ON THE RANGE CHARACTERIZATION OF THE TWO
DIMENSIONAL ATTENUATED DOPPLER TRANSFORM *
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Abstract. We characterize the range of the attenuated and non-attenuated X-ray transform
of compactly supported vector fields in the plane. The characterization is in terms of a Hilbert
transform associated with the A-analytic functions a la Bukhgeim. As an application we determine
necessary and sufficient conditions for the attenuated Doppler and X-ray data to be mistaken for
each other.
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1. Introduction. Necessary and sufficient constraints on the range of the (non-
attenuated) Radon transform of zero order tensors in the Euclidean space have been
known since the works in [9], [10], and [17]. In the case of the attenuated Radon
transform with constant attenuation some range conditions can be inferred from [16],
[1] and [2]. For a varying attenuation, range constraints for the two dimensional X-
ray transform were given in [23] based on the inversion method in [22], see also [4].
A separate method to invert the two dimensional attenuated X-ray transform based
on the theory of A-analytic functions was originally developed in [3]. In [29] the
authors introduce a Hilbert transform corresponding to A-analytic maps, and use it
to characterize the range of the attenuated Radon transform of compactly supported
functions.

The problem of inversion of the X-ray transform of higher order tensor fields
have been formulated in [30] in the geometric setting of Riemannian manifolds with
boundary; see [33] for the Euclidean setting. Coming from the practical procedure
of acquiring data, the X-ray transform of vector fields is also known as the Doppler
transform. Various partial results (e.g., [31], [32]) culminated with the inversion
formulas for recovering the solenoidal part of 1-tensors on simple Riemannian surfaces
with boundary [27]; see also [28]. Injectivity in the attenuated case for both 0- and
1-tensors is much more recent [34]; see also [12] for a more general weighted transform.
Inversion formulas to tensors of higher orders have been found in [15] for the Euclidean
case, and [25] for the Riemannian case. However, these works do not address range
characterization.

The first range characterizations of the (non-attenuated) X-ray transform is given
in [27] for both 0- and 1-tensors supported on simple Riemannian surfaces with bound-
ary. This characterization is given in terms of the scattering relation.

We consider here the problem of the range characterization of both attenuated
and non-attenuated Doppler transform in a strictly convex bounded domain in the
Euclidian plane. Our approach uses the Hilbert transform for A-analytic maps in [29]
and relies on new identities enjoyed by such maps, see Lemma 2.6. The characteri-
zation concerns the Fourier modes (in the angular variables) of the data and can be
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interpreted as a characterization of the scattering relation in [27] for the Euclidean
case. Of particular interest in the non-attenuating case, we found that the even and
odd negative Fourier modes play a different role. More precisely, the odd negative
index modes are doubly constrained, and that the zero-th order Fourier mode is in-
dependent of the other modes; see Theorem 3.1. This is a direct equivalence to the
non-uniqueness in the inversion (up to a gradient of a compactly supported map). In
the positive attenuation case, the Doppler transform is uniquely invertible as shown
in [15], see also [35]. In such a case the zero-th Fourier mode is uniquely determined
by the negative modes of the boundary data, see Theorem 4.3.

The method used in the characterization will explain when (and only then) the
attenuated X-ray and Doppler data can be confounded for each other, see Section
5. Practical applications may include noise reduction and missing data completion
in medical imaging methods such as Single Photon, Positron Emission Computed
Tomography, or Doppler Tomography [21].

Let © C R? be a bounded strictly convex domain in the plane and I" be its
boundary. The unit sphere is denoted by S'. For any (z,0) € Q x S!, let 74 (x,6)
denote the distance from x in the 46 direction to the boundary, and distinguish the
endpoints x;t € I' of the chord in the direction of € passing through = by

zf = o+ 74 (2,0)0, (1.1)

as in Figure 1.1 below. Note that 7(z,0) = 74 (x,0) + 7—(«,0) is the length of the
cord.

v

O
/xa
Fi1G. 1.1. Definition of 7+(z, )

We consider a real valued function a € C}(Q). For each z € Q and 0 =
(cos,sinp) € St the divergence beam transform of a is

74 (,0)
Da(x,0) := / a(x + t0)dt. (1.2)
0

The attenuated X-ray transform (with attenuation a) of some function f € L*(Q)
is given by

7 (x,0)

/ F(z + t0)e~Dae+10.0) gy (1.3)
—7_(z,0)

and the attenuated Doppler Transform of some vector field F € L' (2;R?) is given by

+(w19)
/ (0)(0-F)(x—i—t&)e’D“(”w’e)dt. (1.4)



Range characterization of the attenuated Doppler transform 3

Both transforms are functions on the tangent bundle of the circle, however we
will describe the constraints in terms of a function g on I' x St as follows:

DEFINITION 1.1. (i) We say that g is an attenuated X-ray transform of f with
attenuation a, if

7 (x,0)

g(x;—’e) _ [efDag} (xe—’g) :/ o) f'(x_’_te)efDa(achtGﬂ)dt7 (]_5)

for (z,0) € Q x St. We use the notation g € R,f, and g € Rf if a = 0.
(i) We say that g is an attenuated Doppler transform of F with attenuation a,
if
T+(w19)
g({E;_, 0) _ [efDag] (xé_’e) — / (9 . F)(:E + te)efDa(achtGﬂ)dt7 (]_6)
T (z,0)

for (z,0) € Q x 8. We use the notation g € D,F, and g € DF if a = 0.
These definitions are motivated by the connection with the transport model as
follows. If v is a solution to

