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Abstract

We consider, for pe(1,2) and ¢ > 1, self-similar singular solutions of the equation v, =
div(|VoP2Vv) — 14 in R" x (0, o0); here by self-similar we mean that v takes the form
v(x, 1) = t*w(|x|t*) for « = 1 /(¢ — 1) and p = (¢ + | — p)/p, whereas singular means that v
is non-negative, non-trivial, and lim, o v(x, #) = 0 for all x#0. That is, we consider the ODE
problem

{ (WP + (n = DWW e+ a(frw/ +w) —wi =0 Vr >0, 0.1)

w(0)=0, w(r)=0 in[0,00), lim,q r'/Pw(r)=0.

We show that this ODE problem has a non-trivial solution if and only if g<p — 1 + p/n (i.e., if
and only if nff< 1), and in case of existence, the solution is unique and the corresponding self-
similar singular solution of the PDE satisfies

/ v"P(x, ) dx = constant, lim v(x,t)dx = o0 Ve>0.

™0 x| <&
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1. Introduction and main results

In this paper, we consider, for pe(1,2) and g > 1, self-similar singular solutions of
the p-Laplacian evolution equation with absorption

v, = div(|[Vo’ >Vv) — ! in R" x (0, o). (1.1)

Here by a singular solution we mean a non-negative and non-trivial solution which is
continuous in R" x [0,+00)\{(0,0)} and satisfies

lim sup v(x,7) =0 Ve>0. (1.2)

tNO |x|>e

That is, we restrict our attention to solutions having an isolated singularity at (0, 0).
Also, by self-similar we mean that v has the form

v(x, 1) = (%)“u<|x|<%>aﬁ>, o= ﬁ, = q—:#, (1.3)

where u, defined on [0, o0), solves

~1
(P ~2) + 2l P72 4 Brad + u— | =0 r > 0. (1.4)
r

Note that condition (1.2) is equivalent to, if v is given by (1.3),

lim r'/fu(r) =o0. (1.5)

r— oo
Singular solutions were first studied for the semilinear heat equation
v, = Av—v?. (1.6)

Brezis and Friedman [1] in 1983 proved that when ¢>1+2/n, (1.6) has no
singular solution, whereas when ge (1,1 + 2/n), it has, for every ce (0, ), a unique
singular solution that satisfies v(-,0) = ¢d(+), i.e.,

lim v(x,t)dx=c¢ Ve> 0. (1.7)

™0 |x|<e

Such a singular solution is referred as a fundamental solution (FS for short) with
initial mass c¢. Shortly after the work of Brezis and Friedman [1], Brezis et al. [2]
discovered that when ge (1,1 + 2/n), (1.6) admits a unique singular solution which is
more singular than any FS. Such a singular solution is termed as a very singular
solution (VSS for short) and it satisfies (1.7) with ¢ = co. See also [6,7] and references
therein. All singular solutions of (1.6) was later classified by Oswald [14].

These pioneer works on (1.6) were soon extended to the porous medium equation

v, = Av" — . (1.8)
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For m > 1, ie., slow diffusion case, Kamin, Peletier and Vazquez [9], after
earlier works of Kamin and Peletier [8], Kamin and Veron [12] and Peletier and
Terman [15], classified in 1989 all singular solutions of (1.8) as follows: (1) any
singular solution is either an FS or a VSS; (2) when ¢=m + 2/n, (1.8) has no
singular solution at all; (3) when ge (m,m + 2/n), there exists a unique VSS and in
addition, for every ¢ > 0, a unique FS with initial mass ¢; and (4) when ge(1,m],
there does not exist any VSS but there exists, for every ¢ > 0, a unique FS with initial
mass c.

For fast diffusion case, i.e., me (0, 1), there were some partial results of Peletier
and Zhao [17] in 1990 who proved that when m e (max{n — 2,0} /n, 1), (1.8) has both
FS and VSS if ge(1,m + 2/n) and no singular solution when ¢g>m + 2/n, and of
Leoni [13] in 1996 who proved that when me (0, 1) and ¢ > 1, (1.8) has a self-similar
VSS if and only if m > 1max{0,n — 2} and ge (1, m + 2/n).

