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SINGULAR SOLUTIONS OF PARABOLIC p-LAPLACIAN
WITH ABSORPTION

XINFU CHEN, YUANWEI QI, AND MINGXIN WANG

ABSTRACT. We consider, for p € (1,2) and ¢ > 1, the p-Laplacian evolution
equation with absorption

up = div (|[VuP72Vu) —u?  in R™ x (0,00).

We are interested in those solutions, which we call singular solutions, that
are non-negative, non-trivial, continuous in R™ x [0, 00) \ {(0,0)}, and satisfy
u(z,0) = 0 for all z # 0. We prove the following:
(i) When g > p — 1+ p/n, there does not exist any such singular solution.
(ii) When g < p — 1 + p/n, there exists, for every ¢ > 0, a unique singular
solution u = u. that satisfies [z, u(-,t) — cast\, 0.
Also, uc /" uso as ¢ /' 00, where uso is a singular solution that satisfies
Jzn oo (1) — oo as £\, 0.
Furthermore, any singular solution is either uc or u. for some finite positive
c.

1. INTRODUCTION

We are interested in singular solutions for the parabolic p-Laplacian equation
with absorption:

(1.1) uy = div (|Vu|P?>Vu) —u? in R"™ x (0,00).
Here by a singular solution we always mean a non-negative and non-trivial solution
which is continuous in R™ x [0,00) \ {(0,0)} and satisfies

(1.2) lim sup w(z,t) =0 Ve > 0.
[N |z|>e

A singular solution is called a fundamental solution (FS for short) with mass ¢ €
(0, c0) if

1.3 lim u(z,t)dr = c.
(13) fy [t

A singular solution is called a very singular solution (VSS for short) if

(1.4) lim v(z,t) dz = oco.
N0 Jiz)<1
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As one can see from the next section, a singular solution is either an FS or a VSS.
Denote by 4(+) the Dirac delta function. Then ([2) and (L3]) can be written in
short as u(-,0) = ¢d(-). Typical diffusion equations without absorption, such as the
heat equation u; = Awu, the porous media equation u; = Au™, and the parabolic
p-Laplacian equation u; = div (|Vu[P~2Vu), admit only FSs; cf. [12].
One observes that (L)) is invariant under any rotation of x and the scaling
u — T*(u) for any A > 0, where

A — )\« ap _ 1 _ g+1—
TH(u)(z,t) = A*u(Ax, At), o=, B=L=L

We call a singular solution of (ILI) self-similar if it is invariant under any rotation
of x and under the scaling u — 7 (u) for any A > 0, so that it necessarily takes the

form u = t~*w(|z|t~*?), where w is defined on [0,00) and satisfies the following
ODE:

(|w'[P~2w") + (n — D|w'[P~2w’ /r + a(Brw’ + w) —w? =0 VYr >0,
(1.5) w(r) >0 in [0,00), w(0) < oo,

lim, o rl/ﬁw(r) =0,

where the last condition is equivalent to (LZ) since, for r = |z[t=%%, u(x,t) =
|| =2/ Brt/ Bap(r).

Singular solutions, as can be seen from the standard heat equation u; — Au = 0,
play a vital role in understanding the large time asymptotic behavior of solutions of
the Cauchy problem of (1) with “fast” decaying initial data; see [7, [8] [0} 13 [24]
and the references therein for some of their applications.

When p > 2, () is degenerate parabolic. Using an ODE shooting method,
Peletier and Wang [22] proved that when ¢ € (p — 1,p — 1 + p/n), (II) admits a
self-similar VSS. Uniqueness of such a self-similar VSS was later verified by Diaz
and Saa [5].

A complete investigation for all singular solutions of (IIl) for p > 2 was per-
formed by Kamin and Vazquez [I3]. They proved the following:

(1) when ¢ > p — 1+ p/n, (L)) does not have any singular solution;

(2) when p—1 < g < p— 1+ p/n, there exist a unique VSS and, for every given
¢ > 0, a unique FS with initial mass ¢;

(3) when 0 < ¢ < p — 1, there does not exist any VSS but there exists, for any
¢ > 0, a unique FS with initial mass c.

Actually, they provided the above classification for the following more general
equation:

(1.6) uy = div (|Vu|P~2Vu) — ¢(u) in R" x (0, 00),

where ¢(+) is in a certain class of non-negative functions that mimic u?.
When p = 2, equation (LI becomes a semilinear heat equation

(1.7) up = Au —uf, qg>1.

Brezis and Friedman [I] showed that there are singular solutions if and only if
q € (1,14 2/n). Existence of VSS for the same range g € (1,14 n/2) was later es-
tablished by Brezis, Peletier, and Terman [2]. Relations between VSS and FS were
discovered by Kamin and Peletier [9]. All singular solutions of (1) were classified
by Oswald [20]. Stability of singular solutions was studied by Galaktionov, Kur-
dyumov, & Samarskii [8, and references therein]. Recently, Leoni [I9] considered a
similar problem for the elliptic equation div(|Vu[P~2Vu) + 2 - Vu? + au? = 0.
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In this paper, we study the case
(1.8) 1<p<2, q>1.

