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Abstract
Graph convolutional neural network (GCNN) offers a framework for representing
and learning functions of data on networks and irregular domains. In this paper, we
introduce the concept of a graph Barron space of functions.We prove that the proposed
graph Barron space is a reproducing kernel Banach space, can be decomposed into a
union of reproducing kernel Hilbert spaces with explicitly expressed neuron kernels,
and is dense in the space of continuous functions under certain technical assumptions.
In this paper, we also show that the outputs of shallow GCNNs belong to the graph
Barron space and that functions in the graphBarron space can bewell approximated by
outputs of shallowGCNN in both the integrated square and uniform norms.Moreover,
we estimate the Rademacher complexity of functions with bounded Barron norm and
conclude that functions in the graph Barron space can be learned efficiently from their
noiseless random samples with high probability. Finally, we test the approximation
performance of shallow GCNNs to a quadratic function on the data set collected at
weather stations in the region of Brest, France.

Keywords Graph convolution neural network · Graph Barron space · Reproducing
kernel Banach space · Reproducing kernel Hilbert space · Universal approximation ·
Radmacher complexity · Learnability

1 Introduction

Graph signal processing (GSP) provides an innovative approach to extract knowledge
from massive datasets residing on networks and irregular domains [12, 16, 20, 28, 46,
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47, 52–54, 60, 64]. Many of these irregular structures could be modeled using graphs.
For example, vertices of a graph can represent sensors in a sensor network with edges
depicting peer-to-peer communication links, and similarly, the skeleton of a human
body can be modeled as a graph, with joints as vertices and their natural anatomical
connections as edges [1, 13, 59, 69, 77]. In this paper, we consider undirected graphs
G := (V , E) of very large order N ≥ 1 with the number of edges #E significantly
less than N (N − 1)/2. Ideally, the number of edges does not exceed a multiple of the
graph order N , as is the case for graphs with bounded degree.

Convolutional neural network (CNN) has gained a lot of attention from industrial
and academic communities, and it has made numerous achievements. For instance,
computer vision based on CNNs makes it possible to accomplish tasks, such as face
recognition, autonomous vehicle and intelligent medical treatment. The reader may
refer to [26, 34, 35, 37, 40, 45, 74, 83, 84] and references therein for historical remarks
and recent advances. Graph convolutional neural networks (GCNNs) generalize clas-
sical CNNs to process graph-structured data and have achieved strong performance
across a wide range of tasks. However, a feasible extension of CNNs from regular
grid (such as pixel grids to represent images) to irregular graph (such as the skeleton
structure of human body) is not straightforward, and there is a significant gap between
its theoretical foundations and engineering applications, see [6, 16, 28, 36, 39, 43, 60,
70, 81, 85] and references therein.

GCNN takes advantage of topological structure of the underlying graph and
aggregates node information from the neighborhoods in a convolutional fashion. A
basic question is how to define graph convolution appropriately. Two conventional
approaches have been proposed to define graph convolution, one from the spectral
perspective while the other from the spatial perspective. In the first trial to define a
GCNN, the spatial convolution is used to sum up the neighboring features [8], see Sec-
tion 7. In this paper, we adopt the spectral approach and use graph Fourier transform
to define graph convolution b ∗ x between two graph signals b and x, see (2.9).

Let RV be the linear space of all graph signals, represented by column vectors x =
(x(v))v∈V , on the graph G := (V , E), � be a compact subset of RV ,W ⊂ R

V be the
linear space of graph signals b used for the convolution in GCNNs, σ(t) = max(0, t)
be the ReLU activation function with σ(y), y ∈ R

V , defined componentwisely, and
denote the transpose of a vector a ∈ R

V by aT . In this paper, we consider shallow
(two-layer) GCNNs equipped with M neurons at every vertex v ∈ V , which has graph
signal input x in the compact domain � and scalar-valued output given by

fM (x,���) = 1

M

M∑

m=1

aTmσ(bm ∗ x + cm), x ∈ �, (1.1)

where��� = (θθθ1, . . . , θθθM ) and θθθm = (am,bm, cm) ∈ R
V ×W×R

V , 1 ≤ m ≤ M ; see
Section 2.3 for detailed description. The above shallowGCNNhas neuronsφ(x, θθθm) =
aTmσ(bm ∗x+ cm), 1 ≤ m ≤ M , and 2NM ≤ (2N +dimW)M ≤ 3NM parameters,
where dimW is the dimension of the linear spaceW . For the case that the convolution
spaceW contains graph signals such that the corresponding convolution operation can
be implemented by somepolynomial filtering procedurewith polynomials up to a given
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degree L , i.e.,
bm ∗ x = hm(S1, . . . ,SK )x

for some commutative graph shifts S1, . . . ,SK and multivariate polynomials hm, 1 ≤
m ≤ M , of degrees at most L , the above shallow GCNN is essentially the ChebNet
in the literature [15, 28, 33, 43, 70], and it can be implemented in a distributed and
scalable manner.

In this paper, we introduce the graph Barron space of functions on the domain �

and address whether and how a function f in the Barron space can be approximated
by the outputs fM of shallow GCNNs, i.e.,

f (x) ≈ fM (x,���), x ∈ �

for some appropriately chosen parameter ��� ∈ (RV × W × R
V )M and suitably large

number M of neurons per vertex. Our default assumptions on the shallow GCNNs
are that the underlying graph G has a very large order N , and the number of neurons
M at each vertex should not exceed a multiple of the graph order N , and ideally, it
is independent of the graph order so that the shallow GCNN remains scalable, see
Section 4.1. In situations where shallow GCNNs require a large number of neurons
at each vertex, it may be more advantageous to use deep GCNNs, where each layer
contains a smaller number of neurons per vertex. Deep GCNNs remain relatively
understudied, and we refer the reader to [40, 74, 83, 84] and the references therein for
deep convolutional neural networks in the classical Euclidean setting.

We say that A = O(B) for two quantities A and B if |A/B| is bounded by some
absolute constant. The main contributions of this paper are as follows.

(i) Barron space of functions on the unit cube [0, 1]N was introduced in [3] with
the help of Fourier transform. In this paper, we follow the spatial framework
in [2, 17–19, 63] and introduce a graph Barron space B on a compact domain
� of (sparse) graph signals in R

V . We show that the graph Barron space B
is a reproducing kernel Banach space and functions in the Barron space B
are Lipschitz continuous; see Theorem 3.1 and Corollary 3.4. We observe
that functions in the graph Barron space B, without the underlying graph
structure into consideration, could be treated as a function on a domain of the
Euclidean spaceRN , and belong to the Barron space defined in [17], however
the converse may not be true, see Remarks 3.5 and 3.6.

(ii) Reproducing kernel Hilbert/Banach spaces (RKHSs/RKBSs) are ideal for
function estimation, and their kernels are selected tomeasure certain similarity
between input data [24, 51, 55, 65, 71]. For the graph Barron space B, we
do not have an explicit closed-form expression for its reproducing kernel. To
address this, we decompose B into the union of a family of RKHSs equipped
with neuron kernels, whose reproducing kernels have explicit expressions.
We further establish norm equivalence between these spaces; see Theorems
3.10 and 3.12, and also Remark 3.13 for the comparison to the Barron space
in the classical Euclidean setting.

(iii) The approximation of functions in Barron/Besov/Hölder spaces by outputs of
someneural networks iswell studied in the classical setting, see [17, 58, 61, 75,
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76] and references therein. In this paper, we show that functions in the Barron
space can be well approximated by some shallow GCNNs with bounded path
norm, and conversely the limit of outputs of shallow GCNNs with bounded
path norm belongs to the Barron space; see Theorems 4.1, 4.3 and 4.6. To
achieve an integrated square (respectively, uniform) approximation error for
a function f in the Barron space B using outputs of shallow GCNNs with
accuracy ε‖ f ‖B on the domain �sp in (2.15), we derive from Theorems 4.1
and 4.3 that the number of parameters in the shallow GCNN is approximately
O(Nε−2) (respectively, O(Nsε−2 log(s−1ε−1N ))), and hence the shallow
GCNN is nearly scalable. Here N is the order of the underlying graph G of
the shallow GCNN, and ‖ f ‖B is the Barron norm of the function f ∈ B. As
expected, the approximation of functions in the Barron space does not suffer
from the curse of dimensionality (i.e., the order N of the underlying graphG in
the current setting), see Remarks 4.4 and 4.5 for comparisons in the classical
neural network setting.

(iv) The universal approximation theorem provides a key theoretical justification
for the design and use of neural networks [7, 31, 32, 49]. In Theorem 4.7,
we establish the universal approximation theorem for shallow GCNNs and
density of the graph Barron space B, under some technical conditions on the
graph Fourier transform and the convolution space W .

(v) Rademacher complexity of a function class is a conventional measure of gen-
eralization error in learning theory [2, 4, 17, 57, 78]. In this paper, we provide
an estimate to the Rademacher complexity of functions with bounded Barron
norm, which depends on the inverse square root of the sample size and the
square root of the logarithm of the graph order, see Theorem 5.1. As a conse-
quence, we see that functions in the Barron space could be learnt from their
random samples in an efficient way, see Theorem 5.4.

The rest of this paper is organized as follows. Graph shifts provide the foundation
fromwhich most GSP tools and techniques are derived. In Section 2.1, we recall some
preliminaries on graph shifts S1, . . . ,SK , including their eigendecomposition in (2.3),
polynomial filters in (2.7), and joint spectrum in Assumption 2.1. The graph Fourier
transform (GFT) and graph convolution are key tools widely used in GSP. In Section
2.2, we recall the conventional definition of the GFT and the graph convolution based
on the graph shifts, which is used in our GCNNs. In Section 2.3, we set up the essential
components of our GCNNs, including the domain �, the activation function σ , the
convolution norm ‖ · ‖co, and the formulation of shallow GCNNs. In Section 3.1, we
introduce the graph Barron space B and show that it is a reproducing kernel Banach
space. In Section 3.2, we introduce a family of reproducing kernel Hilbert spaces
(RKHSs), provide explicit formulas for their reproducing kernels, and establish their
integral representation. More importantly, in Section 3.3, we show that the graph Bar-
ron space B is the union of the RKHSs introduced in Section 3.2 with an associated
norm equivalence. In Sections 4.1 and 4.2, we consider the approximation problem
of functions in the Barron space by outputs of shallow GCNNs with bounded path
norm in the integrated square norm and in the uniform norm respectively, and provide
an estimate to number of parameters required for shallow GCNNs to reach a given

123



Journal of Fourier Analysis and Applications            (2026) 32:52 Page 5 of 50    52 

approximation accuracy. In Section 4.4, we establish a universal approximation theo-
rem in theGCNN setting. In Section 5.1, we derive an upper bound for the Rademacher
complexity of functions in the Barron space. In Section 5.2, we address the learnabil-
ity of functions in the graph Barron space from their noiseless random sampling data.
In Section 6, we use stochastic gradient descent with Nesterov momentum (SGDM)
to train shallow GCNNs from both synthetic and real data, and we demonstrate its
approximation performance in Sections 4 and 5. We observe that there is a trade-off
between the number of neurons and the number of iterations in the SGDM that needs
to be carefully balanced to achieve optimal performance of GCNNs. In the Conclusion
and Discussions section, we consider a Barron space with convolution defined via the
spatial approach (which involves far more parameters than the spectral approach in the
paper) and discuss its approximation properties using the outputs of shallow GCNNs.

2 Preliminaries

In this paper, we consider undirected connected graphs G = (V , E) of very large
order N ≥ 1 with their adjacency, degree and Laplacian matrices denoted by W,D
and L := D − W respectively, and we define the geodesic distance ρ(v, v′) between
vertices v, v′ ∈ V by the number of edges in the shortest path connecting them. For
convenience, we use x = (x(v))v∈V to denote a graph signal that takes value x(v) at
the vertex v ∈ V and denote the set of all graph signals on the graph G by R

V .
The concept of graph shifts is similar to the one-order delay in classical signal

processing and polynomial filters have been widely used in graph signal processing. In
Section 2.1, we recall some preliminaries on commutative graph shifts and polynomial
filters [20, 23, 28, 29, 46, 47, 53, 54, 60, 64]. The graph Fourier transform is one
of fundamental tools in graph signal processing that decomposes graph signals into
different frequency components and represents them by different modes of variation
[9, 11, 14, 28, 46, 47, 52, 60, 64]. Based on commutative graph shifts, in Section 2.2
we introduce graph Fourier transform of a graph signal and define graph convolution
between two graph signals, see (2.5) and (2.9). We also show that the proposed graph
convolution operation can be implemented in the spectral domain by taking the inverse
Fourier transformof themultiplication between twoFourier transformedgraph signals,
and also in the spatial domain by applying some polynomial filtering procedure, see
(2.9) and (2.10).

GCNNs are generalizations of classical CNNs to handle graph data, and they have
been a powerful graph analysis method. In Section 2.3, we discuss the setting of a
shallow GCNN on a compact domain of (sparse) graph signals.

2.1 Commutative Graph Shifts

A filter in graph signal processing is a linear transform to map one graph signal on
the graph to another graph signal on the same graph, which is usually represented by
a matrix with entries indexed by the vertex set. A graph shift S, to be represented by
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a matrix S = (S(v, v′))v,v′∈V , is an elementary graph filter satisfying

S(v, v′) = 0 if ρ(v, v′) ≥ 2. (2.1)

Our illustrative examples of graph shifts are the degree matrixD, the adjacency matrix
W, the Laplacian matrix L, the symmetric normalized Laplacian matrix Lsym =
D−1/2LD−1/2 and their variants [20, 23, 28, 46, 47, 53, 60, 64]. A significant advantage
of a graph shift S = (S(v, v′))v,v′∈V is that the filtering procedure S : (x(v))v∈V =:
x 
−→ Sx := (x̃(v))v∈V can be implemented by some local operation that updates
signal value x̃(v) at each vertex v ∈ V by a “weighted" sum of signal values x(v′) at
adjacent vertices v′ ∈ Nv ,

x̃(v) =
∑

v′∈Nv

S(v, v′)x(v′),

where Nv is the set of adjacent vertices of v ∈ V .
Similar to the one-order delay z−1

1 , . . . , z−1
K in classical multidimensional signal

processing, the concept ofmultiple commutative graph shiftsS1, . . . ,SK is introduced
in [20], where two illustrative families of commutative graph shifts on circulant/Cayley
graphs and product graphs are presented.Herewe say thatS1, . . . ,SK are commutative
if

SkSk′ = Sk′Sk, 1 ≤ k, k′ ≤ K . (2.2)

For commutative graph shifts, it is well known that they can be upper-triangularized
simultaneously by some unitary matrix [27, Theorem 2.3.3]. Under additional real-
valued and symmetric assumptions, commutative graph shifts can be diagonalized
simultaneously by some orthogonal matrix U, i.e.,

Sk = U			kUT (2.3)

for some diagonal matrices			k := diag(λk(n))1≤n≤N , 1 ≤ k ≤ K . Define

			 = {
λλλ(n) = [λ1(n), ..., λK (n)]T , 1 ≤ n ≤ N

} ⊂ R
K . (2.4)

As λk(n), 1 ≤ n ≤ N , are eigenvalues of Sk, 1 ≤ k ≤ K , we call 			 as the joint
spectrum of commutative graph shifts S1, . . . ,SK [20].

