ON THE RANGE OF THE ATTENUATED RADON TRANSFORM
IN STRICTLY CONVEX SETS

KAMRAN SADIQ AND ALEXANDRU TAMASAN

ABSTRACT. We present new necessary and sufficient conditions for a
function on 9€) x S to be in the range of the attenuated Radon transform
of a sufficiently smooth function support in the convex set Q C R2. The
approach is based on an explicit Hilbert transform associated with traces
on the boundary of A-analytic functions in the sense of Bukhgeim.

1. INTRODUCTION

In this paper we are concerned with the range characterization of the
attenuated Radon transform of function of compact support in the plane.
Necessary and sufficient constraints on range of the non-attenuated (clas-
sical) Radon transform in the Euclidean space have been known since the
works in [6], [7], and [10]. These constraints, known as the Cavalieri or the
moment conditions, are in terms of the angular variable. For function in the
Schwartz class, they are essentially unique due to a Paley-Wiener type the-
orem. Moreover, the Helgason support theorem extends the conditions to
smooth functions of compact support [8]. However, in the case of functions
of compact support, it is possible to obtain essentially different range con-
ditions since more than one operator can annihilate functions of compact
support in the range of the Radon transform. The results here constitute one
such example.

Inversion methods of the attenuated Radon transform in the plane ap-
peared firstin [1], and [14], and various developments can be found in [13],
[3], [5], [2]. The interest in range conditions stems out from their appli-
cations to data enhancement in medical imaging methods such as Single
Photon, or Positron Emission Computed Tomography [12]. For the Eu-
clidean attenuated Radon transform, some range characterization based on
the inversion procedure in [14] can be found in [15]. These constraints are
also in terms of the angular variable.

Different from the existing results above, our new characterization is
in terms of a Hilbert transform associated with the A-analytic maps a la
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Bukhgeim [4], and represents constraints in the spatial variable; see Theo-
rems 4.1, and 5.1. Range characterizations in terms of a Hilbert type trans-
form were first introduced in [17] in the non-attenuated case for smooth
functions on two dimensional compact simple Riemmanian manifolds. Ex-
tensions to the attenuated case and to tensor tomography have been recently
obtained in [19], [16].

Throughout this work 2 C R? is a convex bounded domain with C?-
smooth boundary I" with strictly positive curvature bound. Let a, f € C(Q)
be extended by zero outside. The divergence beam transform of a is defined
as

(1) Da(x,0) ::/ a(z + tf)dt,

0
and the attenuated Radon transform of f (with attenuation a) by
) / f(x + th)ePalett0.0) gt

The integral in (2) is constant in z in the direction of 6, and this defines
a function on the cotangent bundle of the circle S!. In here however we
describe the range characterization in terms of function on I" x S' and it
make sense to think of integral in (2) defined on Q x S*.

For any (7,0) € Q x S, let 72(z, ) denote the distance from x in the
46 direction to the boundary, and distinguish the endpoints x;t € I' of the
chord in the direction of § passing through x by

3) :L‘ét =x +714(z,0)0.
Note that
(4) T(ZE,Q) :7—+(5E79) +T—($70)

is the length of the chord.

0"
L5

FIGURE 1



RANGE CHARACTERIZATION 3

Definition 1.1. We say that g on T’ x S! is an attenuated Radon transform
of f with attenuation a, if

T+ (1,9)

5)  glag,0) — [e "] (x,0) = / F(a + 1)e-Dala+100) gy
7_(z,0)

for every (z,0) € Q x S

It is easy to see that g in definition 1.1 is not unique, since we can add to
g any function h on I" x S* such that

(6) h(zy,0) = [e P*h] (z;,0).

If g is an attenuated Radon transform in the sense above, we use the
notation g € R, f. In the case a = 0, we use the notation g € Rf.

We note that (6) is the only way non-uniqueness occurs, and that, for
functions defined in the whole plane with Radon data at infinity, such an
ambiguity cannot occur.

In motivation to our definition (5) we note that the function g is precisely
the trace on I x S* of solutions u to the transport equation

@) 0-Vu(z,0)+a(z)u(x,0) = f(z), (x,0) € QxS

in accordance to the physical model of transport, where u(z, 6) is the den-
sity of particles at = moving in the direction 6, f(z) is the density of ra-
diating particles per unit path-length, and a(x) is the medium capability of
absorption per unit path-length at x.

Our main result gives necessary and sufficient conditions for g € R, f.
These conditions characterize the traces u|ry g1 of solutions of (7), as traces
on I' of solutions of A-analytic functions. For the sake of clarity we first
treat the non-attenuated case ¢ = 0, and then reduce the attenuated case to
1t.

2. PRELIMINARIES

In this section we recall some preliminary notions and results from the
theory of A-analytic sequence valued maps, singular integral and harmonic
analysis, and set notations. We justify the results which are new.

We treat first the non-attenuated case (¢ = 0), in which the transport
equation further simplifies to
(8) 0-Vu(z,0) = f(z), (r,0)eQxS5"

With the complex notations

z=a1 40y, 0= (04 +1i0s)/2, 0= (0y —i0y,) /2,
the advection operator becomes

0-V =e 0+ e¥0,



4 KAMRAN SADIQ AND ALEXANDRU TAMASAN

where ¢ = arg(f) denotes an angular variable .

Let v(z,0) = >.°_v,(2)e™?, be the (formal) Fourier expansion of v
in the angular variable. Provided appropriate convergence of the series as
specified in the theorems, we see that v solves (8) if and only if its Fourier
coefficients solve

) dv_1(2) + Ovi(z) = f(2),
and, forn # 1,
Ovn(2) + Ov,_a(z) = 0.
Since v is real-valued, its Fourier coefficients appear in complex-conjugate

pairs, v,, = v_,, so that it suffices to work with the sequence of non-positive
indexes (this choice preserves the original notation in [4]).

Definition 2.1. The sequence valued map z — v(z) := (vo(2),v_1(2),v_2(2), ...)
is called A-analytic if v € C(Q;1,0) N CH(Q; 1) and

(10) 0 (2) + Ovp_s(2) =0, n=0,-1,-2,..