One notices that (II]) becomes singular at points where |Vu| = 0.
In [3], we studied self-similar singular solutions of (I]), i.e., the ODE problem
([CH) under the constraint (L8). We established the following result.

Proposition 1 ([3]). Assume that (L8]) holds. Then (L) has a non-trivial solution
if and only if ¢ < p—1+p/n. In addition, in the case of existence, the non-trivial
solution to (LH) is unique. In terms of (1)), this result translates into the following:
(i) If g <p—14p/n, then (LT has a unique self-similar VSS.
(ii) If ¢ > p—1+p/n, then (L) does not have any self-similar singular solution.

Based on this result, here we classify all singular solutions of ([I) under the
assumption (C8)). In particular, we prove the following:

Theorem 1.1. Assume ([L8). Then the followings hold:

(i) every singular solution of (1)) is either an FS or a VSS;
(ii) when ¢ > p—1+p/n, (L) does not have any singular solution;
(iil) when ¢ <p—1+p/n, [d) admits a unique VSS us and, for every ¢ > 0,
a unique FS u. with initial mass c. In addition, u., < uc, for any c; < ca
and U, — Use AS ¢ — OO.

The main structure of our proof of the theorem is adapted from that of Kamin
and Vazquez [13].

After the pioneering work of [T}, 2, 8] on ([LT), there was work on singular solutions
for the porous media equation with absorption

(1.9) up = Au™ —u? in RY x (0, 00).

When m > 1, ie., the slow diffusion case, Kamin, Peletier, and Vazquez [11]
provide a complete classification of singular solutions of (L9).

(1) When ¢ > m + 2/n, (L39) has no singular solution at all.

(2) When ¢ € (m,m + 2/n), there exists a unique VSS and, in addition, for
every ¢ > 0, a unique FS with initial mass ¢. (Existence of self-similar VSS was
established by Peletier and Terman [21] whereas uniqueness of VSS was established
by Kamin and Veron in [14].)

(3) When ¢ € (1, m], there does not exist any VSS but there exists, for every
¢ > 0, a unique FS with initial mass c.

The corresponding results for F'S were established by Kamin and Peletier in [10].

When m € (max{0,1 — 2/n}, 1), i.e., the fast diffusion case, Peletier and Zhao
[23] proved that ([I9) has FS and VSS if and only if ¢ € (1,m + 2/n). Recently,
Leoni [I7] proved that when m € (0,1) and ¢ > 1, (L) has a self-similar VSS if
and only if m > max{0, 1 —2/n} and g € (1,m + 2/n). See also Leoni [1§], and a
recent improvement of Kwak [I5] [I6]. More recently in [4], we obtained uniqueness
of FSs and VSSs for the PDE (L3)) for (m, ¢q) in the same range as in [17].

Our paper is organized as follows. In §2, we first show that a singular solution of
([T is either an FS or a VSS. Then we provide two upper bounds for any singular
solution of (I.I)), one of which has the form A¢~/(¢=1) and the other has the form
Bt/ (2=p)||=P/(2=P)  Also we show that if (I has a singular solution, then (L))
admits a mazimal self-similar singular solution u*; here maximal means that u*
is no less than any singular solution of (II]). As a byproduct, we conclude from
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Proposition 1 that (II)) has no singular solution when ¢ > p—1+p/n. For possible
other applications, we also provide an alternative proof of this non-existence result
which does not employ the ODE result of Proposition 1. The proof uses the fact
that the integral f\x|§1 min{ At~/ Bt/ (2=p)|g|~P/(2=P)} dz converges to zero
ast — 0 when ¢ > p—1—p/n and is uniformly bounded in ¢ when ¢ = p—1+p/n.

In §3, we establish the existence of FS and VSS when g € (1,p—1+4p/n). In fact,
we show that an F'S with initial mass ¢ can be obtained as a limit of any sequence
of solutions of (), or of the more general (LG, whose initial data approximate
the measure cd(-). A VSS can be obtained as the limit, as ¢ — oo, of FS with initial
mass .

At last, in §4, we prove the uniqueness of singular solutions. First we show the
uniqueness of F'S for the pure p-Laplacian evolution equation

(1.10) up = div (|Vul|P~2Vu).

The proof relies on a blow-up technique and a scaling invariance u — u”(z,t) of
the equation (LIJ), where

ul = WM (B R g bt), ki=p—24p/n.

Then we establish the uniqueness of FS for (IIl). From the existence proof in
§3, one derives that an FS of (L)) is bounded by the unique FS of (LI0) with the
same initial mass, which implies that the L!(R") difference of any two FSs of (L))
with the same initial mass approaches zero as t — 0. The uniqueness then follows
from a contraction principle, which asserts that the L!'(R!) difference of any two
solutions of (1)) is non-increasing in t.