0-Vo(x,0) + a(x)v(z,0) = f(z), (x,0) € QxS (1.7)
then g := v|rxs! satisfies (1.5), and similarly, if « is a solution to
- Vu(x,0) + a(z)u(z,0) = 0-F(z), (z,0)€ QxS (1.8)
then g := u|px g1 satisfies (1.6). Let
Iy ={(z,0) €T x S': 40 -v(z) > 0},

where v(x) is the outer normal. It is clear that specifying v, or w on I'_ well defines
a unique solution to the transport equations (1.7), respectively (1.6). In particular,
those traces g vanishing on I'_, make g|r, coincide with the classical definitions (1.3),
respectively (1.4).

2. Basic properties of A-analytic maps. In this section we briefly introduce
the properties of A-analytic maps needed later, and introduce notation. The presen-
tation follows mainly from [29]. Only the new results are proven.

For z = x1 + ix2, we consider the Cauchy-Riemann operators

0= (8?“1 +18T2) /27 0= (87”1 _7'8?"2)/2 (21)

Let I (,11) be the space of bounded (, respectively summable) sequences, L :
loo = loo be the left shift

L{u_1,u_g,...) = (U_2,U_3,U_4q,...),
and LF = Lo--- 0 L be its k-th composition; we will consider only k = 1, 2.
DEFINITIO];I 2.1. A sequence valued map
zu(z) = (u_1(2),u_2(z),u_3(2)...)
is called LF-analytic, k = 1,2, ifu € C(Q;ls) N CH(Q o) and
ou(z) + LFou(z) =0, zeqQ. (2.2)
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For 0 < @ < 1 and k = 1,2, we recall the Banach spaces in [29):

ILF(DYy =du= (u_1,u_y,..): supZ] lu—;(¢)| < o0y, (2.3)

CHI;lh) =< u: Zu?Hu( Mg, + bup M < 00 (2.4)
€

Enel’ |£ - 77|a
£#n

By replacing I" with Q and I; with I, in (2.4) we similarly define C®(€;1;), respec-
tively, C(2; 1o ).

At the heart of the theory of A-analytic maps lies a Cauchy-like integral formula
originally introduced by Bukhgeim in [7]. The explicit variant (2.5) appeared first
in Finch [8]. The Bukhgeim-Cauchy integral formula below is restated in terms of
L-analytic maps as opposed to £2-analytic as in [29].

THEOREM 2.2. [29, Theorem 5.1] For some g = (g_1,9-2,9-3...) € ILH(I") N
C*(I';1ly) define the Bukhgeim-Cauchy operator B acting on g,

Q5 2= ((Bg)-1(2), (Bg)-2(2), (Bg)-3(2), ),

by

1 & gn] )j
(Bg)-n(2) : 2mj§%/F _ZJH d¢

e g_n_j<<>(<—z>j‘1 _—_
m;/F &L dC, n=1,2,3,... (2.5

Then Bg € C(Q;15) N C(Q; o) is L-analytic.

For our purposes further regularity in Bg will be required. Such smoothness is
obtained by increasing the assumptions on the rate of decay of the terms in g as
explicit below. Let us recall the Banach space Y, in [29):

Y, =< gellT :sungmJ 7()|<oo . (2.6)

PROPOSITION 2.3. If g € Y, a > 1/2, then

Bg € CY*(Q:11) N O™ 1) N C2(Q 1oy (2.7)

Proof. Each individual integral in (2.5) defines a C°°(£2) function. However, each
differentiation essentially brings down a factor of 7 and convergence of the resulting
series need to be checked. When g € Y, we appeal to [29, Corollary 4.1] to conclude
Bg € CY(Q:1) N C¥(Q; ).

We show next that Bg € C?(Q;l,). Since we only claim the regularity inside €,
it suffices to do the estimates in a neighborhood of a fixed point zy bounded away
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from the boundary. For zg € Q arbitrarily fixed, let d = inf{|z0 — (| : ¢ € '} > 0.
When taking two arbitrary derivatives (formally denoted V?) in (2.5), we can easily
estimate uniformly in {z : |z — 2| < d/2}:

V2 (Bg)-n(2)] < Msup ) |g-n—;(C)]5%,
ceri=y

for some M > 0 depending only on the perimeter |I"| of the boundary and the distance
d, but independent of n. In particular, for each n > 1,

[V2(Bg)-n(2)| < M?EIEZ 19-n—3 (Ol(n +5)* < Mgl py
j=0
d
The Hilbert transform defined below also accounts for the index relabelling due
to the difference between L-analytic and £2-analytic.
DEFINITION 2.4. For g = (g_1,9-2,9-3...) € I} (I")NC*(I';11), we define the
Hilbert transform Hg componentwise for n > 1 by

(Hg)-n©) = 7 [ g

Jj=1

The following result justifies the name of the transform #. For its proof we refer
to [29, Theorem 3.2].

THEOREM 2.5. For 0 < a < 1, let g € ILY(T) N C%(T;11). For g to be boundary
value of an L-analytic function it is necessary and sufficient that

(I+iH)g =0, (2.9)

where H is as in (2.8).
Unlike the 0-tensor case in [29], in the case of 1-tensors the even and odd modes
play a different role. To emphasize this difference we separate the modes:

u U_2,U_gq...), and uodd .= (U1, U3, ... (2.10)

even = <
and note that if u is £2-analytic, then u®’*”, u®¥ are L-analytic.