For a compact set K C R2?, such as I',Q, S', or Q x S!, by C*(K)
we denote the Banach space of uniform «- Holder continuous functions
endowed with the norm

Z)— Jlw
| fllcexy :=sup|f(z)]|+ sup M
zeK z,weK, z#£w |Z — U)’

By C*(€2) we denote the space of locally uniform a- Holder continuous
functions.

We note the general fact that, for a sequence of nonnegative numbers, we
have the following:

Lemma 2.1. Let {c,} be a sequence of nonnegative numbers. Then

CRD 3D LT I prich iy
k=1 n—0 j=1 2
(i) DD =Y jc,
k=1 n=0 =1

whenever one of the sides in (i) and (ii) is finite.

Proof. (i) Indeed, if we introduce the change of index j = k+n, for k > 1,
(J—nm>1,andn < j— 1) we get

(j—mn) Cj:ZCj

J—1
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(ii) Indeed the change of index j = k + n for k > 1 yields

oo 0o oo j—1 o0 j—1 o0
E E Chgn = E E cj = E C; 1= E Jcj.
k=1 n=0 j=1 n=0 j=1 n=0 j=1

In several of the arguments we make use of the following Bernstein’s
lemma below (see, e.g., [9]).

Lemma 2.2. Let [ € C**(SY), v > 1/2, and {[,} be the sequence of its

Fourier coefficients. Then Z In|*| fn| < .

n=—oo

To characterize traces of A-analytic functions we need to control the de-
cay in the Fourier terms. We work in the following Banach spaces

an LN = {V = (Vg,V_1,...) : Sup Z]h}_] )| < oo}

wEF
and
(12)
Iv(&) = v(n)ll;
C(T5lh) = 4 v = (vo, v_1,...) s sup[[v(§) [, + sup — < o0
cer g;éEF |£ - 77‘
n

where [, is the space of sumable sequences. By replacing I' with () and
I, with I, in (12) we similarly define C¢(€;1;), respectively, C¢(Q; ),
where [, denotes the space of bounded sequences.

We describe next the two operators which define the Hilbert transform as-
sociated with A-analytic maps. For v € C¢(I", [;), we consider the Cauchy
integral operators defined componentwise by

13 (CV)(6) = (Con)(E) = /de, ceq,

2w Jpw — €&
and
(14)
(SV)n(€) = (Sva)(€) = %/FZL(_wgdw, cel, n=0-1,-2, ..

The later integral is understood in the Cauchy principal value sense.
The following result is a componentwise extension of Sokhotski-Plemelj
formula (e.g., [11]) to sequence valued maps.
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Proposition 2.1 (Sokhotski-Plemelj). Let v € C(I';1y) as in (12). Then,
forevery & € T, the limit

(15) lim

03¢6—¢&o

=0
51

(CV)(©) - 5v(6) ~ 35V(&)

defines an extension of Cv from §) to Q) as a Holder continuous map with
values in ly, i.e,

C:C( L) — C (L) NCH Q).

The fact that Cv € C*(€;1;) follows directly from the local character of
differentiability and from the fact that 3~ | [, |v_,(w)dw| < oc.

Next we introduce the second operator which appears in the definition of
the Hilbert transform. It is defined componentwise for each index n < 0,
€ uwe Tl andv el (T) by

0 o4 () S ()

We will use the following mapping property of G.

Proposition 2.2.
G: O L) NILNT) — C° (D) NCH (D10 -

Proof. Let &, & € Q. Since v € [L1(T), it follows from (16) that each
component (Gv),(£) is well-defined for n < 0.

Now let w(p) =& + l¢(¢)e'? be a parametrization of I', where l¢(¢) =
| — w(y)|. Since the boundary T' is at least C"', we have that £ — ¢ is
Lipschitz in Q uniformly in ¢ € [0, 27], i.e.,

(17) |le(p) = ley ()| < LIE = &ol,

for some constant L > (0. Moreover,

d l dw l¢ —
-l e (5D
w

w—¢& |l w—¢& e —¢
d dw
and note that the measure vo_ _w = 2idp in (16) is nonsingular.
w — f w — f

For each integer n < 0, the equation (16) rewrites

(G V)l /Zgn 2 (€ +1e() €%) e7%9%dyp, € € Q.
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Since v € C¢(I; 1), we have

s S L) =)

w1, wzel" -0 |w1 - 11}2|6
wﬁﬁwz

< Q.

We estimate for each n,

|(Gv)n(§) - (Gv)n(§0)|
2 > 2w
230 [ a6+ ) ) = o+l (0) ) |

2/'{ 27
<— 0\@—6@+UAW—J@WH€W
<20 7 @ — &l + lie(e) — T ()]) do.

0
< (8k +4KRLS) |€ — &l .

In the third inequality above we used |a + b|® < 2|a|® + |b|, and the fourth
inequality uses (17).
Next we show that Gv € C'(Q;l.). Suffices to carry the estimates

in the neighborhood B(&y,79) C € of an arbitrary point £, € (2, where
Ty = diSt(fo, F)/Z > 0.
For £ € B(&o, ro) arbitrary we have

dw dw dw
“lame e <P (e S e

where ¢ = 2/r3.
For each n < 0, we have

VGV = - [ e - d—w} > ewafo (Zz)

Forv € C¢(I';1;) NILHT), and € € B(&, ro), the right hand side above
is bounded uniformly in 7, since

VGV < /DM )| du
c .
—1—%/2] |Up—2j(w)| dw < oo.

(18)
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Therefore Gv € C'(Q; ). O

3. THE HILBERT TRANSFORM OF A-ANALYTIC MAPS

In this section we introduce the Hilbert transform 7, associated with the
traces on [ of A-analytic maps in ).
Recall the operator S and G as defined in (14), and (16).

