�Xê

n {33h(n)}8n=0 {33h1(n)}8n=0 {33h2(n)}8n=0

0 0.117280131135231 -0.24327837827304 0.01637273082703

1 0.244305962191728 0.41841099443148 -0.09292725304121

2 0.408368830285262 0.02280097898275 -0.06243203656990

3 0.257628342010142 -0.18881538772763 0.26992763497551

4 0.114687791008258 -0.15844590587096 -0.13861477431246

5 -0.102326834067699 0.18709636371172 0.28274302039306

6 -0.041575139812039 -0.03931075479036 -0.28630036580254

7 -0.025660419866653 -0.02426282816501 -0.17670626311019

8 0.027291337115770 0.02580491770105 0.18793730664070
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���/// 3: M = 4ÚN = 2"

d� 4
2H(ξ) =

∑7
n=0

4
2h(n)e−inξ"d § 3.3!�jÝ
*Ü·

��� 



4
2H1(ξ) =

∑7
n=0

4
2h1(n)e−inξ ,

4
2H2(ξ) =

∑7
n=0

4
2h2(n)e−inξ ,

4
2H3(ξ) =

∑7
n=0

4
2h3(n)e−inξ"

¤éA�Xê {42h(n)}7n=0 , {42h1(n)}7n=0 , {42h2(n)}7n=0Ú

{42h3(n)}7n=0©Oë�e¡�L3ÚL4"ddºÝ¼ê 4
2φ (ã4.2.7)

÷v
4̂
2φ(ξ) = 4

2H(ξ/3)4̂2φ(ξ/3),


���Å 4
2ψ1 (ã4.2.8), 4

2ψ2 (ã4.2.9)Ú 4
2ψ3 (ã4.2.10)©O�





4̂
2ψ1(ξ) = 4

2H1(ξ/3)4̂2φ(ξ/3) ,

4̂
2ψ2(ξ) = 4

2H2(ξ/3)4̂2φ(ξ/3) ,

4̂
2ψ3(ξ) = 4

2H3(ξ/3)4̂2φ(ξ/3)"

L3: 4
2H(ξ) Ú4

2H1(ξ) �Xê

n {42h(n)}7n=0 {42h1(n)}7n=0

0 0.134894524698606 -0.141271753965439

1 0.197394524698606 0.277668941764017

2 0.259894524698606 0.119259368303852

3 0.322394524698606 -0.039150205156319

4 0.115105475301394 -0.291740947926782

5 0.052605475301394 -0.133331374466610

6 -0.009894524698606 0.025078198993555

7 -0.072394524698606 0.183487772453726
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L4: 4
2H2(ξ) Ú4

2H3(ξ) �Xê

n {42h2(n)}7n=0 {42h3(n)}7n=0

0 0.206292002628820 0.119102743249413

1 -0.313968771433598 0.054432305691191

2 0.186391180663641 -0.363791522460306

3 0.074378697065083 0.278644821168021

4 -0.206292002628820 -0.119102743249413

5 -0.094279519030262 -0.054432305691191

6 0.017732964568288 0.010238131867031

7 0.129745448166847 0.074908569425254
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2ψ1

0 0.5 1 1.5 2 2.5 3 3.5
−0.6

−0.5

−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

0 0.5 1 1.5 2 2.5 3 3.5
−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6
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2ψ2 ã4.2.10 �Å4

2ψ3
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���/// 4: M = 4ÚN = 3 "

d� 4
3H(ξ) =

∑11
n=0

4
3h(n)e−inξ"d § 3.3!�jÝ
*Ü·

��� 



4
3H1(ξ) =

∑11
n=0

4
3h1(n)e−inξ ,

4
3H2(ξ) =

∑11
n=0

4
3h2(n)e−inξ ,

4
3H3(ξ) =

∑11
n=0

4
3h3(n)e−inξ"

¤éA�Xê {43h(n)}11n=0 , {43h1(n)}11n=0 , {43h2(n)}11n=0Ú

{43h3(n)}11n=0©Oë�e¡�L5ÚL6"