In this paper, we make the following assumption on the graph shifts S1, . . . ,SK

and their joint spectrum			.

Assumption 2.1 Graph shifts S1, . . . ,SK are real-valued, symmetric and commuta-
tive, and λλλ(n) ∈ R

K , 1 ≤ n ≤ N , in the joint spectrum			 in (2.4) are distinct.

2.2 Graph Fourier Transform and Graph Convolution

In this paper, we define the graph Fourier transformFx of a graph signal x ∈ R
V and

the inverse graphFourier transformF−1ωωω of a vectorωωω = [ω(1), . . . , ω(N )]T ∈ R
N
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by

Fx = UT x = [uT1 x, . . . ,uTNx]T and F−1ωωω = Uωωω =
N∑

n=1

ω(n)un, (2.5)

where U = [u1, . . . ,uN ] is the orthogonal matrix in (2.3) to diagonalize the graph
shifts S1, . . . ,SK simultaneously. The conventional definition of the graph Fourier
transformon (un)directed graphs is based on one graph shift and a common selection of
the graph shift is either the Laplacian matrixL or the symmetric normalized Laplacian
matrix Lsym on the graph [9, 14, 20, 46, 64]. By (2.3), the Parseval identity holds for
the graph Fourier transform F in (2.5),

‖Fx‖2 = ‖x‖2 for all x ∈ R
V . (2.6)

We say that H is a polynomial filter of S1, . . . ,SK if

H = h(S1, . . . ,SK ) =
∑

hl1,...,lK S
l1
1 · · · SlKK (2.7)

for some multivariate polynomial h(t1, . . . , tK ) = ∑
hl1,...,lK

∏K
k=1 t

lk
k , where the

sum is taken on a finite subset of ZK+ [20, 28, 29, 46, 47, 53, 54, 60, 64]. We observe
that the operation of a polynomial filter H of graph shifts Sk, 1 ≤ k ≤ K , becomes a
multiplier m(H) in the Fourier domain,

FHx = m(H) � (Fx), x ∈ R
V , (2.8)

where a � b is the Hadamard product of two vectors a and b ∈ R
N . In particular, the

multipliers associated with the graph shifts Sk are the diagonal vectors of the diagonal
matrix			k, 1 ≤ k ≤ K .

Given two graph signals b and x, define their convolution b ∗ x by

b ∗ x := F−1(Fb � Fx) =
N∑

n=1

(uTn b)unuTn x. (2.9)

By (2.8) and (2.9), we see that the convolution associated with a graph signal b
commutes with graph shifts Sk, 1 ≤ k ≤ K , i.e.,

Sk(b ∗ x) = (Skb) ∗ x, x ∈ R
V .

With Assumption 2.1, it is shown in [20] that H is a polynomial filter if and only if it
commutes with S1, . . . ,SK , i.e.,HSk = SkH, 1 ≤ k ≤ K . Therefore the convolution
operation associated with a graph signal b could be written as a polynomial filtering
procedure,

b ∗ x = h(S1, . . . ,SK )x, x ∈ R
V , (2.10)
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where h is a multivariate polynomial. In particular, we can show that (2.10) holds if
and only if the polynomial h satisfies the following interpolation property

h(λλλ(n)) = uTn b, 1 ≤ n ≤ N , (2.11)

or equivalently

b = h(S1, . . . ,SK )

N∑

n=1

un = h(S1, . . . ,SK )U1, (2.12)

where 1 is the column vector with all components taking value one.
Let 0 ≤ L ≤ N − 1. Denote the space of all multivariate polynomials of degree at

most L by �L , and set

WL = {b = h(S1, . . . ,SK )U1 : h ∈ �L}. (2.13)

The spatial representation (2.10) of the convolution operation provides another
approach to implement the convolution between graph signals b and x in the spa-
tial domain. In particular, given a graph signal b ∈ WL , we first evaluate the Fourier
coefficients uTn b, 1 ≤ n ≤ N , then find themultivariate polynomial h that takes values
uTn b at the spectrum λλλ(n), 1 ≤ n ≤ N ; and finally used the distributed algorithm to
implement the polynomial filtering procedure in (2.10), see [20]. The total computa-
tional complexity to implement the distributed algorithm is about O(LK × N ).

2.3 Graph Convolutional Neural Networks

Let� ⊂ R
V be a compact set of graph signal inputs ofGCNNs.Due to the compactness

of the set �, there exists a positive constant D0 such that

� ⊂ {x ∈ R
V : ‖x‖∞ ≤ D0}. (2.14)

An illustrative example of the above compact domain is the set of all s-sparse graph
signals whose norms are bounded by one,

�sp = {x ∈ R
V : ‖x‖∞ ≤ 1, ‖x‖0 ≤ s}, (2.15)

where we denote the standard 
p-norm on the linear space of p-summable graph
signals by ‖ · ‖p, 1 ≤ p ≤ ∞, and the number of nonzero entries of the vector x by
‖x‖0. Taking s = N in (2.15) leads to the unit ball with one as its radius and the origin
as its center,

�ba = {x ∈ R
V : ‖x‖∞ ≤ 1} = [−1, 1]V . (2.16)

The uniform approximation property via shallowGCNNs on the above two illustrative
domains is discussed in Remarks 4.4 and 4.5. In the classical neural network setting,
a popular selection of the domain � is the unit cube [0, 1]N [3, 8, 17].
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Let ‖ · ‖ be a norm on R
V normalized so that the ReLU activation function σ in

GCNNs satisfy
‖σ(x)‖ ≤ ‖x‖ for all x ∈ R

V . (2.17)

Denote its dual norm by ‖ · ‖∗. Due to the norm equivalence on a finite-dimensional
linear space, onemay verify that theReLUactivation functionσ has Lipschitz property
on � with Lipschitz constant denoted by ‖σ‖Lip,

‖σ(x) − σ(x′)‖ ≤ ‖σ‖Lip‖x − x′‖ for all x, x′ ∈ R
N . (2.18)

Our illustrative examples of the norm and its dual norm are the p-norm ‖ · ‖p and its
dual q-norm ‖ · ‖q , where 1/p + 1/q = 1. In this case, the corresponding Lipschitz
constant for the ReLU function σ satisfies ‖σ‖Lip = 1.

Let W be a linear space of graph signals used for the convolution in GCNNs. For
efficient learning of shallow GCNNs, our favorable assumption is that graph convolu-
tions belong to the spaceWL in (2.13) for some small L ≤ N−1. Consequently, graph
convolution associated with a graph signal inWL can be implemented by the polyno-
mial filtering procedure in a distributed manner (and hence the shallow GCNNs could
be learnt at the vertex level with limited coordination). In the standard CNN setting,
a popular selection of graph convolutions is the family of N × N symmetric Toeplitz
matrices with bandwidth L , where the shifting structure of Toeplitz matrices can be
described by the circular graph.

For a graph signal b ∈ W , define a convolution norm ‖b‖co such that

‖b ∗ x‖ ≤ ‖b‖co for all x ∈ �. (2.19)

To consider the Lipschitz property of functions in the graph Barron space in Corollary
3.4 and uniform approximation property in Theorem 4.6, we also require that the
convolution norm satisfies the Lipschitz propertywith Lipschitz bounded by amultiple
of the convolution norm,

‖b ∗ (x − x′)‖ ≤ D1‖b‖co‖x − x′‖ for all x, x′ ∈ �, (2.20)

where D1 is a positive constant. To consider the Rademacher complexity in Theorem
5.1 and learnability of functions in the graph Barron space in Theorem 5.4, we need
the following Lipschitz property (2.20) for the convolution:

∥∥∥b ∗
( S∑

i=1

εixi
)∥∥∥ ≤ D2‖b‖co

∥∥∥
S∑

i=1

εixi
∥∥∥ (2.21)

hold for all εi ∈ {−1, 1} and xi ∈ �, 1 ≤ i ≤ S and all S ≥ 1, where D2 is a
positive constant. We remark that the constants D1 and D2 in (2.20) and (2.21) always
exist, since all norms on a finite-dimensional vector space are equivalent. However, the
optimal values of these constants depend on the choice of the convolution norm ‖ · ‖co
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in (2.19) and on the geometric structure of the domain �. Our illustrative example of
the convolution norm ‖b‖co of a graph signal b ∈ W is

‖b‖co = D3‖b‖coop,

where the constant D3 is so chosen that

‖x‖ ≤ D3, x ∈ �, (2.22)

and
‖b‖coop = sup

0 �=x∈RV
‖b ∗ x‖/‖x‖ (2.23)

is the operator norm of the convolution b∗. For the above setting, the constants D1 in
(2.20) and D2 in (2.21) are given by D1 = D2 = D3.

If the convolution associated with the graph signal b ∈ WL can be represented by
a polynomial filter h(S1, . . . ,SK ) in (2.12), a widely-used norm for the convolution
is defined by an appropriate scaling of

‖b‖cofi =
∑

|hl1,...,lK |
K∏

k=1

‖Sk‖lk ,

where h(t1, . . . , tK ) = ∑
hl1,...,lK

∏K
k=1 t

lk
k and ‖Sk‖ is the operator norm of graph

shifts Sk, 1 ≤ k ≤ K [8, 15, 33, 70].
Barron space of functions on the unit cube [0, 1]N was introduced in [3], where it is

shown that functions in Barron space are well approximated by the classical shallow
neural networks. In this paper, we introduce a Barron space B of functions f of graph
signals x ∈ �, and discuss its approximation property by some shallow GCNNs with
M neurons at every vertex of the underlying graph G, i.e.,

f (x) ≈ fM (x,���) := 1

M

M∑

m=1

aTmσ(bm ∗ x + cm), x ∈ �

where��� = (θθθ1, . . . , θθθM ) and θθθm = (am,bm, cm) ∈ R
V ×W×R

V , 1 ≤ m ≤ M ; see
Sections 3, 4 and 5 for theoretical results and Section 6 for numerical demonstrations.

3 Barron Space on Graphs

Let G = (V , E) be a undirected graph of order N ≥ 2, graph shifts S1, . . . ,SK on the
graph G satisfy Assumption 2.1, � be the domain for graph signal inputs of GCNNs,
W be the linear space of graph signals used for the convolution in GCNNs, σ be the
ReLU activation function in GCNNs, and the norm ‖ · ‖, its dual norm ‖ · ‖∗ and the
convolution norm ‖ · ‖co be as in Section 2.3. Our illustrative choices for the domain
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�, the convolution norm ‖ · ‖co and the vector norms ‖ · ‖ and ‖ · ‖∗, are

� = {x ∈ R
V : ‖x‖∞ ≤ 1}, ‖·‖ = ‖·‖∞, ‖·‖∗ = ‖·‖1 and ‖b‖co = ‖b‖coop, (3.1)

for which the constants D0, D1, D2, D3 in (2.14), (2.20) (2.21), (2.22) and the Lips-
chitz constant for the ReLU function σ are given by

D0 = D1 = D2 = D3 = 1 and ‖σ‖Lip = 1, (3.2)

respectively. In this case, we also have

‖b‖co ≤ ‖b‖2‖U‖2S ≤ N‖b‖2, (3.3)

where the Schur norm ‖U‖S of the orthogonal matrix U = [un(v)]1≤n≤N ,v∈V in the
definition of the GFT and convolution is defined by

‖U‖S = max
(
sup
v∈V

N∑

n=1

|un(v)|, sup
1≤n≤N

∑

v∈V
|un(v)|

)
.

Barron space of functions on the unit cube [0, 1]N was introduced in [3] with the
help of Fourier transform. In [2], Bach considered the space F1 of functions f with
the following spatial representation

f (x) =
∫

V
φz(x)ρ(dz), x ∈ �, (3.4)

where φz, z ∈ V , is a family of basis functions (a.k.a neurons) and ρ is a signed
Radon measure on V with finite total variation |ρ|(V). In [17, 19], E, Ma and Wu
introduced a Barron space of functions in (3.4) with ρ being a probability measure
and φz(x) = uσ(vT x + w) being neurons, where z = (u, v, w) ∈ R × R

N × R. In
this paper, we consider functions f : � → R on the domain � of graph signals that
can be written as

f (x) =
∫

RN×W×RN
aT σ (b ∗ x + c) ρ (da, db, dc) , x ∈ �, (3.5)

where ρ is a probability measure onRV ×W ×R
V . We remark that functions in (3.5)

have the spatial representation of the form (3.4) with neurons φθθθ (x) = aT σ(b∗x+ c)
of GCNNs, where θθθ = (a,b, c) ∈ R

V × W × R
V .

In this section, we introduce graph Barron spaces Br , 1 ≤ r ≤ ∞, of functions on
the domain � with the spatial representation (3.5). Here for 1 ≤ r ≤ ∞, let Br :=
Br (�,W) contain all functions f on the domain � with the spatial representation
(3.5) such that Eρ

[‖a‖r∗(‖b‖co + ‖c‖)r ] < ∞ if 1 ≤ r < ∞, and the support of the
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probability measure ρ being bounded if r = ∞. Define the norm ‖ f ‖Br of a function
f ∈ Br by

‖ f ‖Br
=

⎧
⎪⎨

⎪⎩

inf
ρ∈P f

[
Eρ

( ‖a‖r∗ (‖b‖co + ‖c‖)r )]1/r if 1 ≤ r < ∞
inf

ρ∈P f

max
(a,b,c)∈supp(ρ)

‖a‖∗ (‖b‖co + ‖c‖) if r = ∞,
(3.6)

where P f is the collection of all possible probability measures ρ in the representation
(3.5).

ReproducingkernelBanach spaces (RKBSs) accommodate awider variety of norms
and geometries, making them especially useful for modeling data with sparsity repre-
sentations. This flexibility has led to their widespread use in neural networks, machine
learning, sampling theory, sparse approximation, and functional analysis [5, 22, 38,
44, 62, 68, 72, 79, 80]. In Section 3.1, we show that the spaces Br are RKBSs with
norms independent of 1 ≤ r ≤ ∞, and that functions in those spaces are Lipschitz
continuous; see Theorem 3.1 and Corollary 3.4. Due to the norm independence, we
denote the RKBSs Br , 1 ≤ r ≤ ∞, by B := B(�,W) and define its norm by ‖ · ‖B,
i.e.,

‖ · ‖B = ‖ · ‖Br , 1 ≤ r ≤ ∞, and B = { f : ‖ f ‖B < ∞}. (3.7)

Following the terminology in [17], we refer to the RKBS B as the graph Barron space.
In Section 3.1, we also include several remarks on the Barron space in the classical
neural network setting, its connection to the graph Barron space, as well as variations
of the graphBarron space arising from different choices of norms, activation functions,
and neurons; see Remarks 3.5, 3.6, 3.7, 3.8 and 3.9.