Finally we prove the uniqueness of VSS of ([LI). We show that any VSS is an
upper bound of any FS, so u, the limit of u, as ¢ — oo, is the minimal VSS; i.e.,
it is no bigger than any other VSS. With this minimality and scaling invariance of
(T, we show that us, is self-similar. As both u* and u., are self-similar VSS, by
Proposition 1, they are identical, which yields the uniqueness of VSS.

2. PROPERTIES OF SINGULAR SOLUTIONS AND A NON-EXISTENCE RESULT

In this section, we shall first establish certain properties of singular solutions
of (1)), and then prove that (1)) does not have any singular solution when ¢ >

p—1+p/n.

Lemma 2.1. Let p > 1 and ¢(-) be a non-negative function on [0,00). Assume
that u is a singular solution of (LG, i.e., a non-negative, non-trivial solution of
([TE) that is continuous in R™ x [0,00) \ {(0,0)} and satisfies (2). Then either
@3) or [TA) holds. In particular, taking ¢(u) = u? (¢ > 0) we conclude that a
singular solution of (L)) is either an FS or a VSS.

Proof. The proof given below follows the same idea as that in [I1].

By ([L.2)), for every € > 0, there exists t. > 0 such that sup|, |1, 1e(0,..] u(@,t) < €.
Multiplying (L6) by (v — a)i (6 > 0), integrating the resulting equation over
R™ x (1,t), 0 < 7 <t < t., and sending 6 — 0 we then obtain

/n(u—a)Jr(x,t)de/n(u—5)+(x,7)dx, 0<r<t<t..
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Thus, [p,(u(-,t) — )4 is non-increasing in ¢, so that there exists c. € [0,00) U {oc}
such that

ce = lim u—¢€)g(z,t)de = lim u—e)g(x,t) de.
=l [ ==l [ (=)o)

Also noting that c. is non-increasing in ¢, sending € \, 0 we then obtain that there
exists ¢ € [0,00) U {oo} such that

c = lim ¢, = lim lim u—¢€)y(x,t)dr = lim u(zx,t) dr.
e—0 c N0 t\0 |x\<1( )+( ) t\0 |z|<1 ( )
Notice that ¢ = 0 would imply, for all € > 0, that ¢, = 0, i.e., sup,cpn u(z,t) < e
for all ¢ € (0,t.), which, by the maximum principle, implies that v < e for all
(x,t) € R™ x (0,00), so that, as ¢ > 0 is arbitrary, u = 0. Since u is non-trivial, we
must have ¢ € (0,00) U {oco}. This completes the proof. O

Next we provide two upper bounds for singular solutions of (I.]).

Lemma 2.2. Assume that 1 < p < 2.
. . . . (1 \1/(g—1
(i) Ifq > 1 and u is a singular solution u of (LI)), then for A := (=) /la=1),

(2.1) u(x,t) < At~/ in R"™ x (0, 00).
(i1) If u is a singular solution to (LG]) with ¢(-) > 0, then for

_ 1\op—1\ /(2-P)
B:= 72(]) Lp ,
(2-pp!

(2.2) u(z,t) < Bt/ 2=P) || 7P/ (2=P) in R" x (0, 00).

Proof. (i) For every ¢ > 0, the function A(t —¢)~*/(@=1) is a solution of (L)) in
R™ x (g,00). Since u(-,&) is in L>(R™), comparing u with A(t — &)~/ in
R™ x (g,00) yields u < A(t — )=/~ in R™ x (g, 00). Sending & \, 0 then gives
@1.

(ii) Direct calculation shows that for any & > 0, the function B(t 4 ¢)'/(~P)
(z1 —€)P/2=P) 4 ¢ is a solution to wy — div (|[Vw|P~2Vw) =0 in {(z,t) | 1 > &,t >
0}. Comparing this function with u in the domain {(z,t) | z1 > €,¢ > 0} then gives
u(z,t) < Bt +¢)/CP) (2 —)"P/=P) £ ¢ for all 2; > £, > 0. Sending £ \, 0
yields u(x,t) < Btl/@_p)x;p/(%p) for all z; > 0 and ¢t > 0. The assertion (Z.2)
then follows from the invariance of the equation for u under the rotation of z. [

Remark 2.1. If p € (nQ—fl,Q), then z%p > n, so that, for any R > 0 and any
singular solution u of (LH), [, pu(,t)de < Bt'/(2-p) Jei>r |z|~P/(2=P)dx — 0
as t \, 0. Thus, (L3) and (L4) are equivalent to limy\o [, u(z,t)dz = ¢ and

limy o [gn w(2,t) dz = oo, respectively.

With the upper bounds for singular solutions, we can now show that if (II]) has
a singular solution, then there exists a maximal singular solution, which has to be
self-similar.
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Lemma 2.3. Let ¢ > 1 and p € (1,2). Also assume that (LI)) has a singular
solution. Then (L) admits a singular solution u* having the following properties:

(1) Ewvery singular solution of (1)) is no bigger than u*; namely, u* is the
mazximal singular solution of (IT).

(2) u* is self-similar; namely, there exists a smooth function w(-) : [0,00) —
[0,00) such that u* = t'/(@=Dy(|z[t~(@+1=P)/Ia=DP]) and w solves (L.