One of the new ingredients in our characterization is the following simple property
of L-analytic maps: _

Let us consider the sequence {u?>™~1},,>1 C C(Q;15) N CL (1) given by

u2m—1 = <

u2m—1;u2m—3;""7“17“—1;”-3;”—57"'>7 mZ 17 (211)

obtained by augmenting the sequence of negative odd indices (u_1,u_3,u_s,...) by
m many terms in the order usm,—1, U2m—3, ..., U1-

LEMMA 2.6. Let {u*™~1},,>1 be the sequence of L-analytic maps defined in
(2.11). Assume that

u2m—1|F: u7(2m71)|lﬂ7vm > 1. (212)
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Then, for each m > 1,

Uzm—1(2) = U_2m-1)(2), 2z€Q, (2.13)

2m—1i5 L-analytic,

Proof. For each m > 2, since u
51142];1 + 6u2j,3 =0, 2<j53<m.

By taking the conjugate and using the fact that m is arbitrary, we get

sz + OUzm—1 =0, Ym > 2.

In other words the sequence (u1,us, us, - - - ) is L-analytic, and by (2.12) has the same
trace as the sequence (u_1,u_3,u_s,---). Since the latter is also L-analytic and
L-analytic map are uniquely determined by their traces the identity (2.13) holds.

d

3. Range Characterization of the Doppler Transform. In this section we
establish necessary and sufficient conditions for a sufficiently smooth function g on
I x S' to be the Doppler data of some sufficiently smooth real valued vector field
F = (Fy, I%) in the sense of (1.6), i.e. g is the trace on I' x S! of some solution u of

0-Vyu(z,0) =60 -F(x), xze. (3.1)

For z = x1 + iz € Q, we consider the Fourier expansions of u(z, -) in the angular
variable 6 = {(cos p, sin ¢):

u(z,0) = Z Up (2)e™?.

Since w is real valued its Fourier modes occur in conjugates,

U_pn(2) =un(z), n>0, z€.

With the Cauchy-Riemann operators defined in (2.1) the advection operator be-
comes

0-V =e 0 +e¥0. (3.2)

Provided appropriate convergence of the series (given by smoothness in the angular
variable) we see that if u solves (1.8) then its Fourier coefficients solve the system

Oui(z) + 0u_1(2) =0, (3.3)
uo(z) + du_s(2) = f1(2),
Ou_p(2) +O0u_p_o(2) =0, n>1,

where f; = (Fy +iF3) /2. The proof of Theorem 3.1 below also shows the converse.
The range characterization of the Doppler data g will be given in terms of its
Fourier modes in the angular variables:

9(¢,0) = > _gn(Q)e™?, (€T (3.6)
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Since the trace g is also real valued, its Fourier modes will satisfy

g-n(C) =gn((), n>0,C €T (3.7)

From the negative even modes, we built the sequence

even

g = <9727974ag76a'“>~ (38)
For each m > 1, we use the odd modes to build the sequence

82" = (gam—1, 92m—3, -+ 91, -1, §—3, G5 ---) (3.9)

by augmenting the negative odd indices by m-many terms in the order

92m—1,92m—3, -+, 91 -

m

THEOREM 3.1 (Range characterization of Doppler Transform).

Let o > 1/2.

(i) Let F € Cy“(Q;R?). Then DF N C(I;C*(SY)) # 0, and let g € DF N
Co(I;CL2(SY)) be some Doppler data of F in the sense of (1.6). Consider the
corresponding sequences g™ as in (3.8) and g*™ =1 for m > 1 as in (3.9). Then
geven g?m=1 ¢ [LYT) N CY(T;1y), for m > 1, and satisfy

[I + iH]ge" =0, (3.10)
[ +iH]g>™ =0, Vm>1, (3.11)

where the operator H is the Hilbert transform in (2.8).

(it) Let g € C* (I'; C*(S')) N CO(I'; C**(S')), be real valued such that its cor-
responding sequence g™ as in (3.8) satisfies (3.10) and g™~ ! for m > 1, as in
(3.9) satisfies (3.11). Then there exists a real valued vector field F € C(€;R?), such
that g € DF is the Doppler data of F.

Proof. (i) For the justification of DF NC%(I"; C1%(S')) # 0, we refer to the proof
of [29, Theorem 4.1] in which the O-tensor f is replaced by 6 - F.

Now let g € DFNC(I'; C1*(S')) be the Doppler data of the given F. Then by
[29, Proposition 4.1] gever, g?™~1 € [LI(T') N C¥(T;1y), for all m > 1. Moreover, g is
the trace on I" x S* of a solution u € C*(Q; C1(S1)).