L5: 4
3H(ξ) =

∑11
n=0

4
3h(n)e−inξ �Xê

4
3h(0) 0.0254934546181825 4

3h(6) 0.1365130907636350
4
3h(1) -0.0088038180814914 4

3h(7) 0.2051076361629828
4
3h(2) -0.0274760907811654 4

3h(8) 0.3189325454168782
4
3h(3) -0.0305233634808393 4

3h(9) 0.2221352727172043
4
3h(4) -0.0944260000350607 4

3h(10) 0.1409630000175303
4
3h(5) 0.0366685453642871 4

3h(11) 0.0754157273178564

ddºÝ¼ê 4
3φ (ã4.2.11)÷v

4̂
3φ(ξ) = 4

3H(ξ/3)4̂3φ(ξ/3) ,


���Å4
3ψ1 (ã4.2.12), 4

3ψ2 (ã4.2.13)Ú 4
3ψ3 (ã4.2.14)©

O� 



4̂
3ψ1(ξ) = 4

3H1(ξ/3)4̂3φ(ξ/3) ,

4̂
3ψ2(ξ) = 4

3H2(ξ/3)4̂3φ(ξ/3) ,

4̂
3ψ3(ξ) = 4

3H3(ξ/3)4̂3φ(ξ/3)"
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L6: 4
3H1(ξ), 4

3H2(ξ) Ú4
3H3(ξ) �Xê

n {43h1(n)}11n=0 {43h2(n)}11n=0 {43h3(n)}11n=0

0 -0.28551296008145 0.08952341819026 0.04315622174374

1 0.23624092315126 -0.35071316399551 0.02891645359350

2 0.19068548982346 0.23530900072436 -0.33646568130470

3 0.15517100912478 0.21459675049441 0.36122337942223

4 -0.18121765358831 -0.10452289388989 -0.04671084456832

5 -0.11538774976658 -0.06798220273270 -0.03139223451299

6 -0.06125069136163 -0.03781437989718 -0.01865879478763

7 -0.01880647837346 -0.01401942538331 -0.00851052539228

8 0.03371791177754 0.01499947569963 0.00355462282458

9 0.02348439391273 0.01044707626435 0.00247578091949

10 0.01490276883558 0.00662952440475 0.00157108549906

11 0.00797303654608 0.00354682012083 0.00084053656332
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3φ ã4.2.12 �Å4
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4.3 ééé¡¡¡ÚÚÚ���ééé¡¡¡���������ÅÅÅ

3� Ïf� 2�, ·���ØHaar�Å�	, Ø�3é¡

½�é¡�;| �Å (½n2.10.3)"3� ÏfM ≥ 3�, �

¹ÒØ��
"·�U
é�ù���Å"�!ò0�dw<

�Úëïb( [8])3� Ïf� 3Ú¸R( [30])3� Ïf� 4�

�é¡Ú�é¡���Å�~f"·�E,lõ©E©Û5�

Eùa�Å"3 § 3.3!¥^Ý
*Ü��{5����Å�7

´é¡½�é¡�, Ïd,·�Ó��Ñ§��ºÝ¼êÚ�Å�

L�ª"

4.3.1. ���   ÏÏÏfffM = 3���~~~fff

�

H0(ξ) = − 1
81

(
1 + e−iξ + e−2iξ

)2

× (
1 + 2e−iξ − 15e−2iξ + 2e−3iξ + e−4iξ

)

= − 1
81

(
1 + 4e−iξ − 8e−2iξ − 20e−3iξ − 35e−4iξ − 20e−5iξ

−8e−6iξ + 4e−7iξ + e−8iξ
)
"

N´�y,

H0(−ξ) = e−8iξH0(ξ), (4.3.1)

Ú

|H0(ξ)|2 +
∣∣∣∣H0

(
ξ +

2π

3

)∣∣∣∣
2

+
∣∣∣∣H0

(
ξ +

4π

3

)∣∣∣∣
2

= 1, (4.3.2)

±9

|H0(ξ)| 6= 0, ξ ∈ [−π/3, π/3]"
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Ïde�[©�§

φ̂(ξ) = H0(ξ/3)φ̂(ξ/3), φ̂(0) = 1, (4.3.3)

�;| L2(R))φ¤)¤��mx

Vj =

{∑

k∈Z
d(k)3j/2φ(3j · −k) :