Let

S = {a ∈ R
V : ‖a‖∗ = 1} and T = {(b, c) ∈ W × R

V : ‖b‖co + ‖c‖ = 1} (3.8)

be the unit spheres inRV andW ×R
V respectively, and P̂ be the set of all probability

measures on S×T. A crucial step in the proof of Theorem 3.1 is the following spatial
representation of functions f in the graphBarron spaceB for someprobabilitymeasure
ρ̂ on S × T,

f (x) = ‖ f ‖B
∫

S×T

aT σ(b ∗ x + c)ρ̂(da, db, dc), (3.9)

see Lemma 3.3.
Reproducing kernel Hilbert spaces (RKHSs) have been widely adopted in kernel-

based learning for function estimation, offering dimension-independent error rates;
see [24, 51, 55, 65] and references therein. Their kernels are typically chosen to
encode specific notions of similarity between input data, which can lead to significant
computational savings. Moreover, in contrast to RKBSs, the orthogonal projections
and spectral properties inherent to RKHSs confer additional advantages for analysis
and computation. The graph Barron space B is a reproducing kernel Banach space for
which an explicit expression for the reproducing kernel is not available. This raises
the question of whether the graph Barron space can be expressed as a union of RKHSs
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with explicit reproducing kernels and an associated norm equivalence. We provide an
affirmative answer to this question in Sections 3.2 and 3.3.

In Section 3.2, we introduce RKHSs Hρ̂ , ρ̂ ∈ P̂ , whose kernel functions Kρ̂ are
defined by

Kρ̂ (x, x′) =
∫

S×T

aT σ(b ∗ x + c)aT σ(b ∗ x′ + c)ρ̂(da, db, dc), x, x′ ∈ �. (3.10)

In Theorem 3.10, we show that any function g in the RKHSHρ̂ admits the following
integral representation, together with a corresponding norm estimate:

g(x) =
∫

S×T

aT σ(b ∗ x + c)η(a,b, c)ρ̂(da, db, dc) (3.11)

for some function η ∈ L2
ρ̂

:= L2
ρ̂
(S× T), the space of square-integrable functions on

S × T with respect to the probability measure ρ̂. More importantly, in Section 3.3,
we show that the graph Barron space B is the union of the RKHSs Hρ̂ , ρ̂ ∈ P̂ , with
an associated norm equivalence; see Theorem 3.12. We remark that in the classical
neural network setting, spaces F1 and F2, analogous to the RKHSs Hρ̂ , ρ̂ ∈ P in
our GCNNs, are introduced in [2, 17]. In that setting, functions in F1 and F2 admit
representations similar to (3.46), with η required to be integrable or square-integrable
on some compact set, respectively.We also remark that, in the classical neural network
setting, the Barron space can be expressed as a union of a family of RKHSs; see [17,
Proposition 3]. In contrast to our GCNN setting in Theorem 3.12, the associated norm
equivalence is not addressed in [17].

3.1 Barron Spaces and Reproducing Kernel Banach Spaces

Let C(�) be the Banach space of continuous functions on the domain � with the
uniform norm defined by

‖ f ‖∞ = sup
x∈�

| f (x)|, f ∈ C(�).

In the following theorem, we show that the normed vector space Br := Br (�,W) in
(3.6) is a reproducing kernel Banach subspace of C(�), with norms independent of
1 ≤ r ≤ ∞.

Theorem 3.1 Let graph shifts S1, . . . ,SK on the graph G satisfy Assumption 2.1,� be
the domain for graph signal inputs of GCNNs,W be the linear space of graph signals
used for the convolution in GCNNs, σ be the ReLU activation function in GCNNs, and
the norm ‖ · ‖, its dual norm ‖ · ‖∗ and the convolution norm ‖ · ‖co be as in Section
2.3. Then Br (�,W), 1 ≤ r ≤ ∞, in (3.6) are the same RKBS. Moreover,

‖ f ‖∞ ≤ ‖ f ‖Br , (3.12)
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and
‖ f ‖B∞ = ‖ f ‖B1 = ‖ f ‖Br (3.13)

hold for all f ∈ Br (�,W), 1 ≤ r ≤ ∞.

To prove Theorem 3.1, we first show that ‖ · ‖B1 in (3.6) defines a norm on the
Barron space B1.

Lemma 3.2 Let ‖ · ‖B1 be as in (3.6). Then

(i) f = 0 if and only if ‖ f ‖B1 = 0.
(ii) ‖α f ‖B1 = |α|‖ f ‖B1 for all f ∈ B1 and α ∈ R.
(iii) ‖ f + g‖B1 ≤ ‖ f ‖B1 + ‖g‖B1 for all f , g ∈ B1.

Proof (i) Taking the Dirac measure δ0 at the origin as the probability measure in (3.5)
gives a representation for the zero function. This shows that ‖ f ‖B1 = 0 for the zero
function f = 0. Conversely, given f ∈ B1 with ‖ f ‖B1 = 0, there exists a probability
measure ρ for any ε > 0 such that (3.5) holds and Eρ(‖a‖∗(‖b‖co + ‖c‖)) ≤ ε.
Therefore for any x ∈ �, we have

| f (x)| ≤
∫

RV ×W×RV
‖a‖∗(‖b‖co + ‖c‖)ρ(da, db, dc)

= Eρ(‖a‖∗(‖b‖co + ‖c‖)) ≤ ε.

As ε > 0 is arbitrarily chosen, we conclude that f must be the zero function on the
domain �. This proves the conclusion (i).

(ii) Clearly it suffices to show that

‖α f ‖B1 ≤ |α|‖ f ‖B1 (3.14)

for all 0 �= α ∈ R and f ∈ B1. Take arbitrary ε > 0 and let ρ be a probability measure
in P f such that

Eρ(‖a‖∗(‖b‖co + ‖c‖)) ≤ ‖ f ‖B1 + ε. (3.15)

Define a new probability measure ρ̃(A) = ρ( Ã) for any Borel set A, where Ã =
{(a,b, c)|(αa,b, c) ∈ A}. Then one may verify that

α f (x) =
∫

(a,b,c)∈RV ×W×RV
(αa)T σ(b ∗ x + c)ρ(da, db, dc)

=
∫

(ã,b,c)∈RV ×W×RV
ãT σ(b ∗ x + c)ρ̃(dã, db, dc)

and

Eρ̃

(‖a‖∗(‖b‖co + ‖c‖)) =
∫

(a,b,c)∈RV ×W×RV
‖a‖∗(‖b‖co + ‖c‖)ρ̃(da, db, dc)

=
∫

‖αã‖∗(‖b‖co + ‖c‖)ρ(dã, db, dc)

= |α|Eρ(‖ã‖∗(‖b‖co + ‖c‖)) ≤ |α|‖ f ‖B1 + |α|ε.
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Then the desired estimate (3.14) follows from the above estimate and the arbitrary
selection of ε > 0.

(iii) By the second conclusion, it suffices to prove that

‖α f1 + (1 − α) f2‖B1 ≤ α‖ f1‖B1 + (1 − α)‖ f2‖B1 , f1, f2 ∈ B1 (3.16)

where 0 ≤ α ≤ 1. Take arbitrary ε > 0 and let ρ1 ∈ P f1 and ρ2 ∈ P f2 be two
probability measures so that

Eρl (‖a‖∗(‖b‖co + ‖c‖)) ≤ ‖ fl‖B1 + ε, l = 1, 2. (3.17)

Define ρ = αρ1 + (1− α)ρ2 and set f = α f1 + (1− α) f2. Then one may verify that
ρ is a probability measure in P f and

Eρ(‖a‖∗(‖b‖co + ‖c‖)) ≤ α‖ f1‖B1 + (1 − α)‖ f2‖B1 + ε.

This together with the arbitrary selection of ε > 0 proves (3.16). ��
To prove Theorem 3.1, we next show that the probability measure ρ in the repre-

sentation (3.5) of any function f in B1 could be selected to be supported on the dilated
unit sphere.

Lemma 3.3 Let S and T be as in (3.8). Then for any f ∈ B1, there exists a probability
measure ρ̂ supported on S × T such that

f (x) = ‖ f ‖B1

∫

S×T

aT σ(b ∗ x + c)ρ̂(da, db, dc), x ∈ �. (3.18)

Proof The conclusion is obvious for the zero function. Now we assume that f �= 0.
By (3.6), there exist probability measures ρn ∈ P f , n ≥ 1, on R

V × W × R
V such

that

0 < ‖ f ‖B1 ≤ An := Eρn

(‖a‖∗(‖b‖co + ‖c‖)) ≤ ‖ f ‖B1 + 2−n, n ≥ 1. (3.19)

Set
O =

{
(a,b, c) ∈ R

V × W × R
V : either a = 0 or (b, c) = 0

}
.

Without loss of generality, we assume that

ρn(O) = 0. (3.20)

Otherwise, replacing ρn by another probability measure ρ̃n ∈ P f for which

ρ̃n(O) = 0, (3.21)

and
Eρ̃n

(‖a‖∗(‖b‖co + ‖c‖)) = An, (3.22)
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where for a Borel set E ⊂ R
V × W × R

V , we define

E ′ = {(a,b, c) ∈ R
V × W × R

V : ((1 − ρn(O))−1a,b, c) ∈ E}

and
ρ̃n(E) = (1 − ρn(O))−1ρn(E

′\O).

The measure ρ̃n is well-defined as 0 < ρn(O) < 1 by (3.2) and the assumptions on
f and ρn , provided that ρn(O) �= 0. Clearly, from the definition of the measure ρ̃n ,
we see that ρ̃n is a probability measure satisfying (3.21). Moreover, ρ̃n belongs to P f

and satisfies (3.22), because

f (x) =
∫

(RV ×W×RV )\O
aT σ(b ∗ x + c)ρn(da, db, dc)

= (1 − ρn(O))

∫

(RV ×W×RV )\O
aT σ(b ∗ x + c)ρ̃n(d((1 − ρn(O))a), db, dc)

=
∫

RV ×W×RV
ãT σ(b ∗ x + c)ρ̃n(dã, db, dc)

by (3.21) and the construction of the measure ρ̃n , and

Eρ̃n

(‖a‖∗(‖b‖co + ‖c‖))

= (1 − ρn(O))

∫

(RV ×W×RV )\O
‖a‖∗(‖b‖co + ‖c‖)ρ̃n(d((1 − ρn(O))a), db, dc)

=
∫

(RV ×W×RV )\O
‖a‖∗(‖b‖co + ‖c‖)ρn(da, db, dc) = Eρn

(‖a‖∗(‖b‖co + ‖c‖)).

For n ≥ 1, define the measure ρ̂n(E) of a Borel measurable subset E ⊂ S × T by

ρ̂n(E) = A−1
n Eρn

(‖a‖∗(‖b‖co + ‖c‖)χÊ (a,b, c)
)

(3.23)

where

Ê =
{
(a,b, c) ∈ R

V × W × R
V :

( a
‖a‖∗

,
b

‖b‖co + ‖c‖ ,
c

‖b‖co + ‖c‖
)

∈ E
}
,
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and χÊ is the characteristic function on the set Ê . By (3.20), (3.23) and the assumption
ρn ∈ P f , we can verify that ρ̂n, n ≥ 1, are probability measures on S × T, and

f (x) =
∫

RV ×W×RV
aT σ(b ∗ x + c)ρn(da, db, dc)

=
∫

RV ×W×RV
‖a‖∗(‖b‖co + ‖c‖)

×
( a
‖a‖∗

)T
σ
( b
‖b‖co + ‖c‖ ∗ x + c

‖b‖co + ‖c‖
)
ρn(da, db, dc)

= An

∫

S×T

âT σ
(
b̂ ∗ x + ĉ)ρ̂n(dâ, db̂, d ĉ). (3.24)

Recall that ρ̂n, n ≥ 1, is a sequence of probability measures on the compact set S×T.
Then by Prokhorov theorem [50], without loss of generality, we assume that ρ̂n, n ≥ 1,
converges weakly to a probability measure ρ̂ on S × T,

lim
n→∞ ρ̂n = ρ̂ weakly, (3.25)

otherwise replacing the sequence by aweakly convergent subsequence. For any x ∈ �,
the function aT (b∗x+c) is continuouswith respect to (a,b, c) ∈ S×T and is bounded
by one. Therefore the desired conclusion (3.18) follows from (3.19), (3.24) and (3.25).

��
Now we are ready to prove Theorem 3.1.

Proof of Theorem 3.1 First we prove that B1 is a Banach space. By Lemma 3.2, it
suffices to prove every Cauchy sequence fn, n ≥ 1, in B1 converges to some function
in B1. In particular, without loss of generality, we may assume that

‖ fn+1 − fn‖B1 ≤ 2−n, n ≥ 1, (3.26)

otherwise replacing it by one of its subsequences satisfying (3.26).
By Lemma 3.3, there exist probability measures ρ̂n, n ≥ 1, on S × T such that

f1(x) = ‖ f1‖B1

∫

S×T

aT σ(b ∗ x + c)ρ̂1(da, db, dc) (3.27)

and

fn(x)− fn−1(x) = ‖ fn− fn−1‖B1

∫

S×T

aT σ(b∗x+c)ρ̂n(da, db, dc), x ∈ � (3.28)

for all n ≥ 2. Define

f (x) = A
∫

S×T

aT σ(b ∗ x + c)ρ̂(da, db, dc), x ∈ �, (3.29)
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where A = ‖ f1‖B1 + ∑∞
n=2 ‖ fn − fn−1‖B1 < ∞ and the probability measure ρ̂ on

S × T is given by

ρ̂ = A−1
(
‖ f1‖B1 ρ̂1 +

∞∑

n=2

‖ fn − fn−1‖B1 ρ̂n

)
. (3.30)

Dilate the measure ρ̂ on S×T to a probability measure on (AS)×T and then extend
to a probability measure on R

V × W × R
V with support on (AS) × T. Denote the

dilated extension measure by ρ̃. By (3.29) and (3.30), the dilated extension measure ρ̃

is a probability measure on RV ×W ×R
V satisfying (3.5), i.e., ρ̃ ∈ P f . Again from

(3.29) and (3.30) we obtain

‖ f ‖B1 ≤ Eρ̃ (‖a‖∗(‖b‖co + ‖c‖)) = A,

which proves that f ∈ B1.
Extend the probability measure ρ̂m,m ≥ 1 on S × T to probability measures ρ̃m

on RV × W × R
V with support on S × T. We observe that

‖ fn − f ‖B1 =
∥∥∥

∞∑

m=n+1

‖ fm − fm−1‖B1

∫

S×T

aT σ(b ∗ x + c)ρ̂m(da, db, dc)
∥∥∥
B1

≤
∞∑

m=n+1

‖ fm − fm−1‖B1

∥∥∥
∫

S×T

aT σ(b ∗ x + c)ρ̂m(da, db, dc)
∥∥∥
B1

≤
∞∑

m=n+1

‖ fm − fm−1‖B1Eρ̃m (‖a‖∗(‖b‖co + ‖c‖)) ≤ 2−n+1,

where the equality holds by (3.27), (3.28) and (3.29), and the first, second and third
inequality follows from Lemma 3.2, the definition of Barron norm and (3.26) respec-
tively. Therefore fn, n ≥ 1, converges to f ∈ B1 and hence B1 is a Banach space.

