STABILITY IN CONDUCTIVITY IMAGING FROM
PARTIAL MEASUREMENTS OF ONE INTERIOR
CURRENT

CARLOS MONTALTO AND ALEXANDRU TAMASAN

ABSTRACT. We prove a stability result in the hybrid inverse prob-
lem of recovering the electrical conductivity from partial knowledge
of one current density field generated inside a body by an imposed
boundary voltage. The region of stable reconstruction is well de-
fined by a combination of the exact and perturbed data. This work
explains the high resolution and accuracy reconstructions in some
existing numerical expertiments that use partial interior data.

1. INTRODUCTION

We consider the stability question in the inverse problem of recov-
ering the electrical conductivity of a body from partial interior mea-
surements of one current density field generated by an imposed bound-
ary voltage. This inverse problem belongs to the larger class of mul-
tiave imaging methods for conductivity imaging as developed, e.g.,
in [5,7,8,16], see also [3,25,28,29,31] for some recent reviews.

To date, the current density field can be obtained from magnetic
resonance measurements as discovered in 1996 by the work of Scott, et
al. [27]. The first attempt to use the interior current to determine an
isotropic conductivity appeared in Zhang [32]. Several reconstruction
methods that use some knowledge of two or more currents have been
subsequenly proposed in the literature, e.g., in [10,12,17]. The fact that
multiple interior measurements stabilizes the reconstruction has been
shown in [4,14,15]. Moreover, multiple measurements are necessary for
the unique determination in the anisotropic case [6,18,19]; the latter
work also shows stability in two dimensions from full knowledge of four
current density fields.

Conductivity imaging methods that use some interior knowledge of
just one current density field have also been proposed, e.g., in [13, 16,
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22-24]. For unperturbed boundary data, knowledge of the magnitude
of one current density field in the entire domain stably recovers the
conductivity as shown by Montalto and Stefanov [20]. An equivalent
curl-based formulation of the problem was used by Kim and Lee [13]
to prove sable recovery using the whole current density. Both of these
stability results assume perturbations in the interior data within the
range of a current density field. If one assumes a general perturbations
in the interior data, then the recent uniqueness result by Moradifam,
Nachman and Tamasan [21] could be combined with the structural
stability obtained by Nashed and Tamasan [26] to show that the voltage
potential depends continuously on the interior data. However, it is not
clear whether the method extends to show continuous dependence on
the interior data for the conductivity itself.

In the case of partial interior data, unique determination of planar
conductivity has been showed to be possible in certain subdomains
(see the injectivity region defined below) by Nachaman, Tamasan and
Timonov [25], but the stability question has been left open. While the
voltage potential can be stably recovered in certain subregions from
partial interior data as notice by Veras and Tamasan [30], the regularity
in the estimate does not translate into a stability for the conductivity.

In this paper we assume that knowledge (of certain component of)
the current density field is only partially available inside. We identify
a specific subregions where conductivity can be stably recovered from
partial interior and boundary data. The boundary voltage potential
imposed to generate the current density field is assumed unperturbed,
but need not be known everywhere. In addition, we assume the con-
ductivity is known on some subset of the boundary, see Theorem 2.1.
In general, the stability region is a subset of the injectivity region as
illustrated in Figure 2. However, if the accessible part of the boundary
(where the voltage potential is known) is simply connected, then the in-
jectivity region and the stability region coincide under some geometric
(strict convexity) assumptions on the shape of the boundary.

Different from the approach in [20] we use a non-linear version of the
decomposition of the data operator and identify a natural component
of the current density field sufficient to yield stability. To authors’
knowledge, this is the first result where either injectivity or stability
is established from knowledge of just one component of the current
density. The required component depends both on the measured and
on the exact data.

Similar to all the works in the hybrids methods, we also work with
voltages free of singular points inside the domain. In dimension two,
the condition of no critical points can be satisfied under the assumption
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that the boundary illumination is almost two-to-one [1,22]. In dimen-
sions n > 3, it is still unclear if similar conditions exists; the recent
results in [2, 11] describing the set of singular points assume nonzero
frequencies.