∑

k∈Z
|d(k)|2 < ∞

}
, j ∈ Z

´��õ©E©Û"d (4.3.1)∼(4.3.3)�, φ| u [0, 4]¿k�

���²£Ú'ux = 2é¡"½Â

H1(ξ) =
1

81
√

2

(−5− 20e−iξ + 40e−2iξ − 8e−3iξ − 14e−4iξ

−8e−5iξ + 40e−6iξ − 20e−7iξ − 5e−8iξ
)

,

H2(ξ) =
√

6
54

(−1− 4e−iξ + 8e−2iξ − 8e−6iξ + 4e−7iξ + e−8iξ
)
"

@oH1(−ξ) = e−8iξH1(ξ), H2(−ξ) = −e−8iξH2(ξ), �



H0(ξ) H0(ξ + 2π
3 ) H0(ξ + 4π

3 )

H1(ξ) H1(ξ + 2π
3 ) H1(ξ + 4π

3 )

H2(ξ) H2(ξ + 2π
3 ) H2(ξ + 4π

3 )




´��jÝ
"l
e¡¤½Â�¼êψ1Úψ2 ,




ψ̂1(ξ) = H1(ξ/3)φ̂(ξ/3) ,

ψ̂2(ξ) = H2(ξ/3)φ̂(ξ/3)

´é¡Ú�é¡����Å"e¡©O�φ (ã4.3.1),

ψ1 (ã4.3.2)Úψ2 (ã4.3.3)�ã"
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ã4.3.2 é¡�Åψ1 ã4.3.3 �é¡�Åψ2

4.3.2. ���   ÏÏÏfff���M = 4���~~~fff

�

H0(ξ) =
1
4
e6iξ

(
1 + e−iξ + e−2iξ + e−3iξ

)4
H̃0(ξ),

Ù¥ H̃0(ξ) =
∑7

n=0 h̃0(n)
(
e(7−n)iξ + e−(8−n)iξ

)
, Ù�A�X

ê {h̃0(n)}7n=0ë�e¡�L7"

L7 : H̃0(ξ) =
∑7

n=0 h̃0(n)
(
e(7−n)iξ + e−(8−n)iξ

)
�Xê

h̃0(0) -0.0029325485229492 h̃0(4) -0.01236123175047547

h̃0(1) 0.0154267771808598 h̃0(5) -0.01668829920195452

h̃0(2) -0.0363648587206678 h̃0(6) -0.04086982565532505

h̃0(3) 0.0448216219918581 h̃0(7) 0.05678086467865418
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ÏLO�, ·���H0(−ξ) = e−iξH0(ξ),

|H0 (ξ)|2+
∣∣∣H0

(
ξ +

π

2

)∣∣∣
2
+|H0 (ξ + π)|2+

∣∣∣∣H0

(
ξ +

3π

2

)∣∣∣∣
2

= 1,

¿�H0(ξ) 6= 0 é¤k� ξ ∈ [−π/4, π/4]¤á"Ïd, [©�

§

φ̂(ξ) = H0(ξ/4)φ̂(ξ/4) , φ̂(0) = 1 ,

�;| L2(R))φk����²£Ú'ux = 1/6é¡"½

Â 



H1(ξ) =
∑13

n=0 h1(n)
(
eniξ + e−(n+1)iξ

)
,

H2(ξ) =
∑13

n=0 h2(n)
(
eniξ − e−(n+1)iξ

)
,

H3(ξ) =
∑13

n=0 h3(n)
(
eniξ − e−(n+1)iξ

)
"

Ù�A�Xê {h1(n)}13
n=0 , {h2(n)}13

n=0Ú {h3(n)}13
n=0ë�e

¡�L8"

ØJ�yH1(−ξ) = H1(ξ), H2(−ξ) = −H2(ξ)ÚH3(−ξ)

= e−4iξH3(ξ), ¿�



H0(ξ) H0(ξ + π
2 ) H0(ξ + π) H0(ξ + 3π

2 )

H1(ξ) H1(ξ + π
2 ) H1(ξ + π) H1(ξ + 3π

2 )

H2(ξ) H2(ξ + π
2 ) H2(ξ + π) H2(ξ + 3π

2 )

H3(ξ) H3(ξ + π
2 ) H3(ξ + π) H3(ξ + 3π

2 )