Proof. For each 7 > 0, let u,(x,t) be the solution of (ILT]) in R™ x (7, 00) with initial
value

Uy (2, 7) = min{ A7~V @D B/ (2=p) | =P/ (2=p)} on R" x {t=7}.
Then as in the proof of the previous lemma,
(2.3) ur(z,t) < min{ At~V @D B/ C=p)p|=P/C=PY Y (2 t) € R" x |1, 00).

Consequently, for any 71 > 7o > 0, ur, (-, 71) > ur,(-,71) so that by comparison,
Ur > Ur, In R™ X [1q,00). Hence, lim.\ o u, exists for all (z,t) € R™ x (0, 00).
We denote this limit by «*, which is necessarily a solution of ([I.I]). Since each wu,
satisfies Z3), u*(z,t) < {At=V/@=1 Bt1/C=p)|2|=p/C=P)Y Tt then follows that
u* satisfies (2.

To show that w* is non-trivial, we need only show that u* is no less than any
singular solution of (IIl). In fact, if u is a singular solution of (L], then from
Lemma [Z2] and a comparison principle, u < u, in R™ X [s,00) for any 0 < 7 < s.
Thus, v < u* in R™ x (s,00) for any s > 0; i.e., u < u* in R™ x (0,00). Thus, u*
is non-trivial and is the maximal singular solution of (1) if (II)) has a singular
solution.

It remains to show that u* is self-similar. From the construction of u*, we see
that u* is radially symmetric. Note that for any A > 0, the function 7*(u*) :=
Al/(q’l)u*()\% x, At) is a non-trivial and non-negative solution of (1)) satisfying
([2), so it is a singular solution of (LI)). Since u* is maximal, u* > 7*(u*) for
all A > 0. Observe that the operator 7 preserves the order; namely, if u; < us,
then 7*(u1) < T*(ug) for all A > 0. We then obtain from u* > 7*(u*) that
Tu*) > THTMu*)) for all £ > 0 and A > 0. In particular taking A = 1/¢ and
using TH(TY (u*)) = u* we get T (u*) > u*. Hence, u* = T*(u*) for all £ > 0.
Thus, u is self-similar and can be written in the form tl/(q_l)w(|x\t7wﬁ) for some
w. This completes the proof. ([

Now we are ready to prove the non-existence of singular solutions of (II]) when
q>p—1+p/n.
Theorem 2.4. Assume p and q satisfy (L8) and ¢ > p—1+p/n. Then (1) does

not have any singular solution.

Proof. According to our ODE result in Proposition 1, problem (1) does not have
any self-similar singular solution when (IL8) and ¢ > p—1+p/n hold. The assertion
of the theorem then follows from Lemma 23] O

The above proof relies on the analysis of the ODE problem (L), i.e., Proposition

1. Below we provide another proof, which does not use any of the ODE result. The
method may be applied to some other similar problems.
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Another proof of Theorem [Z4. Suppose for the contrary that (II]) has a singular
solution u. Then for any ¢ > 0 and R € [0,1), applying Lemma 2.2] (i) for |z| < R
and (ii) for || > R yields

(2.4) / u(z, t) de < / A=Y@ dg 4 / BtY/ =P |g| 7P/ (2=P) g,
|z|<1 |lz|<R R<|z|<1

We consider several different cases.

Case (1): p < nz—fl In this case, 775 < n so that taking R = 0 in 2.4) and

denoting by w,, the area of unit sphere in R", we obtain

p

-1
/ u(z,t)dx < Bt'/(-p) (n - 2%) wp, — 0 as t\,0.
|z|<1

But this contradicts Lemma 2] which asserts that u satisfies either (L3) or (T4).

Hence, there are no singular solutions when p < -2 +1

Case (2): p= n—fl and ¢ > 1. In this case 32 = n, so taking

R — {l1/(a=D)+1/@=p))/n

in ([24]) we obtain
/| w(z,t)dt <t/ Py {A/n+B[1/(q—1)+1/(2—p)]/n |Int]} — 0 as t \, 0.

Hence, as in case (i) we get a contradiction.

Case (3): p > f—fl and ¢ > p— 1+ p/n. In this case ﬁ > n, so taking

R = tlat1=2)/lpla=D] in @F) gives
/ u(z,t) dre < Awyn ™" V@VRY 4 Buy, (52 — n) 1Y/ @GP grop/(2on)
) = n ni2—p
|z|<1

={An"1 + B(g%p —n) Vwptla-e=1p/ml/Pla=D] 0 as ¢\, 0.

Again, this is impossible.
Case (4): p > 2” and ¢ = p — 1+ p/n. In this case, we still have 2= > n

P )
so from (22, (-, ) E LY(R™) for all t > 0. In addition, as ¢ > 1 and u(-,t) is
uniformly bounded for every fixed ¢t > 0, u?(-,t) € L'(R"™). Hence, integrating ((L.1])
over R” yields that

(2.5) 4 u(z,t) de = —/ ul(x,t) dz vt > 0.
dt Jpn .