By (2.17), (2.19) and (3.18), we have

| f (x)| ≤ ‖ f ‖B1

∫

S×T

|aT σ(b ∗ x + c)|ρ̂(da, db, dc)

≤ ‖ f ‖B1

∫

S×T

‖a‖∗‖b ∗ x + c‖ρ̂(da, db, dc)

≤ ‖ f ‖B1

∫

S×T

‖a‖∗(‖b‖co + ‖c‖)ρ̂(da, db, dc) = ‖ f ‖B1 .

This proves the reproducing kernel property (3.12) for the Banach space B1.
Applying Hölder inequality, we have

‖ f ‖B1 ≤ ‖ f ‖Br ≤ ‖ f ‖B∞ for all f ∈ B∞ and 1 ≤ r ≤ ∞. (3.31)
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Therefore the proof of the norm equivalence in (3.13) reduces to establishing

‖ f ‖B∞ ≤ ‖ f ‖B1 for all f ∈ B1. (3.32)

By Lemma 3.3, there exists a probability measure ρ̂ on S × T such that

f (x) = ‖ f ‖B1

∫

S×T

aT σ(b ∗ x + c)ρ̂(da, db, dc). (3.33)

Dilate the measure ρ̂ on S × T to a probability measure on (‖ f ‖B1S) × T and then
extend to a probability measure ρ̃ on RN ×W ×R

N with support on (‖ f ‖B1S) ×T.
Then one may verify that ρ̃ ∈ P f and

‖ f ‖B∞ ≤ sup
(a,b,c)∈suppρ̃

‖a‖∗(‖b‖co + ‖c‖) = ‖ f ‖B1 .

This proves (3.32). Hence the desired conclusion that Br , 1 ≤ r ≤ ∞, are Banach
spaces independent on 1 ≤ r ≤ ∞. ��

Under the additional assumption that the ReLU function σ and the convolution
norm satisfy (2.18) and (2.20) respectively, for any f ∈ B and x, x′ ∈ �, we obtain
from (3.9) that

| f (x) − f (x′)| ≤ ‖ f ‖B
∫

S×T

‖a‖∗‖σ(b ∗ x + c) − σ(b ∗ x′ + c)‖ρ̂(da, db, dc)

≤ ‖ f ‖B
∫

S×T

‖σ‖Lip‖b ∗ (x − x′)‖ρ̂(da, db, dc)

≤ D1‖σ‖Lip‖ f ‖B‖x − x′‖ for all x, x′ ∈ �. (3.34)

Therefore functions in the graph Barron space B have Lipschitz property, cf. [3] and
[19, Theorem 3.3].

Corollary 3.4 Let B be the graph Barron space of functions on the domain � given in
(3.7). If the ReLU activation function σ satisfies (2.17) and (2.18), and if the convolu-
tion norm ‖ · ‖co satisfies (2.19) and (2.20), then any function f in the graph Barron
spaceB has theLipschitz propertywith Lispchitz constant boundedby D1‖σ‖Lip‖ f ‖B,
where ‖σ‖Lip and D1 are the constants in (2.18) and (2.20) respectively.

We conclude this subsection with several remarks on the Barron space in the classi-
cal neural network setting, its connection to the graph Barron space, variations of the
graph Barron space with different norms, activation functions and neuron selection.

Remark 3.5 In [17], E, Ma and Wu introduce Barron spaces Br ,EMW, 1 ≤ r ≤ ∞, of
functions f on a compact domain � ⊂ R

N that admit the following representation

f (x) =
∫

R×RN×R

uσ(vT x + w)ρ̃(du, dv, dw), x ∈ �, (3.35)
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for some probability measure ρ̃ on a Borel σ -algebra of RN+2, and define

‖ f ‖Br ,EMW = inf
( ∫

R×RN×R

|u|r (‖v‖1 + |w|)r ρ̃(du, dv, dw)
)1/r

(3.36)

for 1 ≤ r < ∞ with standard modification for r = ∞, where the infimum in (3.36) is
taken inallprobabilitymeasures ρ̃ such that f has the representation (3.35). It is proved
in [17] that ‖ f ‖Br ,EMW = ‖ f ‖B1,EMW =: ‖ f ‖BEMW for all 1 ≤ r ≤ ∞. Following the
argument used in the proof of Theorem 3.1, one may show that ‖ · ‖BEMW defines a
norm and the Barron space

BEMW = {
f : ‖ f ‖BEMW < ∞}

(3.37)

of functions f on the domain � ⊂ R
N is a Banach space, which are not mentioned

and proved explicitly in [17].

Remark 3.6 Let U = [u1, . . . ,uN ] be as in (2.3), and write un = [un(i)]i∈V , 1 ≤
n ≤ N , and a = [a(i)]i∈V and c = [c(i)]i∈V for a, c ∈ R

V . For any function f
represented by (3.5), we have

f (x) =
∑

i∈V

∫

RV ×W×RV
a(i)σ

( N∑

n=1

(bTun
)
un(i)uTn x + c(i)

)
ρ(da, db, dc)

=
∑

i∈V

∫

(ui ,vi ,wi )∈R×RV ×R

uiσ(vTi x + wi )ρi (dui , dvi , dwi )

=
∫

(u,v,w)∈R×RV ×R

uσ(vT x + w)ρ̃(du, dv, dw), x ∈ �, (3.38)

where for a Borel set E ⊂ R × R
V × R, we define ρi (E) = ρ(Ẽm) with

Ẽi =
{
(a,b, c) ∈ R

N × W × R
N :

(
a(i),

N∑

n=1

(bTun
)
un(i)un, c(i)

)
∈ E

}

for 1 ≤ i ≤ N , and set ρ̃(E) = N−1 ∑
i∈V ρi (E ′) with

E ′ = {(u, v, w) ∈ R × R
N × R : (N−1u, v, w) ∈ E}.

Therefore a graph function f represented by (3.5), without the underlying graph
structure into consideration, could be treated as a function on a domain of theEuclidean
spaceRN that admits the representation (3.35)with the probabilitymeasure ρ̃ obtained
from some probability measure ρ on RV ×W ×R

V . Moreover, it follows (3.38) and
equivalence of different norms on a finite-dimensional space, there exists a positive
constant C(N ,U) depending on the order N of the graph G and the orthogonal matrix

123



Journal of Fourier Analysis and Applications            (2026) 32:52 Page 21 of 50    52 

U in (2.3) such that

‖ f ‖BEMW ≤ inf
ρ̃ in (3.38)

∫

R×RN×R

|u|(‖v‖1 + |w|)ρ̃(du, dv, dw)

≤ C(N ,U) inf
ρ in (3.5)

∫

RV ×W×RV
‖a‖∗ (‖b‖co + ‖c‖)ρ(da, db, dc)

= C(N ,U)‖ f ‖B. (3.39)

Therefore functions in the graph Barron space B belongs to the Barron space BEMW
proposed in [17]. However, we believe that not every function in the Barron space
BEMW admits the representation (3.5) involving graph convolution and belongs to the
proposed graph Barron space B. Hence the graph Barron space B is a true set of the
Barron space BEMW and some function in the Barron space BEMW may not be well
approximated by shallow GCNNs.

Remark 3.7 Due to the equivalence of different norms in a finite-dimensional space
(even if the equivalence constant could be very large), the graph Barron space B in
(3.7) does not depend on the selection of norms on a, c ∈ R

V and b ∈ W; however,
the Barron norm ‖ · ‖B does. Selecting appropriate norms is crucial for obtaining neat
estimations that are independent of the graph order N or other important parameters
used in GCNNs, and determining the number M of neurons needed at each vertex
for efficient learning of shallow GCNNs; see (3.12), (3.57), (4.10), (4.11), (4.15) and
(4.16). In our definition, we select norms such that

|aT σ(bx + c)| ≤ ‖a‖∗(‖b‖co + ‖c‖) for all (a,b, c) ∈ R
V × W × R

V and x ∈ �.

(3.40)
Our illustrative examples of the norm ‖ ·‖ and its dual norm ‖ ·‖∗ include the 
p-norm
‖ · ‖p and its dual norm ‖ · ‖q , especially the bounded norm ‖ · ‖∞ and its dual norm
‖ · ‖1 in the distributed implementation and efficient learning of shallow GCNNs,
where 1/p + 1/q = 1.

Remark 3.8 Unlike the classical Barron space as introduced in [3], the Barron space
discussed in [2, 17, 19] depends on the choice of the activation function. In this paper,
we use the ReLU activation function σ(t) = max(0, t) for the graph Barron space B
for GCNNs. An important property of the ReLU function is its homogeneity:

σ(λt) = λσ(t) for all λ ≥ 0 and t ∈ R.

A trivial function satisfying the above homogeneous property is the linear function
σ(t) = t . In this case, the corresponding graph Barron space encompasses all affine
functions:

f (x) = vT x + w, x ∈ �,

where v ∈ R
V and w ∈ R, provided that W is the entire space RV . Moreover, one

may verify that
‖ f ‖B ≤ ‖I0‖co‖v‖∗ + |w|, (3.41)
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where I0 ∈ R
V is chosen such that the corresponding convolution operator I0∗ is

the identity operator if v �= 0 and I0 = 0 if v = 0. Hence the Barron norm on
the set of all affine functions defines an equivalent norm for the coefficient vector
[vT , w]T ∈ R

V × R of the affine function f . The estimate in (3.41) holds as we can
select the delta measure on some (a0,b0, c0) ∈ R

3N as the probability measure in the
representation (3.5) for the affine function f , where a0 = u0,b0 = I0 and c0 ∈ R

V is
constructed so that aT0 c0 = w and ‖a0‖∗‖c0‖ = |w|.

For the ReLU activation function σ , as t = σ(t) + σ(−t) for all t ∈ R, the
proposed graph Barron space B with the ReLU as the activation function contains all
affine functions on the domain �, and

‖ f ‖B ≤ 2‖I0‖co‖v‖∗ + 2|w|, (3.42)

for all affine functions f = vT x + w with v ∈ R
V and w ∈ R.

Remark 3.9 Let � be a compact domain of RV , ϕv, v ∈ V be a collection of neurons
such that supv∈V |ϕv(x)| < ∞ for all x ∈ �, andϒ be a family of probabilitymeasures
ρ̂ on V . For functions f admitting the representation

f (x) = c
∫

v∈V
ϕv(x)ρ̂(dv), x ∈ �, (3.43)

with c ∈ R and ρ̂ ∈ ϒ , we have the following pointwise estimate:

| f (x)| ≤ |c| sup
v∈V

|ϕv(x)|, x ∈ �. (3.44)

Then taking infimum over all probability measures ρ̂ ∈ ϒ leads to the reproducing
kernel property:

| f (x)| ≤ sup
v∈V

|ϕv(x)|‖ f ‖B̃ (3.45)

where

‖ f ‖B̃ = inf{|c| : f satisfies (3.43) for some probability measure ρ̂ ∈ ϒ}.

The reproducing kernel property (3.12) for the graph Barron space B is derived from
the representation (3.8) of functions, combined with the neuron estimate (3.40) and
the bound estimate (3.44) for the evaluation functional. It is noteworthy that a similar
reproducing kernel property has been established for the Barron space BEMW in the
classical neural network setting [17, 19, 63].
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3.2 Reproducing Kernel Hilbert Spaces with Neuron Kernels

For ρ̂ ∈ P̂ , let L p
ρ̂

:= L p
ρ̂
(S×T), 1 ≤ p < ∞, be the Banach space of all p-integrable

functions on S × T with respect to the probability measure ρ̂ and define its norm by

‖η‖L p
ρ̂

=
( ∫

S×T

|η(a,b, c)|pρ̂(da, db, dc)
)1/p

.

Denote the completion of the linear space spanned by aT σ(b ∗ x + c), x ∈ � in L2
ρ̂

by L2
ρ̂

:= L2
ρ̂
(S × T), and let Pρ̂ denote the orthogonal projection from L2

ρ̂
onto its

Hilbert subspaceL2
ρ̂
. In the following theorem, we show that a function f in the RKHS

Hρ̂ can be represented by some function η ∈ L2
ρ̂
(S × T), and we establish both the

corresponding norm characterization and the reproducing kernel property.

Theorem 3.10 Let ρ̂ ∈ P̂ be a probability measure on S × T, Pρ̂ be the orthogonal
projection from L2

ρ̂
onto its subspace L2

ρ̂
, andHρ̂ be the RKHS with kernel Kρ̂ given

in (3.10) and norm denoted by ‖ · ‖Hρ̂
. Then g ∈ Hρ̂ if and only if

g(x) =
∫

S×T

aT σ(b ∗ x + c)η(a,b, c)ρ̂(da, db, dc) (3.46)

for some function η ∈ L2
ρ̂
. Moreover,

‖g‖Hρ̂
= ‖Pρ̂η‖L2

ρ̂
(3.47)

and
‖g‖∞ ≤ ‖g‖Hρ̂

. (3.48)

Proof Take η ∈ L2
ρ̂
and let g(x) be as in (3.46). Then the function g is a bounded

function on the domain �, since

|g(x)| ≤
∫

S×T

|aT σ(b ∗ x + c)||η(a,b, c)|ρ̂(da, db, dc)

≤
∫

S×T

|η(a,b, c)|ρ̂(da, db, dc) ≤ ‖η‖L2
ρ̂
, x ∈ �. (3.49)

Denote the inner product on L2
ρ̂
by 〈·, ·〉ρ̂ , and set η̃ = Pρ̂η ∈ L2

ρ̂
, the orthogonal

projection of the function η ∈ L2
ρ̂
(S × T) onto L2

ρ̂
(S × T). Then for any x0 ∈ �,

g(x0) −
∫

S×T

aT σ(b ∗ x0 + c)η̃(a,b, c)ρ̂(da, db, dc) = 〈η − η̃, ψ(x0, ·)〉ρ̂ = 0,

(3.50)
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where ψ
(
x, (a,b, c)

) = aT σ(b ∗ x + c) and the last equality follows since η − η̃ is
orthogonal to L2

ρ̂
and ψ(x0, ·) ∈ L2

ρ̂
for every x0 ∈ �. By (3.50) and

‖η‖2
L2

ρ̂

= ‖η̃‖2
L2

ρ̂

+ ‖η − η̃‖2
L2

ρ̂

,

it remains to establish (3.46), (3.47), and (3.48) for η ∈ L2
ρ̂
.