In a forthcoming paper [3], we shall completely classify all singular solutions of
(1.8) in a manner similar to that of [9] for the case me(0,1), ¢ > 1.

Investigation on singular solutions was at the same time also carried out for the p-
Laplacian evolution equation (1.1). For p > 2, i.e., the degenerate case, after works
of Kamin and Vazquez [10] on FSs and [5,16] on existence and uniqueness of self-
similar VSSs, Kamin and Vazquez [11] provided a complete classification for all
singular solutions of (1.1), which is the same as that for the porous medium equation
(1.8) except the borderlines ¢ = m + 2/n and ¢ = m are replaced by g =p — 1 +p/n
and ¢ = p — 1, respectively. Actually, they established the above classification for
uy = div(|Vul’ >Vu) — ¢(u) where ¢(-) is in certain class of non-negative functions
including u?.

In another forthcoming paper [4], we shall, based on the result of the current
paper, give a complete classification as that in [11] for all singular solutions of (1.1)
for pe(1,2), ¢ > 1.

Here, in this paper, we consider only existence and wuniqueness of
self-similar singular solutions; namely we consider non-negative and non-trivial
solutions of (1.4) that satisfies (1.5). Throughout this paper, we always assume
that

l<p<2, ¢g>1. (1.9)
Our main result is the following:

Theorem 1.1. Assume (1.9). Then (1.4) has a non-negative and non-trivial solution that
satisfies u'(0) = 0 and (1.5) if and only if g<p — 1+ p/n. Also, in case of existence
(i.e., g<p — 1 + p/n), the solution is unique and the corresponding function v given by
(1.3) is a self-similar VSS of (1.1) satisfying

/ v"#(x,-) dx = constant, lim v(x,t)dx =00 Ve>0.

tNO |x\<s
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Note that g<p — 1 + p/n is equivalent to nf < 1. Our theorem implies that if (1.1)
has a self-similar singular solution v, then nff <1 and v is a VSS. This conclusion can
be readily seen from the following arguments (where discussion of the case nff = 1 is
formal):

Let v(x, ) be non-negative, non-trivial, and self-similar of the form (1.3) with u
satisfying (1.5). Then for every ¢ > 0 and ¢ > 0,

t o

[ wna= (" 0)d (1.10)
v(x, X = (— u(y)day. .
I <e x vl </

If nf > 1, then (1.5) yields f‘y|<R u(y) = o(R"'/#) as R— o0, so (1.10) gives that
f‘x‘q v(x,t) dx = o(1) where o(1) >0 as t—0. As a singular solution is either an FS
or VSS (cf. [4] or [9]), we see that v cannot be a singular solution of (1.1). Thus (1.1)
cannot have any self-similar singular solution.

If nf<1, then (1.10) implies that f‘x‘q v(x,1) dx— oo as t\0, so v must be a VSS
if it is a self-similar singular solution.

Finally, we consider the case nff = 1. Assume further that (1.5) is strengthened
to r'/Pu = O(r=°) for some 6 > 0. Then letting ¢— oo in (1.10) one sees that the
L'(R") norm of v(-, ) is independent of ¢. As (1.1) contains an absorption term v?, v
cannot be a solution of (1.1), so (1.1) does not have any self-similar singular
solution.

To prove Theorem 1.1, it suffices to consider the solution of (1.4) with initial value

u(0) =a, u'(0)=0. (1.11)

We need only consider the case ae (0, 1) since a > 1 implies that the solution is non-
decreasing. Theorem 1.1 follows from the following more detailed result on solutions
of the initial value problem (1.4) and (1.11).

Theorem 1.2. Assume (1.9). For each ae (0, 1) let u(r; a) be the solution of (1.4), (1.11).
Then the following hold.

(D If np=1, then u > 0 and u' <0 in (0, o) and liminf,_, ,, r'Pu(r;a) > 0.

(IT) If n<1, then there exists a*e (0, 1) such that the following hold:

(@) If ae(0,a*), then there exists R(a)<oo such that u'<0 in (0,R(a)] and
u(R(a);a) = 0.

