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We consider, for m € (0,1) and ¢ > 1, the porous media equation with absorption
ur = Au"™ —u?  in R™ x (0,00).

We are interested in those solutions, which we call singular solutions, that are
non-negative, non-trivial, continuous in R™ x [0, 00) \ {(0,0)}, and satisfy u(z,0) =0
for all  # 0. We prove the following results. When ¢ > m + 2/n, there does not exist
any such singular solution. When g < m + 2/n, there exists, for every ¢ > 0, a unique
singular solution u = (), called the fundamental solution with initial mass ¢, which
satisfies [pn u(:,t) — c as t \, 0. Also, there exists a unique singular solution
U = Uco, called the very singular solution, which satisfies fR“ Uoo (-, 1) — 00 as t N\ 0.

In addition, any singular solution is either uco or u() for some finite positive c,
U(ey) < U(ey) When c1 < c2, and u() U as ¢ 7 co.

Furthermore, uso is self-similar in the sense that weo(x,t) = t~*w(|z|t=*P) for
a=1/(¢g—-1), 8= %(q — m), and some smooth function w defined on [0, ), so that

R

is a finite positive constant independent of ¢ > 0.

1. Introduction

We are interested in singular solutions for the porous media equation with absorp-
tion
up = Au™ —u?  in R™ x (0, 00). (1.1)

Here, by a singular solution we always mean a non-negative and non-trivial solution
which is continuous in R™ x [0,00) \ {(0,0)} and which satisfies

lim sup u(z,t) =0 Ve > 0. 1.2
g sup (z,t) (1.2)
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That is, we restrict our attention to solutions having an isolated singularity at (0, 0).
A singular solution is called a fundamental solution (FS) with mass ¢ € (0, c0) if

lim u(z,t)dz = c. 1.3
fy [t (13)

A singular solution is called a very singular solution (VSS) if

lim = o0. 1.4
S u(z,t) de = oo (1.4)
Denote by §(-) the Dirac delta function. Then (1.2) and (1.3) can be written in
short as u(+,0) = ¢d(+). Typical diffusion equations without absorption, such as the
heat equation u; = Awu, the porous media equation u; = Au™, and the parabolic
p-Laplacian equation u; = div(|Vu[P~2Vu), admit only FSs (see [12]).
The purpose of this paper is to complete the following classification for all singular
solutions of (1.1), under the assumption that m > 0 and ¢ > 1:

(i) any singular solution of (1.1) is either an FS or a VSS;
(ii) when ¢ = m + 2/n, (1.1) does not have any singular solution;

(iii) when m < g < m+ 2/n, (1.1) admits a unique VSS, and, for each ¢ > 0, a
unique FS with initial mass c;

(iv) when ¢ < m, (1.1) does not have any VSS but it admits, for each ¢ > 0, a
unique FS with initial mass c.

For m = 1, the above classification was made by Oswald [18] in 1988, following
the pioneer works of Brezis and Friedman [1] on the existence and uniqueness of
FSs, Brezis et al. [2] and Kamin and Peletier [10] on the discovery of VSSs and their
existence and uniqueness, and Galaktionov et al. [8] on the stability of these singular
solutions. Recently, Escobedo et al. [7] provided a rather complete description of the
long-time behaviour of the solutions of the Cauchy problem of (1.1) (with m = 1),
which relates to the singular solutions of (1.1).

The classification for m > 1 was given by Kamin et al. [15] in 1989, following
the early works of Kamin and Peletier [11] on the existence of FSs, Peletier and
Terman [19] on the existence of VSSs, and Kamin and Veron [14] on the uniqueness
of VSSs.

In this paper, we shall prove the above classification for the case m € (0,1). In
particular, we prove the following theorem.

