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Shift-Invariant Spaces, Bandlimited Spaces and
Reproducing Kernel Spaces With Shift-Invariant

Kernels on Undirected Finite Graphs
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Abstract—In this paper, we introduce the concept of graph
shift-invariant spaces (GSISs) of graph signals on undirected finite
graphs and investigate their bandlimiting, reproducing kernel,
and sampling properties. Bandlimited spaces are the most widely
adopted models for representing graph signals. In this paper, under
some technical conditions on the graph shift, we show that every
GSIS is a graph bandlimited space (GBLS), and every GBLS
is a principal GSIS. Functions in a reproducing kernel Hilbert
space with shift-invariant kernel on graphs could be learnt with
significantly low computational cost. In this paper, we demonstrate
that every GSIS is a reproducing kernel Hilbert space with a
shift-invariant kernel. Based on the nested Krylov structure of
GSISs, we propose a finite-step sampling and reconstruction al-
gorithm in the spatial domain. Its effectiveness is demonstrated on
well-localized signals over cycle graphs and the flight delay dataset
of the 50 busiest U.S. airports. On this flight delay dataset, the
GSIS approach surpasses bandlimited spaces and RKHS models
with diffusion and random walk kernels in both model suitability,
data fitting capability and practical interpretability.

Index Terms—Graph shift-invariant space, graph bandlimited
space, signal reconstruction, signal sampling.

I. INTRODUCTION

A SHIFT-INVARIANT space (SIS) H of functions on the
real line is a linear space invariant under integer shifts, i.e.,

Tkf := f(· − k) ∈ H for all f ∈ H and k ∈ Z, where Z is the
set of all integers. It has been widely used in approximation the-
ory, wavelet analysis, sampling theory, Gabor analysis and many
other mathematical and engineering fields ([1], [2], [3], [4], [5],
[6], [7]). Bandlimited spaces and principal shift-invariant spaces
are two typical examples of SISs.

Graph signal processing (GSP) offers an opportunity to repre-
sent, process, analyze, and visualize graph signals and network
data ([17], [18], [19], [20], [21], [22], [23]). Similar to the
one-order delay in classical signal processing, the concept of
graph shifts has been introduced in GSP. Graph shifts are usually
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selected to have specific features, and designed to capture the
topology of the underlying graph; see Section II-A. In this paper,
we introduce the concept of graph shiftinvariant spaces (GSISs)
on undirected finite graphs, namely linear spaces of graph signals
that remain invariant under some graph shift S (see III.1),
and we study their various properties on bandlimiting, kernel
reproducing and sampling. The GSIS is defined in analogy to
the SIS on the real line, with the integer shiftsTk, k ∈ Z, on the
line replaced by the graph shift operationsSl, l ∈ N, where N

is the set of all natural numbers. Our motivation stems from
the observation that the graph-Fourier basis often fails to exhibit
clear spatial patterns on many real-world graphs. This limitation
reduces the descriptive power of purely spectral approaches. A
natural question, therefore, is whether one can develop a spatial
perspective for graph signals that complements and enriches the
traditional bandlimiting framework in GSP. The GSISs intro-
duced in this paper provide such a perspective: they empha-
size spatial structure directly through graph-shift operations,
and their underlying nested-Krylov-subspaces structure offers
greater flexibility and practical interpretability.

Every GBLS is a reproducing kernel Hilbert space (RKHS)
([17], [18], [24], [25]). For efficient learning of functions in a
RKHS on an undirected graph, the kernels are usually selected
to be shift-invariant; see (21). Graph RKHSs with shift-invariant
kernel (SIGRKHSs) have their inner products being defined
by a generalized dot product in the graph Fourier domain, see
Theorem IV.2. Common selection of such shift-invariant kernels
includes diffusion kernels, regularization kernels, random walk
kernels, spline kernels and their combinations ([26], [27], [28],
[29], [30], [31], [32], [33], [34], [35], [36], [37], [38], [39]). A
SIGRKHS is clearly invariant under the graph shift S and hence
a GSIS. The second main contribution of this paper is to show
that every GSIS embedded with the standard Euclidean inner
product is a SIGRKHS; see Theorem IV.1.

Sampling and reconstruction in GBLSs is a well-studied topic
in GSP. This framework provides characterizations of admis-
sible sampling sets, computationally efficient reconstruction
formulas, robustness guarantees in the presence of noise, and
guidelines for designing sampling strategies ([17], [18], [19],
[20], [21], [22], [40], [41]). In this paper, we study sampling
and reconstruction in PGSISs. Krylov subspace method is a
widely used iterative technique in numerical linear algebra,
designed to solve large linear systems or compute eigenval-
ues without forming dense matrix factorizations. Motivated by
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the observation that every PGSIS possesses a nested Krylov
subspace structure (see (34)), our third main contribution is
to establish a sampling theorem for PGSISs and to develop a
finite-step iterative algorithm for graph signal reconstruction
without performing the eigendecomposition for the graph shift;
see Theorem V.1, Corollaries V.2 and V.3, and Algorithm 1.
Our numerical simulations in Section VI show that the pro-
posed nested-Krylov-subspace-based Algorithm 1 demonstrates
robust and promising performance in recovering well-localized
signals in a GSIS on cycle graphs, as well as in the flight-delay
dataset of the 50 busiest airports in the United States.

SISs and RKHSs on the real line are suitable for modeling
signals with smooth spectrum ([3], [5], [7], [42], [43], [44]).
Flight delays usually start from few airports and their ripple ef-
fects happen subsequently throughout the entire airport network.
Our numerical simulations indicate that the on-time performance
data of the 50 busiest airports in the USA can be modeled as
graph signals living more suitably in a GSIS with the generators
appropriately chosen than in a bandlimited space and RKHS
with shift-invariant kernel, and moveover, the GSIS model ef-
fectively captures the ripple effect originating from a few major
airports and propagating throughout the entire network; see Sec-
tion VI-B. This suggests that the GSIS may offer flexibility and
practical interpretability for modeling signals and datasets with
strong localization pattern, such as those arising in transportation
delays and diffusion phenomena in networked systems.

The paper is organized as follows. In Section II, we recall
some preliminaries on graph shifts, polynomial filters, and graph
Fourier transform. In Section III, we introduce GSISs, GBLSs
and GSISs generated by multiple graph signals, and show that
they are essentially the same; see Theorem III.1. In Section III-A,
based on the graph uncertainty principle, we show that a PGSIS
generated by a localized graph signal has large dimension and a
PGSIS with small dimension is generated by some signal with
large support; see Proposition III.3. In Section IV, we introduce
the concept of shift-invariant kernel, discuss the inner product
structure of SIGRKHSs, and show that every GSIS embedded
with standard Euclidean inner product is a SIGRKHS; see (21),
and Theorems IV.1 and IV.2. In Section V, we consider sampling
and reconstruction of signals in a finitely-generated GSIS; see
Theorem V.1, Corollary V.2 and Algorithm 1. Performance of
Algorithm 1 for signal reconstruction is presented in Section VI.
All proofs are collected in Section VII. The conclusions and
future study are summarized in Section VIII.

Notation: We denote the standard inner product and p-norm
on the Euclidean space R

N by 〈·, ·〉 and ‖ · ‖p, 1 ≤ p ≤ ∞,
respectively. We use 〈·, ·〉H and ‖ · ‖H to represent the inner
product and norm on a Hilbert space H. For a matrix A, we
denote its transpose by AT . As usual, we denote the set of
nonnegative integers byZ+, the set of natural numbers byN, the
cardinality of a set W by #W , the support of a vector x ∈ R

N

by suppx and the dimension of a linear space H by dimH.

II. PRELIMINARIES

Polynomial filters have been widely used in GSP, and graph
shifts are building blocks for polynomial filters ([8], [9], [10],

[11], [15], [37], [45]). In this section, we first recall some pre-
liminaries on graph shifts and polynomial filters. Graph Fourier
transform (GFT) decomposes graph signals into different fre-
quency components. In this section we recall the conventional
definition of GFT on undirected graphs ([9], [12], [14], [15],
[39], [46], [47]).

A. Graph Shifts

Let G = (V,E) be an undirected graph of order N ≥ 1.
We say that S = [S(i, j)]i,j∈V is a graph shift if S(i, j) = 0
except that either i = j or (i, j) ∈ E. Illustrative examples of
graph shifts are the adjacency matrix A, the Laplacian matrix
L = D−A, the symmetrically normalized Laplacian matrix
Lsym := D−1/2LD−1/2, and their variants, where D is the
degree matrix.