Definition 3.1. The Hilbert transform H, for g = {go, g_1, ...) € [L1(T) N
C(T';1y) is defined by

(19) Hog :=i[S + Glg,

and written componentwise, forn = 0, —1, =2, ..., as

(Hog)o(6) =+ [ () g,

T Jrw—¢&
1 dw AT | & w—¢\’
L ) S (D) e

The mapping properties of .S, and G in Propositions 2.1 and 2.2, together
with the continuous embedding of [y C [, yields

Proposition 3.1.
(20) Ho : C(T; 1) NIEHT) — O (T 1),
is a continuous map.

The name of this transform will be motivated in the next section, where
we show that traces on I' of A-analytic maps lie in the kernel of [I + iH,]
in analogy with the classical Hilbert transform for analytic functions.

At the heart of the theory of A-analytic maps lies a Cauchy integral for-
mula. A class of such Cauchy integral formulae were first introduced by
Bukhgeim in [4]. The explicit form (21) below is due to Finch [5]; see also
[20, 21, 22] where one works with square summable sequences.

Theorem 3.1. Let g = (g9, 9-1,...) € (LH(T) N C(T;1y) be a sequence
valued map defined at the boundary 1. For & € ) and each indexn < 0 we

define v, (&) by

an 0,(6) 1= 5(CR)ulE) + (CR)(E).
Then v := {vy,v_1,...) € CY<(Q; 1), and, for eachn =0, —1, ...,
a(€) + 0v,5(€) =0, €€ Q.
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Moreover, for eachn = 0,—1,—2, ..., the component v,, extends continu-
ously to §) with limiting values

(22) op (&) = Jim _ va(6),
where
@3) 0 (&) = 5(Ca)uE) + (S + Dgal6o)

Proof. Let £ € Q and n < 0 arbitrarily fixed. Since g € I[L1(T) N C(T, 1),
both (Gg),(§) and (Cg),)(&) are well-defined. Moreover, from Proposi-
tions 2.1 and 2.2 we have that v € C(Q;1o.) N CH(Q; 1o).

For each n < 0, by its definition in (21), we have

2miv, (€ Z/ Gn— Qj,u €j+1£) dw

r

From where

20U, _o( Z/ Jn QJw ;:Ugjtlg) dw

24) _Z/ J—lgn 2j(w)(w — §) i,

(w—¢&)
and
2midu,(€) == Y /F Jgn—2(j;w_)(gj;£) e
(25) +Z/ gn 2 2)(10—5) .

By summing (24) and (25) we obtain dv, + 0v,_o = 0 for each n =
0,—1,-2, ...
The regularity v, € Cl’e'(Q) follows from the explicit formula (24), and

(w—¢&)
(w — €)it?

the fact that £ — are locally uniform e-Holder continuous.
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The continuity to the boundary are consequences of Propositions 2.1 and
2.2. In the limits below £ € ), and &, € I:

. 1 .
dim v, (§) = lim 5 (Gv),(§) + lim (Cg)n)(€)
= 5(GVIul0) + 390060 + 5 D(58)al60)

n=0

= %(Gv)n(fo) + %(S + 1) gn(&o)-

U

The following theorem presents necessary and sufficient conditions for
sufficiently regular sequence valued map to be the trace at the boundary of
an A-analytic function.

Theorem 3.2. Let g = (g9, 91,92, ) € ILN() N C«(T,1'). Forg to
be boundary value of an A-analytic function it is necessary and sufficient
that

(26) (I +iHo)g = 0.

Proof. For the necessity let v be A-analytic as in (10) whose trace v|r = g,
in the sense that

. _ <0
Qagli%er”"(f) gn(&), n <0

By (23) we obtain

90(60) = 3(GV)n(6) + 5590(60) + 50n(o),
or,
@ (15— =0, n<o

Since Ho = i[S + G|, (27) is a componentwise representation of (26).

Next we prove sufficiency. Let g € [LI(T) N C4(T, ;) satisfy(26), and
define v in (2 by the Cauchy Integral formula (21). From Propositions 2.1
and 2.2 we have that v € C*(Q;l) N C(Q; 1), and from Theorem 3.1
we see that Ov,, + Ov,_o = 0, for each n < 0. Therefore v is A-analytic.
Moreover,

1 1
wodim (€)= S(GV)(&) + (S + Donl&)
1

= (I = 8)ga(&0) + %(S + 1) gn(60)

= gn(’fﬂ)y
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where the first equality uses (23), whereas the second equality uses (26).
O

4. RANGE CHARACTERIZATION OF THE RADON TRANSFORM

This section concerns our main result in the non-attenuated case (a = 0).

The results require a stronger topology. For ¢ > 0, we consider the space
Y. = C«I; 1M (SH)nC(T ll’Q(Sl)) ie

661;6HFJ 1 ’f N‘
where
29) 1) := {gZ (90, 91,92, - SUI;Z] lg-j(w)| < OO}
we

For the sake of clarity in the statement of the main result we introduce
the following projections.

Definition 4.1. Given a function g € C(Q; L'(S')), we consider the pro-
Jjections

(30) P_(g) = <907g—lag—27 >7 7)+(g) = <907gl7g27 >7

where g, (z fo e~ ™dyp, for z € S, is the n — th Fourier co-

eﬁﬁgentsforn E Z. Conversely, given g(z) = (go(2), g-1(2), g-2(2), ...) €
C(Q; 1Y), we define a corresponding real valued function g on Q x S' by

(31) P*(g) == go(2) + 2Re (Z Jn —1”90)

The properties below are immediate:
If ¢ is a function on I" x S! then

(32) (i) P~P*P~(9) =P (9),

(33) (i) P~(e*"g) = (PTe*") %, (P~ (g)),

where *,, is the convolution operator on sequences and h is a function on
I' x S! with only non negative Fourier modes.

The following result gives some of the properties of the P* and P* op-
erators. Recall the definition of the space Y, in (28).