´��jÝ
"½Â¼êψ1, ψ2, ψ3©O�




ψ̂1(ξ) = H1(ξ/4)φ̂(ξ/4) ,

ψ̂2(ξ) = H2(ξ/4)φ̂(ξ/4) ,

ψ̂3(ξ) = H3(ξ/4)φ̂(ξ/4)"
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@oψ1, ψ2, ψ3´é¡Ú�é¡����Å"d�Å�

��­�ê�5�´φ (ã4.3.4), ψ1 (ã4.3.5), ψ2 (ã4.3.6),

ψ3 (ã4.3.7)´ëY��¼ê"

L8 : H1(ξ),H2(ξ) ÚH3(ξ) �Xê

n {h1(n)}13n=0 {h2(n)}13n=0 {h3(n)}13n=0

0 0.19627362842553 0.27674999778212 0.19627362842553

1 -0.27674999778212 -0.19627362842553 0.27674999778212

2 0.00259202603912 0.08729865935821 0.00259202603912

3 0.08729865935821 0.00259202603912 -0.08729865935821

4 -0.03069623061898 -0.03449615939439 -0.03069623061898

5 0.03449615939439 0.03069623061898 -0.03449615939439

6 -0.00648135793830 -0.00611346925274 -0.00648135793830

7 -0.00611346925274 -0.00648135793830 0.00611346925274

8 0.00522580210401 0.00392849274751 0.00522580210401

9 -0.00392849274751 -0.00522580210401 0.00392849274751

10 0.00099580880668 -0.00125525288530 0.00099580880668

11 -0.00125525288530 0.00099580880668 0.00125525288530

12 -0.00073313713074 0.00092414577227 -0.00073313713074

13 -0.00092414577227 0.00073313713074 0.00092414577227
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ã4.3.4 ºÝ¼êφ ã4.3.5 é¡�Åψ1
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ã4.3.6 �é¡�Åψ2 ã4.3.7 é¡�Åψ3

4.4 ���������������ÅÅÅ

¯¤±�, �M = 2�, Ø�3;| ¿Ó�äk��

5Ú��5�ëY¼ê (�½n2.11.2)"�3� ÏfM ≥
3�, ù��ºÝ¼ê´�3�"e¡Ò´�g [3]�~f"

�M�Ûê�,½ÂM ′ = (M −1)/2; �M�óê�, ½

ÂM ′ = M/2 − 1"�α = M2−1
12M2M ′ , γ = α

√
12M ′(M ′+1)

M2−1
− 1,

¿½Â

HM
0 (ξ)= 2−e−iMξ−eiMξ

M2(2−e−iξ−eiξ)

(
1+ M2(α+γ)

2 (1− eiξ)(e−iξ − e−i(M ′+1)ξ)

+M2(α−γ)
2 (1− e−iξ)(eiξ − ei(M ′+1)ξ)

)
,

(4.4.1)

@o,
∑M−1

t=0 HM
0 (ξ+2πt/M) = 1 ,

∑M−1
t=0 |HM

0 (ξ+2πt/M)|2 =

1, ±9é¤k� |ξ| ≤ π/M¤áHM
0 (ξ) 6= 0"Ïd, [©�§





φ̂(ξ) = HM
0 (ξ/M)φ̂(ξ/M) ,

φ̂(0) = 1
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�ëY)φk��Ú����²£"¯¢þ, �3�~

êCÚ ε > 0, ¦� |φ̂(ξ)| ≤ C (1 + |ξ|)−1−ε"

AO�M = 3�, H3
0 (ξ) =

∑8
n=0 h0(n)e−(n−4)iξ,|^ § 3.3

!¥��{·���




H3
1 (ξ) =

∑8
n=0 h3

1(n)e−(n−4)iξ ,

H3
2 (ξ) =

∑8
n=0 h3

2(n)e−(n−4)iξ"

Ù�A�Xê {h3
0(n)}8

n=0 , {h3
1(n)}8

n=0Ú {h3
2(n)}8

n=0ë�e

¡�L9"