Under additional real-valued and symmetric assumptions on
the graph shift S, we have the following eigendecomposition:

S = UΛUT , (1)

where U is an orthogonal matrix and the diagonal matrix Λ =
diag[λ(n)]1≤n≤N contains the eigenvalues of the graph shift S
as its diagonal entries, ordered so that |λ(1)| ≤ |λ(2)| ≤ · · · ≤
|λ(N)| [12], [14]. To ensure meaningful spectral behavior, we
make the following assumption on the graph shift S.

Assumption II.1: The graph shift S is real-valued and sym-
metric, and its eigenvalues λ(n), 1 ≤ n ≤ N , are assumed to be
distinct.

The distinct eigenvalue problem for the graph Laplacian, our
illustrative example of graph shifts, is a classical topic in spectral
graph theory [48]. It is known that Assumption II.1 is satisfied
for the Laplacian on a graph of order N if it has diameter
N − 1 [49], and with high probability 1− o(1) if it is an
Erdos–Rényi random graph G(N, 1/2) [50].

B. Polynomial Filters

We say that a filter H is a polynomial filter of the graph shift
S if there exists a polynomial h(t) =

∑
l∈Z+

hlt
l such that

H = h(S) =
∑
l∈Z+

hlS
l, (2)

where the sum is taken on a finite subset of Z+. A significant
advantage is that the filtering procedure associated with a poly-
nomial filter can be implemented at the vertex level in which each
vertex is equipped with a one-hop communication subsystem.
For a polynomial filter H, one may verify that it commutes with
the graph shift S, i.e., HS = SH. Under Assumption II.1 on
the graph shift S, the converse also holds; see [8], [9], [10],
[11], [37].

Proposition II.2: Let G be an undirected finite graph, S be a
graph shift satisfying Assumption II.1, and U be the orthogonal
matrix in (1). Then a filter H commutes with the graph shift S
if and only if H = UΘUT for some diagonal matrix Θ if and
only if H is a polynomial filter.

We remark that the above equivalence between terminologies
polynomial filters and shift-invariant filters no longer holds
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once the distinct-eigenvalue assumption on the graph shift S
is removed [51].

C. Graph Fourier Transform

Let U := [u1, . . . ,uN ] be the orthogonal matrix in (1). We
define the graph Fourier transform (GFT) x̂ := Fx of a graph
signal x by

x̂ = UTx = [uT
1 x, . . . ,u

T
Nx]T . (3)

Analogous to the classical discrete Fourier transform, we may
interpret the eigenvalues of the graph shift S as frequencies to
the above GFT, and the corresponding eigenvectors u1, . . . ,uN

to form its graph Fourier basis ([9], [12], [14], [15], [39], [46],
[47], [52], [53]). For the GFT in (3), we obtain from (1) that

Ŝx = Λx̂, (4)

where Λ is the diagonal matrix in (1).

III. GRAPH SHIFT-INVARIANT SPACES AND BANDLIMITED

SPACES

In Section III.A, we investigate the bandlimiting property of
a GSIS; see Theorems III.1 and III.2. Since every GBLS is gen-
erated by a graph signal of sinc type and every GSIS is a GBLS,
in Section III-B, we show that a GSIS generated by a well-
localized graph signal does not have small dimension; see Propo-
sition III.3.

A. Bandlimiting and Finitely-Generating Properties of Graph
Shift-Invariant Spaces

Let G be an undirected graph of order N ≥ 1, and S be a
graph shift on G. In analogy with the SIS on the real line, we say
that a linear space H of graph signals on G is shift-invariant if
it is closed under the action of graph shift operation S, i.e.,

Sx ∈ H for all x ∈ H. (5)

Applying the graph shift S repeatedly and using the linear space
property, we see that

Hx ∈ H for all x ∈ H and polynomial filters H. (6)

Let Φ be a nonempty set of nonzero graph signals on the
graph G. We say that a graph shift-invariant space (GSIS) H
is generated by Φ if it is the minimal shift-invariant space
containing Φ, i.e.,

H = H(Φ) := span
{
Slφ |l ∈ Z+, φ ∈ Φ

}
(7)

and that H is principal if it is generated by a single graph signal.
As H(Φ) is a linear subspace of RN , we may assume that Φ
has finite cardinality, i.e., #Φ < ∞. By the classical Cayley-
Hamilton theorem, SN is the linear combination of Sm, 0 ≤
m ≤ N − 1. Therefore the GSIS generated by Φ is given by

H(Φ) = span {Smφ | 0 ≤ m ≤ N − 1, φ ∈ Φ} . (8)

We say that a linear space H of graph signals on G is ban-
dlimited if

H = BΩ (9)

for some Ω ⊂ {1, . . . , N}, where

BΩ = {x | supp x̂ ⊂ Ω} . (10)

The graph bandlimited spaces (GBLSs) BΩ, also known as
Paley-Wiener spaces, have been widely used in GSP; see ([17],
[18], [19], [20], [21], [22]) and references therein. In the classical
real-line setting, a bandlimited space is a principal shift-invariant
space and a principal shift-invariant space is shift-invariant,
while the converse does not hold in general. In the following
theorem, we show that the terminologies on bandlimitedness,
shift-invariance, principal-shift-invariance are essentially the
same in the undirected finite graph setting.

Theorem III.1: Let G be an undirected finite graph, and S be
a graph shift satisfying Assumption II.1, and H be a linear space
of graph signals on the graph G. The following statements are
equivalent to each other:

i) H = BΩ for some Ω ⊂ {1, . . . , N}.
ii) H is shift-invariant.

iii) H is a finitely-generated graph shift-invariant space (FG-
SIS).

iv) H is a principal graph shift-invariant space (PGSIS).
We divide the proof into the following steps:

(iv)=⇒(iii)=⇒(ii) =⇒(i) =⇒(iv); see Section VII-A for
the detailed proof. In the proof of the implication (ii) =⇒(i),
we show that a GSIS H is the bandlimited space BΩ with

Ω = ∪x∈H supp x̂ and #Ω = dimH, (11)

where the second conclusion on the cardinality of the supporting
set Ω holds as the bandlimited space BΩ has dimension #Ω.

For the case that H is a GSIS generated by Φ, we obtain
from (4) that for any m ∈ Z+ and φ ∈ Φ, the Fourier transform
of Smφ has its support contained in the supporting set of φ̂, i.e.,

supp F(Smφ) = supp Λmφ̂ ⊂ supp φ̂.

Therefore the set Ω in the bandlimited space H = BΩ is com-
pletely determined by the generator Φ,

Ω = ∪φ∈Φ supp φ̂. (12)

The implication (i) =⇒(iv) follows from the following theo-
rem, see Section VII-B for the proof.

Theorem III.2: Let G be an undirected finite graph, S be a
graph shift satisfying Assumption II.1, and Ω be a nonempty
subset of {1, . . . , N}. Then there exists a graph signal φ0 ∈ BΩ

satisfying

φ̂0(n) �= 0 if and only if n ∈ Ω, (13)

such that

BΩ = span {Smφ0 | 0 ≤ m ≤ #Ω− 1} . (14)

We remark that the requirement (13) for the generator φ0

is also a necessary condition for (14) to hold. Let χΩ be the
characteristic function on the set Ω whose n-th component takes
value one for every n ∈ Ω and value zero for any n �∈ Ω. Similar
to the sinc function for the classical bandlimited space on the
real line, our illustrative example of the generator φ0 in (14) for
the bandlimited spaceBΩ is the graph signalF−1χΩ, the inverse
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graph Fourier transform of the characteristic function χΩ on the
set Ω.

As a consequence of Theorems III.1 and III.2, every GSIS H
is generated by finite shifts of some generator φ0, i.e.,

H = span {Smφ0 | 0 ≤ m ≤ M − 1} (15)

hold for all M ≥ dimH.

B. Uncertainty Principle for Principal Graph Shift-Invariant
Spaces

The generator φ0 of a given GSIS H selected in (13) is more
like the classical sinc function in a bandlimited space, typically
exhibiting large spatial support when the bandlimiting set Ω
has small cardinality (or equivalently when the GSIS H has
low dimension). As it is desirable to identify generators of a
GSIS with localized support, a natural question is whether a
GSIS can admit a generator that has localized support and yields
a low-dimensional space. In this subsection, we address this
question by establishing an uncertainty principle that quantifies
the trade-off between the spatial support of the generator of a
PGSIS and the dimension of the space; see Proposition III.3.
The reader may refer to [54], [55], [56], [57], [58], [59] and
references therein for various uncertainty principles on graphs.