Since the Fourier modes u,, of u satisfies the system (3.5) for n negative even,
then

2 ueven(z) = <u72(2)7u74(z), 'LL76(Z), .. >

is L-analytic in © and the necessity part in Theorem 2.5 yields (3.10).
The equations (3.3) and (3.5) for odd indices yield that the sequence valued map

z e ut(2) i= (ur(2),u_1(2),u_3(2) )
is L-analytic with the trace satisfying
usk—1|r=gok—1, k<1,
By the necessity part of Theorem 2.5, it must be that g' = (g1,9_1,9_3, ...) satisfies

(I +iH]g"' = 0.
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Recall that u is real valued so that u, = u_, for all n > 0. Consider now the
equation (3.5) for n = 1 and take its conjugate to get

Oug + Oug = 0. (3.12)

Along with (3.3) and (3.5) for odd indices, the equation (3.12) yield that the sequence
valued map

2 w3 (2) = (u3(2),u1(2), u_1(2),u_3(2) )
is L-analytic with the trace satisfying
usk—1|r= gok—1, k<2,
By Theorem 2.5, it must be that g* = (g3,91,9-1,9-3, ...) satisfies
[I +iH]g® = 0.
Inductively, the argument above holds for any odd index 2m — 1 to yield

2= w2 (2) i= (a1 (2), uzm—3(2), .oy u1(2), u_1(2), u_3(2) )

-1

is L-analytic. Then, again by the necessity part in Theorem 2.5, its trace g?™~! must

satisfy
[I+iH]g®™ =0, Vm>1.

(ii) Assume that we have g € C (I"; C*(S')) N C%(I'; C**(S')) with the corre-
sponding sequences g’¢" satisfying (3.10) and g?™~! satisfying (3.11) for all m > 1.
We need to construct a function u(x, ) and a real valued vector field F(z) such that
(3.1) is satisfied and u|ryxs1 = g. We will construct u via its Fourier modes in the
angular variable.

First we use the Bukhgeim-Cauchy integral formula (2.5) to construct the negative
even Fourier modes:

(u—o,u_g,u_g, ..., ) := Bg®", (3.13)
where B is the operator in (2.5). By Theorem 2.2, the sequence valued map
z = (u_a(2),u_a(2),u—g(2), ..., ),
is L-analytic in €0, thus the equations
Ou_ok + Ou_g,_2=0 (3.14)

are satisfied for all £ > 1. Moreover, the hypothesis (3.10) and the sufficiency part of
Theorem 2.5 yield that u_s; extend continuously to I" and

U_ok|r =g-2k, k=>1 (3.15)
All of the positive even Fourier modes are constructed by conjugation:

oy, = T—ak, k>1. (3.16)
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By conjugating (3.14) we note that the positive even Fourier modes also satisfy
Ougkio + Ougy, =0, k> 1. (3.17)
Moreover, they extend continuously to I" and
Ugk|r =U—3k|r =92k = gok, k=1 (3.18)
Let ug be an arbitrary function in C*(Q) N C(Q) with
uo|r = go- (3.19)

The arbitrariness of ug characterizes the non-uniqueness (up to the gradient field of a
function which vanishes at the boundary) in the reconstruction of a vector field from
its Doppler data.

We construct the negative odd index Fourier modes from

g% = (g_1,9-3,...)

via the Bukhgeim-Cauchy integral formula (2.5) by
u = (u_y,u_3,---) ;= Bg®¥, (3.20)

By Theorem 2.2 the sequence u®? is L-analytic, i.e.,

Ou_op_1 +Ou_op_3=0, Vk>0, (3.21)

Note that Lg' = g°?. By hypothesis (3.11), [I +iH]g! = 0. Since H commutes with
the left translation £, then

0= L[l +iH]g! = [I +iH]|Lg' = [I + iH]g%.

Applying the sufficiency part of Theorem 2.5 we have that each ugg—1 extends con-
tinuously to I' and

U_ok—1|r = g—2k—1, k=>1 (3.22)
So far we have constructed z — (u_1(z),u—_2(2),u—3(z2),...) such that

Ou_p +O0U_p_n =0, (3.23)
U—p|r = Gon, Vn>1. (3.24)

If we were to define the positive odd index modes by conjugating the negative
ones (as we did for the even ones) it would not be clear why the equation (3.3)
should hold. To solve this problem we will define the positive odd modes using the
Bukhgeim-Cauchy integral formula (2.5) inductively.

Let u! = (ug,ul;,ul,---) be the L-analytic map defined by

u' := Bg'. (3.25)
The hypothesis (3.11) for m =1,

(I +iH]g' =0,



10 K. Sadiq and A. Tamasan

allows us to use the sufficiency part of Theorem 2.5 to get that u' extends continuously
to I' and has trace g! on I'. However, Lu'! is also L-analytic with the same trace
Lul|r = g% as u°? has. By the uniqueness of L-analytic maps with the given trace
we must have the equality

<u£17u£37 .. > = <u71’u73’ e >

In other words the formula (3.25) constructs only one new function u; and recov-
ers the previously defined negative odd functions u_i,u—s,.... In particular u' =
(ug,u_1,u_g,---) is L-analytic, and

511,1 +0u_1 =0

holds in €2. We stress here that, at this stage, we do not know that u; = w_3.
Inductively, for m > 1, the formula

2m—1 2m—1 2m—1 2m—1 L 2m—1
u = (U2m—1, Usp 3, eey UT Jul T, ) = Bg (3.26)

defines a sequence {u?"71},,51 of L-analytic maps with u?*™~1|p= g?"~!. By the
uniqueness of L-analytic maps with the given trace, a similar reasoning as above shows

Lu2m L = w23y >0,

In particular for all m > 1

2m—1 _ <

u u2m—17u2m—37"'7u15u—15'">

is L-analytic.
Note that the sequence {u?™~1},,>1 constructed above satisfies the hypotheses
of the Lemma 2.6, and therefore for each m > 1,