2. STATEMENT OF THE RESULTS

Let Q C R" be a bounded domain C?%?-diffeomorphic with the unit
ball, 0 < a < 1. This assumption can be relaxed as explained in the
proofs. Let o be a positive function in C2*(Q) and let f € C%*(99Q).
From Schauder’s regularity theory we know that the unique solution u
of the Dirichlet problem

(1) V-oVu=0 in (), ulon = f-

is in C2%(Q), see e.g. [9, Theorem 6.18]. We refer to such a u as
being o-harmonic. The corresponding current density vector field J :
Ce(Q) — CH(Q) is defined by

(2) J(o) = —oVu.

In order to state our partial data results we introduce the following
notation. For some u € C*(Q) arbitrary (not necessarily o-harmonic)
with |[Vu| > 0 in €, and p an arbitrary point in €, let v, denote the
integral curve starting at p in the direction of Vu. Since |Vu| > 0,
there exist a first time, denoted by ¢ (resp. t,), such that the integral
curve starting at p and moving in the direction =V u hits the boundary.
We denote by

by = {n() t e (0,81}
the segment of the integral curve from £t =0 to t = t;f. Also, let

Y, ={re Q:u(z) = ulp)}

denote the level curve of u passing through p, see Figure 1.

Let I' be an open subset of the boundary to denote the accessible
part. The following definitions specify the interior subdomains, where
the unique and stable determination of the conductivity can be guar-
anteed.

Definition 2.1. Let @ C R" be a bounded domain C?<-diffeomorphic
to the unit ball and let u € C*%(Q), where 0 < a < 1.
Injectivity region: We say that a point p € Q is visible from T
along the equipotential set if

Y,nocCl.
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Figure 1. Illustration of the segment I, and the surface ¥,,.

The set T(T,u) of points in Q that are visible from T along
equipontential sets is called the injectivity region,

(3) ITu) ={peQ:%,NdN CT}.

Stability region: We say that the trajectory through p along Vu
is visible from T' if either If C Z(T',u) or [; C Z(T',u). The set
S(T,u) of points in Q for which the corresponding trayectories
along Vu are visible from T' is called the stability region , i.e.,

(4) S(T,u) :={peZ(T,u) : I CI(T,u) orl; CI(T,u)}.

Clearly S(T',u) € Z(T',u) and, if T is connected, the equality can
hold as illustrated in Figure 3. In Figure 2 we illustrate the injectivity
and stability regions, when I' is not connected.

e

Q

Figure 2. The injectivity region Z(T',u) is the light grey region
that contains the stability region S(I',u) in dark grey.
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u =const.

VYu u =const.

Figure 3. When T is connected the visible region and the trajec-
tory region can be the same.

Let @ be the voltage potential corresponding to some perturbed con-
ductivity ¢ € Ch*(Q),

(5) V-6Vi=0 1in(, Ulon = f,
and let J(¢) := —a V4 be the corresponding current density field. Let
(6) So:=0—¢ and 0J:=J—1J

denote the corresponding perturbations.

We prove that do is controlled by the component of 4J in the direc-
tion V(u + @) throughout S(I',u + @). To the author’s knowledge the
result below is the first stability result from partial interior data. It is
also the first time the recovery is done from just one component of the
current density field.

For a vector field wy in {2 we denote the orthogonal projection onto
wy by Ily,, and onto the orthogonal complement (both in the Euclidean
metric) by HVLVO = Id — Il,, the orthogonal projection; i.e., for an
arbitrary vector field w,

Wy - W

(7) Hyow

= wol? wy and H‘%VOW =w — [y, w.

Theorem 2.1 (Stability with Partial Data). Let @ C R™ be C**-
diffeomorphic to the unit ball, and 0,5 € C*(Q) be positive on Q, for
some 0 < o < 1. Let u (respectively i) in C>*(Q) be o (respectively
& )-harmonic. Let T' C 0 be the union of finitely many open connected
components, and I CC I' be a open subset compactly contained in I
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Assume that

(8) olr = &lr, ulp = dlr,
and
(9) Vu+a)| >0, in I, uta)

Then there exist C' > 0 dependent on a lower bound ot |V (u + )| in

Z(T",u + @), the domain S, and the C*(Q)- norm of o and &, such that
(10)

lo =& ll2strvsay < Cl|V - (Myguen(I(o MIIEG

In particular,

(T u+a))

(11) Mo = 6llz2serurm) < C|Mywea (JI( H““ (I b))

The proof of the Theorem 2.1 is presented in Section 4.