L9: H3
0 (ξ) , H3

1 (ξ) ÚH3
2 (ξ) �Xê

n {h3
0(n)}8n=0 {h3

1(n)}8n=0 {h3
2(n)}8n=0

0 -0.089415317124930 -0.28192736109768 -0.13524072018761

1 0.000000000000000 0.13060193748187 0.03123297165465

2 0.126452354161967 0.39870549766840 0.19125926067443

3 0.401052856472081 -0.19631786455480 0.16384540495874

4 0.333333333333333 0.10510032291365 -0.43948126211850

5 0.191539736120512 -0.16784034606851 0.23721559636480

6 0.021695793986182 0.00684070486145 -0.02860468477113

7 0.000000000000000 0.00000000000000 0.00000000000000

8 0.015341243050855 0.00483710879563 -0.02022656657537

@o¼êψ1, ψ2





ψ̂1(ξ) = H3
1 (ξ/3)φ̂(ξ/3) ,

ψ̂2(ξ) = H3
2 (ξ/3)φ̂(ξ/3)
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Ò´���Å"e¡´�M = 3�, ¤éA�φ (ã4.4.1),

ψ1 (ã4.4.2)Úψ2 (ã4.4.1)�ã"
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ã4.4.1 ��!��ºÝ¼êφ
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ã4.4.2 �Åψ1 ã4.4.3 �Åψ2

éM = 4,�â (4.4.1)·�kH4
0 (ξ)=

∑10
n=0 h4

0(n)e−i(n−5)ξ"

Ó�|^ § 3.3!¥�Ý
*Ü�{·���




H4
1 (ξ) =

∑10
n=0 h4

1(n)e−i(n−5)ξ ,

H4
2 (ξ) =

∑10
n=0 h4

2(n)e−i(n−5)ξ ,

H4
3 (ξ) =

∑10
n=0 h4

3(n)e−i(n−5)ξ"

Ù¥Xê {h4
0(n)}10

n=0 , {h4
1(n)}10

n=0 , {h4
2(n)}10

n=0Ú {h4
3(n)}10

n=0

©Oë�e¡�L10ÚL11"
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L10 : H4
0 (ξ) =

∑10
n=0 h4

0(n)e−i(n−5)ξ �Xê

h4
0(0) -0.0693201823922454 h4

0(6) 0.2051096352155091

h4
0(1) 0.0000000000000000 h4

0(7) 0.1250000000000000

h4
0(2) 0.0536951823922455 h4

0(8) -0.0068201823922455

h4
0(3) 0.1250000000000000 h4

0(9) 0.0000000000000000

h4
0(4) 0.3261403647844909 h4

0(10) -0.0088048176077546

h4
0(5) 0.2500000000000000

L11: H4
1 (ξ),H4

2 (ξ) ÚH4
3 (ξ) �Xê

n {h4
1(n)}10n=0 {h4

2(n)}10n=0 {h4
3(n)}10n=0

0 0.00000000000000 0.26313033394114 0.00000000000000

1 0.00000000000000 0.00000000000000 0.00000000000000

2 0.00000000000000 -0.20381988024721 0.00000000000000

3 0.01388103201165 -0.34063638395456 -0.02477205785507

4 -0.17015224468132 0.10630217105533 -0.17025794108920

5 0.10524583059776 0.06586107097002 0.41483205574361

6 0.32886522738214 0.08034846968590 -0.21980205679934

7 -0.31753125178311 0.03293053548501 0.00000000000000

8 0.01732496841919 -0.00179673806626 0.00000000000000

9 0.00000000000000 0.00000000000000 0.00000000000000

10 0.02236643805370 -0.00231957886937 0.00000000000000

Ïd, deª½Â�¼êψ1, ψ2, ψ3 ,




ψ̂1(ξ) = H4
1 (ξ/4)φ̂(ξ/4) ,

ψ̂2(ξ) = H4
2 (ξ/4)φ̂(ξ/4) ,

ψ̂3(ξ) = H4
3 (ξ/4)φ̂(ξ/4)
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´�|ëY���Å"e¡´φ (ã4.4.4), ψ1 (ã4.4.5),

ψ2 (ã4.4.6)Úψ3 (ã4.4.7)¤éA�ã�"
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4.5 ���^̂̂���ÅÅÅ