Uzm—1(2) = U_@2m-1)(2), 2 € Q. (3.27)

We stress here that the identities (3.27) need the hypothesis (3.11) for all m > 1, can-
not be inferred directly from the Bukhgeim-Cauchy integral formula (2.5) for finitely
many m’s.
We have shown that
Ougp_1 + Oug_3 =0, VkcZ. (3.28)
We define now the real valued vector field F = (2Re f1,2Im f1), where
f1 = EUO + Ou_s, (329)
where, by Theorem 2.2 we know that u_ € C1*(Q). Together with the assumed

regularity of ug € C1(Q2) we have F € C(Q;R?).
We define u by

u(z,0) :=uo(z) + Z U_p(2)e” % + Z U (2)e™? (3.30)

and check that it has the trace g on I" and satisfies the transport equation (3.1) in Q.
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Since g € C* (I';Ch*(SY)) N CO(I'; C**(SY)), we use [29, Corolloary 4.1] and
[29, Proposition 4.1] to conclude that u defined in (3.30) belongs to C1*(Q x S!) N
C*(Q x S1). In particular u(-,6) for = (cos g, sin ) extends to the boundary and
its trace satisfies

00 00
u('a 0)|F><Sl = (Uo + Z ufneiimp + Z uneimp>
n=1 n=1 T
oo 00
uolr+ > up|re” ™ + ) " up|pe™?
n=1 n=1

oS LS
9o + Z gine—imp + Z gneinap = g('v 9)
n=1 n=1

Since u € CH*(Q x S!) N C*(Q x S'), the following calculation is also justified:

0-Vu=e ouy+ e¥dug + Z Ou_pe Hnthe 4 Z Ou_petn=1e

n=1 n=1
+ 3 Bupe™ 02 1 3 g i)
n=1 n=1

= e % (Qug + Ou_s) + e (ug + Oug) + Ouy + Ou_;

n
NE

(Eu,n +0u_n_o)e —i(n+l)e | Z 8un+2 + Oun)e i(n+1)e
n=1 n=1

=e i+,

=0-F,

to conclude (3.1). In the third equality above we used (3.23), (3.28), and (3.29).
a

Remark: The Doppler data g of a vector field F and that of F + V1, where
Y € CY(Q) with ¥|r= 0 is the same. This non-uniqueness is transparent in our
approach: the function wg + 1 satisfies

O(up + ) + 0u_o = f1 + 01,

and its trace on I is still the same gq.

4. Range Characterization of the attenuated Doppler Transform. In
this section we assume an attenuation a > 0 in €2 be given. We establish necessary
and sufficient conditions for a sufficiently smooth function g on I" x S' to be the
attenuated Doppler data, with attenuation a, of some sufficiently smooth real valued
vector field F = (Fy, F) in the sense of (1.6), i.e. g is the trace on I' x S! of some
solution u of (1.8),

0 -Vu(z,0) + a(x)u(z,0) =0 -F(z), zel.
When a > 0 the attenuated Doppler transform uniquely determines the vector

field as shown in [14]. This uniqueness will be seen in the boundary data, where the
zero-th mode gg is determined by the negative index modes.
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As in [29] we start by the reduction to the non-attenuated case via the special
integrating factor e =", where h is explicitly defined in terms of a by

h(z,0) := Da(z,0) — % (I —iH) Ra(z-6+,0), (4.1)

o0

where 0 is orthogonal to 6, Ra(s, ) = / a (SQJ' + t9) dt is the Radon transform of

N  h(t)
s—t
in the first variable and evaluated at s = z- §*. The function h was first considered in
the work of Natterrer [19]; see also [8], and [6] for elegant arguments that show how
h extends from S! inside the disk as an analytic map.

We do not use the definition of h but rather the following properties.

LEMMA 4.1. Assume a € CY*(Q), p = 1,2, a > 1/2, and h defined in (4.1).
Then h € CP*(Q x S1) and the following hold

(i) h satisfies

1
the attenuation, and the classical Hilbert transform Hh(s) = — / dt is taken
™

— 0o

0-Vh(z,0) = —a(z), (z,0) € 2 x S (4.2)

(i) h has vanishing negative Fourier modes yielding the expansions

e h(z0) .= Z a(z)ette, M0 = Z Br(2)e*¢, (z,0) € O x S, (4.3)
k=0 k=0
with
(iii)
2z (a1(2), aa(2), a3(2), ..., ) € CP*(Q;11) N C(Q; 1),

3(2), .0y ) € CPY(Q; 1) N O 1y).

N
1
=
S
O
=
[\v]
O
=

(iv) For any z € Q

dBo(z) =0, (4.6)
91 (2) = —a(2)po(2),
OBrr2(2) + 0Bk(2) + a(2)Brr1(z) =0, k> 0.