(b) Ifae(a* 1), then u' <0, u>0, u, =%Lu>0,and (P> Pu) > 0in (0, 00). In
addition, lim,_, ., r'/Pu(r; a) has a finite limit k(a) which, as a function of a defined
on (a*,1), is positive, continuous and non-decreasing, and satisfies limg, g
k(a) =0 and lim, 51 k(a) = oo.

(c) If a = da*, then lim,_, ,, rfu(r;a*) = J*, where

_ 1/(2-p)
b «_ W ‘(u—n)}
_ oo e _ 1.12
I {[)’u—l (1.12)
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Observe that fu=(¢+1—p)/(2—p) > 1. The assertion II(b) of the above
theorem implies the following:

Theorem 1.3. Assume that pe(1,2) and 1<q<p — 1+ p/n. Then for every k > 0,
there exists a self-similar solution vy to (1.1) such that

v(x,0) = klx|F, e, lzig(} vk(x, 1) = k|x|7l/ﬁ7 Vx#0.

In addition, vy is strictly increasing in k and limy o vy is the unique self-similar (very)
singular solution of (1.1).

Our paper is organized as follows. In Section 2, we shall first establish the well
posedness of the initial value problem (1.4) and (1.11), and exclude the trivial cases
a=0and >1. Then we show Theorem 1.2(I), which implies the non-existence part
of Theorem 1.1. Also we provide certain properties of the solution u(r;a); in
particular, we show that u is monotonic in « in the interval where J := rfu is non-
decreasing. Next in Sections 3 and 4 we prove (Ila) and (IIb) of Theorem 1.2,
respectively. Finally, in Section 5, we prove (Ilc).

2. Preliminary
2.1. The initial value problem (1.4) and (1.11)

Lemma 2.1. For every a€ R, there exists a unique solution u(-;a) to (1.4), (1.11) in
some right-half neighborhood of the origin. In addition, the following hold:

(1) If a=0, then u=0.

2) Ifa=1, thenu=1.

(3) If a> 1, then v > 0 in its existence interval.

(4) Assume ae(0,1) and let (0,R(a)) be the maximal existence interval in which
ue(0,1). Then ' <0 in (0, R(a)) and either (i) R(a) = co and lim,_, ., u(r;a) = 0,
or (il) R(a)< oo and u(R(a);a) = 0. In addition, as r\0,

(a — a?)"/ 0=V~ e=Dw/0=1[1 4 o(r). (2.1)

u(ria) =a—

Proof. First we derive an integral equation equivalent to the initial value problem
(1.4), (1.11). Assume that u is a solution of (1.4) and (1.11) near the origin.
Integrating over (0,r), Eq. (1.4) multiplied by ~!, we obtain

P = frut /0 P =~ udp = S, (22)
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Integrating the p%lth power of both sides then gives

i) =a~ [ 904 (0)| > g () dp. (2.3)

On the other hand, it is easy to show that if a continuous function u satisfies the
above integral equation, then it solves (1.4) and (1.11). Thus, the initial value
problem (1.4) and (1.11) is equivalent to (2.3).

Since 2—p)/(p—1)>0 and ¢ > 1, the existence, uniqueness, as well as
the differentiability with respect to a, of solutions to (2.3) then follows from
standard Picard’s iteration and Gronwall’s inequality technique. We omit the
details.

Assertions (1) and (2) follow from the uniqueness of the solution. When a > 1,
G[u](r) <0 for all sufficiently small positive  so ' > 0 for all small positive r. As (1.4)
forbids ' from attaining a first zero (since at which o/ = 0, (ju/[’"*«/)’ <O and u > 1),
we conclude that ' > 0 in its existence interval. Similarly, we can show that if
ae(0,1), then #/ <0 as long as u > 0, so that either (i) R(a) = oo and u(r;a) 0 as
r2 oo or (ii) R(a)< oo and u(R(a);a) = 0. Finally, (2.1) follows by substituting the
right-hand side of (2.3) by u =a+o(r). O

The first three assertions of the lemma indicate that we need only consider the
solution of (1.4), (1.11) for ae(0,1). Hence, in the sequel, we always assume that
ae(0,1).