THEOREM 1.1. Assume that m € (0,1) and q¢ > 1. Then the following hold:
(i) every singular solution of (1.1) is either an FS or a VSS;
(ii) when ¢ = m+2/n, (1.1) does not have any singular solution;

(iii) when ¢ < m+2/n, (1.1) admits a unique VSS, us, and, for every ¢ > 0, a
unique FS, uc), with initial mass c. In addition, u(.,) < u(c,) for any c; < cz
and () = Uso aS € —> O0.
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In this direction, there are results of Peletier and Zhao [21], who proved in 1990
that when m € ((1 —2/n)4,1), (1.1) has both FS and VSS if ¢ € (1,m + 2/n)
and no FS if ¢ > m 4 2/n, and results of Leoni [16] who proved in 1996 that when
m € (0,1) and ¢ > 1, (1.1) has a self-similar VSS if and only if m > (1 —2/n)4
and ¢ € (1,m + 2/n). Here by ‘self-similar’ we mean that u has the form

u(z, ) = <j‘)aw<x|<‘;‘)aﬂ) - q—% p:=12" )

where w, defined on [0, 00), solves

n—1

(w™)" + (w™) + Bruv’ +w—w! =0 Vr>0. (1.6)

Note that the condition (1.2) is equivalent to
lim 7*/Pw(r) =0, (1.7)

T—00
if u is given by (1.5).
Classification for singular solutions has also be given to the p-Laplacian evolution
equation with absorption:

uy = div(|Vul[P72Vu) —u?  in R™ x (0,00), p>1, ¢> 1.

The classification is the same as that for the porous media equation except the
borderlines ¢ = m + 2/n and ¢ = m are replaced by ¢ = p — 1+ p/n and ¢ =
p — 1, respectively. For p > 2, the classification was given in 1992 by Kamin and
Vazquez [13] following the works of Peletier and Wang [20] and Diaz and Saa [5] on,
respectively, the existence and uniqueness of VSSs. The classification for p € (1,2)
was recently given by the current authors in [4] after establishing the existence and
uniqueness of self-similar VSSs in [3]. Recently, Leoni [17] considered an elliptic
p-Laplacian equation originating from the study of vy = V(|Vo[P~2Vv).

Our paper is organized as follows. In §2, we first show that a singular solution
of (1.1) is either an FS or a VSS. Then we provide two upper bounds for any
singular solution of (1.1), one of which has the form At~ and the other the form
B(Vt/|z|)*, u:=2/(1 —m). With these two bounds, we prove that (1.1) does not
have any singular solution when ¢ > m + 2/n by using the fact that the integral

/lI<1min{At‘“,B(\/i/|x|)”}dx

converges to zero as t — 0 when ¢ > m + 2/n, and is uniformly bounded in ¢ when
qg = m + 2/n. Also, by taking the limit, as £ N\, 0, of the solution of (1.1) with
initial value min{Ae~*, B(y/¢/|x|)*}, we show that if (1.1) has a singular solution,
then (1.1) admits a maximal self-similar singular solution u*; here, maximal means
that u* > u for any singular solution u of (1.1).

In §3, we establish the existence of the FS and VSS when ¢ € (1,m + 2/n). In
fact, we show that an FS with initial mass ¢ can be obtained as a limit of any
sequence of solutions of (1.1) whose initial data approximate the measure ¢d(-). A
VSS can be obtained as the limit, as ¢ — oo, of an FS with initial mass c.
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In § 4, we prove the uniqueness of singular solutions. We first show the uniqueness
of a FS for the porous media equation without absorption:

uy = Au'™. (1.8)

The proof relies on a blow-up technique and a scaling invariance u — u"(z,t) of
equation (1.8), where

2
u = hu(h "z, b)), ki=m -1+ o

Then we establish the uniqueness of the F'S for (1.1). From the existence proof in
§3, one derives that an FS of (1.1) is bounded by the unique FS of (1.8) with the
same initial mass, which implies that the L!'(R") difference of any two FSs of (1.1)
with the same initial mass approaches zero as t \, 0. The uniqueness then follows
from a contraction principle which asserts that the L'(R™) difference of any two
solutions of (1.1) is non-increasing in ¢.

To prove the uniqueness of VSS of (1.1), we show that any VSS is an upper bound
of any FS, 80 us, the limit of u( as ¢ — oo, is the minimal VSS; i.e. us < u
for any VSS u. With this minimality and scaling invariance of (1.1), we show that
Uso 18 self-similar. As both u* and u, are self-similar VSSs, the uniqueness of VSS
then follows, provided that we have the uniqueness of the self-similar VSS.