(v) For any z € Q

dag(z) =0, (4.9)
Oy (2) = a(2)ap(2), (4.10)
Oapio(2) + Oar(z) + a(2)any1(2) =0, k> 0. (4.11)

(vi) The Fourier modes ag, B, k > 0 satisfy

k
apfo =1, Z AmBr—m =0,k > 1. (4.12)
m=0
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Proof. The regularity of h follows from [29, Proposition 5.1]. The proof of (i)
follows from the fact that the term

2+ (I —iH) Ra(z-0%,0)

is constant along lines in the direction of §. For the proof of (ii) we refer to [8]. The
regularity in (iii) follows from Bernstein’s Lemma [13, Chpt. I. Theorem 6.3] and the
regularity of h. The proofs of (iv) and (v) follow by identifying the corresponding
Fourier modes in the identities

0 - Veih(z,@) _ :Feih(z’e)a(z),

and (3.2). The proof of (vi) follows by identifying the corresponding Fourier modes

in the identity e "e = 1.
ad
From (4.2) it is easy to see that u solves (1.8) if and only if v := e~ "u solves
0-Vo(z,0) = (0-Fe =0, (4.13)
If u(z,0) = > 07 un(2)e™® solves (1.8), then its Fourier modes satisfy
Ouy(2) + Ou_1(z) + a(2)ug(z) = (4.14)
Auo(2) + Ou_o(2) + a(2)u_1(2) = 1(2), (4.15)
Oun(2) + Oup—2(2) + a(2)un_1(2) =0, n< -1, (4.16)
where f1 = (Fy + iF3) /2 as before.
Also, if v = e7Pu = Y07 v,(2)e"™ solves (4.13), then its Fourier modes
satisty
1 (2) + v-1(2) = ao(2) fi(2),
o (2) + Ov_z(2) = a1 (2) f1(2),
Ovy(2) + Ovp_a(2) =0, n < -1, (4.17)

where «g, ay are the Fourier modes in (4.3), and f; as above.

The following result shows that the equivalence between (4.16) and (4.17) is in-
trinsic to negative Fourier modes only.

LEMMA 4.2. Assume a € Cy*(Q),a > 1/2.

(i) Let v = (v_1,v_2,...,) € CY(Q,11) satisfy (4.17), and u = (u_1,u_2,...,) be
defined componentwise by the convolution

= Bivn_j, n< 1. (4.18)
§=0
where B}s are the Fourier modes in (4.3). Then u solves (4.16) in €.

(ii) Conversely, let u = (u_1,u_2,....,) € C* Q1) satisfy (4.16), and v =
(V_1,v_2,...,) be defined componentwise by the convolution

Uy 1= Zajun_j, n < —1. (4.19)
=0
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where o;s are the Fourier modes in (4.3). Then v solves (4.17) in €.
Proof. Starting from the definition, for each n < —1, we calculate

Oy, = Zgﬁjvn—j + Zﬁjgvn—ja

§=0 =0
o0 [ee]

g = Z 0Bjvn—2—j5 + Z Bj0vp_2_j.
j=0 Jj=0

By rearranging the terms we get
o0 oo
Oup + Ouy_o+at,_1 = Z 8Bj’l}n,j + Z 8ijn,2,j

j=0 j=0

Bj(Ovn—j + Ovn—a_j) + Z aBivp_1—;

=0

+

i

I
o

J

= 0Bovn + (0B1 + aBo)vn_1

+ Z (08; + 0Bj—2+ afj—1) vn_; =0,

Jj=2

where in the second equality we used (4.17) and the third equality we used the Lemma
4.1 (iv).

An analogue calculation using the properties in Lemma 4.1 (v) shows the converse.
d

The range characterization of the attenuated Doppler data g will be given in
terms of its zero-th mode go = ¢ g(-, 8)df and the negative index modes of

o0

e Mg 0) = Y w(Qe™?, Cer (4.20)
k=—o0
namely,
gh ‘= <7—177—2;7—3"'>' (421)

To simplify the statement, from the negative even, respectively, negative odd Fourier
modes, we built the sequences
g’ " = (y-2,7-1,..), and g’ = (y_1,7-3,...). (4.22)

Recall the Hilbert transform H in (2.8).

THEOREM 4.3 (Range characterization of attenuated Doppler Transform). Let
a € Cy*(Q) with a >01nQ, a>1/2.

(i) Let F € CY*(Q;R2). Then D,F N C(I';CH(SY)) # 0, and let g € D,F N
C*(I'; CY(SY)) be some Doppler data of F in the sense of (1.6). Consider the
corresponding sequences g5, g9 as in (4.22). Then gyve", go?d € ILHT)NCY(T; 1)
satisfy

[T +iH]ge" =0, [+ iH]g? =o0. (4.23)
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Moreover, for each ¢ € I', the zero-th Fourier mode go of g satisfy

0(C) = lim —2 Redu_1(z)

4.24
Q5z-¢el a(z) ’ (4.24)

where
u_1(z) =) _B;(2)(Begn)-1-4(2), z€Q,
=0

with B be the Bukhgeim-Cauchy operator in (2.5), Bis are the Fourier modes in (4.3)
and gy, is the sequence of the negative Fourier modes of eg in (4.21).

(it) Let g € C* (I';CH(SY)) N COI'; C**(SY)) be real valued, so that the cor-
responding sequences g, g9 € Y,. If given, god satisfy (4.23) and go satisfies
(4.24), then there exists a unique real valued vector field F € C(Q;R?) such that
g € D,F is the attenuated Doppler data of F.

Proof. (i) For the justification of D,F N C¥(I'; C(S)) # 0, we refer to the
proof of [29, Theorem 5.1] (where 6 - F is to replace the zero-tensor f).