2.2. Non-existence of self-similar solution when q=p — 1 + p/n

Now we are ready to prove Theorem 1.21, which, together with Lemma 2.1(1)—(3),
implies the non-existence part of Theorem 1.1.

Proof of Theorem 1.2(T). Multiplying (1.4) by r'/#~! we have, for re (0, R(a)),
(r1/p71‘u/|p72u/ + ﬁrl/ﬂu)’ =(n— 1/ﬁ)r1/ﬂ*2|u’|”*1 +r/Le S (2.4)

since nf>1. Thus, the function g(r) = r'//~1 /P2 + pr'/Pu is strictly increasing in
(0,R(a)). Observe that lim,og(r) =0 since (2.2) implies that [/ %' = O(r).
Therefore, g >0 in (0,R(«)). Since #'<0 in (0,R(a)), we then conclude that
R(a) = oo and uN\0 as r/ o0.

As g(+) is increasing, lim,_, ., (r'/#~'u/ |2 + pr'/Pu) = lim,_, ,, g(r) = g, exists,
where ¢, is either a positive constant or co. As v/ <0 in (0, 00 ), we then conclude
that liminf,_, ,, #"/#u>g. /B > 0. This completes the proof. [
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2.3. A monotonicity lemma
From now on, we shall always assume that pe(1,2) and 1<g<p — 1 + p/n. Note
the condition 1 <g<p — 1 + p/n implies that 1 <p — 1 + p/n, ie.,p>2n/(n+1). It

then follows that

1 — 1
B ::q+—p<— =7 . (2.5)
p n

To study the behavior of the solution u(r; a), we introduce a function J defined by

J(r;a) = r*u(r;a). (2.6)

Since rJ' — uJ = r**'w/' <0 in (0, R(a)), a substitution of u = r~*J into (1.4) gives
(=D +n—1=2ulp — D)rJ' + u(u—n)J

+ (uJ = r IV PP + (1 = ) — 19 g9} = 0. (2.7)

In addition, a differentiation in a gives, for J, .= %,
L(Ja) = (p = VP + =1 = 2u(p = D] + (e = m)Jo
+ Q=-p)wd =) P (W, — 1)
x {prJ + (1 — Bu)J — ru(lfq)Jq}
(= 1B, + (1 - Bu)

X Jy—qr1=D g1 g ) =0, (2.8)

Lemma 2.2. If' J' > 0 in a finite interval (0,r,), then J, = r*u, > 0 on (0,r].

Proof. Applying the differential operator r< to (2.7) and using the identity r[r?J” =
2[rJ')", one obtains

L) = u(l — q)r'"=D(uJ — rJ)*7J1<0 in (0, R(a)).

We first show that paJ, > rJ' in (0,ry). Since J, = ru, and rJ' = r*(ru’ + uu), we
need only show that pau, > ru' + pu in (0,r;). Using (2.1) one sees that pau, —
(r' + pu) > 0 for all r sufficiently small. Hence, if the assertion that pau, — (ru’ +
wuu) > 01in (0,r;) is not true, then there exists r, € (0,r) such that pau, — (rv' + pu)
vanishes at r = r, and is positive in (0,7;).
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Since ru’ 4 uu is uniformly positive on [0, r;], there exists a positive number / such
that max,c(o,,{/us — (r/ + pu)} = 0. Let r3€[0, 7] be the point such that {/u, —
(ru' + pu)}|,_,, = 0. Since pau, — (ru’ + pu) is positive in (0,7,) and vanishes at r = 0
and ry, /<pa and r3€(0,r7). As £J, — rJ' = r*[{u, — (ru/ + pu)], one sees that r3 is
an interior zero maximum of /J, —rJ'. Hence, at r=r3, /J,—1rJ =0, ({J, —
rJ') =0, and (£J, — rJ")" <0, which lead to /£ (J,) < Z(rJ’). But this is impossible
since #(J,) =0 and £ (rJ')<0 at r = r3. Thus, uau, — (rv' + pu) > 0 and in turn
uaJ, >rJ' > 0in (0,r).