Define e(t) = [;, u(x,t) dt and denote by R = R(t) the positive constant such that
QBwn(ﬁ _ n)—ltl/(2—p)Rn—p/(2—p) = e(t).

Then, by the estimate (2.2,

/xKRU(%t)dx = /n u(x7t)dx—/w|>Ru(x7t)dx

> e(t) — / B @0 |3 #/2D) gy
|lz|>R

= e(t)—Btl/(Q_p)wn(pr n) T RMP/(27P) — Le(t)

l\'}
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by the definition of R(t). Consequently, by Cauchy’s inequality,

%e(t)</|w<Ru(x,t)dx< (%Rn)l_l/q(/l uqu)l/q,

z|<R

so that

/" "= /x|<Ruq = (%e(t))q(%Rn)l_q =B (e(t))1+p/nt—1

by the definition of R(t) and the equality ¢ = p — 1 4+ p/n, where By is a positive
constant depending only on p,q, and n. It then follows from (23] that %e(t) <
—Bie! P/ ()t~ for all t > 0. Integrating this inequality over (7,1] then yields
that

B{efp/"(l)—efp/”(T)} >—-BilnT  Vre(0,1).

n
Sending 7 \, 0 we get a contradiction.

Summarizing Cases (1)—(4), we conclude that (IT]) has no singular solution when

g>p—1+p/nandpe (1,2).

Remark 2.2. In case (1) of the proof, we only used Lemma 2.2] (ii) and Lemma [2.T]
so when p € (1, ng—fl), problem ([6]) has no singular solution, provided that ¢ is

2n

non-negative. In particular, (LI0) has no singular solution when 1 < p < =&

Remark 2.3. In proving the same non-existence theorem for the porous media equa-
tion uy = Au™ — w4, where ¢ > m + 2/n, in [10] (for m > 1) and in [23] (for
m € (max{1—2/n, 0}, 1)) the integral identity [, (Au™ = [u™A( for a smooth
test function ¢ plays an essential role. Due to the quasi-linear nature of the p-
Laplacian operator, this technique cannot be used here. The proof provided here is
elementary and straightforward and can be applied to the porous media equation
with absorption to show the non-existence of singular solutions. It can also be ap-
plied to the non-existence of a singular solution to (LLG]), where ¢(-) is continuous,
non-negative and satisfies liminf,, o, ¢(u)u=% > 0 for g =p — 1 4 p/n.

3. EXISTENCE OF SINGULAR SOLUTIONS

In the rest of this paper, we always assume that
(3.1) 1<g<p—1+p/n, p<2.

We remark that the first condition implies that 1 < p — 1+ p/n, i.e., p > nQ—fI

In this section, we shall establish the existence of FS and VSS for (IT]) under the
assumption (B.I). For this purpose, we cite a few known results from [6] concerning
the parabolic p-Laplacian equation for p € (ng—fl, 2).

Existence [0]: Assume that ¢(-) is non-negative and continuous. Then for any
bounded and non-negative initial data, (I8l has a unique (weak) solution.

Regularity [6]: Assume that u is a non-negative locally bounded solution of
(CE). Then both u and Vu are locally Hélder continuous with the Holder exponent
and the Holder norm depending only on p, n, and the local L* bound of the

solution.
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L bound [0 p. 127, Corollary 5.1]: Assume that u is a non-negative solution
of (LI0). Then there exists a positive constant M = M (p,n) such that for every
(z,t) € R™ x (0, 00),

(3.2)

1 t
u(x,t)SMt_l/(”‘2+p/")<— [
t 0 J|y—z|<1

Contraction Principle: Assume that ¢(-) is non-decreasing and u; and us
are solutions of (L) on © x (0,00), & C R™, such that u; < ug near the lateral
boundary 9 x (0,00). Then the function t — [,(u1(z,t) — up(x,t))dz is non-
increasing. In particular, if = R™, then the function t — [g,, |u1(x, t)—ug(z,t)|dz,
if bounded, is non-increasing in .

The contraction principle follows by multiplying (L6) by (u1 — us2)% (6 > 0),
integrating over R™, and then sending § — 0.

We can now establish the existence of F'S for (I]). In fact, we do it for (LG).

)p/ =2t tl o reen),

Theorem 3.1. Assume that ¢(-) : [0,00) — [0,00) is a continuous and non-
decreasing function satisfying, for some positive constant C,

0 < ¢(u) < Cu(l+u?t) Yu > 0.

Let ¢ > 0 be given and let {¢;(-)}32; be a c d-sequence; namely, p; is continuous,
non-negative,

/ pjdr=c and lim pj(x)de =0 Vr>0.
" 7700 Ja|2r
Let u; be the solution to (LE) with initial data u;(-,0) = ¢;.
Then lim;_,o, u; exists and is a fundamental solution of (LGl with initial mass
c.