Proposition 4.1. Let o > 1/2, and € > 0 be arbitrarily small. Then
(i) P~ : C<(I'; C1(SY)) — ILY(T) N C(T; 1Y),
(i)) P~ : C([;CH(SYH)) N CO(I'; C**(S)) = Y,
(iii) P* - OL(Q; 1N N C(Q; 1Y) — CH(Q x SH) N C(Q x SY).
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Proof. Let g € C°(I"; C**(S')). Then
19(&,-) — g, )l

(34) sup |lg(&, ) |lcre + sup - < 00
¢er guer IS
§Fp
From
(39) sup » 7 lg-5 ()] < sup|lg(&,-)llera < oo,
gel ger

and by Lemma 2.2, P~ (g) € IL}(T).
Another application of Lemma 2.2, together with (34) imply

66 sup 3298 — 0l g e ) — (el

S € — ulf gper € — ulf
EF 1 EF 1
By combining the estimates (35) and (36) we showed that P~ (g) € C(I;11).
This proves part (i).
Now let g € C (I"; CH(SH))NCO (I'; C*(S')). Since g € C° (I"; C*(S1)),
then

supllg(&, - )l|cze < 0.
¢er

Lemma 2.2 applied to g(&,-) € C*° for £ € T yields

(37) sup > 5% g5 (w)] < [lg(&, )l ca

wel’ =1
This shows that P~ (g) € I;7(T). Now (36) yields P~(g) € Ye.
By triangle inequality in (31), we have g € C1*(Q; 1Y) NCY(Q; 1) yields
g(&) —g(w)lln
SUEHg(f)Hzl + SUEH ( ) ( )Hl < 00

¢eq ¢,ueQ & — ple
EFp

For ¢ € ), and r > 0 with B(&;r) C (2, there is an M, > 0 with
1Ve(€) — Ve(p)l|n

sup [|Vg(&)[ln + sup = < Me,.
§eB(&r) weB(&r) € — ul
EFp

These proves part(iii).
O

The following result refines the mapping properties of the operator G in
(16), when restricted to the subspace Y.
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Proposition 4.2. Let Y, be the space defined in (28). Then

()G Y, — € (1) N CH (1),
(i1) Ho : Yo — C° (1Y) .
Proof. (i) Let £,& € Q and g € Y.. Using the parametrization w(y) =

& + le(p)e™, where l¢(¢) = |€ — w(p)|, we obtain as in the proof in
Proposition 2.2 that

[e.e]

(Gg)1©) = 2 [ 30wl +1dle) ) e Hody.

J=1

is well defines for & € Q.
Since g € Y., we have

o — 1g-3(&) — 93 (1)]
N e
EF£p
We estimate
n=0

2 o e [T : _
=7 > Z/O |9-n—2(& +1e(9) €%) = gn—2;(€0 + L, (0) €) | dp

n=0 j=1

IN

92 S 2T ) .
23 [ o+ ) €) i +la (o) )| d
j=1

2:‘1 27 i€
- (€ = &) + [le(p) — ley ()] €] dop,
2_,% 27

[ le- ol +lile) ~ a0 de.
< (8K +4KL) |€ — &I

IN

IN

In the second inequality we used Lemma 2.1 part (ii), in the third inequality
we used |a + b|¢ < 2|a|® + |b], and in the fourth inequality we used (17).
This shows Gv € C<(Q;1%).

We will show next that Gg € C'(€;1'). Suffices to carry the estimates
in the neighborhood B(&y,79) C € of an arbitrary point £, € (2, where
ro = dist(p, ') /2 > 0. Recall the estimate (18) where ¢ = 2/r2.
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For each n < 0, we have

Ve(Gg)al6) = % /F Vs{wdiu - wd—?} ,Oo gn-2s(0) (Z::é)]

m Jp

which estimate using (18) by

PACHMGIEC)Y / > lg-azs(w)] duo

c o0 oo .
<230 [ S ilg-aytw)ldu.
n=0 j=1

By Lebesgue Dominated Convergence Theorem, Lemma 2.1, and g € [ éf (I),
the right hand side above is finite.

To prove part (ii) we note that Y, C C¢(T';I') so that the Sokhotzki-
Plemelj limit in (15) holds. The result follows from Definition 3.1 of H,
and part(i) above. ]

Corollary 4.1. Let Y, be the space defined in (28) and g € Y, satisfying
(38) (I +iHo)g = 0.
Define v. = (vg,v_1,V_q,...) by the Cauchy Integral formula (21). Then

v € CH(Q; 1Y) extends continuously to a map in C<(Q2;1"). Moreover; V is
A-analytic and v|r= g, in the sense

lim_ v(z) ~ g(z0)ll, = 0.

Qoz—zp€l

and, for P* in (31), we have
lim P*(v)(z) = P"(g)(20)-

O>z—zpel’

Proof. Since g € Y., by Proposition 4.2 we have v € C¢(Q; 1) NC(Q;11).
By summing (24) and (25) we obtain

Ovp 4+ 0vy_0=0, n=0,-1,-2,..,

and so v is A-analytic. Next we will show that v|,= g. Let z € Q and
zo € I'. Then

Iv(:) = gl = | 5(Go):) + (Ca)(o) - e

l

= |2 (G ~ (R + ((Co)) — Lalzo) — Sl
| (
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In the equality above we use the fact that g satisty (38). From Proposition
2.1 and Proposition 4.2 part (i) we have

_ 1 1
e | (OB ~ 5800 = ySela)] =0
Qazlggoer [(Gg)(2) — (Gg)<ZO>HI1 =0,
and so
(39) Qazlglzloer (=) = g(20>||l1 =0
ie vir=g.

Since v e C*(;1") N C*(Q;1), it follows from Proposition 4.1 part (iii)
that P*v(z) € C1¢(Q2 x SY) N C¢(Q2 x S'). The triangle inequality yields

[[P*v](z,0) — [P"g](z0,0)| < [[v(2) — &(20)]l, -
and the result follows from (39). ]

Lemma 4.1. Let Q) be a (convex) domain with C?-boundary T with a strictly
positive curvature lower bound 0 > 0. Let 7(z,0) be as in (4) for (z,0) €
Q x S', then the angular derivative 0,7(2,0) has a jump discontinuity
across the variety Z as defined by

(40) 7 :={(2,0) €T xS': n(z)-0 =0}

Proof. Let zy € I be fixed and let #y := n(zy)* with ¢y = arg(p).