For the orthogonal matrix U = [un(i)]1≤n≤N,i∈V in (1), de-
fine

‖U‖∞ = sup
1≤n≤N,i∈V

|un(i)|

and

‖U‖∗∞ = sup
W⊂V,Ω⊂{1,...,N}

⎧⎨⎩(#W#Ω)−1/2
∣∣∣

∑
i∈W,n∈Ω

|un(i)|2 ≥ 1

⎫⎬⎭ . (16)

Then the following bound estimate for ‖U‖∗∞ holds:

N−1/2 ≤ ‖U‖∗∞ ≤ ‖U‖∞ (17)

Reference [54]. Here the first inequality is true as∑
i∈W

∑
n∈Ω |u1(i)|2 = 1 for the sets W = V and Ω = {1},

and the second inequality follows from

(#W#Ω)−1 ≤ 1

#W#Ω

∑
i∈W,n∈Ω

|un(i)|2 ≤ ‖U‖2∞

for any pair of sets W ⊂ V and Ω ⊂ {1, . . . , N} satisfying∑
i∈W,n∈Ω |un(i)|2 ≥ 1. By the uncertainty principle in [54],

#(supp x)×#(supp x̂) ≥ (‖U‖∗∞)−2 (18)

hold for all nonzero graph signals x.
For a nonzero graph signal φ0, we obtain from (12) that the

PGSIS generated by φ0 is a GBLS BΩ with Ω = supp φ̂0.
Then by (18) and the above observation, we have the following
uncertainty principle.

Proposition III.3: Let the graph G and the graph shift S be
as in Theorem III.2. Let φ0 be a nonzero graph signal with its
support denoted by W , and denote the PGSIS generated by φ0

by H(φ0). Then

#W × dimH(φ0) ≥ (‖U‖∗∞)−2 (19)

where ‖U‖∗∞ is given in (16).
We finish this subsection with a remark on the optimality of

the lower bound estimate (19) for the PGSIS generated by a
localized signal on cycle graphs.

Remark III.4: Let C(N) = (VN , EN ) be the cycle graph that
has the vertex setVN = {0, 1, . . . N − 1} and the edge setEN =
{(i, i± 1 mod N), i ∈ VN}. Define S = (S(i, j))i,j∈VN

with
S(i, j) = 1 if j = i, S(i, j) = −1/2 if i− j = ±1modN , and
S(i, j) = 0 otherwise. One may verify that S is a symmetric
graph shift. Denote the orthogonal matrix to diagonalize the
graph shift S on the cycle graph C(N) by UN . For the above
orthogonal matrix, we have

N−1/2 ≤ ‖UN‖∗∞ ≤ ‖UN‖∞ ≤ 21/2N−1/2, (20)

see [52, Section 6.1]. This indicates that the order N−1/2 in the
lower bound estimate in (17) is optimal for the orthogonal matrix
UN .

Let φ0 be the delta signal supported at vertex �N/2�, where
�t� is the integral part of a real number t. One may verify
that the GSIS space H(φ0) contains all graph signals x =
[x(0), . . . , x(N − 1)]T satisfying the following symmetry prop-
erty:

x(�N/2� − i) = x(�N/2�+ i), 1 ≤ i ≤ N − 1− �N/2�,
and it has dimension �N/2�+ 1. Therefore, for the GSISH(φ0)
on the cycle graph C(N), the estimate in (19) becomes accurate
whenN is odd, and the difference between the left and right hand
sides in (19) is at most one for even N .

IV. SHIFT-INVARIANT GRAPH REPRODUCING KERNEL HILBERT

SPACES

LetS be a graph shift on an undirected graphG of orderN . We
say that a reproducing kernel Hilbert spaceH of graph signals on
G is shift-invariant if it has a shift-invariant reproducing kernel
K, i.e.,

SK = KS. (21)

Shift-invariant graph RKHSs (SIGRKHSs) have been widely
appreciated in machine learning, and their popularity can be
ascribed to their simplicity to represent signals, flexibility to
select kernels, and efficiency to learn signals with low computa-
tional costs. By Proposition II.2, a shift-invariant reproducing
kernel K is a polynomial filter of the graph shift S. Com-
mon selection of shift-invariant kernels include the diffusion
kernels exp(σ2Lsym/2) with σ > 0, the p-step random walk
kernels (aI− Lsym)−p with a > 2 and p ≥ 1, the Laplacian reg-
ularization kernels I+ σ2Lsym with σ > 0, the spline kernels
((Lsym)†)α and their variants, where (Lsym)† is pseudo-inverse
of the symmetrically normalized Laplacian Lsym on the graph G
([9], [26], [27], [28], [29], [31], [33], [34], [35], [36], [37], [38]).
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For a SIGRKHS H with a kernel K, we can express any
element in H as a linear combination of the columns of K, i.e.,

H =
{
Kc, c ∈ R

N
}
. (22)

The SIGRKHS with a spline kernel ((Lsym)†)p, p ≥ 1, is known
as graph spline space in [36]. For the case that all eigenvalues
of the symmetrically normalized Laplacian Lsym are distinct
(i.e., Assumption II.1 holds), one may verify that the SIGRKHS
associated with the diffusion kernels, the p-step random walk
kernels, and the Laplacian regularization kernels are the whole
Euclidean space R

N with different inner products embedded.
By (21) and (22), we observe that a SIGRKHS H is a GSIS.

In the following theorem, we show that the converse holds too,
see Section VII-C for the proof.

Theorem IV.1: Let G be an undirected finite graph, and
S be a graph shift satisfying Assumption II.1. Then a GSIS
H embedded with the standard Euclidean inner product is a
SIGRKHS.

From the proof of Theorem IV.1, we observe that the standard
inner product 〈x,y〉 = xTy of two graph signals x and y ∈ H
can be represented in the Fourier domain as follows:

〈x,y〉 = x̂TΛΩŷ, (23)

where Ω ⊂ {1, . . . , N} is given in Theorem III.1 and ΛΩ =
diag[χΩ(1), . . . , χΩ(N)] is the diagonal matrix withχΩ(n) = 1
for n ∈ Ω and χΩ(n) = 0 otherwise. In the following theorem,
we show that the inner product of any SIGRKHS is a generalized
dot product in the graph Fourier domain, see Section VII-D for
the proof.

Theorem IV.2: Let G be an undirected finite graph, and S be
a graph shift satisfying Assumption II.1. Then a SIGRKHS H
has its inner product defined by

〈x,y〉H = x̂TBŷ, x,y ∈ H (24)

for some diagonal matrix B with nonnegative diagonal entries.
Let K be the shift-invariant kernel of a SIGRKHS H, Ω ⊂

{1, . . . , N} be as in Theorem III.1 and U be the orthogonal
matrix in (1). By (21) and Proposition II.2, we observe that K =
UΛKUT for some diagonal matrix ΛK with its n-th entries
taking positive value for n ∈ Ω and zero value otherwise. From
the proof of Theorem IV.2, we observe that the pseudo-inverse
Λ†

K of the diagonal matrix ΛK can be used in (24) to define the
inner product of the SIGRKHS H. In particular, one may verify
that a matrix B with nonnegative diagonal entries can be used
in (24) if and only if B−Λ†

K has n-th diagonal entries taking
zero value for all n ∈ Ω.

Given a diagonal matrix B with nonnegative diagonal entries,
one may verify that the bandlimited spaceBΩB

= {x| supp x̂ ⊂
ΩB} embedded with the inner product in (24) is a RKHS with
the shift-invariant kernel UB†UT , where ΩB is the supporting
set of diagonal entries of the diagonal matrix B and B† is the
pseudo-inverse of the matrix B.

Given the reproducing kernel space H with the inner product
defined by (24), we see that the evaluation functional is uni-
formly bounded, i.e.,

|x(i)| ≤ ‖x‖2 = ‖x̂‖2 ≤
(

min
b(n) �=0

b(n)

)−1/2

‖x‖H, i ∈ V,

(25)
hold for all graph signals x = [x(i)]i∈V ∈ H , where B =
diag(b(1), . . . , b(N)) is the diagonal matrix in (24).