Proof. Let uj be the corresponding solution with ¢ = 0. Since [[uf(-,t)| L1 (rn) = ¢
for all t > 0, it follows from ([B:2) that

(3.3) 0 < uf(z,t) < M(p,n, o)t/ P=24e/nl 4 41/C=p yg >,

As uj < uf, {u;} is locally uniformly bounded. Consequently, by the regularity
result [6] for locally bounded solutions of (L), the family {u;}72, is equicontinuous
in any compact subset of R™ x (0,00). Hence, we can find a function v and a
subsequence, which we still denote by {u;}, such that, as j — 0o, u; — u uniformly
in any compact subset of R™ x (0, 00). The limit function u is necessarily a (weak)
solution of (LG) in R™ x (0, 00).

Now we show that u is a fundamental solution of (@] with initial mass ¢. First
of all, by Fatou’s lemma,

/ u(x,t)dxglijmggf/ uj(z,t)dr <c¢  Vt>0.

Next, we show that for any J > 0,

(3.4) lim u(z,t)dex = c.

N0 Jz|<s
For this purpose, let {¢;(z)} be a sequence such that ¢; is continuous and com-
pactly supported in {z||z| < 6;} with lim; .., d; — 0, that @¢; < ¢;, and that
f\x|<6j ¢; — cas j — oo. Since {¢;} is a ¢ d-sequence, such {@;} exists.
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Now let @, be the solution of (L6]) with initial data ¢;. Notice that the function
BtY/(=P) gy — §;)7P/(27P) is a solution to u; = div (|Vu[P~2Vu) in {(z,t) |t >
0,21 > d;}. Comparing this function with @; in {(x,t)[t > 0,21 > d;} then yields
that 4, < Bt'/2=P) (g — §; i) »/(2=p) " By rotational invariance, we then obtain

aj(z,t) < BtY/ P (g — §;)7P/ P vt >0and |z| > 4;.

Now we estimate the total mass of @;(-,t). From the differential equation, we

have .
/ aj(x,t)de = / @j(z)dr — / o(u;) dedr.
n n 0 Rn
As u§ > u; > 1u;, we can use the L> bound of uf in (B.3)) and the assumption that
0 < ¢(s) < Cs[l + s971] to obtain
t

(o, [ 1) ([ g )

t
< ¢ / CI1 4 M=(a=D/l=24p/n] | ppy(a=1)/2p)]
0

S~
=
=
(=4
<
A

(p—1+n/p)—q

< M(pan,CaQ)t p=2+p/n VtG(O,l]
Thus, for any fixed ¢t > 0 and large j such that 6 > ¢,

/ uj(z,t)de > / ajdx
|z|<6 |z|<8

/ aj(x,t) de — / Bt?/ P | — ;| 7P/ 2P gy
n |z|>d

Y

Vv

~ (p=14+p/n)—gq

/ 85 (x) dw — NIt “vsvoin "
thp/@*P)/ (|| — 8;)~ =7 da.

|z|>6
Asp/(2—p)>nand ¢ <p—1+4 p/n, sending j — oo we then obtain

/m) 2
/ u(z,t)dx > ¢ — M(p,q,n, c){tsziip/n + 25}
|z|<é

Sending ¢t N\, 0 we then obtain (3.4)).
Finally, we show that wu satisfies (I.2]). Using the contraction principle (since ¢
is non-increasing), we have, for any t > 0,

/ (u?(x, t) = B(t +¢)Y/CP)(z) — 8)*’7/(2*”)) dx
x1>€ +

< / (u?(x, 0) — Be'/=P) (g, — 5)*1)/(2*@) do.
T1>€ +

As uf(-,0) = ¢; and f\z|zs pj(x)dr — 0 as j — oo, sending j — oo and using
u < lim sup u§, we obtain (u(z,t)—B(t+e)?>P(x;—e)"P/C7P)), = 0in {z |2, > €},
so that u(z,t) < B(t 4+ &)"/@P)(z; —¢) if z; > . Sending ¢ — 0 and using the
rotational invariance, we then obtain the estimate

u(x, t) < BtY/ =P |g| 7P/ (=p),
This shows that u satisfies (L2). Hence, u is an FS with initial mass c.
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As we shall show later, FSs are unique, so the whole sequence {u;} converges to
Uu. O

The following two corollaries follow by taking ¢ = 0 and ¢ = u? in Theorem [3.11

Corollary 3.2. Assume p € (;2%,2). Then for every ¢ > 0, (LI0) has an FS with
initial mass c.

Corollary 3.3. Assume BI)). Then for any ¢ > 0, (L) has an FS with initial

mass c.
Next we establish the existence of VSS of (LI)).

Theorem 3.4. Assume BI). Then (L)) has a VSS ue which is the limit, as
¢ — 00, of the FS of (LI) with initial mass c.