Let 7(29,0) be the length of the chord corresponding to the osculating
circle at zy of radius Ry and let ¢ = arg(f). Let (29, 0) be the length of
the chord from z, to the boundary in the 6 direction as defined in (4).

Consider a local parametrization ¢ — (¢, y(t)) of the boundary near z, =
(0,4(0)) € I, with y(0) = 4'(0) = 0. Then the curvature of the boundary
at 2o is k(0) = y”(0), and, by the Taylor series expansion,

y(t):MJr

2
for some 7 (t) with lim,;_,o r(¢) = 0.
The equation of the line passing through 2, and making an angle ¢ — ¢q
with the positive ¢ axis is (¢, tan(¢ — ¢g)t). The point of intersection of this
2t -
2tan(p = 00) ppe
x(0) + 2r(t)

r(),

line with I gives t =

sin(¢ — o) 2
COSz((p — (PO) li(O) + QT(t)
o 20 sin(p— @) _ 2e1Ro|sin(e — o)l
~ k(0)cos?(¢ — o) T cos? (¢ —¢o)

7(20,0) = tsec(p — @) =
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A

”(Zo)
FIGURE 2

From the geometry of the osculating circle (see Figure 2), we have

- . 2
(41) 7(20,0) = 2Ro| sin(p — ¢o)| < <l¢ — ¢ol,
and so there is a constant C' > 0, such that, for all (zy,0) € T x St
(42) T(Zo, 9) < C%(Zo, 9)

A derivative in ¢ at ¢q in the equality in (41) also yields the jump value
of 4Ry, as the direction # crosses the tangent direction from outgoing to
incoming. 0

In order for the integral in (2) to inherit the regularity of f it is then
necessary for f to vanish at the boundary. The following proposition makes
this statement precise.

Corollary 4.2. Let ) be a (convex) domain with C’Q-boungary I' with a
strictly positive curvature lower bound 6 > 0. If f € Cy*(Q), then Rf N
Ct(I" x Sty # 0.

Proof. For every (z,60) € T x S!, let us define

2 o Fz+10)dt, n(2)-6>0,

43) 9(2,0) = { i n(2).6<0
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where n(z) is the unit outer normal at z € I'. Since

oo 0) = 2 s o P&+ 10)dt, m(z) 60> 0,
i 0, n(z) -0 <0,

and ¢(z, ,0) = 0, condition (5) is satisfied with a = 0 to show that g € Rf.
We will show next that g € C1*(I" x S'). Let O be the partial derivative
with respect to one of the spacial or angular variable. At points (zg, 0y) €
(I' x S') \ Z, differentiation in (43) together with f|r = 0 yield

I
0, H(Zo) <0y < 0,

Since df € C%(Q), it remains to show that df extends C* across the
variety Z. We first consider the case for a fixed 2y € I' and study the
dependence of dg in 6 near the tangential direction 6 := n(zy)*. The other
case, studying the dependence of Og as z € I approach z; along I for a
fixed §; € S* with (21,60,) € I' x S! reduces to the first case.

For this we first analyze the speed of convergence of 7(zg, ) — 0 as 6 —
0o. Let 7(2o,0) be the length of the chord corresponding to the osculating
circle at zy of radius Ry. From Lemma 4.1, we have that there is a constant

C > 0, such that, for all (zg,0) € T x S!,
(45) T(ZQ, 9) < C%(Z(], 9)

From the geometry of the osculating circle (see Figure 2), we have

B , 9
(46) 7(20,0) = 2Ro|sin(¢ — ¢o)| < <l — wol,

where ¢ = arg(6) and ¢y = arg(6y). A derivative in @ at @, in the equality
in (46) also yields the jump value of 4Ry, as the direction 6 crosses the tan-
gent direction from outgoing to incoming direction. Since limg g, 7(z0, ) =
0, the formula (43) shows that g € C''(T"'x S'). To prove that dg is a-Holder
continuous, we estimate using (41)

@7) 109(20,0)] < |Vl (20,0) < IV fllocCT(20,0)] < Clio — o,

for some constant dependent on the sup-norm of the |V f| and the minimum
curvature 0.

’9(20,9) - 9(20790)’
—7(20,0)

0
/ (8f(20 + teo) — af(Z() + t@o))dt + / 8f(z0 + teo)dt
—7(20,00)

—7(20,00)

< Cilp — 0ol 7(20,0) + |V flloo| 7 (20, 0) — T (20, 00)|
< Cle — ol® + [V £llscCale — wo| < Cl — wol®
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Therefore g € Rf N CY(I" x S1). O

One of our main results establishes necessary and sufficient conditions
for a sufficiently smooth function on I" x S to be the Radon data of some
sufficiently smooth source as follows.

Theorem 4.1 (Range characterization for Radon transform). Let 2 C R? be
a domain with C* boundary T of strictly positive curvature, and o > 1/2.

(i) Let f € Cy*(Q) be real valued, and g € RfNC*(I'; CH*(S")). Then
P~ (g) as defined in (30) solves

(48) [ +iHo]P™(g) = 0,

where H, is the Hilbert transform in (19).

(ii) Let g € C® (I'; C*(SY))NCO(I; C**(SY)) be real valued and such
that P~ (g) satisfies (48). Then there exists a real valued f € C*(2) N
LY(Q), and such that g € Rf.

Proof. (i) By Corollary 4.2, we note first that Rf N C® (I"; C**(S')) D
Rf nCY(I" x S*) # (. Since g € C*(I"; C**(S')), by Proposition 4.1
part (i), we have that P~(g) € IL(T) N C*(T;1*). Now the necessity in
Theorem 3.2 applies to yield (I + iHo)P~(g) = 0.

Next we prove the sufficiency of (48) in part (i1).