LetHo
ρ̂
be the linear span of Kρ̂ (·, x′), x′ ∈ �, and define the inner product onHo

ρ̂

between g1 = ∑J
j=1 b j Kρ̂ (·, x j ) ∈ Ho

ρ̂
and g2 = ∑I

i=1 ai Kρ̂ (·, x′
i ) ∈ Ho

ρ̂
by

〈g1, g2〉Hρ̂
=

I∑

i=1

J∑

j=1

aib j Kρ̂ (x j , x′
i ). (3.51)

Then one may verify that g ∈ Ho
ρ̂
if and only if g = ∑I

i=1 ci Kρ̂ (·, xi ) for some ci ∈ R

and xi ∈ �, 1 ≤ i ≤ I , if and only if

g(x) =
∫

S×T

aT σ(b ∗ x + c)η(a,b, c)ρ̂(da, db, dc) (3.52)

for some function η ∈ Lo, the linear space spanned by aT σ(b ∗ x + c), x ∈ �.
Moreover,

‖g‖Hρ̂
=

( ∫

S×T

|η(a,b, c)|2ρ̂(da, db, dc)
)1/2

(3.53)

by (3.51), and

|g(x)| ≤
( ∫

S×T

|η(a,b, c)|2ρ̂(da, db, dc)
)1/2 = ‖g‖Hρ̂

, x ∈ �. (3.54)

This proves (3.46), (3.47) and (3.48) for functions g ∈ Ho
ρ̂
. Recall thatHρ̂ and L2

ρ̂
are

the completion of Ho
ρ̂
and Lo respectively. Hence taking limits in (3.52), (3.53) and

(3.54) proves the desired conclusion (3.46), (3.47) and (3.48) with η ∈ L2
ρ̂
, and hence

completes the proof. ��
Remark 3.11 We remark that representing function η(a,b, c) ∈ L2

ρ̂
for the RKHSHρ̂

is linear with respect to a = [av]v∈V , i.e.,

η(a,b, c) =
∑

v∈V
avτv(b, c) (3.55)

for some functions τv, v ∈ V , on T. Let ev ∈ R
V , v ∈ V , be the delta graph signal

taking value zero all vertices except value one at the vertex v. Observe that

|eTv (b ∗ x)| ≤ ‖ev‖∗‖b ∗ x‖ ≤ ‖ev‖∗‖b‖co, v ∈ V and x ∈ �.
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Therefore in addition to the linearity with respect to a for the representing function η

in the RKHSHρ̂ , the functions τv, v ∈ V , in (3.55) are linear with respect to b and c
in the domain {(b, c) ∈ T : ‖ev′ ‖∗‖b‖co ≤ |eT

v′c|, v′ ∈ V }.

3.3 Graph Barron Space and RKHSs with Neuron Kernels

In the following theorem, we show that every function in the Barron space B belongs
to some RKHSHρ̂ , ρ̂ ∈ P̂ , and conversely, that every function in the RKHSHρ̂ , ρ̂ ∈
P̂ , belongs to the Barron space B. Moreover, we establish the equivalence of the
corresponding norms.

Theorem 3.12 Let B be the graph Barron space in (3.7), and Hρ̂ , ρ̂ ∈ P̂ , be RKHSs
with kernels given in (3.10). Then

B = ∪ρ̂∈P̂Hρ̂ (3.56)

and
‖ f ‖B = inf

f ∈Hρ̂ , ρ̂∈P̂
‖ f ‖Hρ̂

, f ∈ B. (3.57)

Proof Take f ∈ B and let ρ̂ ∈ P̂ be the probability measure on S × T such that (3.9)
holds. Then by Theorem 3.10, we conclude that f ∈ Hρ̂ and

‖ f ‖Hρ̂
≤ ‖ f ‖B

( ∫

S×T

|(Pρ̂1)(a,b, c)|2ρ̂(da, db, dc)
)1/2 ≤ ‖ f ‖B.

This shows that

B ⊂ ∪ρ̂∈P̂Hρ̂ and inf
f ∈Hρ̂ ,ρ̂∈P̂

‖ f ‖Hρ̂
≤ ‖ f ‖B. (3.58)

Let f ∈ Hρ̂ for some ρ̂ ∈ P̂ and η ∈ L2
ρ̂
so that (3.46) holds. The existence of

such a function η follows from Theorem 3.10. Moreover, we have

‖ f ‖Hρ̂
= ‖η‖L2

ρ̂
. (3.59)

Define a probability measure ˆ̃ρ on S × T by

ˆ̃ρ(A) =
∫
E1∩A η(a,b, c)ρ̂(da, db, dc) − ∫

E2∩ Ã η(a,b, c)ρ̂(da, db, dc)

‖η‖L1
ρ̂

, (3.60)

where E1 = {(a,b, c) ∈ S × T : η(a,b, c) ≥ 0}, E2 = {(a,b, c) ∈ S × T :
η(a,b, c) < 0}, and Ã = {(a,b, c) ∈ S × T : (−a,b, c) ∈ A}. By (3.46) and the
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definition (3.60) of the probability measure ˆ̃ρ ∈ P̂ , we have

f (x) =
∫

E1

aT σ(b ∗ x + c)η(a,b, c)ρ̂(da, db, dc)

+
∫

E2

(−a)T σ(b ∗ x + c)(−η)(a,b, c)ρ̂(da, db, dc)

= ‖η‖L1
ρ̂

∫

S×T

aT σ(b ∗ x + c) ˆ̃ρ(da, db, dc).

This implies that f ∈ B and ‖ f ‖B ≤ ‖η‖L1
ρ̂
. This together with (3.59) and the

observation ‖η‖L1
ρ̂

≤ ‖η‖L2
ρ̂
implies that

Hρ̂ ⊂ B and ‖ f ‖B ≤ ‖ f ‖Hρ̂
for all f ∈ Hρ̂ . (3.61)

Combining (3.59) and (3.61) completes the proof. ��
Remark 3.13 In the standard neural network setting, a similar conclusion to the one
in (3.56) about RKHSs and the Barron space is given in [17, Proposition 3], however
the corresponding norm equivalence in (3.57) is not mentioned.

4 Approximation Theorems on Graph Barron Spaces

Let G = (V , E) be a undirected graph of order N . Given a shallow GCNN with
parameter��� = (θθθ1, . . . , θθθM ) ∈ (RV × W × R

V )M , we define its p-path norm by

‖���‖P,p =
{(

M−1 ∑M
m=1 ‖θθθm‖p

)1/p if 1 ≤ p < ∞
sup1≤m≤M ‖θθθm‖ if p = ∞,

(4.1)

where ‖θθθ‖ = ‖a‖∗(‖b‖co + ‖c‖) for θθθ = (a,b, c) ∈ R
V × W × R

V , cf. [17] for
p = 1. Onemay verify that the output of the shallowGCNNwith parameter��� belongs
to the Barron space B,

∥∥∥
1

M

M∑

m=1

φ(x, θθθm)

∥∥∥
B

≤ 1

M

M∑

m=1

‖θθθm‖ ≤ ‖���‖P,p, 1 ≤ p ≤ ∞, (4.2)

where φ(x, θθθm) = aTmσ(bm ∗ x + cm) for θθθm = (am,bm, cm), 1 ≤ m ≤ M . In
the classical neural network setting, functions in Barron/Besov/Hölder spaces can be
well approximated by outputs of some neural networks, see [17, 58, 61, 75, 76] and
references therein. In Section 4.1, we show that functions in the graph Barron space
B can be approximated in the integrated square norm by suitably chosen shallow
GCNNs with limited number of neurons per vertex. In particular, a shallow GCNN
can be selected so that its path norm is bounded by the Barron norm of the target
function, and the approximation error bound scales linearly with both the square root
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of the number M of neurons per vertex and the Barron norm of the target function;
see Theorem 4.1. As a consequence, for any f ∈ B on a undirected graph of size
N , an integrated square error ε > 0 can be achieved by a shallow GCNN whose
total number of parameters satisfies 3MN > 3Nε−2‖ f ‖2B and whose path norm is
bounded by ‖ f ‖B.

For any ε > 0, we say that the family of balls B(xi , ε) with radius ε and center
xi ∈ �, 1 ≤ i ≤ I , is a ε-covering of the domain � if

� ⊂ ∪I
i=1B(xi , ε), (4.3)

and define the ε-covering number N ext
ε by the minimal number of balls in a ε-covering

of the domain �. In Section 4.2, based on the covering of the domain � with balls of
small radius and the Lipschitz property for functions in the Barron space, we establish
a uniform approximation theorem for functions in the Barron space on the domain
� by outputs of some shallow GCNNs with bounded path norm; see Theorem 4.3.
As a consequence of Theorem 4.3, regarding approximation properties via shallow
GCNNs, functions in the graph Barron space exhibit significantly different behavior
on the conventional domain�ba of all bounded signals in (2.16) and the domain�sp of
all s-sparse signals in (2.15). In particular, for any function f in the graph Barron space
on the s-sparse domain �sp in (2.15), we can find a shallow GCNN with parameter
size O(sNε−2 ln(Ns−1ε−1)) to approximate f uniformly on the domain �sp within
an accuracy of ‖ f ‖Bε; see Remark 4.4. Applying Theorem 4.3 to the familiar unit ball
�ba in (2.16),we observe that a shallowGCNNwith parameter sizeO(N 2ε−2 ln(1/ε))
can be chosen to approximate any function f in the Barron space uniformly on �ba
to within an accuracy of | f |Bε; see Remark 4.5 and the detailed comparison with the
uniform approximation of functions in a Barron space in the classical neural network
setting

For Q ≥ 0 and 1 ≤ p ≤ ∞, let FQ and CQ,p be the sets of functions in the Barron
space with their Barron norms bounded by Q and outputs of all shallow GCNNs with
p-path norms of their parameters bounded by Q respectively, i.e.,

FQ = { f ∈ B : ‖ f ‖B ≤ Q} , (4.4)

and
CQ,p = ∪∞

M=1CQ,p,M , (4.5)

where

CQ,p,M =
{ 1

M

M∑

m=1

φ(x, θθθm) : ∥∥(θθθ1, . . . , θθθM )
∥∥
P,p ≤ Q

}
, M ≥ 1. (4.6)

By (4.2), we see that any function g ∈ CQ,p belongs to the Barron space B and has its
Barron norm bounded by Q, i.e.,

‖g‖B ≤ Q for all g ∈ CQ,p, (4.7)
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and hence
CQ,p ⊂ FQ . (4.8)

As a conclusion of Theorem 4.3, the set CQ,p has the following density property:

inf
g∈CQ,p

‖g(x) − f (x)‖∞ = 0 (4.9)

hold for all f ∈ FQ and 1 ≤ p ≤ ∞. In Section 4.3, we establish an inverse uniform
approximation property for functions in CQ,p, 1 ≤ p ≤ ∞. In particular, we show
in Theorem 4.6 that f ∈ FQ if it is the uniform limit of fn ∈ CQ,p, n ≥ 1; cf. [17,
Theorem 2] for a related result in the context of classical neural networks.

Universal approximation theorem is one of fundamental problems in theoretical
learning research [7, 31, 32]. In Section 4.4, we establish a universal approximation
theorem in the GCNN setting. In particular, we show that the Barron space B(�,RV )

is dense in C(�), the space of continuous functions on �, provided that all entries of
the Fourier transform of some delta graph signal are nonzero; see Theorem 4.7 and
cf. Theorem 3.1. Combining the conclusions in Theorems 4.3 and 4.7, we conclude
that any continuous function can be well approximated by a shallow GCNN when all
graph signals are employed in the convolution operation.

Let U be the orthogonal matrix in (2.3) that simultaneously diagonalizes graph
shifts S1, . . . ,Sd and is also used in the definition (2.5) of the graph Fourier transform.
Then we can reformulate the nonzero requirement in Theorem 4.7 as the existence of
some row of the orthogonal matrix U with all its components taking nonzero values.
We remark that in Theorem 4.7, the above nonzero assumption can not be removed.
For instance, consider the underlying graph G = (V , E) being disconnected and
select its graph Laplacian as the graph shift to define the convolution operation in our
GCNNs. In this scenario, the graph shift can be written as a block diagonal matrix,
and consequently the orthogonal matrix that diagonalizes it is also block diagonal
and fails to satisfy the non-zero entry requirement in Theorem 4.7. In particular,
we can decompose the graph G into two disconnected subgraphs G1 = (V1, E1) and
G2 = (V2, E2). Then one can verify that any function f in the Barron spaceB(�,RV )

can be decomposed as the summation of two functions f1 and f2 defined on those two
disconnected components G1 and G2 respectively, i.e.,

f (x) = f1(x1) + f2(x2),

where x = [xv]v∈V with x1 = [xv]v∈V1 and x2 = [xv]v∈V2 respectively. This sepa-
rability implies that such functions cannot approximate all continuous functions on
the domain � and hence the Barron space is not dense in C(�). We remark that the
density of the Barron space B(�,RV ) in C(�) may not hold in general if the space
W used for convolutions in GCNNs is not the whole space RV ; see Remark 4.9.

4.1 Approximation of GCNNs in Integrated Square Norm

In the following theorem, we show that shallow GCNNs can effectively approximate
functions in the graph Barron space B with respect to the integrated square norm.
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Theorem 4.1 Let M ≥ 1, f ∈ B and μ be a probability measure on the domain �.
Then for any δ > 0 there is a shallow GCNN with parameter��� = (θθθ1, . . . , θθθM ) such
that

‖���‖P,∞ ≤ ‖ f ‖B (4.10)

and ∫

�

∣∣∣
1

M

M∑

m=1

φ(x, θθθm) − f (x)
∣∣∣
2
μ(dx) ≤ 1 + δ

M
‖ f ‖2B. (4.11)

Proof Without loss of generality, we assume that f ∈ B is a nonzero function with
‖ f ‖B = 1, otherwise replacing f by f /‖ f ‖B. Then by Lemma 3.3, there exists a
probability measure ρ̂ on S × T such that

f (x) =
∫

S×T

aT σ(b ∗ x + c)ρ̂(da, db, dc), x ∈ �. (4.12)

Let θθθm = (am,bm, cm) ∈ S × T, 1 ≤ m ≤ M , be i.i.d. random variables following
the probability measure ρ̂. Set��� = (θθθ1, . . . , θθθM ) and define

fM (x,���) = 1

M

M∑

m=1

φ(x, θθθm), x ∈ �.