Finally, in §5 we show that self-similar singular solutions of (1.1) are unique,
thereby completing the proof of theorem 1.1.

For the reader’s convenience, we list some special constants used in this paper:

1 q—m 2
=TT p="—7%— #
Observe that ¢ < m + 2/n if and ounly if n8 < 1. Also, 1 < ¢ < m + 2/n and
m € (0,1) imply that m > (1 —2/n)4 and p > n.

2
= —, k=m-1+—.
1—-m n

2. Bounds of singular solutions and non-existence results

As we need to work on both (1.1) and (1.8), it is convenient to write them in a
single form,
ur = Au™ — ¢(u) in R™ x (0, 00). (2.1)

LEMMA 2.1. Let m > 0 and ¢(-) be a non-negative function defined on [0,00).
Assume that u is a singular solution of (2.1), i.e. a non-negative, non-trivial solu-
tion of (2.1) that is continuous in R™ x [0,00)\{(0,0)} and that satisfies (1.2). Then
either (1.3) or (1.4) holds. In particular, taking ¢(u) = u? (¢ > 0) we conclude that
a singular solution of (1.1) must be either an FS or a VSS.

Proof. The proof given below follows the same idea as that in [4,15].

By (1.2), for every € > 0, there exists t. > 0 such that sup|; |~ e (0. u(7,1) < e.
Multiplying (2.1) by (u — €)% (5 > 0), integrating the resulting equation over
R™ x (7,t), 0 < 7 < t < t., and sending § — 0, we then obtain, since ¢ is non-
negative,

/(u—5)+(z,t)dx</ (w—e) (z7)de, 0<7<t<L.
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Thus, [p, (u(-,t) — €)4 is non-increasing in ¢, so that there exists c. € [0, 00) U {oco}
such that

c. = lim u—¢€)y(xz,t)dr = lim u—¢e)y(x,t)de.
t [ =osmnde=fim [ =a)(e

Also, noting that c. is non-increasing in €, and sending £ \, 0, we then find that
there exists ¢ € [0, 00) U {oo} such that

c = lim ¢, = lim lim u—¢)y(x,t)dr = lim u(x,t) dz.
=0 © eNO0EN0 |$‘<1( )+(@,1) tNO S|z <1 (@)

Note that ¢ = 0 would imply, for all ¢ > 0, that c. = 0, i.e. sup,cpn u(z,t) <e¢
for all t € (0,t.), which, by the maximum principle, implies that u < e for all
(z,t) € R™ x (0,00), so that, as € > 0 is arbitrary, u = 0. Since u is non-trivial, we
must have ¢ € (0,00) U {oo}. This completes the proof. O

LEMMA 2.2. Assume that m € (0,1).
(i) If ¢ > 1 and u is a singular solution of (1.1), then, for A := a®,

u(z,t) < AT in R™ x (0, 00). (2.2)

(i) Ifu is a singular solution to (2.1) with ¢(-) > 0, then, for B := [m(1+m)u]*/?,
u(z,t) < B(Vt/|z|)* in R™ x (0, 00). (2.3)

Proof. (i) For every € > 0, the function A(t — )~ is a solution of (1.1) in R™ x
(g,00). Since u(-,¢) is in L>®(R™), comparing v with A(t — &)~ in R™ X (g, 00)
yields u < A(t — )~ in R” X (g, 00). Sending € \, 0 then gives (2.2).

(ii) Direct calculation shows that for any € > 0, the function B(t+¢)*/?(x, —¢)#+¢
is a sup-solution to v; —Av™ = 0 in {(z,t) | 1 > ¢,t > 0}. Comparing this function
with u in the domain {(z,t) | z1 > €,t > 0} then gives

w(z,t) < Bt +e)"?(xy —e) P +e forallaz >e, t > 0.