V. SAMPLING AND RECONSTRUCTION IN A

FINITELY-GENERATED GRAPH SHIFT-INVARIANT SPACE

Let S be a graph shift on an undirected graph G of order
N , H(Φ) be the GSIS generated by Φ := {φ0, . . . , φR−1}. In
this section, we consider the following linear sampling and
reconstruction problem in the GSIS H(Φ),

S : x �−→ Ax, (26)

where A = [a(s, i)]s∈W,i∈V is the sampling matrix, and we
propose a Krylov-based algorithm for signal recovery.

An illustrative example of the sampling scheme (26) is the
ideal sampling on the subset W ⊂ V , in which the sampling
matrix is given by

AW = [aW (i, j)]i∈W,j∈V (27)

whereaW (i, j) = 0 except thataW (i, i) = 1, i ∈ W . The above
sampling scheme is also known as subset sampling([17], [18],
[19], [20], [21], [22]). Another illustrative example of the sam-
pling scheme (26) is dynamic sampling (also known as aggre-
gation sampling),

SD,i0 : x �−→ [x(i0), (Dx)(i0), . . . , (D
K−1x)(i0)] (28)

where i0 ∈ V,K ≥ 1, D is the state matrix and x(i0) is i0-th
component of a graph signal x ([22], [40], [60], [61], [62]).

For the sampling procedure in (26), we have the following
characterization on its injectivity.

Theorem V.1: Let G be an undirected finite graph of order N ,
S be a graph shift satisfying Assumption II.1,H(Φ) be the GSIS
generated by Φ := {φ0, . . . , φR−1}, and set the frame matrix
FN = [Smφ]0≤m≤N−1,φ∈Φ. Then the sampling procedure (26)
with sampling matrix A is one-to-one if and only if FN and
AFN have the same rank.

The characterization in the above theorem regarding admis-
sible sampling procedure S is well established in the existing
literature. For completeness of this paper, we restate it in our
setting and provide a sketch of the proof; see Section VII-E for
details.

Let Ω ⊂ {1, . . . , N} and φ0 ∈ BΩ be a nonzero signal and
its GFT φ̂0 has its n-th component taking nonzero value for
all n ∈ Ω. Then the GSIS H(φ0) generated by φ0 is identical
to the bandlimited space BΩ. Combining the above observa-
tion with Theorem V.1, we obtain the following result on the
uniqueness for ideal sampling on bandlimited spaces, which has
been established in the literature; see [17], [18], [19], [21], [22]
and references therein for some historical remarks on the subset
sampling on (graph) bandlimited spaces.
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Corollary V.2: Let G be an undirected graph of order
N , S be a graph shift satisfying Assumption II.1, and U =
[un(i)]1≤n≤N,i∈V be the orthogonal matrix in (1). Then for
any Ω ⊂ {1, . . . , N} and W ⊂ V , the ideal sampling of the
bandlimited space BΩ on the set W is one-to-one if and only if
the submatrix [un(i)]n∈Ω,i∈W of the orthogonal matrix U has
rank #Ω.

For the dynamic sampling (28) with the state matrix D being
commutative with the graph shift S, one may verify that the
corresponding sampling matrix is given by

AD,i0 = [(λD(n))k]0≤k≤K−1,1≤n≤N

× diag[u1(i0), . . . , uN (i0)]U,

where diag [λD(1), . . . , λD (N)] = UT DU, and [u1(i0), . . . ,
uN (i0)] is the i0-th row of the orthogonal matrix. This together
with Theorem V.1 yields the following result on the uniqueness
of dynamic sampling scheme (28) on a GSIS; see [40], [41], [62]
and references for dynamical sampling.

Corollary V.3: Let G be an undirected graph of order N , S
be a graph shift satisfying Assumption II.1, and H(Φ) be the
GSIS generated by Φ. Consider the dynamic sampling scheme
SD,i0 on the GSISH(Φ) at location i0 ∈ V with the state matrix
D commutative with graph shift. Then the sampling procedure
in (28) is one-to-one if and only if K ≥ #Ω, λD(n), n ∈ Ω are
distinct, and un(i0) �= 0 for all n ∈ Ω, where Ω ⊂ {1, . . . , N}
is given in Theorem III.1.

Next consider signal reconstruction associated with the sam-
pling scheme (26) on the GSIS H(Φ), under the assumption
that the sampling scheme (26) is one-to-one and the given
observation data is the sampling of some signal x0 ∈ H(Φ)
corrupted by some random/deterministic noise ε,

y = Ax0 + ε. (29)

Let Ω ⊂ {1, . . . , N} be the set in Theorem III.1 so that H(Φ) =
BΩ and set UΩ = [un]n∈Ω. Considering the GSIS H(Φ) as a
bandlimited space, we may use

x�
0 = UΩ(U

T
ΩA

TAUΩ)
−1UT

ΩA
Ty, (30)

a solution of the minimization problem

x�
0 = argmin

x∈H(Φ)

‖y −Ax‖2, (31)

as the reconstructed signal in H(Φ). We remark that
UT

ΩA
TAUΩ is invertible by the assumption that the sampling

scheme (26) is one-to-one and its characterization in Theo-
rem V.1. For the numerical implementation of the reconstruction
algorithm (30), we observe that UT

ΩA
Ty is essentially the

restriction of the Fourier transform of ATy onto the set Ω, and
hence we may consider the reconstruction formula (30) for the
sampling scheme (26) as an implementation in the graph Fourier
domain. Applying the conventional reconstruction formula (30)
in the bandlimited framework requires three computationally
expensive steps: (i) computing the eigendecomposition (1) of the
graph shiftS; (ii) identifying the support setΩ of the bandlimited
space associated with the GSIS space H(Φ); and (iii) inverting
the matrix UT

ΩA
TAUΩ. Together, the three steps incur a total

Algorithm 1: Reconstruction Algorithm for Signals in a
FGSIS
Input: N (order of the underlying graph G), S (the graph shift),
φ0, . . . , φR−1 (nonzero generators of the FGSIS), A (the sampling
matrix), y = Ax0 + ε (the noisy observation of some signal
x0 ∈ H(φ0, . . . , φR−1)), and sampling error threshold δ.
Initial: Perform Gram-Schmidt process to φ0, . . . , φR−1 with
respect to the inner product 〈·, ·〉A, and obtain an orthonormal basis
W0. Set d0 = #W0 = dimH0(Φ), W0 = {w1, . . . ,wd0} and

W̃0 = W0. Define x̃0 =
∑d0

m=1〈y,Awm〉wm and
e0 = y −Ax̃0. If ‖e0‖2 ≤ δ, set xout = x̃0, efinal = e0, D = 0,
and stop, else do the following iteration.
Iteration:
for n = 1 : N − 1

a) Set vm′ = Swm′ −∑dn−1
m=1〈Swm′ ,wm〉Awm for all

wm′ ∈ W̃n−1.
b) If vm′ = 0 for all wm′ ∈ W̃n−1, then set
xout = x̃n−1, efinal = en−1, D = n− 1 and stop.

c) Else perform Gram-Schmidt process to
{vm′ |wm′ ∈ W̃n−1} with respect to the inner product 〈·, ·〉A,
and obtain an orthonormal basis W̃n.

d) Set dn = dn−1 +#W̃n, write
W̃n = {wdn−1+1, . . . ,wdn}, and update

Wn = Wn−1 ∪ W̃n.
e) Set zn =

∑dn
m=dn−1+1〈en−1,Awm〉wm, x̃n = x̃n−1 + zn

and en = en−1 −Azn.
f) If ‖en‖2 ≤ δ, set xout = x̃n, efinal = en, D = n and stop,
else continue the loop.

end
Output: The reconstruction signal xout, the sampling error
‖efinal‖2, and the Krylov subspace level D to represent the
reconstructed signal xout.

computational cost of O(N3). Here we say that A = O(B)
for quantities A and B if |A/B| is bounded by an absolute
constant. Moreover, the formula becomes inapplicable if the
matrixUT

ΩA
TAUΩ is poorly conditioned, leading to numerical

instability.
For 0 ≤ n ≤ N , define

Hn(Φ) = span{Smφ | 0 ≤ m ≤ n, φ ∈ Φ}, (32)

and

〈x1,x2〉A = xT
1 A

TAx2 and ‖x1‖A =
√

〈x1,x1〉A (33)

for x1,x2 ∈ R
N . We observe that the GSIS H(Φ) generated

by Φ could be approximated successively by nested Krylov
subspaces,

span{Φ} = H0(Φ) ⊂ H1(Φ) ⊂ · · · ⊂ HN−1(Φ) = H(Φ).
(34)