Clearly, we have
‖���‖P,∞ = 1 = ‖ f ‖B.

Observe that φ(x, θθθm) = aTmσ(bm ∗x+cm) are i.i.d random variables with φ(x, θθθm) ∈
[−1, 1] almost surely and Eφ(x, θθθm) = f (x) hold for all 1 ≤ m ≤ M and x ∈ �.
Combining the above observation with (1.1) and (4.12), we obtain

E

∫

�

( fM (x,���) − f (x))2dμ(x) = 1

M

∫

�

E(φ(x, θθθ) − Eφ(x, θθθ))2dμ(x)

≤ 1

M

∫

�

E(φ(x, θθθ))2dμ(x) ≤ 1

M
.

Applying the Markov’s inequality yields

P

{ ∫

�

( fM (x,���) − f (x))2dμ(x) >
1 + δ

M

}
≤ 1

1 + δ
< 1.

This completes the proof. ��

Taking Dirac measure at some x0 ∈ � as the probability measure in Theorem 4.1,
we have the following pointwise estimate.
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Corollary 4.2 Let M ≥ 1 and f ∈ B. Then for any ε > 0 and x0 ∈ �, there is a
shallow GCNN with parameter ��� = (θθθ1, . . . , θθθM ) such that ‖���‖P,∞ ≤ ‖ f ‖B and

∣∣∣
1

M

M∑

m=1

φ(x0, θθθm) − f (x0)
∣∣∣ ≤ 1 + ε√

M
‖ f ‖B. (4.13)

We remark that the shallow GCNN chosen in Corollary 4.2 may depend on x0 ∈ �.

4.2 Approximation of GCNNs in Uniform Norm

In the following theorem, we consider the uniform approximation of functions in the
Barron space on the domain� by shallowGCNNs, provided the numberM of neurons
at each vertex is sufficiently large.

Theorem 4.3 Let ε ∈ (0, 1/2). Assume that the ReLU function σ satisfies (2.17) and
(2.18), the convolution norm satisfies (2.19) and (2.20), and the domain � has a ε-
covering in (4.3) with ε-covering number Next

ε . If the number M ≥ 1 of neurons per
vertex is chosen to satisfy

2N ext
ε e−Mε2/2 < 1, (4.14)

then for any function f in the Barron space B there exists a shallow GCNN with
parameter��� = (θθθ1, . . . , θθθM ) such that

‖���‖P,∞ ≤ ‖ f ‖B (4.15)

and
∥∥∥
1

M

M∑

m=1

φ(·, θθθm) − f
∥∥∥∞ ≤ (2D1‖σ‖Lip + 1)ε‖ f ‖B, (4.16)

where ‖σ‖Lip and D1 are the constants in (2.18) and (2.20) respectively.

Proof of Theorem 4.3 We follow the argument of Theorem 4.1. Without loss of gener-
ality, we assume that ‖ f ‖B = 1. Let ρ̂ be the probability measure on S×T in (4.12),
��� = (θθθ1, . . . , θθθM ) be the i.i.d random variables following the probability measure ρ̂,
and set fM (x,���) = M−1 ∑M

m=1 φ(·, θθθm).
Set I = N ext

ε and take a family of balls B(xi , ε), 1 ≤ i ≤ I , with center xi ∈ �

and radius ε that covers the domain �,

∪I
i=1 B(xi , ε) = �. (4.17)

For any randomvectorθθθ = (a,b, c) ∈ S×T, we obtain from (1.1) and the definition of
S×T that φ(xi , θθθ) = aT σ(b∗xi +c) ∈ [−1, 1] almost surely andEφ(xi , θθθ) = f (xi ).
Therefore φ(xi , θ) − f (xi ) is subGaussian with variance proxy 1,

E exp
(
s(φ(xi , θθθ) − f (xi ))

) ≤ exp(s2/2), s ∈ R.
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Therefore for all t > 0, we have the following Hoeffding’s inequality,

P{| fM (xi ,���) − f (xi )| > t} ≤ 2 exp(−Mt2/2). (4.18)

This together with (4.14) implies the existence of���∗ ∈ (S × T)M such that

‖���∗‖P,∞ ≤ 1 = ‖ f ‖B (4.19)

and
| fM (xi ,���∗) − f (xi )| ≤ ε, 1 ≤ i ≤ I . (4.20)

For the above shallow GCNN with parameter ���∗, we obtain from (4.2), (4.17),
(4.20), and Corollary 3.4 that

| fM (x,���∗) − f (x)|
≤ | fM (x,���∗) − fM (xi ,���∗)| + | fM (xi ,���∗) − f (xi )| + | f (x) − f (xi )|
≤ D1‖σ‖Lipε‖���∗‖P,∞ + ε + D1‖σ‖Lipε‖ f ‖B ≤ (2D1‖σ‖Lip + 1)ε, x ∈ �,

where xi is chosen so that x ∈ B(xi , ε). This together with (4.19) completes the proof.
��

Remark 4.4 For our illustrative domain �sp in (2.15), the ε-covering number N ext
ε is

bounded above by
(N
s

)
(3/ε)s [66]. This implies that the requirement (4.14) is met if

M ≥ 2 ln 2

ε2
+ 2s

ε2
ln

(eN
sε

)
. (4.21)

Hence the shallow GCNN is nearly scalable, up to a logarithmic factor in the
order N of the underlying graph G, and a shallow GCNN with parameter size
O(sNε−2 ln(Ns−1ε−1)) could be chosen to approximate a function f in the graph
Barron space uniformly on the domain �sp of s-sparse signals with accuracy ε‖ f ‖B.

Given the numberM of neurons per vertex, which is assumed to bemuch larger than
the sparsity parameter s, one can verify that condition (4.21) is satisfied by choosing
ε = (sM−1 ln(NMs−2))1/2. Consequently, for a function f in the graph Barron space
B, the approximation error of shallow GCNNs with M neurons per vertex is of order
‖ f ‖B(sM−1 ln(NMs−2))1/2.

Remark 4.5 For the case that the unit ball �ba in (2.16) is used as the domain �, we
have the following estimate on the ε-covering number (1/ε)N ≤ N ext

ε ≤ (1+ 2/ε)N .
Hence the requirement (4.14) is met if

M ≥ 2 ln 2

ε2
+ 2N

ε2
ln

(
1 + 2

ε

)
. (4.22)

Hence for any ε ∈ (0, 1/2), shallow GCNNs with parameter size O(N 2ε−2 ln(1/ε))
could be selected by Theorem 4.3 to approximate a function f in the Barron space
uniformly on the whole domain �ba with accuracy ε‖ f ‖B. However, in the above
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setting on the domain, a large number of neurons is necessary for the uniform approx-
imation by shallow GCNNs, it is more appropriate to use multi-layer GCNNs, with
each layer containing a smaller number of neurons. In the classical neuron network
setting, it is shown in [2, Proposition 1] that functions f in the Barron space BEMW in
(3.37) can be approximated uniformly on the unit cube � = [0, 1]N by some shadow
neural networks with accuracy ε‖ f ‖BEMW, provided that

M ≥ C(N )ε−2N/(N+3) (4.23)

where C(N ) is the approximation constant of a zonoid by zonotopes with small
numbers of segments. The requirements (4.22) and (4.23) on the number of neu-
rons are essentially not comparable because we lack sufficient information about the
approximation constant C(N ). Furthermore, the order improvement from 2 in (4.22)
to 2N/(N+3) in (4.23) is not significant, as in designing shallowGCNNs on graphs of
large order N , the approximation error ε is not chosen making ε−6/(N+3) or equivalent
N−1 ln(1/ε) a large number in general.

For N ≥ 2 and M ≥ 5N , one may verify that ε = √
2(M/N )−1 ln(M/N ) satisfies

2(1 + 2/ε)N exp(−Mε2/2) < 1. Therefore for any function f in the Barron space
B there exists a shallow GCNN with parameter ��� = (θθθ1, . . . , θθθM ) such that (4.15)
holds and

sup
x∈�

∣∣∣
1

M

M∑

m=1

φ(x, θθθm) − f (x)
∣∣∣ ≤ (2D1‖σ‖Lip + 1)

√
2 ln(M/N )

M/N
‖ f ‖B, (4.24)

In the classical neuron network setting with � = [0, 1]N , it is mentioned in [18,
Remark 13] that there exists a shallow neural network with parameters um ∈ R and
vm ∈ R

N , 1 ≤ m ≤ M , such that

sup
x∈[0,1]N

∣∣∣
1

M

M∑

m=1

umσ(vTmx) − f (x)
∣∣∣ ≤ C

√
lnM

M1+1/N ‖ f ‖BEMW , (4.25)

where C is a positive constant depending on N . The approximation error estimates in
(4.24) for the GCNN setting and (4.25) for the classical neural networking setting are
not comparable due to the lack of information about the constant C . In addition, the
order improvement M−1/(2N ) in (4.25) is not indicative, as when we design shallow
GCNNs on graphs of large order N , the number of neurons M at each vertex is
generally chosen so that it does not exceed a multiple of the graph order N (and hence
N−1 lnM is not a big number).

4.3 Inverse Uniform Approximation Theorems

In the following theorem, we show that the uniform limit of outputs of shallowGCNNs
with bounded path norm belongs to the Barron space B; see [17, Theorem 2] for a
similar result in the classical neural network setting.
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Theorem 4.6 Let Q > 0 and 1 ≤ p ≤ ∞. If fn ∈ CQ,p, n ≥ 1, converges pointwise,
i.e.,

lim
n→∞ fn(x) = f (x), x ∈ �, (4.26)

for some function f on the domain �. Then f ∈ B and ‖ f ‖B ≤ Q.

Proof By the assumption fn ∈ CQ,p, n ≥ 1, we can write

fn(x) = 1

Mn

Mn∑

m=1

αn,maTn,mσ(bn,m ∗ x + cn,m), x ∈ �, (4.27)

where (an,m,bn,m, cn,m) ∈ S × T, 1 ≤ m ≤ Mn , and 0 < M−1
n

∑Mn
m=1 αn,m ≤ Q.

Define the probability measure ρ̂n on S × T by

ρ̂n(da, db, dc) =
( Mn∑

m=1

αn,m

)−1
Mn∑

m=1

αn,mδ
(
a − am,n,b − bm,n, c − cm,n

)
,

where δ is the Dirac measure centered at the origin. Then we rewrite the representation
in (4.27) as follows:

fn(x) =
∑Mn

m=1 αn,m

Mn

∫

S×T

aT σ(b ∗ x + c)ρ̂n(da, db, dc), x ∈ �. (4.28)

As
∑Mn

m=1 αn,m/Mn, n ≥ 1, is a bounded sequence contained in [0, Q], without
loss of generality, we assume that it is convergent,

lim
n→∞

1

Mn

Mn∑

m=1

αn,m = α ∈ [0, Q], (4.29)

otherwise replacing fn, n ≥ 1, by its appropriate subsequence.
Consider the sequence ρ̂n, n ≥ 1, of probability measures on S × T. By applying

Prokhorov’s theorem [50], there exists a subsequence of probability measures ρ̂n on
S×T that converges weakly to some measure ρ̂ on S×T. Without loss of generality,
we assume that the original sequence ρ̂n, n ≥ 1, of probability measures converges
weakly to some measure ρ̂ on S × T, i.e.,

lim
n→∞

∫

S×T

g(a,b, c)ρ̂n(da, db, dc) =
∫

S×T

g(a,b, c)ρ̂(da, db, dc) (4.30)

hold for all continuous functions g on S × T.
As ρ̂n, n ≥ 1, are probability measures on S × T and the constant function is

a continuous function on S × T, we obtain from (4.30) that ρ̂ is also a probability
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measure on S × T. Define

f̃ (x) = α

∫

S×T

aT σ(b ∗ x + c)ρ̂(da, db, dc), x ∈ �. (4.31)

Then the function f̃ defined by (4.31) belongs to the Barron space B and has its norm
bounded by α ≤ Q.

Recall that aT σ(b ∗ x+ c) are continuous functions about (a,b, c) ∈ S×T for all
x ∈ �. This together with (4.28), (4.29), (4.30) and (4.31) implies that

f̃ (x) = lim
n→∞ fn(x), x ∈ �. (4.32)

This proves that f̃ = f and hence completes the proof. ��

4.4 Universal Approximation Theorem

Given any v ∈ V , denote the delta graph signal taking value one at the vertex v and
value zero at all other vertices in V by ev . In the following theorem, we establish a
universal approximation theorem for the Barron space B(�,RV ).

Theorem 4.7 If there exists v0 ∈ V such that the Fourier transform Fev0 of the delta
signal ev0 has all entries taking nonzero values, then the Barron space B(�,RV ) is
dense in C(�).

To prove Theorem 4.7, we recall the following classical universal approximation
theorem for neural networks, adapting it from its original formulation on a bounded
subset of vectors in R

N to the bounded domain � of graph signals on the graph G
[49].

Lemma 4.8 Let f be a continuous function on the domain �. Then for any ε > 0,
there exist um ∈ R, vm ∈ R

V and wm ∈ R, 1 ≤ m ≤ M such that

∥∥∥ f (x) −
M∑

m=1

umσ(vTmx + wm)

∥∥∥∞ ≤ ε. (4.33)

Now we prove Theorem 4.7.

Proof of Theorem 4.7 By the universal approximation theorem in Lemma 4.8, it suf-
fices to prove that for any v ∈ R

V and w ∈ R there exist a,b, c ∈ R
V such that

σ(vT x + w) = aT σ(b ∗ x + c), x ∈ �. (4.34)

Take a = ev0 and c = wev0 . Then the existence of the vector b in (4.34) is reduced to
showing

eTv0(b ∗ x) = vT x for all x ∈ R
V . (4.35)
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By (2.10), we need to find a multivariate polynomial h such that

h(S1, . . . ,SK )ev0 = v,

or equivalently,
diag

(
h(λλλ(1)), . . . , h(λλλ(N ))

)
Fev0 = Fv (4.36)

in the Fourier domain. The above equation about the polynomial h is solvable as all
entries of Fev0 are nonzero and λλλ(n), 1 ≤ n ≤ N , in the joint spectrum of graph
shifts are distinct by Assumption 2.1. In particular, h is an interpolation polynomial
satisfying

h(λλλ(n)) =
(
Fv

)
(n)

(
Fev0

)
(n)

, 1 ≤ n ≤ N

where y(n) is the n-th component of a vector y ∈ R
N . This completes the proof. ��

In the following remark,we consider the density of the graphBarron spaceB(�,W)

in the space C(�) when W is not the whole space RV .