Proof. Let ((-) be any non-negative continuous function on R" satisfying [, {(z) dx
= 1. Define ¢§ = cj’”((%) for all real ¢ > 0 and all integers j > 1. Then
{gp? o1 lsac d-sequence, and we can apply Theorem B.] to obtain an FS u, of
(@TI). Since for each j, (¢ is monotonic in ¢, u, is monotonic in c. Consequently,
Uoo (X, 1) = lime_, o0 uc(2, ) exists. By the uniform estimates ([21)) and ([22) for FSs,
we know that ue(+,t) is bounded for each ¢ > 0 and satisfies also the estimates
1) and [@22). By the local equicontinuity of {u.} (since they are locally uniformly
bounded), uq, is a (weak) solution of (ILI]). Also, the estimate (22) for u = us
shows that u., satisfies (IZ). Finally, since u > u, for every c,

lim inf Uso(x,t) dz > lim Ue(z,t)de =c¢ Ve > 0.
N0 Jz|<1 ™NO Jiz)<1
Thus, ue satisfies (L3]). That is, us is a VSS of ([LI)). O

Remark 3.1. The same proof can be applied to show that (I.0]) admits a VSS when
¢ is continuous, non-negative and non-decreasing, and satisfies | < ﬁ ds < oo and

#(s) < Cs(1+ s971) for some ¢ < p—1+p/n.

4. UNIQUENESS OF SINGULAR SOLUTIONS

In this section, we prove the uniqueness of singular solutions of (LI]) under (3.]).
To do this, we first show the uniqueness of FS for (II0)), then the uniqueness of
FS for (II)), and finally the uniqueness of VSS for (LII).

4.1. Uniqueness of FS for u; = div (|[Vu[P~2Vu).

Theorem 4.1. Assume that p € (;2%,2). Then for every ¢ > 0, (LI0) has a

unique FS E. with initial mass c. It is given by
p/(p—1)y —(p—1)/(2—p)
E.(x,t) = Gt’l/k{D(c) + <|:c|t*1/("’“)) } ,
where

(p—1)/(2—p) 1/(2—p)
k=k(p,n):=p—2+p/n, G =G(p,n) = (z%p) (nk) ,

and D(c) is the unique constant such that [g, G[D(c)+ |z|P/ (=]~ (=1)/2=P) gy =
c.
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Proof. Notice that E. is invariant under the scaling
E(z,t) — E" .= BY*E(hY "Ry ht)Vh > 0
so that

E.(z,t)dx = E.(z,1)dx = cVt > 0.
R‘VL R‘VL
In addition, it is easy to verify that limys o E.(x,t) = 0 for all « # 0, and
f\a:|<1 E.(z,t)dx = f\y|<t*ﬁ E.(y,1)dy — c as t \, 0. Direct differentiation shows
that E. satisfies (II0). Hence, E. is an FS of (.I0) with initial mass c.

Next we prove the uniqueness. Assume that v is any fundamental solution of
(LI0) with initial mass ¢. We want to show that u = E.. We divide the proof into
three steps.

Step 1. Consider the family {u"}s0, where u”(x,t) = RY*Fu(h'/"F)z ht).

Direct calculation shows that each u” is a solution of (LI0). In addition, from

Remark 2.1]
/ uh(x7t)dx:/ u(y,ht)dy=c  Vh >0, t>0.

Furthermore, using Lemma 2] (ii),
u(z,t) < Bt/ (P |g|p/(2-p),

Hence, by the regularity of solutions of (LI0), the family {u"(-,1)}x>0 is equicon-
tinuous in any bounded domain of R™, so that there exists a sequence {h;}72,
satisfying h; N\, 0 as j — oo and a function u° such that ul (-, 1) — u°(-) uniformly
in any compact subset of R". As p/(2 —p) > n and u"(-,1) < B|z|7P/(?~P)  the
Lebesgue dominated convergence theorem then gives that

uli (1) — u® in LY(R™).

Let v(z,t) be the solution to (LI0) in R™ x (1, 00) with initial data v(-, 1) = u°.
Then, as both " and v are solutions of (LI0), the contraction principle shows
that, for all ¢ > 1,

(4.1) / s (-, £) — v(-,1)| g/ 5 (1) — u( 1) — 0 as § — oo,
Step 2. Denote, for each h > 0,
(4.2) 0= [ 0 - Bl

By the contraction principle, e () is a non-increasing function of ¢. Also, for any
h > 0, by the scaling invariance E, = E”,

() = / it (-, 8) — B (1) = h/* / (R W)z ity — BB )z, hi)| da

= [ty t) — B o] dy = € )

Thus e”(¢) is non-increasing in both ¢ and h. Since the initial mass of u and E, is
¢, e (t) is bounded by 2c for all h and ¢. It then follows that limy~ o €”(t) exists,
and

R — T oL (1) — T ol — i OB
}ILl{I})e (1)—}11%6 (h)—%l{r})@ (2h)—}1}{r})e (2).
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Denote the limit by €°. Then, in view of (@1l and (L2) we obtain

n

e = lim e (1) = lim [uli (-, 1) — E.(-,1)] :/ lv(-,1) = Ec(-,1)]

Jj—o0 Jj—00 R

= lim ehj(2):/n lu(-,2) — E(-.2)].

j—00

Step 3. We first show that e° = 0. Suppose to the contrary that e° > 0. We
define @ and u as the solutions of (ILI0) in R™ x (1, c0) with initial data

a(-, 1) i= max{v(-, 1), E.(, 1)}, w(,1) :=min{v(-, 1), E(1)}.
The comparison principle then gives
u > max{v, E.} > min{v, E.} >u in R" x [1,00).
Since v(+,2) # E.(-,2) and [;, Ec(-,2) = [z, v(-,2) = ¢, there are points & where

v(z,2) = E.(x,2). Thus, as u(-,2) > u(-,2),

/ @(2) —u(-2)] > / [max{o(-2), Be(-2)} - minfo(-2), Bl 2)}]
_ / 0(+,2) = Bu(-,2)] = €.