½ÂB0(x) = χ[0,1)(x), ¿8B/½ÂBN , N ≥ 1, �

BN (x) =
∫ 1

0
BN−1(x− t)dt, N ≥ 1" (4.5.1)

w,BN´ (N − 1)gëY��¼ê, | u [0, N + 1], ¿

3 [k, k + 1], 0 ≤ k ≤ N , þ´��gêØ�LN�õ�ª"
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3 (4.5.1)ü>�FourierC�, ·���

B̂N (ξ) =
(

1− e−iξ

iξ

)N+1

" (4.5.2)

ÏdBN÷ve��[©�§

B̂N (ξ) =
(

1− e−iξ

M −Me−iξ/M

)N+1

B̂N

(
ξ

M

)
" (4.5.3)

l
, B−�^BN3� Ïf�M�¤éA�ÎÒHM
N,0(ξ)

�
(

1−e−iMξ

M−Me−iξ

)N+1
"d (4.5.2), ·���BN��²£´­½

�, �3N ≥ 1�Ø´���"Ó�d (4.5.2)·���BN'

u (N +1)/2é¡"Ïd,d § 3.4¤ã,·��±lBN�E�

^¼ê¤éA�é¡Ú�é¡�^�ÅψM
N,1, · · · , ψM

N,M−1"

e¡·��Ñ3M = 3, N = 1, 2, 3�, ±93M = 4, N =

1, 2�����é¡Ú�é¡�ÅL«ª"

4.5.1. ���   ÏÏÏfffM��� 3, N��� 1������^̂̂���ÅÅÅ

�M = 3ÚN = 1�, �^¼êB1¤éA�ÎÒ¼ê�

H3
1,0(ξ) =

1
9

(
1 + e−iξ + e−2iξ

)2
"

d § 3.4!�Ý
*Ü�{, ·���




H3
1,1(ξ) =

∑2
n=0 h3

1,1(n)
(
e−inξ + e−i(4−n)ξ

)
,

H3
1,2(ξ) =

∑4
n=0 h3

1,2(n)
(
e−inξ − e−i(10−n)ξ

)
"

¤éA�Xê {h3
1,1(n)}2

n=0Ú {h3
1,2(n)}4

n=0ë�e¡�L12"
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L12 : H3
1,1(ξ) ÚH3

1,2(ξ) �Xê

n {h3
1,1(n)}2n=0 {h3

1,2(n)}4n=0

0 -0.1571348402636772 0.0075601535271086

1 0.3928371006591930 -0.0302406141084343

2 -0.2357022603955159 0.0907218423253029

3 0.0000000000000000 0.0604812282168686

4 0.0000000000000000 -0.3099662946114516

ù�·�½Â�¼êψ3
1,1 (ã4.5.2)Úψ3

1,2 (ã4.5.3)




ψ̂3
1,1(ξ) = H3

1,1(ξ/3)B̂1(ξ/3) ,

ψ̂3
1,2(ξ) = H3

1,2(ξ/3)B̂1(ξ/3)

´����é¡Ú�é¡�^�Å"

−0.5 0 0.5 1 1.5 2 2.5 3
0

0.2

0.4

0.6

0.8

1
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ã4.5.2 é¡�Åψ3
1,1 ã4.5.3 �é¡�Åψ3

1,2
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4.5.2. ���   ÏÏÏfffM��� 3, N��� 2������^̂̂���ÅÅÅ

�M = 3ÚN = 2�, �^¼êB2¤éA�ÎÒ¼ê�

H3
2,0(ξ) =

1
27

(
1 + e−iξ + e−2iξ

)3
"

d § 3.4!�Ý
*Ü�{, ·���




H3
2,1(ξ) =

∑9
n=0 h3

2,1(n)
(
e−inξ + e−i(18−n)ξ

)
,

H3
2,2(ξ) =

∑8
n=0 h3

2,2(n)
(
e−inξ − e−i(18−n)ξ

)
"

¤éA�Xê {h3
2,1(n)}9

n=0Ú {h3
2,2(n)}8

n=0ë�e¡�L13"

ù�·�½Â�¼êψ3
2,1 (ã4.5.5)Úψ3

2,2 (ã4.5.6) ,




ψ̂3
2,1(ξ) = H3

2,1(ξ/3)B̂2(ξ/3) ,

ψ̂3
2,2(ξ) = H3

2,2(ξ/3)B̂2(ξ/3)