Remark 4.9 Take a nonnegative integer L strictly less than the diameter of the graph
G, let WL be the space of all polynomial filters with degree no larger than L , and
consider replacing the whole space RV in Theorem 4.7 by the set WL in which the
convolutions in our shallow GCNNs are selected.

Take two vertices v1 and v2 ∈ V such that their distance strictly larger than L and
define the continuous function g on the domain �ba by g(x) = x(v1)x(v2), where
x = (x(v))v∈V . Take an arbitrary small ε > 0 and suppose that the function g is well
approximated by functions in the graph Barron space fε ∈ B(�ba,WL), i.e.,

sup
x∈�ba

|g(x) − fε(x)| ≤ ε. (4.37)

By (3.9), one may verify that the function fε can be decomposed as the summation of
two functions f1 and f2 on V \{v1} and V \{v2} respectively, i.e.,

fε(x) = f1(x1) + f2(x2) (4.38)

where x1 = (x(v))v∈V \{v1} and x2 = (x(v))v∈V \{v2}. Set x01 = x1 with x(v2) = 0 and
x02 = x2 with x(v1) = 0. Then it follows from (4.37) and (4.38) that

| f1(x01) + f2(x2)| ≤ ε and | f1(x1) + f2(x02)| ≤ ε. (4.39)

Combining (4.37), (4.38) and (4.39) yields

|g(x) − f1(x01) − f2(x02)| ≤ 3ε, x ∈ �ba.

This is a contradiction, since the function f1(x01) + f2(x02) is independent on x(v1)
and x(v2) and ε > 0 is arbitrary chosen. Therefore, unlike the density result for the
graph Barron space B(�,RV ) in C(�), we conclude that the graph Barron space
B(�ba,WL) is not dense in C(�ba).
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5 Rademacher Complexity

Rademacher complexity measures richness of a function class and it has been used
to derive data-dependent upper-bounds on learnability [4, 78]. In this section, we first
consider the Rademacher complexity of the family FQ of functions on the domain �,

RadS(FQ) = E

(
sup
f ∈FQ

1

S

S∑

i=1

ξi f (xi )
)
, (5.1)

where xi , 1 ≤ i ≤ S, are samples in the domain �, ξi ∈ {−1, 1}, 1 ≤ i ≤ S,
are i.i.d. Rademacher random variables with P(ξi = 1) = P(ξi = −1) = 1/2,
and FQ, Q ≥ 0, contains all functions on the domain � with their Barron norms
bounded by Q, see (4.4). In Section 5.1, we derive an upper bound for the Rademacher
complexity RadS(FQ) that scales with the inverse square root of the sample size S
and the square root of the logarithm of the graph order N ; see Theorem 5.1 and [2,
17] for similar results in the standard neural network setting.

Let μ be a probability measure on �, and xi ∈ �, 1 ≤ i ≤ S, have entries being
i.i.d. random variables with probability measure μ, and define

�(X) = sup
f ∈FQ

∣∣∣
∫

�

f (x)dμ(x) − 1

S

S∑

i=1

f (xi )
∣∣∣, (5.2)

where X = (x1, . . . , xS) and Q ≥ 0. A natural question concerning the graph Barron
space is whether signals lying in a bounded subset of this space can be efficiently
learned from data. In Section 5.2, we address this question by considering the error
measure in (5.2) for signals in the ball FQ under the noiseless random sampling sce-
nario. In particular, based on the estimate of the Rademacher complexity RadS(FQ) in
Theorem 5.1, we establish an upper bound for the error measure�(X) in Theorem 5.4
with high probability. This error bound scales linearly with the bound Q and inversely
with the square root of the sample size S, with a constant that depends on the square
root of the logarithm of the underlying graph size N and the mismatch probability δ.
From Theorem 5.4, we may conclude that functions in the graph Barron space can be
efficiently learned from their noiseless sampling data with high probability.

5.1 Radmacher Complexity

In the following theorem, we provide an upper bound for the Rademacher complexity
RadS(FQ) defined in (5.1).

Theorem 5.1 Let B be the Barron space in (3.7) with the norm ‖ · ‖ in (2.17) replaced
by the standard 
∞-norm ‖ · ‖∞, and the convolution norm ‖ · ‖co satisfying the
additional assumption (2.21). For any xi ∈ �, 1 ≤ i ≤ S, define the Rademacher
complexity RadS(FQ) of the family FQ, Q ≥ 0, as in (5.1). Then

RadS(FQ) ≤ 2
(
D0D2

√
2 ln(2N ) + √

2 ln 2
)
QS−1/2, (5.3)
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where D0 and D2 are the constants in (2.14) and (2.21) to measure the uniform bunded
of the domain� and Lipschitz bound of the graph convolution operation, respectively.

We follow the argument used in [17, Theorem 3] and for the completeness of
this paper, we include a sketch of the proof. To prove Theorem 5.1. we recall the
contraction lemma and Massart lemma, where ξi , 1 ≤ i ≤ S, are i.i.d. Rademacher
random variables [57].

Lemma 5.2 Let K be a family of functions on � and xi ∈ �, 1 ≤ i ≤ S. Then

E sup
g∈K

S∑

i=1

ξiσ
(
g(xi )

) ≤ E sup
g∈K

S∑

i=1

ξi g(xi ). (5.4)

Lemma 5.3 Let T ⊂ R
S be a finite set with its cardinality denoted by #T . Then

E

(
max
t∈T

S∑

i=1

ξi ti
)

≤ √
2 ln #T max

t∈T
‖t‖2,

where t = [t1, . . . , tS]T ∈ T .

Now we are ready to prove Theorem 5.1.

Proof of Theorem 5.1 First we show that

sup
f ∈FQ

S∑

i=1

ξi f (xi ) ≤ Q sup
(b,c)∈T

∥∥∥
S∑

i=1

ξiσ(b ∗ xi + c)
∥∥∥∞ (5.5)

hold for all ξi ∈ {−1, 1} and xi ∈ �, 1 ≤ i ≤ S.
By Lemma 3.3, there exists a probability measure ρ̂ on S × T for any f ∈ B such

that

f (x) = ‖ f ‖B
∫

S×T

aT σ(b ∗ x + c)ρ̂(da, db, dc).

Then

S∑

i=1

εi f (xi ) = ‖ f ‖B
∫

S×T

aT
( S∑

i=1

ξiσ(b ∗ xi + c)
)
ρ̂(da, db, dc)

≤ ‖ f ‖B sup
a∈S,(b,c)∈T

aT
( S∑

i=1

ξiσ(b ∗ xi + c)
)

≤ ‖ f ‖B sup
(b,c)∈T

∥∥∥
S∑

i=1

ξiσ(b ∗ xi + c)
∥∥∥∞.

Taking supremum over all f ∈ FQ in the above estimate proves (5.5).
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Next we use (5.5) and apply the contraction lemma to show that

E sup
(b,c)∈T

∥∥∥
S∑

i=1

ξiσ(b ∗ xi + c)
∥∥∥∞ ≤ 2D2E

∥∥∥
S∑

i=1

ξixi
∥∥∥∞ + 2E

∣∣∣
S∑

i=1

ξi

∣∣∣. (5.6)

For a graph signal y ∈ R
V , we denote its value at vertex v ∈ V by y(v), v ∈ V .

Observe that

sup
(b,c)∈T

∥∥∥
S∑

i=1

ξiσ(b ∗ xi + c)
∥∥∥∞ = sup

(b,c)∈T
max

1≤n≤N
max

ξ∈{−1,1}

(
ξ

S∑

i=1

ξiσ(b ∗ xi + c)
)
(v)

≤
∑

ξ∈{−1,1}
max

1≤n≤N
sup

(b,c)∈T

(
ξ

S∑

i=1

ξiσ(b ∗ xi + c)
)
(v),

where the inequality holds as

sup
(b,c)∈T

(
±

S∑

i=1

ξiσ(b ∗ xi + c)
)
(v) ≥ sup

‖c‖∞=1
±

S∑

i=1

ξiσ(c(v)) ≥ 0, v ∈ V .

This together with Lemma 5.2 with K = {(b ∗ x + c)(v), v ∈ V , (b, c) ∈ T} implies
that

E sup
(b,c)∈T

∥∥∥
S∑

i=1

ξiσ(b ∗ xi + c)
∥∥∥∞ ≤ 2Emax

v∈V sup
(b,c)∈T

S∑

i=1

ξiσ
(
(b ∗ xi + c)(v)

)

≤ 2Emax
v∈V sup

(b,c)∈T

S∑

i=1

ξi (b ∗ xi + c)(v)

≤ 2E sup
(b,c)∈T

∥∥∥b ∗
( S∑

i=1

ξixi
)

+
( S∑

i=1

ξi

)
c
∥∥∥∞.

Combining the above estimate with (2.21) and the definition of the set T, we complete
the proof of (5.6).

Finally we apply (5.6) and use the Massart Lemma to prove (5.3).
Observe that

∥∥∥
S∑

i=1

ξixi
∥∥∥∞ = max

v∈V max
{ S∑

i=1

ξixi (v),

S∑

i=1

ξi (−xi )(v)
}
,

where xi (v), v ∈ V , are the value at vertex v of the graph signal xi ∈ R
V . Applying

Lemma 5.3 with T = {[x1(v), . . . , xS(v)]T , v ∈ V } ∪ {−[x1(v), . . . , xS(v)]T , v ∈
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V }, we conclude that

E

∥∥∥
S∑

i=1

ξixi
∥∥∥∞ ≤ √

2 ln(2N ) sup
v∈V

( S∑

i=1

(xi (v))2
)1/2

.

This together with (2.14) implies that

E

∥∥∥
S∑

i=1

ξixi
∥∥∥∞ ≤ D0

√
2 ln(2N )S1/2. (5.7)

Let 1S be the S-dimensional vector with all components taking value one. Applying
Lemma 5.3 with T = {−1S, 1S} gives

E

∣∣∣
S∑

i=1

ξi

∣∣∣ ≤ √
2 ln 2S1/2. (5.8)

Combining (5.6), (5.7) and (5.8), we complete the proof of the desired estimate
(5.3) on the Rademacher complexity. ��

5.2 Learnability by GCNNs

In the following theorem, we investigate the learnability of signals in the graph Barron
space B by shallow GCNNs and establish an upper bound for the error measure �(X)

defined in (5.2).

Theorem 5.4 Let Q ≥ 0, the probability measure μ on �, i.i.d. random variables
xi ∈ �, 1 ≤ i ≤ S, X = (x1, . . . , xS) and let �(X) be as in (5.9). Then for any
δ ∈ (0, 1/2), the error estimate

�(X) ≤
(
4D0D2

√
2 ln(2N ) + 4

√
2 ln 2 + √

2 ln(1/δ)
)
QS−1/2 (5.9)

hold with probability at least 1− δ, where D0 and D2 are the constants in (2.14) and
(2.21) respectively.

Proof We follow the procedure outlined in [4, Theorem 8], incorporating the new
estimate of the Rademacher complexity RadS(FQ) from Theorem 5.1. For the sake
of completeness, we include a brief proof here.

Set X = (x1, . . . , xS) and let �(X) be as in (5.2). By the symmetry of the set FQ ,
we have

�(X) = sup
f ∈FQ

∫

�

f (x)dμ(x) − 1

S

S∑

i=1

f (xi ).

By the reproducing kernel property (3.12) for the Barron space, we have

|�(X)) − �(X′
i )| ≤ S−1| f (xi ) − f (x′

i )| ≤ 2QS−1, 1 ≤ i ≤ S,
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where for 1 ≤ i ≤ S, X and X′
i share the same components except that their i-th

components are xi and x′
i respectively. Then applying McDiarmid’s inequality, we

obtain
�(X) ≤ EX�(X) + √

2 ln(1/δ)QS−1/2

with probability at least 1 − δ. Then by Theorem 5.1, it suffices to prove

EX�(X) ≤ 2RadS(FQ). (5.10)

Let us draw a second sample x′
1, . . . , x

′
S according to probability measure μ, ξi ∈

{−1, 1}, 1 ≤ i ≤ S be i.i.d. Rademacher random variables with P(ξi = 1) = P(ξi =
−1) = 1/2, and set � = (ξ1, . . . , ξS). Then

EX�(X) = EX sup
f ∈FQ

EX′
1

S

S∑

i=1

(
f (x′

i ) − f (xi )
)

≤ EXEX′ sup
f ∈FQ

1

S

S∑

i=1

(
f (x′

i ) − f (xi )
)

= E�EXEX′ sup
f ∈FQ

1

S

S∑

i=1

ξi
(
f (x′

i ) − f (xi )
)

≤ E�EX sup
f ∈FQ

1

S

S∑

i=1

ξi f (xi ) + E�EX′ sup
f ∈FQ

1

S

S∑

i=1

(−ξi ) f (x
′
i ) = 2RadS(FQ).

This proves (5.10) and then completes the proof of Theorem 5.4. ��

6 Numerical Simulations

In this section, we consider both synthetic and real data on the underlying undirected
graph G = (V , E) of the data set of hourly temperature collected at 32 weather
stations in the region of Brest (France) [48, 56, 82]. The temperature data set is of
size 32 × 24 × 31, and the weather station graph G is constructed by the 5 nearest
neighboring stations in physical distances. In this section, we use stochastic gradient
descentwithNesterovmomentum to train shallowGCNNson theweather stationgraph
G and demonstrate the approximation performance of shallow GCNNs presented in
Theorems 4.1 and 4.3. All experiments and computations are performed using the
PyTorch deep learning framework.

Denote the symmetric normalized Laplacian on the weather station graph G by
Lsym = I − D−1/2AD−1/2, where A and D are the adjacency and degree matrices
of the graph G, respectively. In our simulations, we set N = 32, let the fundamental
domain� of the GCNN contain all graph signals x = (x(i))i∈V with entries contained
in [−1, 1], i.e., −1 ≤ x(i) ≤ 1 for all i ∈ V , and we use

WL =
{ L∑

l=0

b(l)(Lsym)l , b(0), . . . , b(L) ∈ R

}
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in (2.13) as the convolution space.
Given input graph signals xi ∈ R

N , 1 ≤ i ≤ S, and output values yi = f (xi ), 1 ≤
i ≤ S of a function f on the domain �, we use stochastic gradient descent with
Nesterov momentum μ = 0.9, abbreviated to SGDM, as the optimization strategy
to learn the parameters ��� of the desired GCNN to approximate the function f , see
Algorithm 1. The loss function in the SGDM is the conventional relative mean square
error (RMSE),

F(���) =
∑S

i=1(yi − fM (xi ,���))2

‖y‖22
, (6.1)

where ��� = (θθθ1, . . . , θθθM ) with θθθm = (am,bm, cm) ∈ R
N × R

L+1 × R
N and bm =

[bm(0), . . . , bm(L)]T ∈ R
L+1, 1 ≤ m ≤ M , ‖y‖2 = (

∑S
i=1 y

2
i )

1/2, and

fM (xi ,���) = 1

M

M∑

m=1

aTmσ
( L∑

l=0

bm(l)(Lsym)lxi + cm
)
, 1 ≤ i ≤ S. (6.2)

For the case that xi , 1 ≤ i ≤ S, are randomly and independently selected with uniform
distribution on� := [−1, 1]N , for large sampling size S wemay show that the RMSE
F(���) is about the relative approximation error of the GCNN in square norm,

F(���) ≈
∫
�

| f (x) − fM (x)|2dx∫
�

| f (x)|2dx .