On the other hand, by the contraction principle,

[t —utal< [ e —utal= [ e - Bl =

Hence we obtain a contradiction. This contradiction shows that e® = 0.
As el(t) is non-increasing in ¢, 0 = €° = limy o €' (¢) then implies that e!(¢) =0
for all £ > 0. Thus, u = E.. The proof is completed. O

4.2. Uniqueness of FS of u; = div (|Vu|P~2Vu) — uq.

Theorem 4.2. Assume BJ). Then for any given ¢ > 0, (LI) admits a unique
fundamental solution u. with initial mass c. In addition, u. is monotonic in c.

Proof. We need only prove the uniqueness of FS. The following proof follows the
idea of [13].

Let v be an FS of (II]) with initial mass ¢. We first show that v < E.. In fact,
for every 7 > 0, let v, be the solution to (ILIQ) for ¢ > 7 with initial value v, = v on
{t = 7}. Then by comparison, v, > v for all t > 7, so that when 71 < 7o, v, > v,
for all ¢t > 79, i.e., {v;}r>0 is monotonic decreasing in 7. Consequently, the limit
function w = lim,\ o v, exists there.

By the upper bound for singular solutions (Lemma [Z2]) and local regularity of
solutions of (L), we know that for any ¢ > 0, v, (-,t) — w, as 7 \, 0, uniformly
in any compact set of R” and in L'(R™). As [;,v-(z,t)dz is a constant equal
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to [pn v(x,T)dx, which, by Remark 2.1} approaches ¢ as 7 — 0, we conclude that
Jgn w(-,t)dz = ¢ for all t. Thus, w is an FS of (L6) with initial mass ¢. By
uniqueness, w = E.. Consequently, v < lim\ o v, = E..

Let u; and uy be any two FS solutions of (L)) with initial mass ¢. Then u; < E,
for ¢+ = 1,2, so that by the contraction principle, for any ¢t > s > 0,

IN

[t -ueol < [ juts) o)

| s = B+ 1B - ualo o)1}

IN

[ {189~ watos)) + (B5) — uate o))

Sending s \, 0 we conclude that u(-,t) = ua(-,t), since all the integrals [ E.(-,s),
Jui(s,s), and [us(-,s) approach ¢ as s N\, 0. This completes the proof of the
theorem. (]

4.3. Uniqueness of VSS for u; = div (|Vu[P~2Vu) — ud.
Theorem 4.3. Assume (31)). Then problem (L) has a unique VSS.

Proof. Let us, be the VSS established in Theorem B4l We first show that us is
the minimal singular VSS solution. Namely, any VSS of (I.I)) is no less than .
Since Uy is the limit of u., we need only show that any VSS of (II]) is an upper
bound of any FS of ([I.1]).

For this purpose, let u be any VSS of (I1)). Let also ¢ > 0 be any fixed con-
stant. Since u satisfies (I4)), for all sufficiently small 7 > 0, there exists a non-
negative continuous function ¢, (-) defined on R™ such that (i) ¢,(-) < u(-,7) and
(il) fon @r(x)dz =c. Asu(-,7) < Br'/(=P)|z|7P/(=P) we have

limsup/ or(x,7)de < limsup/ BrY/ =) || =P/ C=P) gy = Ve > 0.
7\.0 |z|>e 7\.0 |z|>e

Thus {p;}r>0 is a ¢ é-family. Consequently, from Theorem B.] and Theorem [£2]
lim,\ 04" — u. where u7 is the solution of (ILI) with initial value u"(-,0) = ¢-.
Also by comparison, we have u”(+,-) < u(-,-+7) in R x (0, 00). It then follows that
te(+,t) < u. Thus, every VSS of (L) is an upper bound of every FS. Consequently,
Uso 1S the minimal VSS.

Next we show that u., is self-similar. Since u. is unique, it must be radially
symmetric. AS U is the limit, as ¢ — 0o of uc, S0 is U, radially symmetric.

Now following the same proof for the self-similarity of ©* in the proof of Lemma
23] we can show that ., is scaling invariant; namely, uo, = 7 *(uoo) for every £ > 0.
Thus u« is a self-similar solution of (IT). Consequently, from Proposition 1, we see
that ©* = us. As u* is the maximal VSS and us, the minimal VSS, we conclude
that all VSS coincide with u* = us,. This completes the proof of the theorem. [
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Note that our main Theorem [[Tlfollows from Lemmal[Z.I] Theorem 2.4 Corollary
B3l and Theorems 3.4l [4.2] and (3]
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