It remains to show that J, > 0 at r;. For a later application, here we provide an
elaborated proof.

Let ro =min{l,r/2}, to = (rJ'/Js)l,—,, and ko= ({oJs —1J")|,_,. We claim
that ko > 0. In fact, if kg <0, then £yJ, > rJ’ near the left-hand side of ry. As £y < ua,
by (2.1), £oJ, — rJ' is negative near r = 0. Thus, there exists r4e(0,ry) such that
loJ, — rJ' is positive in (r4,79) and vanishes at r = r4 and r = rg. It then follows from
the same argument as above that for some 7€ (0, /) the function /J, — rJ’' obtains a
zero maximum at some point in (r4, ro) which is impossible. Similarly, if ko = 0, then
a comparison of the second-order derivatives of Z¢J, and rJ' at ry still shows that
{oJ, > rJ' near the left-hand side of ry, and still we can derive a contradiction. Thus
ko > 0.

Now let i be the solution to #(¥) = 0 in (0, R(a)) with the initial values y(ry) = 0
and /' (rg) = 1. Then ¢ > 0 in (ro, r1] since between any two zeros of  there is a zero
of J,.

We consider the function ¢ = /¢J, — koy. It is obvious that ¥ (¢) = 0 in (0, R(«))
and 0=¢—rJ'={p—rJ'} at r=r, Since L(rJ')<0, we must have
{p — rJ’}”|,:,,O >0, i.e., ¢ —rJ' is positive near the right-hand side of ry. Hence,
following the same argument as that in proving uaJ, > rJ' in (0,r;), we have ¢ > rJ’
in (rg,r1); in particular, by continuity, ¢ =rJ'>0 at r =r. Therefore, /yJ, =
¢ + ko = ko > 0 at r = r;. This completes the proof of the present lemma. [

For convenience, we denote

o/ ={ae(0,1)| there exists R;(a)e(0,R(a)) such that
J'(Ri(a);a) = 0},

%:{ae(0,1)| J'(;a) >0 in (0, 00), lim J(r;a)<oo}7

F— 00

%:@aqum@>ommﬂm1me@:w}

F— o0

Since J' > 0 near the origin, if € (0, 1) is not in .«Z, then J' > 0 in (0, R(a)), which
implies R(a) = oo, so that ae#|J¥. Thus, o/, # and % are disjoint and
AJB%E = (0,1).
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3. Characterization of the set .o/

Lemma 3.1. Let ae(0,1). The following statements are equivalent:

(i) aeo;
(i) there exists Ry €(0,R(a)) such that J' >0 in (0,R(a)), J"(Ri(a);a) <0, and
J' <0 in (R (a), R(a));
(i) sup, ¢ r(q) J <J* where J* is as in (1.12);
(iv) there exists r € (0, R(a)) such that [;' p"~'(1 —np —ut"Yudp > 0;
(V) R(a)< oo and u'(R(a);a)<0;
(vi) R(a)< 0.

Proof. (i) = (ii). Let (0, R;(a)) be the maximal interval where J’ > 0. Since a €./,
Ri(a)<R(a) and J'(R(a);a) =0. We claim that J"(R,(a);a)<0. In fact, if
J"(Ri(a);a) =0, then differentiating (2.7) with respect to r and evaluating the
resulting equation at r = R (a), we obtain J”'(R;(a); a) <0. This contradicts the fact
that J' > 0 in (0, R)). Thus, J"(R,(a);a)<O0.

Next we show that J'<0 in (R;(a), R(a)). In fact, if this is not true, then there
exists Ry(a)e(R;(a), R(a)) such that J'(Ry(a);a) =0 and J'<0 in (R;(a), Rx(a)).
Evaluating (2.7) at r = R(a) with J'(R;;a) = 0 and J”(R;;a) <0, and at r = R, with
J'(Ry;a) = 0 and J"(Ry;a) >0, and using the fact that r#1-9)J4=1 = 49-1 we obtain

(Bu+u™" — 1)(:“'])27[)“:&(0)
<plp—nm)<Bu+ ™" = )())* ),y (3.1)

But this is impossible since fu > 1, J(Ry;a) > J(Ry;a) and u(Ry;a) > u(Ry;a).
Hence J' <0 in (R;(a), R(a)).