Sending & N\, 0 yields u(z,t) < Bt*/?27" for all ; > 0 and ¢ > 0. The assertion
(2.3) then follows from the invariance of the equation for w under the rotation
of z. O

REMARK 2.3. If [[ds/¢(s) < oo, then assertion (i) of the lemma can be stated
as follows. Any singular solution of (2.1) satisfies the estimate
<1
u(z,t) < a(t), wheret= / ——ds. (2.4)
a(t) ¢(8)
REMARK 2.4. If m € ((1 —2/n)4, 1), then p > n, so that, for any R > 0 and any
singular solution u of (2.1),

/ u(x,t)dxéBt“/z/ |z]7#de — 0 ast 0.
|z|>R |z|>R
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Thus, (1.3) and (1.4) are equivalent to

lim [ w(z,t)dz=c and lim [ wu(z,t)dz = oo,
t\0 Rn t\0 Rn

respectively.

With the upper bounds of singular solutions, we are ready to prove the non-
existence of singular solutions of (1.1) when ¢ is large.

THEOREM 2.5. Assume that m € (0,1), ¢ > 1 and ¢ = m + 2/n. Then (1.1) does
not have any singular solution.

Proof. Suppose for the contrary that (1.1) has a singular solution u. We consider
three different cases.

CAsE 1 (0 <m < 1—2/n). In this case, u < m, so by applying (ii) of lemma 2.2
we obtain, for any ¢ > 0,

/ u(z,t)da < Bt“/2/ || 7#dx — 0 ast\,0.
|z|<1 |z|<1

But this contradicts lemma 2.1, which asserts that u satisfies either (1.3) or (1.4).

CASE 2 (m=1—-2/n>0and ¢ > 1). In this case u = n, so denoting by w,, the
area of unit sphere in R and applying lemma 2.2(i) for |z| < R := t*/"*+1/2 and (ii)
for R < |z| < 1 yields, for all small positive ,

/ u(z,t) dz </ At~ dx—i—/ Bt"/?|¢| 7" du.
|z|<1 |z|<R R<|z|<1

<t 2w {A/n+ Bla/n+1/2)|Int|]} =0 ast\,0.
Again, as in case (i), we get a contradiction.

Case 3 ((1-2/n);x <m < 1and ¢>=m+2/n). Inthis case, u > n so, from (2.3),
u(-,t) € LY(R™) for all t > 0. In addition, as ¢ > m+2/n > 1, and u(-, ) is uniformly
bounded for every fixed t > 0, u?(-,t) € L'(R"). Hence, integrating (1.1) over R™
yields that

— u(z,t)dz = f/ ul(z,t)dz ¥Vt > 0. (2.5)

dt Rn, n

Define e(t) = [;, u(x,t) dz and denote by R = R(t) the constant satisfying
Buwy, ( — n) 2RV H = e(t).

Then, by the estimate (2.3),

/|$I<Ru(x,t) dz = /n u(z,t) dz — /|m|>Ru(x’t) da

> e(t) _/ B[ dz = Le(t)
|z| >R
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by the definition of R(t). Consequently, by Cauchy’s inequality,

q w 1—q
[z [ ws ([ ufimairs Geoe(2e)
n |z|<R |z|<R n

= Bi(e(t)) Tt
by the definition of R(t), where

-1
V1=u>0 and 1y =
nw—n k

g-m=2/n_

and Bj is a positive constant depending only on m, ¢ and n. It then follows
from (2.5) that

d
ae(t) < —Biettr(tyttre

for all ¢ > 0. Integrating this inequality over (7,1] then yields that

1 1
L) - e (1) < —Bl/ 1 dr,
1

T

Sending 7 N\, 0, we get a contradiction.
By summarizing cases 1-3, we then obtain the assertion of the theorem. O

REMARK 2.6. In case 1 of the proof, we used only lemma 2.2(ii) and lemma 2.1,
so when m € (0,1 — 2/n) (and n > 2), problem (2.1) has no singular solution,
provided that ¢ is non-negative. In particular, (1.8) has no singular solution when
m € (0,1 —2/n) and n > 2.

REMARK 2.7. Part of theorem 2.5 (the non-existence of FS in the case (1-2/n)4 <
m < 1) was first proved by Peletier and Zhao [21]. Their method is different from
ours and it relies on taking appropriate test functions in the integral identity defin-
ing weak solutions of (1.1).

As another application of the upper bounds in lemma 2.2 for singular solutions,
we now show that if (1.1) has a singular solution, then there exists a maximal
singular solution, which has to be self-similar.