´����é¡Ú�é¡�^�Å"

L13 : H3
2,1(ξ) ÚH3

2,2(ξ) �Xê

n {h3
2,1(n)}9n=0 {h3

2,2(n)}8n=0

0 -0.0000242492037444 0.0000000000000000

1 -0.0000727476112332 -0.0000096925045219

2 0.0057470612874215 0.0002810826311361

3 -0.0102574131838789 -0.0066587506065687

4 -0.0245159449855830 0.0335457581504138

5 0.0926077090998431 -0.0763672431283186

6 -0.1027923746724889 0.0656570256315814

7 -0.0037828757841256 0.0924858781482949

8 0.1657190583891929 -0.2061401861724938

9 -0.1226282233354037 0.0000000000000000

171



−0.5 0 0.5 1 1.5 2 2.5 3 3.5 4
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

ã4.5.4 �^B2

0 1 2 3 4 5 6 7

−1

−0.5

0

0.5

1

0 1 2 3 4 5 6 7
−1.5

−1

−0.5

0

0.5

1

1.5

ã4.5.5 é¡�Åψ3
2,1 ã4.5.6 �é¡�Åψ3

2,2

4.5.3. ���   ÏÏÏfffM��� 3, N��� 3������^̂̂���ÅÅÅ

�M = 3ÚN = 3�, �^¼êB3 (ã4.5.7)¤éA�Î

Ò¼ê�

H3
3,0(ξ) =

1
81

(
1 + e−iξ + e−2iξ

)4
"

d § 3.4!�Ý
*Ü�{, ·���




H3
3,1(ξ) =

∑10
n=0 h3

3,1(n)
(
e−inξ + e−i(20−n)ξ

)
,

H3
3,2(ξ) =

∑9
n=0 h3

3,2(n)
(
e−inξ − e−i(20−n)ξ

)
"

¤éA�Xê {h3
3,1(n)}10

n=0Ú {h3
3,2(n)}9

n=0ë�e¡�L14,

ù�·�½Â�¼êψ3
3,1 (ã4.5.8)Úψ3

3,2 (ã4.5.9) ,

172







ψ̂3
3,1(ξ) = H3

3,1(ξ/3)B̂2(ξ/3) ,

ψ̂3
3,2(ξ) = H3

3,2(ξ/3)B̂2(ξ/3)

´����é¡Ú�é¡�^�Å"

L14 : H3
3,1(ξ) ÚH3

3,2(ξ) �Xê

n {h3
3,1(n)}10n=0 {h3

3,2(n)}9n=0

0 0.0000323964229919 -0.0000000108403285

1 -0.0004316101661172 0.0000013252301640

2 -0.0009387264507718 -0.0001461059480626

3 0.0113378499284903 0.0018177442307436

4 -0.0171364888873682 -0.0154397606959636

5 -0.0226064164177109 0.0534156375785780

6 0.0959712276223890 -0.0916318445449250

7 -0.1108935332630964 0.0500525205019056

8 0.0096382886724050 0.0985092199789392

9 0.1422676406177223 -0.1666554276998986

10 -0.1072406280789341 0.0000000000000000
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4.5.4. ���   ÏÏÏfffM��� 4, N��� 1������^̂̂���ÅÅÅ

�M = 4ÚN = 1�, �^¼êB1 (ã4.5.10)¤éA�

ÎÒ¼ê�

H4
1,0(ξ) =

1
16

(
1 + e−iξ + e−2iξ + e−3iξ

)2
"

d § 3.4!�Ý
*Ü�{, ·���




H4
1,1(ξ) =

∑7
n=0 h4

1,1(n)
(
e−inξ + e−i(14−n)ξ

)
,

H4
1,2(ξ) =

∑9
n=0 h4

1,2(n)
(
e−inξ + e−i(18−n)ξ

)
,

H4
1,3(ξ) =

∑6
n=0 h4

1,3(n)
(
e−inξ − e−i(14−n)ξ

)
"

¤éA�Xê {h4
1,1(n)}7

n=0 , {h4
1,2(n)}9

n=0Ú {h4
1,3(n)}6

n=0ë

�e¡�L15"ù�·�½Â�¼êψ4
1,1 (ã4.5.11)