Since g € C*(I';C%%(SY)) N C°(I'; C%(S1)), it follows from the
Proposition 4.1 part (ii) that g := P~ (g) € Y.. For each z € (2, construct
the vector valued function v. = (vg,v_1,v_g,...) by the Cauchy Integral
formula (21):

on(2) = %(Gg)n(z) +(Cg)n(2),m = 0,—1,—2..

By Corollary 4.1, v € Ch€(;1') N C¢(2;1') is A-analytic, in particular
foreachn =0, —1, -2, ..., we have

Ov,, + Ov,_y = 0.

Using v_; € CY*(Q) we define the Holder continuous function f €
C*(Q2) by

(49) f(z) :=2Re(0v_41(2)), =z€Q,

and show that [ integrates along any line and that g € R f.
Since v € CH¢(Q; 1Y NC(Q; 1), it follows from the Proposition 4.1 part
(iif) that

v(z,0) :=P*(v(2)) € CH*(Q x SHY N C*(Q x SY).
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Also from Corollary 4.1, v|p= gand lim v(z,0) = P*g(z). Now

Q>z—zpel’
using the fact that g is real valued yields lim v(z,0) = g(z0,0) i.e
O35z—zpel’
U‘Fxslz g.

Using 0 - Vv = e"%0v + ¢#(0v), we obtain

0-Vu(z,0) =2Re(dv_1(2)) +2Re (Z@U—H(Z) + 31,_”_2(2))6—1'71@)

n=0
=2Re (0v_1(2)) = f(2).
By integrating f(z) = 0 - Vv(z, ), we obtain

T+(279) to
/ f(z+s0)ds = lim )/ f(z+ s0)ds
T t1

_(2,0) t1—>—7—(2,0
to—74(2,0)

= lim [v(z +120,0) —v(z + t,6,0)]
t1—>—7_(2,0)
to—74(2,0)

=g(z+ 1:(2,0)0,0)—g(z — 7-(2,0) 0, 0)

This shows that f integrates along any arbitrary line, in particular f €
L'(Q),and that g € Rf. O

5. RANGE CHARACTERIZATION FOR THE ATTENUATED RADON
TRANSFORM

In this section we consider the attenuated case, where a # 0 is a real
valued map. The method of proof is based on the reduction to the non-
attenuated case. Since e~P% in (1) is an integrating factor, the equation (7)
can be rewritten in the advection form similar to (8) as

(50) 0.V (e—Da(zﬁ)u(Z’@)) _ f(Z)e—Da(z,G)'

However, the right hand side is now angularly dependent with nonzero
positive and negative modes, and one cannot use the A-analytic equations
(10) directly. The key idea in the reduction of the attenuated to the non-
attenuated case is to alter the integrating factor in such a way that all the
negative Fourier modes vanish. Let i be defined in 2 x S! by

51) h(2,0) = Da(z,0) — % (I — iH) Ra(- 0*,0),

oo

where Ra(s,0) = / a (s0- + 1) dt is the Radon transform of the at-

—00

1 [* h(t
tenuation, and the classical Hilbert transform Hh(s) = — / ( )t dt is
T ) oo S—

o0
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taken in the first variable and evaluated at s = z-61. Since we altered
Da by a function which is constant in z in the direction of 6, the function
e~ still remains an integrating factor for (7). The integrating factor in (51)
was first considered in the work of Natterrer [12]; see also [5], and [3] for
elegant arguments that show how h extends from S! inside the disk as an
analytic map. Since e*" are also extension of analytic functions in the disk
they still have vanishing negative modes.

Proposition 5.1. Let a € Cy™(Q), o > 1/2, and h be defined in (51). Then
h e Ch(Q x Sh).

Proof. Since a € Cy*(Q), we use the proof of Corollary 4.2 applied to
a to conclude Da € CH*(Q x S') and also Ra € C'*(R x S'). The
Hilbert Transform in the linear variable preserve the smoothness class to
yeild HRa € CY*(Q2 x S') and thus h € C1*(Q x S'). O

Consider the Fourier expansions of e (%) and e(*9)
(52)

e~ h=0) — Zak(z)eik“’, =0 — Zﬁk(z)eikw, (2,0) € 2 x S!
k=0 k=0

where h € CV*(I" x S1) is as defined in (51). Since e "¢ = 1 the Fourier
modes ay, Ok, k > 0 satisfy

k
(53) awbo=1, Y ambpm=0k>1
m=0

The following mapping property is used in defining Hilbert Transform as-
sociated with attenuated Radon Transform. Recall the operator P+ in (30),
e’ be as in (52), and Y,, in (28) with € = a.

Proposition 5.2. Leta € Cy®(Q) witha > 1/2. Then P+ (e*") € C*(Q;1Y).
Moreover

(1) PF(e") %0 (-) - O 1ae) = C%(
(i1) PT(e") %, (-) : C*(Q;1y) = C(
(i3i) PT(e") *, () : Yoy = Yo,

where x,, denotes the convolution operator on sequences.

lo);

Q
Q: l);

Proof. Since a € C’ia(ﬁ), it follows from Proposition 5.1 that e*" €
Che(Q x S') C C*(Q; C*(S")). Then

") — "0 ga s

(54 sup e cagsry + sup 5
e € 0 € —p
EFu
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Let 7)+(eh) = </80a ﬁl?ﬁ?? e > Then

(55) sup > _[Bk(&)] < sup [ [ cast) < 0o

&eq k=1 £eq)

Another application of Lemma 2.2 together with (54) imply

e — h(§7) — h(“?') -
I 11 | b
e 1 |€ - lu| £,1uEQ |€ - :u|
EFu EFu

By combining the estimates (55) and (56) we showed that Pr(eh) € C*( 1),
A similar estimate shows P*(e™") € C*(Q; 11).