LEMMA 2.8. Let m € (0,1) and g > 1. Also assume that (1.1) has a singular
solution. Then (1.1) admits a singular solution u* having the following properties.

*

(1) w* = u for every singular solution u of (1.1); namely, u* is the mazimal

singular solution of (1.1).

(2) u* is self-similar; namely, there exists a smooth function w(-) : [0,00) —

[0,00) such that u* has the form of (1.5).

Proof. For each 7 > 0, let u(7)(z,t) be the solution of (1.1) in R x (7, 00) with the
initial value

u ) (z,7) = min{ A7~ B(v/7/|z|)*} onR" x {t =7}.
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Then, as in the proof of lemma 2.2,
w7 (z,t) < min{ At~ B(vVt/|z|)"} V(z,t) € R" x [1,00). (2.6)

Consequently, for any 7, > 75 > 0, u(Tl)(-7 T1) = u(TZ)(-7 71) so that, by comparison,
ul™) > (™) in R x [, 00). Hence, lim o u(™) exists for all (x,t) € R" x (0,00).
We denote this limit by «*, which has to be a (weak) solution of (1.1), since it is
the limit of a monotonic sequence of continuous functions and belongs to L>(R"™)
by the upper bound (2.6). In addition, u* is continuous on R™ x [0,00) \ (0,0). It
then follows that u* satisfies (1.2).

To show that v* is non-trivial, we need only to show that u* > u for any singular
solution u of (1.1). In fact, from lemma 2.2 and a comparison principle, u < u(™) in
R™ X [s,00) for any 0 < 7 < s. Thus, u < u* in R™ X [s, 00) for any s > 0; i.e. u < u*
in R™ x (0, 00). Thus, u* is non-trivial and is the maximal singular solution of (1.1)
if (1.1) has a singular solution.

It remains to show that u* is self-similar. From the construction of v*, u* is radi-
ally symmetric. Note that, for any A > 0, the function 7 (u*) := A*u* (A\*Px, \t) is
a non-trivial and non-negative solution of (1.1) satisfying (1.2), so it is a singular
solution of (1.1). Since u* is maximal, u* > T*(u*) for all A > 0. Observe that
the operator 7 preserves the order; namely, if u; < ug, then T*(uy) < T (usg)
for all A > 0. We then obtain from u* > T*(u*) that 7%(u*) = T*(T*(u*)) for all
¢ >0 and A > 0. In particular, taking A = 1/¢ and using T*(T"*(u*)) = u*, we
get T (u*) > u*. Hence, u* = T*(u*) for all £ > 0. Thus, u is self-similar and can
be written in the form of (1.5). This completes the proof. O

3. Existence of singular solutions

In the rest of this paper, we always assume that
g€ (I,m+2/n), me(0,1). (3.1)

We remark that the first condition implies that 1 < m +2/n, i.e. m > (1 —2/n)4.
First we establish the existence of the FSs for (2.1).

THEOREM 3.1. Assume that ¢(-) : [0,00) — [0,00) is a continuous and non-
decreasing function satisfying, for some positive constant C,

0< é(u) <Cu(l+ui™b) Vu=0.

Let ¢ > 0 be given and let {¢;(-)}32, be a cd-sequence; namely, @; is continuous,
non-negative,

/ pjdr=c and lim pj(x)de=0 Vr>0.
" 1700 jz|>r
Let u; be the solution to (2.1) with initial data u;(-,0) = ¢;. Thenlim;_,o u; exists
and is an FS of (2.1) with initial mass c.
In particular, taking ¢(u) = 0 and ¢(u) = u?, one concludes that, for every c > 0,

both (1.1) and (1.8) have an FS with initial mass c.
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Proof. Let u$ be the corresponding solution with ¢ = 0. Since [[u$(-, )11 () = ¢
for all ¢ > 0, it follows from Herrero and Pierre [9, theorem 2.2] that

0 < uf(z,t) < M(p,n,o){t %+ 142} vt >0, (3.2)

where k = m—1+2/n. As u; < ug, {u;} is locally uniformly bounded. Consequently,
by the regularity result [6] for locally bounded solutions of (2.1), the family {u;}52,
is equicontinuous in any compact subset of R™ x (0, c0). Hence, we can find a function
u and a subsequence, which we still denote by {u;}, such that, as j — oo, u; — u
uniformly in any compact subset of R™ x (0, 00). The limit function w is necessarily
a (weak) solution of (2.1) in R™ x (0, c0).