Now let g € D,F N C¥(I"; C**(S')) be the Doppler data of the given F. Then
by [29, Proposition 4.1(i)] g§*e", g2 € 1L1(T") N C*(T;1;). Moreover, g is the trace
on I' x S of a solution u € CH*(Q x S') N C¥(Q x S!) of the Transport equation
(1.8). Then the negative Fourier modes of v := e~ "u satisfy (4.17). In particular its
negative odd subsequence (v_1,v_3,...) and negative even subsequence (v_g,v_4,...)
are L-analytic with traces g¢?? respectively gf'*". The necessity part of Theorem 2.5
yields (4.23):

I+ iH]gn' =0, [I+iH]gi™" =0.
Since a > 0 in 2, and the Fourier modes u1,u_1,ug of u solve (4.14), we have

uo(z) = %51(2)7 z €. (4.25)

Since the left hand side of (4.25) is continuous all the way to the boundary, so is the
right hand side. Moreover the limit below exists and

. . —2Redu_1(2)
golz0) = lim uolz)= Hm —— 5=

thus (4.24) holds. This proves part (i) of the theorem. We note here that for the
necessity part suffices to assume a € Cy'®(Q2).

To prove the sufficiency we will construct a real valued vector field F in ) and a
real valued function u € C1(Q x S') N C(Q x S') such that u|ryg1= ¢ and u solves
(1.8) in Q.

Let g € C (I'; Ch*(S1)) N CO(I'; C%(S1)), be real valued with the zero mode
go satisfying (4.24) and the corresponding sequences g¢*", g?9? as in (4.22) satisfying
(4.23). By [29, Proposition 4.1(ii)] and [29, Proposition 5.2(iii)] g{**", g2 € Y,,.

Use the Bukhgeim-Cauchy Integral formula (2.5) to define the L-analytic maps

v (2) = (v_a(2),v_4(2),...) == Bgi*"(2), z€N (4.26)
vold(2) = (v_1(2),v_3(2),...) == Bggdd(z), ze€. (4.27)
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By intertwining let also define
v = (v_1(2),v_2(2),v_3(2),...).
By Proposition 2.3
veven yodd v e oL 1) N O 1) N 2 1), (4.28)

Moreover, since ge", g??? satisfy the hypothesis (4.23), by Theorem 2.5 we have
h h

Veven|F: gzven and VOdd|[’= gzdd.
In particular
oo
’Un|p= Z(ak|p)gn_k, n < —1. (4.29)
k=0

For each n < —1, we use the convolution formula below to construct
[ee]
Un ==Y Bivn_j. (4.30)
§=0

Since a € Cﬁ’a(ﬁ), by (4.5), the sequence z +— (Bo(2), f1(z), B2(2),...) is in
C?2(Q;11) N C%(Q;11). Since convolution preserves l1, the map is in
2 (u_1(2),u_a(2),..) € CH(Q; 1) N C(Q 1h). (4.31)
Moreover, since v € C%(Q;1) as in (4.28), we also conclude from convolution that

2 (u_1(2),u_a(2),...) € C*(Q o). (4.32)

The property (4.31) justifies the calculation of traces u,|r for each n < —1:

tnlr =" B (vn—jlr)

=0
= ZBJ OkGn—j—k = Z Zakﬂmfkgnfm

=0 k=0 m=0 k=0
= aofogn + Z Zakﬂm,kgn,m = gn, (4.33)

m=1 k=0

where in the second equality we have used (4.29), in the third equality we introduce
the change of index m = j + k, and in the last equality we used Lemma 4.1 (vi).
From the Lemma 4.2, the constructed u,, in (4.30) satisfy

Oup + Oup_o+au,_1 =0, n<-—1. (4.34)
All of the positive Fourier modes are constructed by conjugation:

Uy :=TU_pn, n>1. (4.35)
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Since a > 0 in  we can define uy by

_ 2Redu_1(z)
up(z) == (2) , z€Q, (4.36)
in particular
Ouy 4+ Ou_q1 + aug =0 (4.37)

holds. The hypothesis (4.24) shows that, as defined, ug extends continuously to the
boundary I' and uo|r= go. Moreover, since u_; € C?(2) as shown in (4.32) and
a € C?(Q2) we get ug € C1(9Q).

We next define the real valued vector field F € C(Q;R?) by

F = (2Re f1,2Im f1), (4.38)
where
f1:=0ug + Ou_o + au_;. (4.39)
Finally, let u be defined by

u(z,0) :=wuo(z) + Z U_p(2)e” P 4 Z Up (2)e™? (4.40)
n=1 n=1

and check that it has the trace g on I" and satisfies the transport equation (1.8) in €.
The regularity in (4.31) also allows us to take the trace as follows

> oo
u(-, 9)|F><sl = (UO + Z u,ne_m‘p + Z unein<p>
n=1 n=1

o0 o
uo| r+ Z U—p|re™ ™ + Z Up|re™?
n=1 n=1

r

go + Z g_ne—imp + Z gneinap = g('v 9)7
n=1 n=1
where in the third equality we have used (4.33) and (4.35).
Also, the regularity in (4.31) allows us to differentiate term-wise in order to check

that v satisfies (1.8):

& 00
0-Vu+au = e “oug + e¥ug + Z Du_, et tDe 4 Z Bu_,e—itn=Dp
n=1 n=1

n=—oo

+ Zgunei("*l)“’ + Z Qupe!the 4 Z au,e™?
n=1 n=1
= e*i“’(guo +O0u_g+au_q1)+ ei“’(auo + Oug + auy)

+ Ouy + du_y + aug + Z(Eu,n + OU_p g+ au_p_)e VTV

n=1
+ Z(Euwrz + Quy, + Aty g )t PTDE
n=1

e 4+ e
=0-F,
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where the third equality uses (4.34), (4.37), (4.39).
O

5. When can the X-ray and Doppler data be mistaken for each other ?.
By comparing the range conditions for the (non-attenuated) X-ray data for O-tensors
in [29, Theorem 4.1] and for 1-tensors in Theorem 3.1 above, it is transparent that
the two data cannot be mistaken for each other, unless they are both zero. However,
in the attenuated case with a > 0 the situation is different. To distinguish between
the data coming from the 0- and 1-tensor fields we use the notations gy, gr for the
attenuated X-ray transform of the real valued function f, respectively, of the real
valued vector field F.