A few remarks are in order. Note first, that the estimates (10) and
(11) concern norms over (possibly) different domains. However, in
many interesting situation S(IV, u + @) = Z(I", u + @) as illustrated in
Figure 3. In particular, in the full data case with I' = 9, we have
ST u+u)=Z(I" u+u)=1, and the estimate (11) yields

(12) |0 = 0lL2) < ClI(0) = I(G )IH“O‘

The stability estimate requires knowledge of a component of J in a
direction V(u+a) that is well defined by the exact and perturbed data
due to the uniqueness results in [23]. However, if & is a priori close to o
then the level curves of 4 will be close to the level curves u, and it will
suffice to project J onto the Vu with a penalty term that will depend
on the apriori closeness assumption, as illustrated in Figure 77. More
precisely, we have the following local stability result.

Theorem 2.2. Let o € Cl’a(ﬁ_), 0 < a < 1, be positive in Q and u be
o-harmonic with |Vu| > 0 in Q. There exists an € > 0 depending on
Q1 and some C' > 0 depending on €, such that the following holds: If
o € CH*(Q) with

(13) HO_&HCLO‘(Q) <e€ and O'|aQ :6'|39,

and u s the 6-harmonic map with

(14) 71‘89 = U’aﬂa
then
(15) @) < CIIV - (vu(3(0) = I@) |70
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In particular,

lo = 5 lz20) < C[Mvu(I(0) — I(@)| 50, -

As a consequence of Theorem 2.2 let us consider the problem of de-
termining a perturbation from a constant conductivity: If the bound-
ary voltage is uniform in the z-direction, the equipotential surfaces are
planes perpendicular to the z-direction and we only need two com-
ponents of the magnetic field B = (B*, BY, B*) to stably recover the
conductivity, as exemplified below.

Ezample 1. For simplicity assume that ¢ = 1 and f(z,y,2) = z. Then
u(z,y,2) = z and, by Ampere’s law,

0J* =Vu-d6J = in (Vx6B) = i (géBy — 3(33“””) .
Ho po \ Oz dy

By Theorem 2.2, we can stably recover a sufficiently small pertubation
of the conductivity from 0 B* and dBY.

3. PRELIMINARIES

The stability result relies on the following decomposition of the per-
turbation ¢J in the data.

Proposition 3.1. Let u and u be o-harmonic and 6-harmonic, respec-
tiwely. If V(u+1u) # 0 in V, for some open subset V' of §2, then

(16) 2V - My uray(J(o) = J(6)) = L(u — ) in V.
where L is the differential operator defined by
. V(u+a) Vv .

Proof. Consider the difference of two internal measurements
(18) 2(J(0) = J(6)) = (6 —6)V(u+1a)+ (6 +7)V(u — u).
If we dot product with V(u + @) we obtain
19
é(J)(o)—J(é))-V(QH—&) = (0—6)|V(u+a)|*+(o+6)V(u—a)-V(ut+i).
Solving for ¢ — ¢ we have
2(J(o) = J(6)) - V(u+ 1)
V(u+a)?
On the other hand it follows easily from (1)
(21) V-(c+6)Vu—1u)=-V-(c—a6)V(u+a) in Q.

V(u+ ) V(u— )

(20) 0= = Yt

—(0+40)
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Using (20) we substitute o — & in (21) and we get

Lu—a)=-V-(oc+7)V(u—a)
V(u+a) V(u—a)

FV- o0 T )
o (230)-3E) V)
=V ( NMOE LA )>

=2V Ty (I (o) — 3(5))
[

We remark that (16) is the non-linear version of the decomposition
obtained in the linearized case in [20]. The representation of the oper-
ator L in local coordinates can then be obtained similarly as in [20]:

Proposition 3.2. Let u,@ € C*(Q), with V(u + @)(zy) # 0 for zy €
Q. Then locally near ¥,,, the operator L in (17) is the restriction
of V(o + &)V onto the level surfaces (u + u) =const. Moreover, if
y' = u+a, and y' = (y',...,y" ) are any local coordinates of the
level set ¥,,, then in a neighborhood of ¥,, the Euclidean line element

ds is given by

n—1

(22) ds® = A(dy™)? + gupdy®dy’,  gap = Z

)

oy Oyh’

where ¢ = |V (u+ @)|™. In this coordinates the operator L becomes

1 0
=-S5 -2
azﬁ: V/det g Oy”

(o +5)g*?\/det g 0

2
( 3) aya’

where the Greek super/subscripts run from 1 ton — 1.