ψ4
1,2 (ã4.5.12)Úψ4

1,3 (ã4.5.13) ,




ψ̂4
1,1(ξ) = H4

1,1(ξ/4)B̂1(ξ/4) ,

ψ̂4
1,2(ξ) = H4

1,2(ξ/4)B̂1(ξ/4) ,

ψ̂4
1,3(ξ) = H4

1,3(ξ/4)B̂1(ξ/4)

´����é¡Ú�é¡�^�Å"
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L15 : H4
1,1(ξ) , H4

1,2(ξ) ÚH4
1,3(ξ) �Xê

n {h4
1,1(n)}7n=0 {h4

1,2(n)}9n=0 {h4
1,3(n)}6n=0

0 -0.007812500000000 -0.005524271728020 -0.001841423909340

1 -0.015625000000000 0.022097086912080 0.007365695637360

2 0.059895833333333 -0.023938510821420 -0.027621358640100

3 -0.031250000000000 -0.022097086912080 0.110485434560398

4 0.013020833333333 0.025779934730760 -0.057084141189539

5 -0.109375000000000 0.014731391274720 0.110485434560398

6 0.184895833333333 -0.025779934730760 -0.384857597052053

7 -0.093750000000000 0.198873782208717 0.000000000000000

8 0.000000000000000 0.029462782549440 0.000000000000000

9 0.000000000000000 -0.213605173483436 0.000000000000000
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4.5.5. ���   ÏÏÏfffM��� 4, N���2������^̂̂���ÅÅÅ

�M = 4ÚN = 2�, �^¼êB2 (ã4.5.14)¤éA�Î

Ò¼ê�

H4
2,0(ξ) =

1
64

(
1 + e−iξ + e−2iξ + e−3iξ

)3
"

d § 3.4!�Ý
*Ü�{, ·���




H4
2,1(ξ) =

∑12
n=0 h4

2,1(n)
(
e−inξ + e−i(25−n)ξ

)
,

H4
2,2(ξ) =

∑14
n=0 h4

2,2(n)
(
e−i(n−2)ξ + e−i(27−n)ξ

)
,

H4
2,3(ξ) =

∑10
n=0 h4

2,3(n)
(
e−i(n−2)ξ − e−i(19−n)ξ

)
"

ÙXê {h4
2,1(n)}12

n=0, {h4
2,2(n)}14

n=0Ú {h4
2,3(n)}10

n=0ë��Ù�

��L16, ù�·�½Â�¼êψ4
2,1 (ã4.5.15), ψ4

2,2 (ã4.5.16)

Úψ4
2,3 (ã4.5.17) ,





ψ̂4
2,1(ξ) = H4

2,1(ξ/4)B̂2(ξ/4) ,

ψ̂4
2,2(ξ) = H4

2,2(ξ/4)B̂2(ξ/4) ,

ψ̂4
2,3(ξ) = H4

2,3(ξ/4)B̂2(ξ/4)

´����é¡Ú�é¡�^�Å"
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L16 : H4
2,1(ξ) , H4

2,2(ξ) ÚH4
2,3(ξ) �Xê

n {h4
2,1(n)}12n=0 {h4

2,2(n)}14n=0 {h4
2,3(n)}10n=0

0 -0.000004069010 -0.000000089913 -0.000000061680

1 -0.000012207031 0.000002607485 0.000001788720

2 -0.000024414063 -0.000061860334 -0.000042435839

3 0.004125976563 -0.000185581003 0.000986879985

4 -0.003206380208 0.001885751155 -0.005022787362

5 -0.009521484375 -0.004569122988 0.012913139560

6 -0.014819335938 0.000848781333 -0.029854106417

7 0.076733398438 0.004030992027 0.053545147329

8 -0.047204589844 0.024816334143 -0.058767839568

9 -0.065799967448 -0.059070055735 0.105196101888

10 0.020947265625 0.018907683157 -0.218740961726

11 0.163037109375 0.019031403826 0.000000000000

12 -0.124251302083 0.098537128943 0.000000000000

13 0.000000000000 -0.164677695027 0.000000000000

14 0.000000000000 0.003182210693 0.000000000000
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