Furthermore, due to the one-to-one property of the sampling
scheme (26), Theorem V.1 ensures that the sampling-induced
inner product in (33) is a valid inner product on the full GSIS
spaceH(Φ), as well as each nested Krylov subspaceHn(Φ), 0 ≤
n ≤ N − 1. Based on the above two observations, we propose
the following iterative algorithm with finite steps to recover the
signal x�

0 in (30); see Algorithm 1.
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i) Initial step: We apply the Gram-Schmidt process to con-
struct an orthonormal basis {w1, . . . ,wd0

} for the Krylov
subspace H0(Φ), which is spanned by φ0, . . . , φR−1.
The reconstructed signal x̃0 is the optimal approxima-
tion within H0(Φ) that best matches the noisy sampling
data y, i.e., it solves the least-squares problem x̃0 =
argminx∈H0(Φ) ‖y −Ax‖2.

ii) Step a) of the n-th iteration: Denote the projection oper-
ator onto the Krylov space Hn(Φ) by Pn, 0 ≤ n ≤ N −
1. The vectors vm′ = Swm′ −Pn−1Swm′ with wm′ ∈
W̃n−1, are constructed to form a spanning set for the or-
thogonal complement Hn(Φ) ∩Hn−1(Φ)

⊥ of the Krylov
space Hn−1(Φ) at level n− 1 in the Krylov space Hn(Φ)
at level n.

iii) Step b) of then-th iteration: The condition in step b) asserts
that Hn(Φ) ∩Hn−1(Φ)

⊥ = {0}, which implies that the
Krylov subspaces have stabilized in the sense that

Hn−1(Φ) = Hm(Φ) = H(Φ), n ≤ m ≤ N − 1.

Thus the solution x̃n−1 in the (n− 1)-th iteration solves
the original least-squares problem (31).

iv) Steps c) and d) of the n-th iteration: The condition for
steps c) and d) is that Hn(Φ) ∩Hn−1(Φ)

⊥ �= {0}. In
step c) and d), we perform the Gram-Schmidt procedure
to obtain an orthonormal basis {wdn−1+1, . . . ,wdn

} for
the orthogonal complement Hn(Φ) ∩Hn−1(Φ)

⊥. As a
consequence, we obtain that dn = dimHn(Φ) and Wn =
{wm, 1 ≤ m ≤ dn} is an orthonormal basis of Hn(Φ).

v) Step e) of the n-th iteration: The correction term zn and
the updated signal x̃n are obtained as solutions to the
following least-squares problems:

zn := argmin
w∈Hn(Φ)∩Hn−1(Φ)⊥

‖en−1 −Aw‖2

and

x̃n := argmin
x∈Hn(Φ)

‖y −Ax‖2,

and the residue term en is given by en := y −Ax̃n.
As a consequence of the above observations, the outputxout ∈

H(Φ) of the Algorithm 1 is either a graph signal to match the
noisy sampling data y within the threshold δ in the sense that
‖y −Axout‖2 ≤ δ, when the iteration terminates at step f) or
during the initial step; or the graph signal x�

0 in (30) achieves
the minimal approximation error over the GSIS H(Φ),

‖y −Axout‖2 = min
x∈H(Φ)

‖y −Ax‖2,

when the iteration terminates at step b).
Comparing with the reconstruction formula (30) for the sam-

pling scheme (26), we may consider the proposed Algorithm 1
as a reconstruction scheme in the spatial domain. It can be
implemented without prior knowledge of the support set Ω. A
signal residing in the GSIS H(Φ) will be reconstructed with
an error tolerance δ, which is typically chosen to reflect both
the sampling noise and the signal’s deviation from the GSIS
H(Φ). Moreover, for spatially localized signals, as discussed in
Section VI-A, the iterative process is self-adaptive and could

terminate early, in which case the reconstructed signal involves
only a few nonzero coefficients corresponding to graph shift
operations of the generators. This efficiency stems from the fact
that, in such scenarios, Krylov subspace approximations yield
accurate reconstructions with minimal computational overhead.
Consider the scenario where the graph shift operation S and
the sampling operation A each have computational cost O(N),
which holds when the underlying graph has bounded degree
and the sampling matrix is spatially localized. Under the above
assumptions, if the Krylov-based algorithm 1 terminates at early
step n0, its total cost for signal recovery is O(m2

0N), where
m0 = dimHn0

(Φ) ≤ n0#Φ. Therefore when the original sig-
nal is well approximated by the Krylov spaces (hence m0 is
much smaller than the graph order N ), the computational cost
for signal recovery is far lower than the O(N3) cost of the direct
spectral approach in (30).

VI. NUMERICAL SIMULATIONS

In this section, we demonstrate that GSIS may provide a
natural and efficient framework for modeling datasets with
strong localization pattern that can be well-approximated by
Krylov subspaces of the GSIS. In addition, we evaluate the
performance of Algorithm 1 in consideration of the sampling
and reconstruction problem (26) for damped cosine wave signals
in a GSIS on the cycle graph from their noise samples and for
flight delay dataset of the 50 busiest airports in the USA. Also
in this section we compare the performance on model suitability
and data fitting capability for the GSIS, bandlimiting and RKHS
models. For the cycle graph simulations in Section VI-A, we aim
to illustrate the performance of the proposed Krylov-subspace-
based algorithm to reconstruct signals in a GSIS, while for the
flight-delay experiment in Section VI-B, we focus on model
suitability and data fitting across the national air traffic network.

A. GSIS Signal Reconstruction on Cycle Graphs

Let the cycle graph C(N) and the graph shift S be as in
Remark III.4. Take the delta signal φ0 at the vertex �N/2�
and consider the GSIS H(φ0) generated by φ0. We observe
that the GSIS H(φ0) admits the successive Krylov subspace
approximation,

span{φ0} = H0(φ0) ⊂ · · · ⊂ HN−1(φ0) = H(φ0),

where Krylov subspaces Hn(φ0), n ≥ 0, are given by

Hn(φ0) = span
{
Smφ0

∣∣ 0 ≤ m ≤ n
}
. (35)

On the cycle graph C(N), one may verify that the Krylov
subspaces Hn(φ0) in (35) have dimension n+ 1 for 0 ≤ n ≤
�N/2�, and Hn(φ0) = H(φ0) �= R

N for all n ≥ �N/2�.
In this subsection, we consider sampling and reconstruction

of the damped cosine wave signals x0 = [x0(i)]0≤i≤N−1 on the
cycle graph C(N), where

x0(i) = Ae−λ|i−�N/2�| cos
(
ω
∣∣i− �N/2�∣∣) , 0 ≤ i ≤ N − 1,

(36)
A is the amplitude, λ is the decay constant, and ω is the an-
gular frequency. The above wave signals belong to the GSIS
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Fig. 1. Plotted on the top are the damped cosine wave signals x0 (in
blue) and the reconstruction errors xn,W − x0 (in red), where n = 10,N =
100, P = �N/6� = 16, σ = 0.1, and (A, λ, ω) = (1, 1/4, 2π/10) (top left)
and (1, 1/8, 2π/10) (top right). The relative maximal reconstruction er-
ror RE(10, 16) and the relative maximal sampling error SE(10, 16) are
(0.0799, 0.0876) (top left) and (0.2046, 0.2379) (top right) respectively. Pre-
sented at the middle and bottom rows are the average of the relative maximal
signal reconstruction error RE(n,P ) (left) and the relative maximal sampling
error SE(n,P ) (right) over M = 100 trials, where 1 ≤ n ≤ 50, 1 ≤ P ≤ 45,
x0 is the damped cosine wave signal with (A, λ, ω) = (1, 1/4, 2π/10) and the
noise level σ = 0.1 (the middle row) and σ = 0 (the bottom row).

space H(φ0) and are well-localized and symmetric around
the vertex �N/2�; see the top plots of Fig. 1 in blue, where
N = 100, ω = 2π/10, and λ = 0.25 (left) and 0.125 (right).
Moreover, one may verify that maximal relative approximation
errors from the Krylov subspaces Hn(φ0) have exponential
decay,

En := inf
xn∈Hn(φ0)

‖x0 − xn‖∞
‖x0‖∞ ≤ e−(n+1)λ, 1 ≤ n ≤ �N/2�.