Next we prove part (i). Let g € C%(Q;1y,), and v := PT(e") x,, g given
by

)
Un = Zﬁkgnfka n < 07
k=0

where jj, are the Fourier coefficients of e?, asin (52). Since g € C*(Q; 1)
and P*(e") € C*(Q;1'), we have

|gn(€) _ gn(n)|

(57) ¢1 :=supsup |g,(§)] < 00, K1 := sup sup — < 00,
n=0 ceq n<0 ¢ neQ € —
£#n
and
N = 166 — B
(58) ¢ imsup 3 5(6)] < o0, 1y = sup 3 AL
€9 1=y iy € =l
n

By taking the supremum in & € Q, for eachn < 0, in

02 ()] <Y 1B gnr(©] < &1 D 1B(€)] < crcn,
k=0 k=0

we obtain

(59) sup sup |v_,(£)| < oo.
n<0 ¢
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From (59) and by taking the supremum in £, 7 € Q with & # 7, for each
n <0, in

(Vi (§) = va(n 18k (§) ()]
& —n|® Z € — nl“ [9n-1()]

|9n—£(€) = gn—r(n)]
+Z|5k )| €= ;

Z’Bk|€ 77|a >’+515UPZ|Bk

WEQk -0

< c1Kg + C2K1,

we obtain that v € C*(Q; ). B
Next we prove part (ii). Let g G_CO‘(Q; V), and let v = P*(e") , g be
as before. Since g, P*(e") € C*(Q; 1), we have

(60)
c3 = supz lg-n(&)| < 00, k3 := sup Z [9-n(8) _g;n(n)‘ < 00.
€€Q 1o 5&69 =0 1€ —n
"

By taking the supremum in & € Q in

D a9 < Iﬁk( Ngn-r(§)] < Z |8k(&)] Z |9—n—x(&)
n=0 n=0 k
< c3 Z 1Bk (&)] < eacs,
we obtain
(61) Supz [v_p(§)] < 0.
EEQ p—0

From (61) and by taking the supremum in 5 n € Q with £ # nin

[v(§) Ml o 5~ 18:(6) )|
Ié nl“ Z € — nla Z|_"_

+Z|5k Z |g—n—k(§ |§ ng|an k(n)]

< C3k2 + CaRK3,

we obtain that v € C%(Q; 11).
Last we prove part (iii).
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Since a € Cy™*(Q), it follows from Proposition 5.1 that e € C*(I" x
SY) c C*(I'; C*(S')), and from (55) and (56), we have

C4 - = 22‘?2 ‘516 ’ < 00, Ky = E?;é?% |ﬁk(|§)__nﬁ|];(77)| < 00
n

Letg € Y, and let v = P*(e") , g be as before.
Since g € Y,,, we have

< 00.

. 19-5(6) — g5
Cs —SUPZJ \g \<oo Ks = sup Z]| ]() ]( >|

— «
eusr i € —

By taking the supremum in w € [ in

7j=1 k=0

< 1B 59— j-n(w))]
k=0 j:l

< Zlﬁk |Z] l9-5(
k=0

< CyCs,

we obtain that v € [12(T).



24 KAMRAN SADIQ AND ALEXANDRU TAMASAN

Finally we show that v obeys the estimate in (28). By taking the supre-
mumin &, pu € I' with € # 1 in

Jlv—;(§) — v—;(p)]
Z & — pl@

< Z‘ a2 Z’Bk 9—j-1(&) = Be(p) g—j—k(p)|

<>y PO =2l o
j=1 k=0
# 305y =il )
= 54(6) ~ Bl &
<> B e
318 Zj|g—j|(§) /j;y(ﬂﬂ
k=0 j=1

< Ky4C5 + ¢4 K5,
we obtain that v € Y. ]

Recall the Hilbert transform #, in Definition 3.1, P, in (30), and e*" in
(52).

Definition 5.1. The Hilbert transform associated with the attenuated Radon
transform for g € CY*(I" x S') is given by

(62) Ha(P~(9)) = PH(e") % Ho (PT (™) % P (9))
where x,, is the convolution operator on sequences.

Using the Fourier coefficients of et" we can also write for u := (ug, u_1,u_2,...),
the Hilbert transform as

(63) Hou =Y B L™ (7—[0 <Z ak£k>> u
m=0 k=0

where L is the left translation operator and «y, ) are the Fourier coeffi-
cients of e M=) respectively, ¢"*?) as in (52).

The following result describes the mapping properties of the Hilbert trans-
form H, needed later.
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Proposition 5.3. Let [1}(I) and C¢(T;1,) be the spaces in (11) and (12)
respectively. Assume a € Cy™(Q) with a > 1/2, and € > 0 be arbitrarily
small. Then

(64) Ho : C(T 1) NILHT) — C°(T; 1) .
)

Proof. Let g € CH(I" x S') C C¢(I';CY*(S')), then by Proposition
4.13G), P—g € ILNI) N C4(T;1Y). Since a € Cy*(Q), it follows from
Proposition 5.1 that et € C€(I"; C1>(S1)).

Since e g € C¢(I"; C*(S')), it follows from Proposition 4.1 (i) that
P-(e-"g) € L (I)NCT: 1Y), By (33), P-(e-"g) = (Pre") (P~ (g)
and so by Proposition 3.1, Ho (P (e") %, P~(g)) € C€(I';ls). Finally by
Proposition 5.2 (i), P (e") *, Ho (P (e") %, P~ (g)) € C([';1l). O

Now we are able to state and prove our main result.

Theorem 5.1 (Range characterization for the Attenuated Radon transform).
Let Q) C R? be a domain with C? boundary T of strictly positive curvature,
and a € Cy*(Q), o > 1/2 be real valued.

(i) Let f € Cy*(Q) be real valued. Then R,f N C*(I'; CY*(SY)) # 0,
and if g € R, f N C*(I"; C1*(SY)), its projection P~ (g) must solve
(65) [ +iHaP ™ (9) =0,
with the Hilbert transform H,, defined in (62).

(ii) Let g € C*(I';CH*(Sh)) N CI; C**(S')) be real valued with

the projection P~ (g) satisfying (65). Then there exists a real valued f €
C*(Q) N LY(Q) for which g € R, f.