(ii) = (iii). Note that the maximum of J is obtained at r = R;(a), so the assertion
follows from the first inequality of (3.1).

(iii) = (iv). Assume for the contrary that [; p" '(1 —nf — u?udp<O0 for all
re(0,R(a)). Then from (22), for all re(0,R(a)), —|u|P*u/<pru, ie.
—u V-0 < (Br)?=Y Upon integrating this inequality over (0,r) we have

Vre (0, R(a)).

2, -1/
u(r:a)> (a@zmpl) . ﬁl/@wrp/(pl))
p

It then follows that R(a) = oo and, upon recalling (2.6), that J =liminf,_ , J > 0.
Note that either J' > 0 in (0, o0), or if J' changes sign, then a€ .o/, so that J' <0 in
(Ri(a), o). Hence, lim,_, ., J = J and liminf,, ,, [rJ'| = 0.
Let {r;},”; be a sequence such that lim;_, ., r; = oo and lim;_, . (rJ')],_,, = 0. We

claim that {r;} can be selected such that in addition lim,_, o, (r2J” )=y, = 0.
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In fact, if |rJ’|, which is positive for all large r, oscillates infinitely many times, then
one can select {r;} to be local minimum points of |rJ’| so that 0 = (rJ')" = rJ" + J'
on {rj}. That is, lim;_, o, (*J")|,_, = —lim;, s (rJ')|,_, = 0.

If |rJ'| does not oscillate infinitely many times, then |rJ’| eventually monotonically
decreases to zero. So, one can select {r;} along which r(|rJ'|)" approaches zero,
namely, r2J” = r(rJ')" — rJ' approaches zero along the sequence {r;}.

Now evaluating (2.7) at r; and sending j— oo we obtain J = J*, contradicting to
the assumption sup,. (g g(a)) J <J*

(iv) = (v). Since the function z =1—nf —ud~! strictly increases in (0, R(a)),

o' p""'zu > 0 implies that z > 0 for all re[r, R(a)). It then follows that for some
6>0, [o p'(1 =np—u""Yudp=4in [r, R(a)). Consequently, from (2.2)

— WP = Bru+ o' Vrelr, R(a)). (3.2)

If n =1, then |«/|”"" > 6 in (r, R(a)) and assertion (V) is trivially true.

If n=2, then p/ne(0, 1] so using the inequality  fru+
SV = (Bru) P/ (P yPIn = Blop/n /My -p/ny =P e obtain from (3.2) that, for all
re(ri, R(a)),

_u/>r71ul—v(ﬁl—p/nép/n)l/(pfl)7 (33)

where v = [(n+ 1)p — 2n]/[n(p — 1)] > 0. Multiplying both sides of (3.3) by »*~! and
integrating over [rj,r), r<R(a), one immediately concludes that R(a)<oo. In
addition, it follows from (3.2) that «'(R(a); a) <0.

(v) = (vi) is trivially true. (vi) = (i) is also trivially true since u(R(a); a) = 0 implies
that J = r#u has an interior maximum in (0, R(a)). This completes the proof of the
lemma. O

Theorem 3.1. There exists a, € ((1 —np)" "V 1] such that o = (0,a,).

Proof. When ae (0, (1 — nf)"/"V], u(r;a) <a for all re (0, R(a)), so (iv) of Lemma
3.1 holds. It then follows that ae.«Z. Thus, (0, (1 —np)"/ " V)< ..

For any given de.Z, since J”(R;(d);d) <0, an implicit function theorem then
yields that the equation J'(R;;a) = 0 has a local unique C! solution R, = R;(a) in a
neighborhood of @. Thus, .o is open and R;(a) is C' in .. Furthermore, defining
m(a) = J(R(a);a) we have Lm(a) = J'LR, +J, = J, > 0 for all ae o/.