Proof. Let 3, be the level set of u + % passing through zy. On X,
choose local coordinates 3 = (y',...,4" ') and set y" = (u + @)(z).
Then y = (v, y™) = ¢(x) define local coordinates in a neighborgood of
Y4,- In the new coordinates, the Euclidean metric becomes

n—1 ; ;

ox* ox"

2 _ 2 n\2 ay,.8 - E _

(24) ds® =¢ (dy ) +gaﬁdy dy ) where Gap = — aya ayﬁ’

where ¢ = |V(u + @)|~". This follows easily by noticing that u + @
trivially solves the eikonal equation ¢?|[V¢|? = 1 for the speed ¢ =
|V(u+ @)|~!. Then, near zy, u + @ is the signed distance from the z
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to the level surface ¥,, and the Euclidean metric has block structure
given by (24). Denote by ¢g be metric after the change of variables, i.e.,

g = { [906,/3] 0 }

C

Let ¢ € C§°(Q2) be a test function supported near some &y € ¥,,.
We have

<LU7 ¢> = <(U + 5_)VU7 V¢> - <(0 + 6)HV(u+ﬁ)V'U7 V¢>7
= <(U + 6)H$(u+ﬁ)V1}, Hé(uM)V@ 5

where (-, ) denotes the scalar product in L*(Q2).
From (24), we get that for any function v € C'(Q)

0
HV(U+&)V$U = <07 S 07 02 - ) .

(25)

oy"
and 5 5
N [ Ov v
Hv(u+ﬂ)vxv = (ayl yeeey ayn_l s O) .
thus in (¢', y") coordinates (25) becomes
(26)

(Lv,¢>:Z/IQ(U+6)< aﬁaay” §¢> Vdet gdy
:_Z/ Jdet g (azﬁ( +6)g*” detga§a>¢(y)dy

Since ¢ and &y € X;, were arbitrarily we conclude that

0 0

2 L= B /det .

(27) Z _det <8y5(0+0) e gaya>

near Y. O

We note that Proposition 3.2 shows L to be an elliptic differential
operator acting onto the level sets of u + @, for which the normal com-
ponent becomes a parameter.

4. STABILITY ESTIMATES FOR PARTIAL DATA

In this section we prove Theorem 2.1 and its corollary. The proof is
based on establishing separate estimates for u — % and for the operator
L in (16). For points in S(I", u + @) the visibility from I parallel to
V(u + @) will allow us to control v — @, while the the visibility along
the equipotential sets will be used for estimates on L.
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Recall that ST, u 4+ @) = ST(I",u + a) US (I",u + ), where

ST u)={peQ:%,Nd0 CIand I C Z(I',u)}.

We will show that
(28)

lo =6 ll2(s+ vy < OV - (Uyueay(I(0) = I@N| | Bz asay)
We prove (28) for ST(IV,u + @). The corresponding inequality for
S (I'",u + u) follows similarly.

To simplify notation, let
(29) S =S8t (T,u+a), S :=8T(I,u+a),and Z':=Z(TI",u+1a).

We assume w.l.o.g. that &’ and & are connected. Notice that, since
there are only finitely many components, we can add the estimates that
we obtain for the single-component case, to the more general case.

We will make use of the following two technical estimates in the
Lemmas below.

Lemma 4.1. There exist C' > 0 dependent on the domain €2 such that
(30) HO-_&”LZ(S’) SCH’UJ—?]HHz(S/),
where for simplicity we denote &' := S*T(I", u + u).

Proof. Since V(u + @) # 0 in Q, without loss of generality (otherwise
work with a diffeormorphic image of €, and, possibly, with —(u + @)),
we may assume that

. O(u+1a)
31 min ——— > 0.
(31) 9] ozr"
Since the n-th coordinate now plays a special role, to simplify notation,
let ' := (z!,...,2"7!), so that z = (2/, z").