Now we show that u is a fundamental solution of (2.1) with initial mass c. First
of all, by Fatou’s lemma,

/ u(z,t) de < liminf uj(z,t)de <c VE>0.

J—00 R

Next, we show that, for any 6 > 0,

lim u(zx,t)dz > c. 3.3
to [t (3.3)

For this purpose, let {¢;(z)} be a sequence such that ¢; is continuous and com-
pactly supported in {z;|z| < §;} with lim; .o d; — 0, that ¢; < ¢;, and that
flw\<5j ©; — ¢ as j — oo. Since {¢;} is a ¢ d-sequence, such a {@;} exists.

Now let @; be the solution of (2.1) with initial data ;. Note that the function
B[Vt/(x1 — §;)]* is a solution to v; = Av™ in {(z,t) | t > 0,21 > §;}. Comparing
this function with @, in {(z,t) |t > 0,21 > §;} then yields i; < B[vt/(z1 — 6;)]".
By rotational invariance, we then obtain

a;(z,t) < BVE/(Jz] — 6,)]* ¥t >0 and |z| > §;.

Now we estimate the total mass of @;(-,¢). From the differential equation, we

have
t
/ Uj(z,t)de = / @j(x)dz — / (t;) dedr.
n Rn 0 Jrn
As u;’ > uj = Uy, we can use the L bound of u‘; in (3.2) and the assumption that
0 < ¢(s) < Cs[l + s771] to obtain

S~
—
-

t
(a;) < < sup / aj(z,7) dm) (/ sup C[1 + (u;?)q—l]dt>
re(0,t) JrR» 0 zER™

t
< c/ Cl1+ Mt—(a=D/k _i_Mt(q—l)u/Q}
0

< M(myn, e, )t T2/m=a/k wi e (0,1].
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Thus, for any fixed ¢ > 0 and large j such that J; < 9,

/ W(;v,t)dx}/ 4 de
|| <8 |z|<o
2/ ﬁj(m,t)dx/l Bt/?(|z| — ;) " dx
n z|>4d

> / @;(x) do — MtmF2/n—a/k _ BW?/ (|z| — &;) ™" da.

|| >

As p>nand 1 < ¢ <m+2/n, by sending j — oo, we then obtain
/ w(z,t)de > ¢ — M(m, q,n,c){tmT2/m=a/k /2y,
|z| <&

By sending ¢ \, 0, we then obtain (3.3).

Finally, we show that u satisfies (1.2). Multiplying the difference of the differential
equation (1.8) satisfied by u$ and b(z,t) := B(t 4 ¢)*/?(xy —e)™* by {(ug)m -
b™(z,t)}5, integrating the resulting equation over {(z,7) | z1 >¢,0 < 7 < t} and
sending § \, 0 we obtain

/ {50~ b))y dr < / {48 (2, 0) — b(z,0)} 1 da.

x1>€

As uj(,0) = ¢; and fm% @;(x)dz — 0 as j — oo, by sending j — oo and using
u < limsup u§, we obtain {u(z,t) — b(z,t)}+ =0 in {x [ 21 > €}, so that u(z,t) <
b(x,t) if 21 > e. By sending ¢ — 0 and using the rotational invariance, we then
obtain the estimate u(z,t) < B(v/t/|z|)*. This shows that u satisfies (1.2). Hence,
u is an FS with initial mass c.

As we shall show later, FSs are unique, so the whole sequence {u;} converges
to u. O

Next we establish the existence of VSS of (2.1).

THEOREM 3.2. Assume (3.1). Let ¢ be as in theorem 3.1 and satisfy [~ ds/d(s) <
oo. Then (2.1) has a VSS uso which is the limit, as ¢ — oo, of the FS of (2.1) with
initial mass c. In particular, taking ¢(u) = u? one concludes that (1.1) admits a

VSS.