To finish the proof, we need only to show that if (a;,a,) =</ and a; > 0, then
a) e .
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In fact, by continuous dependence of initial data,

sup  J(r;a)) < limsup m(a)<m((ay + a2)/2) <J*,
re(0,R(ay)) axa

so that by Lemma 3.1(iii), a; €.o/. This completes the proof of the theorem. [

4. Characterization of the set C

Lemma 4.1. Let a€(0,1). Then ae% if and only if sup,¢ o r(a)) J(1;a) > J*.

Proof. The only if part follows from the definition of . Now if sup, . (g g(a)) J(r;a) >
J*, then by Lemma 3.1(iii), a¢.«/, so ae | ) %. However, if J = lim,_, ., J is finite,
then one can find a sequence {r;} along which rJ’ and r*J” approach zero. This

implies, from Eq.(2.7), that J=J* But this contradicts the assumption that
Supre(07R(a)) J > J* O

Theorem 4.1. There exists a*€ (0, 1) such that € = (a*, 1). In addition, for every a€,
there exists k(a) > 0 such that

lim r'Pu(r;a) = k(a).

F— o0

Furthermore, k(a), as a function of ae(a* 1), is positive, continuous, strictly
increasing, and

lim k(a) =0, lim k(a) = o0.

aNa* arl

Proof. Step 1. We first show that % is open and non-empty. Since a€ % if and only if
SUP,.¢ (0,r(a)) /(15 @) > J*, by the continuous dependence of initial data, % is open.
Also, as lim, - u(r;a) =u(r;1) =1 uniformly in any compact subset of [0, c0),
limg»1 J((27%)": a) = 2J* so that (1 — &, 1) = % for some sufficiently small positive .

As o/ =(0,a,), [a,,1) =B UE, so that J' > 0 for all re (0, o) and all a€[a,,1).
Consequently, by Lemma 2.2, J, > 0 for all re (0, c0) and all a€|a,, 1). This implies
that 4 = (a*, 1) where ¢* = inf{a>a,|lim,_, ,J(r;a) > J*}.

As a by product, Z = [a,,a*] = {a| R(a) = oo, and J(r;a) 7J* as r— 0 }.

Step 2. We now study the behavior of the solution u(+; @) for ae €. For simplicity,
we write u(r;a) and J(r;a) as u(r) and J(r), respectively.

It is convenient to use the variable T = Inr. Since u is positive, we can write
u(e’) = u(1l) x exp(— [, A(s)ds). Since u'<0 and J' = r*'(ri/ + pu) > 0 for all
r> 0, we have 0<A(t) <y for all te(—o0, 0).
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Substituting this transformation into (1.4) and using the relations r4 = 4, 725—; =
L d and P1>? = J>P, we obtain, writing A = dA/dx,

(p—DA=F(A,1) =@p—1)A+(p—n)A

+ AP = BA —uT P (4.1)

Here we consider A as an unknown function whereas u = u(e’) and J = J(e") as
known functions of 7.

Since ae®, as T oo, uN0 and J 7 co. It then follows that for any ¢ > 0, there
exists 7, > 0 such that F(A4,t) > 0 forall A€(0,(1 —¢)/p], T > 1, and F(A,1)<0 for
all Ae((1+¢)/B, ], ©> .. It then follows from an invariant region that

lim A(7) = 1/B.

T— 00

Step 3. Next we show that, as t — oo, A approaches 1/f exponentially fast, with an
exponent at least v = %min{%, Q2-p)u—1/B)}.

Consider the function A7 (t) = {1 — Le"T=")] defined on [T, o0 ). We want to show
that A~ is a sub-solution to (p — 1)A4 = F(A,7) in [T, ) provided that T is
sufficiently large.

First let 7 be large enough such that u¢~'(e”) <} and A(t) > 1/(2p) forallt > T.
Then w4~ (") = ut='(eT) exp(—(q — 1) [7 A)<ie" T for all t>T.

Next, taking a larger T if necessary, we assume that A(t) <1/ + (i — 1/p) for all
t>=T. Then

Jzip(ef) = szl’(eT) exp ((2 -p) /TT (n— A)) ZJZ*P(eT)ev(rfT)

Vi=T.

Thus, {1 — A~ —u?"(e")}J>7P(e) =1J*P(eT) for all 1>T. Consequently, for all
=T,

(=14 — P4 )< Cpn. v ) — SR 2P H(T) <0 v T

if we take T large enough, since J(e!)— o0 as T— 0.