Let Z be the set (possibly empty) of boundary points , where V (u+)
is tangential to the boundary,

(32) Z:={xe€dQ: n(z) V(u+a)(z) =0}

The regularity assumptions on the boundary of the domain, and on
u, u yield that Z is closed and confined to a co-dimension 1 variety of
the boundary, in particular, Z is negligible with respect to the induced
area measure on the boundary.

Let I cC T\ Z, g € § = ST (IM,u+1u), and 5 := {x € Q :
(u+a)(x) = (u+a)(xg)} be the level set passing through x.

Since a(g;f‘) (zg, xg) # 0, by the implicit function theorem, in a neigh-
borhood O C R" of zj there is a local representation of ¥y: O 3 2’ —
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(z', g(z")), for some C*- smooth coordinate map g : O C R*! - R
with g(xp) = zf.

We define next a tubular neighborhood T, by flowing along V(u+1)
the points on O C ¥, until the boundary is met. More precisely, we
consider the family (indexed in ' € O) of the initial value problems

d .., V(u+tu)
Since xy € &', for the solution v(-; zj) of (33) with parameter o’ = x,
meets the boundary transversally, hence there exists a smallest time
tey such that y(t,;2g) € IV, and (¢ 25) € Q for 0 <t <ty .

The continuous dependence with parameters of solutions of initial
value problems for ODE’s shows that, by possibly shrinking the neigh-
borhood O, we have that ¢ — (¢, 2') are defined on a maximal interval
with v(-,2') : [0,ty) — Q and y(ty;2") € T

We consider the following change of coordinates (z',2") — (v, y"),
where ¢ = 2’ and 2" = v(y";¢'). In the new coordinates, the tubular
neighborhood T, rewrites

T ={(/,y") €eR" 14/ € 0,0 < y" < t,}.

(v(t;2"), 7(0) = (2', g(z")), 2" € O.

Let J(y',y") denotes the absolute value of the Jacobian determinant of
the change of coordinates above at some (y',y") € T,,, and let 5 > 0
denote an upper bound on the quotient

ma J
(34) p = & < 00
ming, J
Recall the equation (1) interpreted as a transport equation for jo =
(0 —0a):
(35) V(u+a) -V(do)+ (60)A(u+a) =G in Q,
where, for brevity, we let
(36) G:=-V:(0+4+07)V(u—1u).

In the local coordinates in the interior of T, , the equation (35)
becomes

1 9(d0)
2 Jyn
where ¢ = |V (u+ a)|~!. By (9),

(37) + (60)A(u+a) = G,

(38) max ¢ < 0.
0
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By hypothesis (13) we also have that
(39) (do) (Y ty) =0, Yy €O.
Using an integral factor we can solve (37) and (39) to get

n

(40) (60)(y',y") = (én) /ty c2G(y’,t)u(y’,t)dt),

w(y'sy

where

ny', y") = exp (— /yty, A (u+a)(y, t)dt> :

n

Let m, M (not necessarily positive) be such that
(41) m < EA(u+a)(r) <M, VreQ.
Then, it is easy to see that, for y' € O and 0 <t < y" <t,, we have

(42) ¢~ M Idiam() < Yy’ t) < elmidiam(@),
w(y' y")
For a constant C' > 0 depending on the bounds in (42) and (38), and
pin (34), we estimate

(43)
/ ' Gy 1) Az( )dt J(y',y")dy"dy’

ty/
ooy = [ f ;
yl
/ / J(y',y")dtdy"dy’

2

VAN
@Y

J,y")

J(y',1)

/ (1, = DG, 1) Pdy™ Ty, t)dedy’

y'€eO JO
ty/
< Codiam(@) [ [7 (6t 0 Pdy a0ty
'ceO JO

= CBdiam(Q)||Glr2r.,)
< Codiam(Q)|V - (0 + &)V (u— @)

— = 2dy™ J (v, t)dtdy'

IN
O}

I
» o

L2(8")>

Since S’ can be covered by finitely many tubular neighborhoods, and
the norm in the right hand side of (43), we conclude that

(44)  Noolies) < CIV - (0 +6)V(u = )ll2s) < Cllu — il s,
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for a constant C' depending on w, @ and the domain €2, and a priori
bounds on C'-norm of o and &. This finishes the proof of (30).
O

Lemma 4.2. There exists C > 0 dependent on ) and a lower bound
on o+ &, such that,

(45) ||U—71||L2(II) S C||L(U—a)||L2(I/)’
where, for simplicity we denote by T' := Z(I", u + @).