As the ReLU function σ is not differentiable, we define its approximate derivative
σ ′
app by

σ ′
app(t) = σ(t + ε) − σ(t − ε)

2ε
=

⎧
⎨

⎩

1 if t ∈ [ε,+∞)
t+ε
2ε if t ∈ (−ε, ε)

0 if t ∈ (−∞,−ε],
which is also the derivative of the regularization

σε(t) =
⎧
⎨

⎩

t if t ∈ [ε,+∞)

(t + ε)2/(4ε) if t ∈ (−ε, ε)

0 if t ∈ (−∞,−ε]

of the ReLU function σ , where ε = 10−5 in our simulations. Set

bm(Lsym) =
L∑

l=0

bm(l)(Lsym)l , 1 ≤ m ≤ M

and
zi (���) = yi − fM (xi ,���), 1 ≤ i ≤ S.
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Algorithm 1 Stochastic Gradient Descent Algorithm with Nesterov Momentum to
learn GCNNs
Inputs: Order L of polynomial filter, number M of neurons, order N of the underlying graph G, number
S of samples, Nesterov momentum μ = 0.9, learning rate γ = 0.003, number of iteration Iter, the
symmetrically normalized Laplacian Lsym, input signals xi ∈ R

N , 1 ≤ i ≤ S, and outputs yi =
f (xi ), 1 ≤ i ≤ S of the function f to be learnt.
Initial:��� ← 0 and Temp ← ∇Fapp(���).
Iteration:

for n = 1

Grad ← ∇Fapp(���)

Temp ← μ ∗ Temp + Grad

��� ← ��� − γ ∗ Temp

n ← n + 1

stop if n > Iter

Output:���Iter .

In the SGDM, we use the approximate gradient ∇Fapp of the loss function F :

∂Fapp(���)

∂am
= − 2

M‖y‖22

S∑

i=1

zi (���)σ
(
bm(Lsym)xi + cm

)
, (6.3)

∂Fapp(���)

∂cm
= − 2

M‖y‖22

S∑

i=1

zi (���)diag
(
σ ′
app

(
bm(Lsym)xi + cm

))
am, (6.4)

and

∂Fapp(���)

∂bm(l)
= − 2

M‖y‖22

S∑

i=1

zi (���)aTmdiag
(
σ ′
app

(
bm(Lsym)xi + cm

))
(Lsym)lxi , (6.5)

where 1 ≤ m ≤ M and 0 ≤ l ≤ L .
In our first simulation, we consider the quadratic function

f (x) = ‖Bx‖22, x ∈ �, (6.6)

whereB = (b(i, j))i, j∈V has zero entries except for b(i, i), i ∈ V and b(i, j), (i, j) ∈
E being drawn randomly and independently from the uniform distribution on [−1, 1].
To learn the above function f from the SGDM, we assume that the given input graph
signals xi , 1 ≤ i ≤ S, are randomly and independently selected from the uniform dis-
tribution on [−1, 1]N , and the output values yi = f (xi ) = ‖Bxi‖22, 1 ≤ i ≤ S. Shown
in Figure 1 is the performance of the SGDM to learn the function f from its sampling
data (xi , f (xi )), 1 ≤ i ≤ S. We observe from Figure 1 that the SGDM converges
and has better performance when the sampling size S increases. This demonstrates the
theoretical result in Theorem 5.4 on higher learnability of functions from their random
samples of larger size.
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Fig. 1 Plotted on the left is the average RMSE F(���n), 1 ≤ n ≤ 300, over 100 trials, where M = 4, L = 5
and S = 100 and���n , 1 ≤ n ≤ 300, are the parameters in the n-th iteration of the SGDM.The average energy
S−1‖y‖22 of the output data over 100 trials is 21.8736, while the uniform bound ‖y‖∞ = sup1≤i≤S |yi |
over 100 trials is 6.4467. Presented on the right is the average RMSE F(���Iter) over 100 trials with respect
to different sampling size S, where M = 4, L = 5 and Iter = 100

Define the relative uniform approximation error (RUAE) of the GCNNwith param-
eter��� by

U (���) := sup1≤i≤S | f (xi ) − fM (xi ,���)|
sup1≤i≤S | f (xi )| ,

where f is the original function and fM (x,���) is the output of the GCNN given in
(6.2). Presented in Figure 2 is how the RMSE and RUAE vary with the number of
neurons per vertex. This demonstrates the theoretical result in Theorems 4.1 and 4.3
on the approximation property of GCNNs.

We observe from Figure 2 that increasing the number of neurons at each vertex
generally improves the accuracy of theGCNN, asmeasured by bothRMSEandRUAE,
as long as the number of iterations in SGDMis not too high.However,when the number
of iterations is high (then RMSE and RUAE are low), adding more neurons does not
help and may even hurt the performance of the GCNN.

In the second simulation, we consider the real data set of hourly temperature mea-
sured in Celsius collected at 32 weather stations in the region of Brest (France)
in January 2014. Denote the regional temperature at ti -th hour of d-th day by
xorgd (ti ), 0 ≤ i ≤ 23, 1 ≤ d ≤ 31. Before we apply GCNNs to learn functions,
we pre-process the temperature data set by eliminating the average temperature and
rescaling the range to [−1, 1],

xd(ti ) = B−1(xorgd (ti ) − xorgave
)
,

where xorgave = (24× 31)−1 ∑23
i=0

∑31
d=1 x

org
d (ti ) the average temperature in the region

of Brest (France) for January 2014, and B is chosen so that xd(ti ) ∈ [−1, 1]32 for all
1 ≤ d ≤ 31 and 0 ≤ i ≤ 23. In particular, we take B = 10.35 in our simulation. In
the second simulation, we want to learn GCNNs to approximate the squared variance
function fsv of next day,

fsv(xd(ti )) = ‖xd+1(ti )‖22 − (x̄d+1(ti ))
2, 1 ≤ d ≤ 30, 0 ≤ i ≤ 23, (6.7)
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Fig. 2 Plotted are the average RMSE F(���Iter) (left) and RUAEU (���Iter) (right) over 100 trials with respect
to different number M of neurons per vertex, where S = 100, L = 5, and Iter = 50 (top left and right) and
200 (bottom left and right) respectively

where x̄d+1(ti ) is the average pre-processed temperature data of thewhole Brest region
at ti -th hour of (d + 1)-th day.

Learning GCNNs from real-world data is a challenging task. In the second simu-
lation, we try to learn GCNN from about 20% of the weather data set, particularly,
xd(ti ) and fsv, 0 ≤ i ≤ 23, d ∈ {1, 6, 11, 16, 21, 26}, to learn the squared variance
function fsv of next day. Shown in Figure 3 is the approximation property of the output
of the GCNN obtained from the SGDM, where the relative mean square error (RMSE)
and relative uniform approximation error (RUAE) on the whole weather data set are
defined by

WMSE =
∑23

i=0
∑30

d=1 | fsv(xd(ti )) − fM (xd(ti ),���Iter)|2∑23
i=0

∑30
d=1 | fsv(xd(ti ))|2

and on the right is the uniform error

WUAE = sup1≤d≤30,0≤i≤23 | fsv(xd(ti )) − fM (xd(ti ),���Iter)|
sup1≤d≤30,0≤i≤23 | fsv(xd(ti )| ,

where���Iter is the output parameter of the SGDM. Comparing with the approximation
of the quadratic function f in (6.6) with the squared variance function fsv in (6.7) by
GCNNs, the number of neurons at each vertex has a positive impact on the accuracy of
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Fig. 3 Plotted are the average WMSE (left) and WUAE (right) over 100 trials with respect to different
number M of neurons per vertex, where S = 218 = 24× 12, L = 5, and Iter = 30 (top left and right) and
100 (bottom left and right) respectively

the GCNN, when the number of iterations in SGDM is not too high. However, when
the number of iterations is high, adding more neurons does not improve and may even
degrade the performance of the GCNN.We hypothesize that this is because the GCNN
becomes overfitted to the training data and loses its ability to generalize to new data.

From the approximation property presented by Figures 2 and 3, we observe that
there is a trade-off between the number M of neurons and the number Iter of iterations
in the SGDM that needs to be carefully balanced to achieve the optimal performance
of the GCNNs.

7 Conclusion and Discussions

In this paper, we introduce a Barron space B associated with two-layer GCNNs in
the spectral convolution setting and show that functions in the Barron space can be
well approximated by outputs of two-layer GCNNs without suffering from the curse
of dimensionality.

For a graph filter G = (G(i, j))i, j∈V , define its geodesic-width ω(G) by the
smallest nonnegative integer such that G(i, j) = 0 for all i, j ∈ V with the geodesic
distance ρ(i, j) between vertices i and j is strictly larger than ω(G). Denote the set of
all matrices with their geodesic-width no larger than L byML . In the spatial approach
to define graph convolution, a localized matrix operation x 
−→ Hx associated with
some matrix H ∈ ML is applied instead of the spectral convolution x 
−→ b ∗ x

123



   52 Page 46 of 50 Journal of Fourier Analysis and Applications            (2026) 32:52 

associatedwith a graph signal b. In particular, given a graph signal b in the convolution
space W , we can find a polynomial filter H = h(S1, . . . ,SK ) in some ML such that
the corresponding spectral convolution can be implemented by polynomial filtering
procedure, i.e., b ∗ x = Hx holds for any graph signal x, where L is the degree of
the multivariate polynomial h. Comparing with the spectral convolution setting, the
convolution in the spatial setting hasmuchmore parameters to learn, as the convolution
spaceW has dimW ≤ N , while the convolution space ML in the spatial setting has
dimension bounded below by N and above by N 2, i.e., N ≤ dimML ≤ dimMD =
N 2, where D = maxi, j∈V ρ(i, j) is the diameter of the graph G.

In the spatial convolution setting, the output of a two-layer GCNN is given by

fM (x,���) = 1

M

M∑

m=1

aTmσ(Hmx + cm)

where��� = (θθθ1, . . . , θθθM ) and θθθm = (am,Hm, cm) ∈ R
N ×ML ×R

N , 1 ≤ m ≤ M ,
see [8, 33] for L = 1. With appropriate convolution norm for matrices in ML , we
can define a Barron space associated with two-layer GCNNs in the spatial convolution
setting for functions with the following representation

f (x) =
∫

RN×ML×RN
aT σ(Hx + c)ρ(da, dH, dc), x ∈ �,

and show that functions in theBarron space can be approximated by two-layerGCNNs,
where ρ is a probability measure on R

N × ML × R
N , cf. (3.5), (3.6) and (3.7).

Following the argument in Remark 4.9, we can show that the Barron space in the
spatial convolution setting is not dense in the space of continuous functions on the
unit ball, provided that the maximal geodesic-distance L chosen for the convolution
space ML is strictly less than the diameter of the graph G.
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47. Ortega, A., Frossard, P., Kovačević, J., Moura, J.M.F., Vandergheynst, P.: Graph signal processing:

overview, challenges, and applications. Proc. IEEE 106(5), 808–828 (2018)
48. Perraudin, N., Vandergheynst, P.: Stationary signal processing on graphs. IEEE Trans. Signal Process.

65(13), 3462–3477 (2017)
49. Pinkus, A.: Approximation theory of the MLP model in neural networks. Acta Numer 8, 143–195

(1999)
50. Prokhorov, Y.V.: Convergence of random processes and limit theorems in probability theory. Theory

Probab. Appl. 1, 157–214 (1956)
51. Rahimi, A., Recht, B.: Random features for large-scale kernel machines. In: Proceeding of Advances

in Neural Information Processing Systems 20 (NeuIPS 2007), p. 8 (2007)
52. Ricaud,B.,Borgnat, P., Tremblay,N.,Gonçalves, P.,Vandergheynst, P.: Fourier could be a data scientist:

from graph Fourier transform to signal processing on graphs. C R Phys. 20, 474–488 (2019)
53. Sandryhaila, A., Moura, J.M.F.: Discrete signal processing on graphs. IEEE Trans. Signal Process. 61,

1644–1656 (2013)
54. Sandryhaila, A., Moura, J.M.F.: Discrete signal processing on graphs: frequency analysis. IEEE Trans.

Signal Process. 62, 3042–3054 (2014)
55. Schölkopf, B., Smola, A.J.: Learning with Kernels: Support Vector Machines, Regularization, Opti-

mization, and Beyond. MIT Press, Cambridge, Massachusetts (2002)

123



Journal of Fourier Analysis and Applications            (2026) 32:52 Page 49 of 50    52 

56. Segarra, S., Marques, A.G., Leus, G., Ribeiro, A.: Stationary graph processes: parametric power spec-
tral estimation, In: 2017 IEEE International Conference on Acoustics, Speech and Signal Processing
(ICASSP), New Orleans, USA, pp. 4099-4103 (2017)

57. Shalev-Shwartz, S., Ben-David, S.: Understanding Machine Learning: From Theory to Algorithms.
Cambridge University Press, Cambridge (2014)

58. Shen, Z., Yang, H., Zhang, S.: Optimal approximation rate of ReLU networks in terms of width and
depth. J. Math. Pures Appl. 9(157), 101–135 (2022)

59. Shi, L., Zhang, Y., Cheng, J., Lu, H.: Two-stream adaptive graph convolutional networks for skeleton-
based action recognition. In: Proceeding of the IEEE/CVFConference on Computer Vision and Pattern
Recognition (CVPR), pp. 12026–12035 (2019)

60. Shuman, D.I., Narang, S.K., Frossard, P., Ortega, A., Vandergheynst, P.: The emerging field of sig-
nal processing on graphs: extending high-dimensional data analysis to networks and other irregular
domains. IEEE Signal Process. Mag. 30, 83–98 (2013)

61. Siegel, J.W., Xu, J.: Characterization of the variation spaces corresponding to shallow neural networks.
Constr. Approx. 57, 1109–1132 (2023)

62. Song, G., Zhang, H., Hickernell, F.J.: Reproducing kernel Banach spaces with the 
1 norm. Appl.
Comput. Harmon. Anal. 34, 96–116 (2013)

63. Spek, L., Heeringa, T.J., Schwenninger, F., Brune, C.: Duality for neural networks through reproducing
kernel Banach spaces. Appl. Comput. Harmon. Anal. 78, 101765 (2025)
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