Proof. Let () be any non-negative continuous function on R™ satisfying

¢(x)dx = 1.
R7L
Define ¢§ = c¢j"((jz) for all real ¢ > 0 and all integer j > 1. Then {p$}52,
is a cd-sequence, and we can apply theorem 3.1 to obtain an FS wu(,) of (2.1).
Since, for each j, ¢§ is monotonically increasing in ¢, so is the limit u(.). Also, by
lemma 2.2(ii) and remark 2.3, u ) satisfies the estimates (2.3) and (2.4). Therefore,
Uoo (T, 1) = lime 00 u(e) (2, 1) exists, and satisfies also the estimates (2.3) and (2.4).
By the local equicontinuity of {u,} (since they are locally uniformly bounded),
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Uso is a (weak) solution of (2.1). Also, the estimate (2.3) for u = uc, shows that
U satisfies (1.2). Finally, since u > u(. for every c,

lim inf/ Uoo (2, 1) dz > lim u(ey(x,t)de =c Ve > 0.
N0 |z1<1 INO <1
Thus, us satisfies (1.4). That is, us is a VSS of (2.1). O

REMARK 3.3. In the particular case of ¢(u) = u?, ¢ > 1, construction of both FS
and VSS has been carried out in [21].

4. Uniqueness of singular solutions

In this section, we prove the uniqueness of singular solutions of (1.1) under (3.1).
To do this, we first show the uniqueness of the FS for (1.8), then the uniqueness of
the FS for (1.1), and finally the uniqueness of VSS for (1.1).

4.1. Uniqueness of the FS for uy = Au™

THEOREM 4.1. Assume m € ((1 —2/n)4,1). Then, for every ¢ > 0, (1.8) has a
unique FS with initial mass c. It is given by

Ec(xyt) = Gtil/k{D(C) + (|x|t71/(nk))2}*1/(1*m)’

where
k=m—1+2/n,  G=(umnk)*?  p=2/(1-m),

and D(c) is the unique constant such that [, G[D(c) + |22 7#/2 da = c.

Proof. The assertion that E. is an FS follows by direct verification.

We now prove the uniqueness. Assume that u is any fundamental solution of (1.8)
with initial mass ¢. We want to show that u = E.. We divide the proof into three
steps.

STEP 1. Consider the family {u"},~o where u”(z,t) = hu(h*/"z, h*t).
Direct calculation shows that each u" is a solution of (1.8). In addition, from
remark 2.4,

/ uh(x,t)dx:/ u(y, h*t)dy = ¢ for all b > 0, t > 0.

Furthermore, using lemma 2.2(ii), u”(z,t) < B(v/t/|z|)*. Hence, by the regularity
of solutions of (1.8), the family {u"(-,1)},>0 is equicontinuous in any bounded
domain of R", so that there exists a sequence {h;}32; satisfying h; 0 as j — oo
and a function u° such that v/ (-,1) — u°(-) uniformly in any compact subset of
R". As p > n and u"(-,1) < B|z|~*, the Lebesgue dominated convergence theorem
then gives that u" (-, 1) — u® in L'(R™).

Let v(x,t) be the solution to (1.8) in R™ x (1,00) with initial data v(-,1) = u°.
Then, as both ui and v are solutions of (1.8), the contraction principle shows that,
forallt > 1,

/n |uhf(-,t)—v(-,t)|</n "5 (1) —v(, 1) >0 asj— oo, (4.1)
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STEP 2. Denote

0= [ 0 - )

for each h > 0. By the contraction principle, e”(¢) is a non-increasing function of .
Also, for any h > 0, by the scaling invariance, E. = E" and

0 = [ It - B

=h | |uh'"x, hFt) — BE(hM "z, h*)| de
RTL
= / lu(y, h*t) — Ec(y, ht)| dy = e* (h*1).
Thus e () is non-increasing in both ¢ and h. Since the initial mass of u and E, is

¢, e"(t) is bounded by 2c¢ for all h and t. It then follows that lim,~ o e"(t) exists,
and

lim (1) = lim e'(h*) = lim e (2h%) = lim e(2).

hN\0 AN\ h\0 h\0

Denote the limit by . Then, in view of (4.1) and the definition of e, we obtain

e® = lim €M (1) = lim Wi (-, 1) = E.(-,1)| = / (- 1) — Ee(:, 1)
Rn

j—o0 j—oo Jrn

= lim "/ (2) :/n lv(-,2) — Ee(-,2)).