Proof. Let xy be arbitrarily fixed in the injectivity region Z'. Assume
first that the level set ¥y of u + % passing through z, intersects the
boundary in I, transversally at any point of intersection. Consider
the local coordinates (i, y™) for the equipotential set ¥, introduced in
Proposition 3.2. By continuity of y” = « 4+ @ w.r.t. ', for sufficiently
small €, the neighborhood U, of ¥y defined by

Ue={(y,y") €T : y € Sp,and y" € (—¢,¢)}

is visible from I along the equipotential sets of u + 1.

Using the local representation of L obtained in (26) and local repre-
sentation the metric g on U, we estimate L(du). We denote by ¢’ the
restriction of the metric to ¥/, i.e., ¢ =[gap) for 1 < o, 8 < n—1. Let
du = u—u. Note that in U, (u—1u)|aq = 0, hence Poincaré’s inequality
is valid in . We estimate

1 9ddu ddu P1n
b/:/ﬁ<xﬂﬁﬁf‘ayﬁ( K R

{

—e Yo
00u 00u
ﬂ ! n
// 83/ aﬁx/detgdydy
—€ Yo

=5 [ [ IV g,
—e J 3

> 5/ |6ul* dy'dy™
—e J X
(46) = olloul[L

where d > 0 depends on an a priori lower bound of o+ and of g*? on
Q for 1 < o, < n. The second inequality is the Poincaré inequality.
Since U, C I' we obtain from (46)

(47) 16|72,y < C{L(0u), Su) 22y
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By compactness, we can get a finite covering of Z' with neighborhoods
Uc. Summing (47) over the covering of U, we obtain

(48) lu = @llL2 gy < C(L(u = @), u — @) 2z,

for some constant C' which depends on €2, and the lower bound on
0 + ¢. Finally from Cauchy-Schwartz inequality (45) follows.

Finally the level set ¥, intersects tangentially the boundary of €2 as
some point then the analysis presented above could fail depending on
the degeneracy of such interseccion. In particular it is not clear how
to justify integration by parts on U, in the intersection is degenerate.
To avoid this difficulty we will extend o,5,u and @ in two different
ways to an open domain €2; containing Z'. The first extension takes
advantage of the boundary information while the second extension uses
the regularity of the functions to extend the geometry and the operators
in decomposition (16).

Since I is compactly supported in I' it follows that Z' C Z. Thus
there exists an open bounded €2; with smooth boundary, such that
7' C Q and Q; NQ C Z. First, using the fact that (o — &)|p = 0 we
can find H'({);) extensions o, and &, of ¢ and &, respectively, such
that (o —d1) = 0in Q; \ Q; (e.g., extend first o to some o, € C*(),
and define 61 := o7 in Q; \ Q. Since ; coincide with o1 on 052, the
difference 6, — oy, and thus 4, lie in H'(Q). Moreover, since ¢ and
& are positive in €2, we may assume that o; and &, are positive in ;.
Second, denote by 3,55 € C?(£2;) extensions of o and &, respectively.
We can take €2; close enough to the boundary of €2 so that o, and &y
are positive in €.

In a similar way we extend u and @ as follows. Since (u — @)|r = 0,
we can find H'(€,) extensions u; and @, of u and @, respectively, such
that (u; — @1)|a,\@ = 0. Also denote by us, 12 € C*(€;) extensions of
u and @ respectively. We can take €2y close enough to the boundary of
Q so that V(uy + @) # 0 on Q. Finally we denote by g a C'(€;)
extension to €y of the metric g obtained in (22).