Proof. (i) For z € Q and 6 € S*, let u(z, §) be the solution of
(66) 0-Vu(z,0)+ a(z)u(z,0) = f(2), (z,0)€Q xS,
u(z,0) =0, (z2,0)el_,

t
namely u(z + t6,6) = / f(z + ) e PE+399 g5 for (2,0) € I'_ and

0 <t <714(z0), where OFi = {(z,0) € I' x S' : +n(2) - § > 0} denote
the incoming(-), respectively, outgoing (+) boundary and n(z) denotes the
outer normal at some boundary point z.
Let g(z,0) := u(z,0)|rxs:. Note that I' x S' = I"_ U I', U Z, where Z
is the variety in (40). Since g(z,0) = 0 for (2,0) € I'_ U Z and g(z,0) =
74 (2,0)
f(z+ s) e Pal+00) s for (z,0) € Iy, it follows that g satisfies

0

(5) and thus g € R, f. _
Since a € Cy*(Q), it follows from Proposition 5.1 that e=”* € C*(Q x

S') and so fe P* € Cy¥(Q x S') c C*(Q;CY*(S")). The proof of
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Corollary 4.2 applied to fe=P% shows that g € C1*(I" x S!) and therefore
g € R f N C(I';Cho(Sh)).
For z € Qand § € S, if we let

(67) v(2,0) = e "=y(2,0),
where u(z, §) solves (66) with u(z,8)|pxs1= g(z, ), and e "*9 as in (52)
then v(z, 0) solves
(68) 0-Vu(z,0) = f(2)e "9 (2,0) € Q xSt
kst = g e rust
If v := (v, V-1, V-2, ...) is the projection on the non-positive Fourier co-

eficients of Z v,(2)e™¥ then the equation (68) yields for each n =

n=—0oo

0,—1,-2, ...
0vn(2) + 0vy_o(2) =0, z€Q.

This makes v := (vg, v_1,v_o, ...) be A-analytic.
The convolution applied to (67) rewrites v as

©9)  v(2) =P "), P (u(z,0)), (2,0) € QxS

Since a € Cy;*(Q) and g € C*(I"; C*(S")), we have from Proposition
5.1, e "g € C*(I"; CH*(S')). Hence, by Proposition 4.1 (i), P~ (e "g) €
1Ly nCo(T, 1.

Since P~ (e"g) is the boundary value of the A-analytic function v, we
can apply necessity part in Theorem 3.2 to conclude that

(70) (I +iHo)P~ (g e "rust) = 0.
The convolution of (70) by P*(e") yields
0="P%e") %, (I +iHo)P (e "g),
=PT(e") *, P (e"g) +iPT(e") %, HoP~ (e ™"g),
=P (9) +iH P (9),
= [I 4+ iH.JP (9).
In the third equality above we use (33) to simplify
PE(e") %, P~ (e7"g) = P (e"e™"g) = P~ (g),
and Definition 5.1 of H, to obtain
PE(e") 0 Ho (PT(e") %0 P (9)) = HaP ™ (9)-

Conversely, let g € C (I'; C*(SY)) N C°('; C**(S)) be real valued
and such that P~ (g) satisfies (65). Then by Proposition 4.1 (ii), we have
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P~(g9) € Y,. Since a € Cy*(Q), it follows from Propositions 5.1 and
4.1(i), that P*(e") € (L1(I") N C*(T;1"). Finally we apply Proposition
5.2(iv) to yield P~ (e "g) € Y,,. From P~ (g) satisfying (65) we have

(71) 0= 1[I+ iHoP (9) =P (9) +iH P (9)-
The convolution of (71) by P*(e7") yields
0="PF(e™") %, (P (9) +iHP (9)) .
= 7’*( ") #a P7(g) + P (™) x0 HaP(9),
P (e "g) +iP (") %, PT(e") %, HoP (e "g),

P~ (e™"g) + P (1), HoP ™ (e7"g),
=P (e7"g) + iHoP ™ (e7"g),
= [+ iHo|P (e "g).

In the third equality above we use the Proposition 5.2 part(iii), to simplify
Pr(e ") x, P~(g9) = P~ (e "g), and Definition 5.1 of H,. In the fourth
equality above we use P (e™") x, P (e") = PT(1) := (1,0,0,---), and
the fact that P* (1) is the identity element for convolution in sequences to
conclude PT(1) *,, HoP~ (e "g) = HoP~ (e "g).

For each z € (2, construct the vector valued function v = (vg,v_1,v_o, ...)
by the Cauchy Integral formula (21):

on(z) = %(Gg)n(z) F(Cg)n(2)in = 0,1, —2..

where g := P~ (e "g). By the Corollary 4.1, v € CY<(Q; 1) N C(; 1) is
A-analyticand v|p = g
Construct the vector valued function u = (ug,u_1,u_2,...) from v by
the convolution formula u(z) = P+ (e")) x, v(2) for (2,-) € Q x S'. By
the Proposition 5.2(ii) we have u € C%(Q;1;) and by Proposition 4.1(iii)
we have u(z, 0) := P*(u(z)) € C*(22 x S N C*(Q x S'). Note that
P~ (ulrxst) = PT(e"|rxst) *n vIr,

= PJr(eh’FXSl) *n 7)7<€7h‘11><sl 9)7

=P (9)
Taking P* on both sides of the above equation and using the fact that u and

g are real valued yields u|rys1= g.
We define the Holder continuous function f € C*(£2) by

(72) f(2):=0-Vu(z,0) + a(x)u(z,0), (2,0) € QxS
and show that f integrates along any line and that g € R, f.
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Since e~ in (1) is an integrating factor, the equation (72) can be rewrit-
ten in the advection form as

f(z)e Pa=d) = g. v (e‘Da(zﬂ)u(z, 9)) .

and integrated along lines in direction 6 to obtain

@0 4 (20)
/ f(x + th)e Peatt00) g — o=Dal+t0.0), (5 1 19, 9) }T (z’G)
7_(z,0) 7

= e PG (2, 60) — PG (g, 6)
= g(zy,0) — [e7"g] (z7.,0),

where the notation z;t = z474(z,0)0 as in (3). This shows that f integrates
along any arbitrary line, in particular f € L'(Q), and that g € R, f. U
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