(37)
In this subsection, we consider the subset sampling

scheme (27) with the sampling set W being symmetric around
�N/2�, and the observation data y is corrupted by some uniform
random noises,

y(i) = x0(i) + ε(i), i ∈ WP ,

where WP = {�N/2� − P, . . . , �N/2�+ P} for some P ≥ 1,
and ε(i), i ∈ WP , are i.i.d. random variables with uniform dis-
tribution on [−σ, σ] for some noise level σ > 0.

In our simulations, we use average of the relative maximal
signal reconstruction error in the logarithmic scale,

RE(n, P ) = log10

(
‖xn,WP

− x0‖∞
‖x0‖∞ + 10−6

)
,

and the relative maximal sampling error in the logarithmic scale,

SE(n, P ) = log10

(
‖AWP

(xn,WP
− x0)‖∞

‖AWP
x0‖∞ + 10−6

)

over M trials to measure the performance of the Algorithm 1,
where M ≥ 1, AWP

is the sampling matrix, and xn,WP
∈

Hn(φ0), n ≥ 0, are signals reconstructed by Algorithm 1 in its
n-th iteration.

Presented in Fig. 1 are the performances of Algorithm 1 to
reconstruct the damped cosine wave signals in (36) from their
noiseless and noisy samples. For the noiseless scenario illus-
trated in the bottom row of Fig. 1, we observe the following: 1)
The relative maximal signal reconstruction error and the relative
maximal sampling error measured without logarithmic scaling
decrease as the Krylov level n increases and become small once
the Krylov subspace is sufficiently rich to represent the sampled
data on WP ; 2) For any fixed sampling size 1 ≤ P ≤ �N/2�,
those errors become small once the Krylov level reaches the sam-
pling radius, namely n ≥ P ; and 3) For any fixed Krylov level
n ≤ �N/2�, increasing the sampling size beyond P = n does
not change the reconstructed signal and only affects the sampling
error through the exponentially small tail of the damped cosine
signal. These observations are consistent with the Krylov struc-
ture in (35). Starting from the delta signal, the subspace Hn(φ0)
expands locally one layer at a time on the cycle graph. Hence, for
any given sampling size P , the Krylov subspace of order n0 =
P , instead of the whole GSIS, is used in Algorithm 1. This choice
enables effective signal recovery with low computational cost
while preserving accuracy; see the middle and bottom rows of
Fig. 1.

Our numerical results also show that the maximal relative
signal reconstruction error ‖xn0,WP

− x0‖∞/‖x0‖∞ is propor-
tional to the best maximal approximation error En in (37).
The possible reasons we believe are that signals in the Krylov
subspaceHn(φ0) are supported in [�N/2� − n, �N/2�+ n] and
they can be fully recovered from their samples on vertices in that
interval.

For the noisy scenario shown in the middle row of Fig. 1,
we observe that the relative maximal signal reconstruction error
RE(n, P ) and the relative maximal sampling error SE(n, P )
have the same monotonic property about the Krylov level n
and the sampling size P , however they do not improve sig-
nificantly when P ≥ 13 and n ≥ 10. The possible reason is
that the damped cosine wave function x0 = [x0(i)]0≤i≤N−1

is well-localized around �N/2� with sup|i−�N/2�|≥13 |x0(i)| =
0.0244 < 0.1 = σ and its noisy samples at vertices i with
|i− �N/2�| ≥ 13 are essentially dominated by random noise
at level σ = 0.1.
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Fig. 2. Plotted on the top are the flight delay data xd (top left) and absolute
error data |xH;d,n − xd| (top right) across the top 50 US airports on 29
August 2014, except Honolulu International airport (HNL) and Luis Munoz
Marin International airport (SJU), where d = 60 and xK;d,n is reconstructed
from Algorithm 1 in the noiseless environment with adaptive GSIS model and
Krylov level n = 2. Shown on the bottom are the average performance over
184 days: maximal error in minutes (bottom left) and normalized mean square
error (bottom right), comparing five modeling approaches via adaptive GSIS
(in green), non-adaptive GSIS (in blue), bandlimited space (in red), and RKHS
with diffusion kernel KG = exp(Lsym/2) (in purple) and with 2-step random
walk kernel KR = (4I− Lsym)−2 (in black). The sampling set W in this
figure contains the whole 50 airports, and the maximal error in the top right plot
is ‖xH;d,n − xd‖∞ = 7.4253.

B. Flight-Delay Dataset and Graph Shift-Invariant Spaces

Flight delays are inevitable especially for frequent flyers. The
three most common causes of flight delays are extreme weather
conditions, air traffic congestion, and operational issues by air-
lines. These factors can trigger widespread delays at key airports,
particularly within specific regions or airline networks, and often
initiate ripple effects that propagate throughout the broader air
transport system. In this subsection, we demonstrate that GSIS
and its Krylov subspace approximation provide a natural and
efficient framework for modeling flight delay performance and
for capturing the ripple effect phenomenon across the top 50
busiest airports among the 323 highest-traffic airports in the
United States [35], [63]. Our justification for selecting the 50
busiest airports is that those airports generate observable ripple
effects on flight delay, while the remaining airports (most of
them are regional airports) show only limited delay propagation
across the national air traffic network.

In our simulations, we take the dataset on July, August, and
September in 2014 and 2015 for total 184 days; see the top left
plot of Fig. 2. We model the flight delay dataset (measured in
minutes) as a family of graph signals xd = [xd(j)]j∈A, 1 ≤ d ≤
184, on the undirected graph F = (A,D), where d indicates the
date in the dataset, the vertex setA has vertices indicating the top
50 airports and the edge set D contains all airport pairs so that
the number of mutual flights between them exceeds 100 in the
three months (roughly one direct flight between them per day).
The underlying graph is designed to ensure that our analysis
focuses on the busiest hubs, which are likely to have a greater

Fig. 3. Average normalized mean square error (NMSE) performance over 184
days of five modeling approaches with 100 trials: adaptive GSIS (in green), non-
adaptive GSIS (in blue), bandlimited space (in red), and RKHS with diffusion
kernel KG = exp(Lsym/2) (in purple) and with 2-step random walk kernel
KR = (4I− Lsym)−2 (in black). Here the random sampling set W has size
m = 10 (top left), 20 (top right), 30 (bottom left) and 40 (bottom right).

influence on overall air traffic patterns and network dynamics.
In the simulations, we use the corresponding symmetrically nor-
malized graph LaplacianLsym as the graph shift in the definition
of our proposed GSIS, bandlimiting and RKHS models.

In our simulations, we consider the sampling procedure over
a subset W of size 10 ≤ m ≤ 50 that are randomly selected
from the 50 airports, and denote the corresponding sampling
matrix in (26) by AW . We conduct simulations under the
full sampling scenario (i.e., m = 50 for which AW = I) to
demonstrate that GSIS, when equipped with appropriately se-
lected generators, provides a more effective modeling frame-
work for the flight delay dataset than both the bandlimiting and
RKHS approaches; see Fig. 2 and its accompanying explanation.
We also do experiments under the random sampling scenario
(i.e., m = 10, 20, 30, 40) to evaluate the performance of the
proposed Algorithm 1, and to compare its data fitting capabilities
against those of bandlimited and RKHS-based signal reconstruc-
tion methods; see Fig. 3 and its accompanying explanation.

In our simulations, we consider nonadaptive GSIS

H = span{(Lsym)nδi | n ≥ 0, 1 ≤ i ≤ 3} (38)

and adaptive GSISs

Hd = span{(Lsym)nδi,d | n ≥ 0, 1 ≤ i ≤ 3}, 1 ≤ d ≤ 184,
(39)

to model graph signals xd, 1 ≤ d ≤ 184, where δi, 1 ≤ i ≤ 3,
are delta signals at vertices representing airports with the i-th
highest average delay across the sampled dataset W ⊂ V , and
similarly, δi,d, 1 ≤ i ≤ 3, are delta signals centered at vertices
representing the airports with the i-th highest delays on each
day d, 1 ≤ d ≤ 184. Denote the Krylov subspaces of the non-
adaptive GSIS H in (38) and the adaptive GSIS Hd in (39) at
level 0 ≤ n ≤ 49 by Hn and Hd,n, 1 ≤ d ≤ 184, respectively.
In our simulations, we assess the model suitability and data
fitting performance of GSISs for the flight delay dataset using
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two error metrics: the maximal error in minutes

MEH,n =
1

184
EW

(
184∑
d=1

‖AW (xH;d,n − xd)‖∞
)

(40)

and the normalized mean square error (NMSE)

SEH,n =

[
1

184
EW

(
184∑
d=1

‖AW (xH;d,n − xd)‖22
‖AWxd‖22

)]1/2
.