We then define U, in € instead of Z" by

Ues:={(y,y") € Q1 : ¢y € Tp,and y" € (—¢,¢)}

Now, even if the intersection of ¥y with 02y is tangential the func-
tion that we are integrating is compactly supported, so we can justify
integration by parts in (47). O

Using the estimates in Lemmas 4.1 and 4.2 we proceed to proving
(10). Recall from Schauder theory that u,u € C**(f2). By using in
order the estimate (30), an interpolation estimate in [?, Sec. 4.3.1 |,
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(45), and Proposition 3.1 we obtain

(49)
||O' - 6-||L2(V’) S O”U - fb”Hz V)
< Clhu— 755 - lu = @l ) < Cllu— all3E,

< Ol L(u - U)I|L2“ /
= C[2V - My (3 iz,
This finishes the proof of Theorem 2.1.

Proof of Theorem 2.2. Recall ¢ > 0 in (13). The Schauder stability
estimates for solutions of elliptic equations with C'*(2)-coefficients and
C?“ traces on the boundary, yield

(50) HU—’[LHCz,a(ﬁ) < ME,

for a constant M dependent only on €2 and a lower bound of o. In
particular, for € < 1/M we have that

(51) [@ll ez < llull ) + 1
Moreover, since m := ming |Vu| > 0, for e < m/M, we also have
(52) IV(u+a)| > 2|Vu| = |[V(u—1a)| >2m—Me>m>0.

Denote by 6J = J(0) — J(5). From Theorem 2.1 we have that there
exist a C' > 0 independent of €, such that

. 0J - V(u+u)
(53) o — |12 SOH—N i
F Vu+ )] || 0
Write
6J - V(u+a) |Vul 6J - Vu 3J - V(a—u)
(54) LA _ N
|V (u+ a)] |V (u+ a)| |Vul |V (u+a)|

Note that all the terms in (54) are C*(Q)-regular.
By using the identity (19), the second term in the right hand side of
(54) rewrites as

53 -V(i—u) 1 1 |V (u— @)

(55) N+ = 5(0—5)|V(“_@)| T §(U+6) |V (u+a)|
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Using (21), (51), and the Cauchy-Schwartz inequality we obtain

(0 +3)V (i — u), V(@ — ) so) = —(V - (0 + ) V(@ — u), 7 — )20
=(V-(6—0)V(u+a),0— u)r2q
<|[(6 = o)V (u+a)l[r2oIV (@ — )l

(56) < Cllo = allrz@ V(@ = )|l

for C' dependent on the C''-norm of u but independent of €. From (56),

for
§ :==min(oc + &) > 0,

0
we obtain
. C .
(57) V(v =) z20) < glla—allm(m
We claim that
0J - — 1
(58) ‘—V(u R %) < Cello = 7|l 2q)-
IV{u+a)| ||y

for some C' independent of e. Indeed: one differentiation in (55) in
any variable, which for simplicity we denote by subscript z, yields four
terms. We treat each term individually, the appearing constants are
independent of €. To bound the first term we use (13), the Cauchy-
Schwartz inequality and (57) to obtain

/ (00— 0)a| V(v —0)|dx < Ciello — 7|20

To bound the second term we use the Cauchy-Schwartz inequality and
uniform bounds (dependent on u only via (51)) on the second deriva-
tives of u and @ and obtain

lAw—amvw—amm

'To bound the third term we use uniform bounds on the second deriva-
tives of u (and implicitly on @ via (51)) and on the first derivatives of
o (and implicitly of & via (13)), (52) and (57) and obtain

/Q (ﬁ) IV (u — )|2dz < Cyello — 5]/

To bound the fourth term we use the Cauchy-Schwartz inequality and

uniform bounds on ¢, 5, and C*-bounds on u (and implicitly via on @
(51)), (52), and (57) and obtain

o+o0

0 |V (u+a)

L2(Q)-

V(u—=@)])z|V(u = a)ldz < Caello = 7|20
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This finishes the proof of (58).
From Equations (53), (54) and (58) we get
0J - Vu

(59) o —&| vl

—+ CCHO' — 5-||L2(Q)7

2 < C H
H(Q)

for a constant C independent of e.
Finally, using (59) for ¢ < 1/C we obtain

. C 0J - Vu
lo =2l < =5 || Twal o
which implies (15) and proves Theorem 2.2. O
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