Comparing A(t) to A~ (t) in [T, o0) we obtain that A(t) > A~ (¢) = (1 — Le"(T=2))
in [T, c0).

In a similar manner, we can show that A(t) <A™ () = 41 +3(u — 1/B)e" "],
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Therefore, |4 — 1/ <ue’T~"). Consequently, as r— oo,

P Bur) =u(1) exp{ / " - dr}
~uend = [7 ) - 1/ e} = k(@)

Since u, =r*"J, > 0in (0, c0), we know that k(-) is positive, continuous, and non-
decreasing in (a*,1).

Step 4. To study the behavior of the function k(@) for a near the both ends of
% = (a*,1), we consider the function K(r;a) = r'/Pu(r; a).

If K(r;a) obtains a local maximum, say, at r = r;, which is the first one, then at
r=r;, K'=0, and K"<0 (if K” =0 then one can get K" <0 which contradicts
K' >0 in (0,r)), ie, fri' +u=0 and ru’<(1+ B)p *u. Substituting this
information into (1.4) then yields

K(ri;a)<K* = {B7[p— 1+ B(p — m]}"/ 017,

Note that p — 1+ f(p—n) =[p(¢—1)+nlp—1+p/n—q)/(g+1—p) > 0. Simi-
larly, if K obtains a local minimum, say, at r = ry, then K(rp;a) > K*.

From this, we immediately conclude that one of the following holds:

(i) There exists r  such that K >0 in (0,r), K'(r;;a) =0,
K(ri;a)<K*, K"(r1;a)<0, and K'<0 in (r|, o0 ); consequently, K(r;a)Nk(a)<K*
when 7/ c0.

(i) K'(r;a) > 0 in (0, c0) and K(r;a) 7k(a) as r/ 0.

Now, if ae(0,1) is close to 1, case (i) will not occur since sup,¢ g ..y r'/#u(r; a) > K*.
Thus, case (i) occur and lim, »1 k(@) =lim,_, ., lim, » #'/Pu(r;a) = .

Now if lim,yk(a) >0, we can derive from (i) or (i) that k(a*)=
lim,\ 4+ k(a) > 0, which implies that a*€%. Since ¥ is open, this is impossible.
Hence, lim, .+ k(a) = 0.

Finally, as in the proof of the next section, we can show that k, = lim,_, ,, r'/fu,
exists and is positive. This completes the proof of the theorem. [

5. Characterization of the set B
Theorem 5.1. # = {a,} = {a*} and J(r;a*) 7 J* as r » 0.

Proof. From the previous discussion we know that 4 = [a,,a*], and that for all
aeRB, J, > 0forall r > 0and J(r;a) #J* as r # o0. It remains to show that a, = a*.
We claim that if ae 4, then lim,_, . J,(r;a) = .
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To show this, we use the independent variable = In r. Note that rJ’ = J vanishes
as 7— oo. The linear operator % in (2.8) takes the form, for 7 sufficiently large,

L($)=(p =1+ [b+o(1)—[c+o(1)]g,

where o(1)—>0 as T— o0, b is a certain constant, and ¢ = p(u —n). As ¢ > 0, it is
easy to see that the solution to Z(¢,)=0 in (T,c0) with initial value
$,(T) =0, ¢, (T) =1 with T large enough will have the property that ¢, — oo
exponentially fast as 71— 0.

Note that the function ¥ constructed at the end of the proof of Lemma 2.2 is
positive in (rg, c0). As J, and { are linearly independent, one of them will be
unbounded. Since /yJ, = ko, we then know that J,— oo as r— o0.

Finally, we show that ¢* = a, . In fact, if ¢* > a,, then by Fatou’s lemma

a*

0= lim (J(r;a*) —J(r;a,)) = lim Ju(r;a) da

*

F— o0

> / liminf J,(r;a) da = o,

*

which is impossible. This completes the proof of the theorem. [

Finally, we remark that all our main results in Section 1 follow directly from our
demonstrations in Sections 2-5.
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