(41)
HerexH;d,n is the signal inHd,n (respectivelyHn) reconstructed
from Algorithm 1 in the noiseless environment from the sampled
data ofxd onW , and the expectationEW is taken over randomly-
selected sampling sets W of fixed size m over 100 trials.

Following the eigendecomposition (1), we write Lsym =
UΛUT and define GFT as in (3), where U = [u1, . . . ,u50]

T

is an orthogonal matrix and Λ = diag[λ(1), . . . , λ(50)] is a
diagonal matrix satisfying 0 ≤ λ(1) ≤ λ(2) ≤ · · · ≤ λ(50). Let
Bd,n, n ≥ 0, be the subspaces spanned by the first dn compo-
nents u1, . . . ,udn

corresponding to the lowest frequencies and
have dimension matching that of the corresponding Krylov sub-
space Hd,n, i.e., dn = dimBd,n = dimHd,n. Similar to (34),
we have the following successive approximation property in
bandlimiting setting:

Bd,0 ⊂ Bd,1 ⊂ · · · ⊂ Bd,49 ⊂ R
50. (42)

Similar to the error measurement in (40) and (41) in the GSIS
model, we assess the model suitability and data fitting perfor-
mance of bandlimited spaces using the maximal error in minutes

MEB,n =
1

184
EW

(
184∑
d=1

‖AW (xB;d,n − xd)‖∞
)
, (43)

and the NMSE

SEB,n =

[
1

184
EW

(
184∑
d=1

‖AW (xB;d,n − xd)‖22
‖AWxd‖22

)]1/2
, (44)

where, as in Algorithm 1, the reconstructed signal xB;d,n in
the bandlimited model is the solution of the following ridge
regression problem:

xB;d,n = argmin
x∈Bd,n

‖xd −AWx‖22 . (45)

Let H be a RKHS on the graph F with kernel K =
(K(j, j′))j,j′∈A. We apply the kernel ridge regression frame-
work in [24], [35], [38] for signal reconstruction from its sam-
pling data AWxd,

xK;d = argmin
x∈H

‖AW (xd − x)‖22 + γ‖x‖2H. (46)

In our simulations, we consider two family of kernels: the
diffusion kernel K = exp(σ2Lsym/2) with σ = 1 and the p-
step random walk kernel K = (aI− Lsym)−p with a = 4 and
p = 2, and set the regularization parameter to γ = 0.05. By the
representer theorem, there exist coefficients cd(j), j ∈ W ⊂ A,

such that

xK;d =
∑
j∈W

cd(j)K(·, j). (47)

Following the error measures in (40) and (41), we assess the
model suitability and data fitting performance of RKHS using
the maximal error in minutes

MEK,n =
1

184
EW

(
184∑
d=1

‖AW (xK;d,n − xd)‖∞
)
, (48)

and the NMSE

SEK,n =

[
1

184
EW

(
184∑
d=1

‖AW (xK;d,n − xd)‖22
‖AWxd‖22

)]1/2
,

(49)
where the reconstructed signal xK;d,n at level n is the best dn-
term approximation to the solution xd,W of the kernel ridge
regression (46), i.e.,

xK;d,n =
∑
j∈Wn

cd(j)K(·, j),

where Wn contains sampling indices corresponding to the dn-
largest-magnitude coefficients cd(j), j ∈ W .

Plotted at the bottom left and right of Fig. 2 are the average
maximal error and NMSE for the GSIS, bandlimiting, and
RKHS models over 184 days respectively, where the sampling
set W contains the whole 50 airports (i.e., m = 50) in which
the sampling matrix AW becomes the identity matrix I. For
n ≥ 16, we observe that both the maximal error and NMSE
stabilize across all models. The GSIS and bandlimiting mod-
els maintain maximal errors below two minutes—well within
the U.S. Department of Transportation’s 15-minute “on-time”
threshold. In contrast, the RKHS model yields higher maximal
errors: over five minutes for the 2-step random walk kernel and
around ten minutes for the diffusion kernel. This discrepancy
may stem from the lack of sparsity in the kernel ridge regression
solution (46), combined with the subspace dimension dn = 49
on most days and 50 on few days for n ≥ 16. Additional simu-
lations show that the maximal error drops to near zero on days
when dn = 50, indicating that RKHS models with diffusion and
random-walk kernels span the whole signal domain R

50. These
findings suggest that GSIS, bandlimited space, and RKHS may
essentially coincide, even though GSIS and bandlimiting models
yield sparser representation.

The selection of generators within a GSIS framework offers
both model flexibility and practical interpretability. As shown in
Fig. 2, the maximal Krylov approximation error with leveln = 2
for the adaptive GSIS models with delta generators centered on
up to three major hub airports with the highest delays being less
than 9 minutes across the national air traffic network, which
is below the “on-time” threshold of 15 minutes. This outcome
aligns with strong localization patterns of the flight-delay data
set and also with operational intuition: delay ripple effects
typically propagate over at most two subsequent flight legs, after
which the aircraft either exits the network or realigns with its
scheduled trajectory. Given our choice of graph shift and the
generators in the adaptive GSIS, we conclude that the dominant
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sources of flight delay are the top three delay airports and their
propagated ripple effects across the network.

Bandlimited spaces are well-suited for analyzing global
smoothness and regularity in GSP. Graph reproducing kernel
spaces with shift-invariant kernels offer a flexible and rigor-
ous analytic framework for sampling and learning. However,
they may lack the practical interpretability and representational
efficiency offered by GSISs in some real-world datasets. As
illustrated in the bottom plots of Fig. 2, bandlimiting and RKHS-
based approximations require a larger number of frequency
components or kernel components to achieve comparable per-
formance, which does not align with the ripple-effect dynamics
typically observed in flight delay data. In contrast, GSIS models
yield more compact representations with meaningful interpre-
tations. Moreover, GSISs with adaptively selected generators
demonstrate improved approximation quality, highlighting their
efficiency to capture the structure of flight delay dynamics.
A plausible explanation is that the flight delay data is more
spatially localized and well-structured than concentrated in
low-frequency components in the graph Fourier domain. This
alignment makes GSIS models particularly advantageous for
broader applications requiring localized modeling.

We also conduct a performance comparison of the GSIS,
bandlimiting, and RKHS models for sampling and reconstruc-
tion of the flight delay dataset. Fig. 3 presents the data fitting
NMSE for each model, based on sampling sets W of size
m = 10, 20, 30, 40 that are randomly selected from the total
50 airports, c.f. the bottom right plot of Fig. 2 with m = 50.
We observe that, the sampled data are well-fitted by the GSIS,
bandlimiting and RKHS models across varying sample sizes,
particularly once performance stabilizes. We also observe slower
convergence for larger sampling sizes m, which may be at-
tributed to the increased data volume required to be fitted. This,
in turn, necessitates higher levels n for accurate reconstruction.
Comparing GSIS, bandlimiting and RKHS models across all
sampling scenarios, our proposed adaptive GSIS (in green) con-
sistently outperforms all competing methods. This is particularly
evident at low Krylov levels, where the adaptive method achieves
a much faster error decay. This result underscores the importance
of our adaptive approach, where selecting generators based on
daily signal characteristics (the three busiest airports per day)
capture the signal structure far more efficiently.

We remark that the sampling procedure defined in (26) is not
one-to-one for the flight delay dataset if the sampling set W
has size m ≤ 40, and hence sampling data fitting and signal
reconstruction are distinct problems, c.f. the top right plot of
Fig. 1. As shown in Fig. 3, the GSIS models exhibit strong
performance in fitting the sampled data; however our simulations
reveal that this does not necessarily translate to accurate signal
reconstruction. This suggests that the limitations of these models
to recover the original localized signal approximately from
incomplete samples.

VII. PROOFS

In this section, we collect the proofs of Theorems III.1, III.2,
IV.1, IV.2 and V.1.