In the theorem below the attenuated X-ray and Doppler transforms are assuming
the same attenuation a.

THEOREM 5.1.

(i) Let a € C1(2) N C(Q) be real valued with a > 0 in Q, and f € CH(Q) N C(Q)

be real valued with f/a € Co(Y). Then F := —V (i> is a real valued vector field
a

whose attenuated Doppler data gr is the same as the attenuated X -ray data gs of f.

(it) Let a € Cy™(Q) be real valued with a > 0 in . Assume that F € Cy® (€ R?)
is a vector field whose attenuated Doppler data gr equals the attenuated X -ray data
of some real valued f € Cé’a(ﬁ), a > 1/2. Then F must be a gradient field and

()

Proof.
(1) Assume gy is the X-ray data of some real valued function f, i.e., it is the trace
on I x S! of solutions w to the transport problem:

0-Vw+aw = f, (5.1)

w|r><s1 =9f-

Let v :=w — i and F := -V (i> Then
a a

O-Vu—l—au:H-V(w—i)—i—a(w—i)
a a
f

=9-Vw+aw—f+9-V(——)
a
—0-F,

where the second equality uses (5.1) and the definition of F. Moreover, since f/a
vanishes on I', we get

= w|r><s1= gf-

/
gF = u|pxs1= W|pxsi+ =
alp

(ii) Let F = (F1, F) € C;™(Q), o > 1/2, be a real valued vector field whose
attenuated Doppler data gr matches the attenuated X-ray data g; of some real valued
function f € Cy;*(Q), i.e.

g5 = gr =1 g € C*(I';CH(SY)).
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Then there exist u,w € CH*(2 x S1) N C*(Q x S!) solutions to the corresponding
transport equations (1.8), respectively (1.7) subject to

U’|F><Slz g= w|F><Sl-

Then the corresponding sequences of non-positive Fourier modes {u_, },>0 of u satisfy

Ou—1 + Ou_1 + aug =0 (5.2)
EUQ +0u_g+au_y = (F1 +1F3) /2, (5.3)
5Uf—n + 8U—n—2 +au_p_1 = 0; n > 1; (54)

whereas the non-positive Fourier modes {w_, },>0 of w satisfy

Ow— + Ow_1 + awy = f(2), (5.5)
Owp(z) + Ow_o(z) +aw_1 = 0, (5.6)
Ow_p(2) + Ow_p_o(2) +aw_n_1 =0, n>1.

Since the boundary data is the same u|pyg1 = w|rxg1, we also have
U_p|r = wW_p|pr, Yn>1 (5.8)
We claim that the systems (5.4) and (5.7) subject to the identity (5.8) yield
U_p(2) =w_n(z), 2€Q, Vn>1. (5.9)

Recall the integrating factor e*" with % in (4.1). Since a € Cy™(Q), then e €
CH(QxS') and its Fourier modes (S, _1, ...) € C1*(Q;11)NC(Q;11) by Lemma 4.1.
Recall the function v := e "u, and introduce w := e~"w. Then their corresponding
negative Fourier modes (v_1,v_g,....) and (w_1,w_a, ....) satisfy

e o
U_—p = Zﬁjv—n—j, Wop = Zﬁjw_n_j, n Z 1, (510)
j=0 j=0

as in Lemma 4.2. Moreover, (v_1,v_2,....) and {w_1,w_a,....) are L2-analytic and
coincide on I'. By the uniqueness of £2-analytic functions with a given trace, they
coincide inside:

Vopn(z) =w_pn(z), z€Q, VYn>1. (5.11)

Using (5.10) and (5.11), we conclude for all n > 1 that
u—n(2) =Y Bi(2)o—nj(z) = D Bi(2)w-n—j(z) =w_n(z), z€
Jj=0 j=0

Thus (5.9) holds.
By subtracting (5.6) from (5.3) and using (5.9) we obtain

5(@60 - U}()) = (Fl + ZFQ)/2
Since both ug and wg are real valued we see that

<F1, F2> = V(UO — ’LU()). (512)
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Moreover, by equation (5.5),

f=0w_1+ dw_1 + awp
= 0u_1 + Ou_1 + awo
= 0u_1 + Ou_1 + aug + a(wo — uo)

= a(wp — up),

where the second equality uses (5.9) and the third equality uses (5.2). Therefore

ug —wo = —f/a, and by (5.12), F = -V <£> .

d

Given the Helmholz decomposition of a vector field in gradient and a solenoidal
field part, Theorem 5.1(ii) yields the following.

COROLLARY 5.2. For a given attenuation, the attenuated Doppler data of a
solenoidal compactly supported smooth real valued vector field cannot be mistaken by
the attenuated X -ray data of a compactly supported smooth real valued function.
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