A. Proof of Theorem III.1

The implications (iv)=⇒(iii)=⇒ (ii) follow from the
definition of a FGSIS, and the implication (i)=⇒ (iv) holds by
Theorem III.2 with its proof given in Section VII-B. Then it
remains to prove the implication (ii)=⇒(i).

For 1 ≤ n ≤ N , let en be the unit vector with zero entries
except taking value one at n-th entries, and En be the diagonal
matrix with en as the diagonal vector. By Assumption II.1, there
exist polynomials pn, 1 ≤ n ≤ N , of degree at mostN − 1 such
that

pn(S) = UEnU
T , 1 ≤ n ≤ N, (50)

where U is the orthogonal matrix in (1). In particular, the poly-
nomials pn, 1 ≤ n ≤ N , are chosen to satisfy the interpolation
property

pn(λ(m)) = δnm, 1 ≤ m,n ≤ N, (51)

where δnm is the standard Kronecker symbol and λ(m) are
eigenvalues of the graph shift S.

For 1 ≤ n ≤ N , let un be the n-th column of the orthogonal
matrix U in (1), and set

Gn = pn(S)H, 1 ≤ n ≤ N. (52)

This together with the shift-invariance assumption on H implies
that

Gn = {x̂(n)un | x ∈ H} ⊂ H, 1 ≤ n ≤ N, (53)

where x̂(n) = eTn x̂ is the n-th component of the Fourier trans-
form x̂ of a signal x ∈ H. Therefore for any 1 ≤ n ≤ N , either
Gn is trivial or it has dimension one, i.e.,

either Gn = {0} or Gn = span{un}. (54)

Let Ω = {n| Gn �= {0}}, and set

BΩ = {x | supp x̂ ⊂ Ω} =
⊕
n∈Ω

Gn. (55)

Since Gn ⊂ H for all 1 ≤ n ≤ N , we have

BΩ ⊂ H (56)

by (54) and (55). On the other hand, for any x ∈ H, we obtained
from (52) and the definition of polynomials pn, 1 ≤ n ≤ N , that

x =

N∑
n=1

pn(S)x =
∑
n∈Ω

pn(S)x ∈ BΩ.

This together with (56) proves that H = BΩ. �

B. Proof of Theorem III.2

Let λ(n), 1 ≤ n ≤ N , be the eigenvalues of the graph shift S
and φ0 be as in (13). Then it remains to verify that

BΩ = span{Smφ0 | 0 ≤ m ≤ #Ω− 1}. (57)

By (4) and (13), we see that the Fourier transforms of
Smφ0, 0 ≤ m ≤ #Ω− 1, are supported on Ω and hence

span{Smφ0 | 0 ≤ m ≤ #Ω− 1} ⊂ BΩ. (58)
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Let qn, n ∈ Ω, be univariate polynomials of degree at most
#Ω− 1 that satisfy the interpolation property

qn(λ(n
′)) = δnn′ , n, n′ ∈ Ω, (59)

cf. (51). The existence of such a polynomial follows from the
distinct assumption on λ(n′), n′ ∈ Ω. Therefore

qn(S) = Uqn(Λ)UT (60)

with the diagonal matrix qn(Λ) having diagonal entries
qn(λ(n

′)), 1 ≤ n′ ≤ N .
Take arbitrary bandlimited signal x ∈ BΩ. By (59) and (60),

we have

x̂ =
∑
n∈Ω

x̂(n)

φ̂0(n)
qn(Λ)φ̂0.

Therefore taking the inverse Fourier transformF−1 at both sides
yields

x =
∑
n∈Ω

x̂(n)

φ̂0(n)
qn(S)φ0.

This together with the degree property for the polynomials
qn, n ∈ Ω proves that

BΩ ⊂ span{Smφ0 | 0 ≤ m ≤ #Ω− 1}. (61)

Combining (58) and (61) proves (57) and hence completes
the proof of Theorem III.2. �

C. Proof of Theorem IV.1

By Theorem III.1, there exists Ω ⊂ {1, . . . , N} such that (9)
holds. Define the kernel K by

K = UΛΩU
T , (62)

where U is the orthogonal matrix in (1) and ΛΩ is the diagonal
matrix in (23). Then we obtain from (1) and (62) that the kernel
K in (62) is shift-invariant.

Let δj , j ∈ V , be delta signals taking value zero at all vertices
except value one at the vertex j. By (9) and (62), the linear space
H is spanned by Kδj , j ∈ V , and satisfies the following repro-
ducing kernel property, x(j) = 〈x,Kδj〉, where the standard
Euclidean inner product on R

N is used for its linear subspace
H ⊂ R

N . This completes the proof of the conclusion that H is
a RKHS with the shift-invariant kernel K. �

D. Proof of Theorem IV.2

Let K be the shift-invariant kernel of the RKHS H, and let
x,y be two arbitrary elements in H. By (22) and the definition
of the inner product on the RKHS H,

〈x,y〉H = cTKd (63)

for some c and d ∈ R
N with x = Kc and y = Kd.

By Assumption II.1 and Proposition II.2, there exists a di-
agonal matrix Λ for the shift-invariant kernel K such that
K = UΛUT , where U is the orthogonal matrix in (1). Denote
the pseudo-inverse of the diagonal matrix Λ by Λ†. Then it

follows from (63) that x̂ = Λĉ, ŷ = Λd̂ and

〈x,y〉H = ĉTΛd̂ = ĉTΛΛ†Λd̂ = x̂TΛ†ŷ.

As K is a reproducing kernel, it is represented by a positive
semidefinite matrix, which implies that Λ† has nonnegative
entries. Therefore (24) holds and the proof is completed. �

E. Proof of Theorem V.1

By (15), the columns of FN form a frame for H(Φ). Hence
its rank is the same as the dimension of the GSIS H(Φ) and
also the cardinality of the supporting set Ω of the corresponding
bandlimited space in Theorem III.1, i.e.,

rank(FN ) = dimH(Φ) = #Ω. (64)

This together with the observation that dimension of the range
space of the sampling operator S in (26) is the same as the
rank of the matrix AFN proves the desired equivalence in
Theorem V.1. �

VIII. CONCLUSIONS AND FUTURE STUDY

Bandlimited spaces efficiently represent graph signals with
spatial regularity or smooth spectral behavior, but the graph-
Fourier basis often lacks clear spatial patterns on many real-
world graphs and thus limits the descriptive power of purely
spectral approaches. Graph reproducing kernel spaces with
shift-invariant kernels offer a flexible analytic framework for
sampling and learning. The GSIS introduced in this paper offers
a powerful and interpretable approach to model localized signals
on undirected finite graphs. Under suitable assumptions on the
graph shift, we show that bandlimited spaces, shift-invariant
RKHS, and GSIS are essentially equivalent from the perspective
of functional analysis.

By leveraging the nested structure of Krylov subspaces, GSIS
provides interpretable and compact representations of local-
ized graph signals. On the flight delay dataset, it outperforms
bandlimited spaces and RKHS models based on diffusion and
random walk kernels in both model suitability and data fitting ca-
pability. This suggests that GSIS provides a natural and efficient
framework for modeling datasets characterized by short-range
diffusion dynamics and sparsity in both spatial and spectral
domains.

The performance of the Krylov-based reconstruction algo-
rithm 1 depends on the appropriate selection of the graph shift
S, the generatorΦ of the GSISH(Φ), and the original signal. For
its optimal performance, the underlying graph should possess a
modest degree (and thus it is sparse), the original signals should
be well approximated by the low-level Krylov subspaces of the
GSIS H(Φ), and the sampling procedure should be numerically
stable. We plan to investigate these aspects further in our future
work.

Assumption II.1 plays an essential role in our development;
however, it does not hold when the graph shift has repeated
eigenvalues, as is the case for the Laplacian of a cycle graph and
for many real-world graphs. The multiple–graph-shift frame-
work provides substantially greater modeling flexibility than
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single-graph-shift setting in this paper, making it particularly ef-
fective for capturing directional flows, such as traffic, diffusion,
or propagation, through more accurate and context-aware repre-
sentations; see [37, Appendix A], [53], and references therein.
In the forthcoming paper [51], we will address the challenges
associated with removing the spectral simplicity assumption and
extending the framework to the multiple–graph-shift setting.

Although the current GSIS formulation targets static graphs,
we believe that it could be applicable for dynamical settings
where shift and generators evolve over time. With appropriate
design to capture temporal dynamics, GSIS can offer meaningful
insights into localized time-varying signals, which we aim to
explore in future work.
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