j—o0

STEP 3. We show that e° = 0. Suppose for the contrary that e° > 0. We define @
and w as the solution of (1.8) in R™ x (1, 00) with initial data

a(-, 1) := max{v(-, 1), E.(-, 1)}, u(+, 1) :== min{v(-, 1), E.(-, 1) }.
The comparison principle then gives @ > max{v, E.} > min{v, E.} > u in R" x

[1,00). Since v(-,2) # E.(-,2) and [, Ec(-,2) = [5. v(-,2) = ¢, & # max{v, E.} for
t > 1. It then follows that

[ la62) = ut,2) > [ fmax{o(.2). (. 2) - mine( 2), B )]
— [ 162~ E2)
= e°.
On the other hand, by the contraction principle [1],
|t —uta< [ jat —ueni= [ o6 - B = e
Hence we obtain a contradiction. This contradiction shows that e° = 0.

As e!(t) is non-increasing in ¢, 0 = €® = limy o e*(¢) then implies that e'(t) = 0
for all £ > 0. Thus, u = E,.. The proof is completed. O
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4.2. Uniqueness of the FS of uy = Au™ — u?

THEOREM 4.2. Assume (3.1). Then for any given ¢ > 0, (1.1) admits a unique
Sfundamental solution u. with initial mass c. In addition, u. is monotonic in c.

Proof. We need only to prove the uniqueness of the F'S. The following proof follows
an idea of [13].

Let v be an FS of (1.1) with initial mass ¢. We first show that v < E,. In fact,
for every 7 > 0, let v(;) be the solution to (1.8) for ¢ > 7 with initial value v,y = v
on {t = 7}. Then, by comparison, v(;) > v for all ¢ > 7, so that, when 7, < 7o,
V(ry) 2 U(ry) for all t > 7, i.e. {v(7)}+>0 is monotonic decreasing in 7. Consequently,
the limit function w = lim o v(;) exists.

By the upper bound for singular solutions (lemma 2.2) and local regularity of
solutions of (1.8), we know that, for any ¢t > 0, v()(-,t) = w, as 7 N\, 0, uni-
formly in any compact set of R™ and in L'(R"™). As [, v(r)(2,t) dz is a constant
equal to fRn v(x, 7) dz, which, by remark 2.4, approaches ¢ as 7 — 0, we conclude
that [p, w(-,t)dz = ¢ for all t. Thus, w is an FS of (1.8) with initial mass c. By
uniqueness, w = E.. Consequently, v < lim;\ 0 v(;) = E..

Let u; and ug be any two FSs of (1.1) with initial mass ¢. Then w; < E,. for
1 =1,2, so that by contraction principle, for any ¢ > s > 0,

[ ) = ua 0 < [ o) = usles)
< [ (a9 = BC9)| + Bel9) = uales))

= [ B = 03]+ Eel) — a9

Sending s N\, 0 we conclude that u; (-, t) = ua(-,t), since all the integrals [ E.(,s),
Jui(+,s), and [wua(-,s) approach ¢ as s N\, 0. This completes the proof of the
theorem. 0

4.3. Uniqueness of VSS for u; = Au™ — uf

THEOREM 4.3. Assume (3.1). Then problem (1.1) has a unique VSS.

Proof. Let us be the VSS established in theorem 3.2. We first show that u.. is
the minimal VSS. Since uy is the limit of (., we need only show that any VSS
of (1.1) is an upper bound of any FS of (1.1).

For this purpose, let u be any VSS of (1.1). Let also ¢ > 0 be any fixed con-
stant. Since v satisfies (1.4), for all sufficiently small 7 > 0, there exists a non-
negative continuous function ¢, (-) defined on R™ such that (i) ¢, () < u(-,7) and

(ii) fgn or(z)dz = c. As u(-,7) < B(y/7/|z|)*, we have
lim sup/ or(x,7)dz < lim sup/ BrH2|z|7Fdz =0 Ve > 0.
7N\0 |z|>e 7N\O0 |z|>e

Thus {¢;}r>0 is a cd-family. Consequently, from theorem 3.1 and theorem 4.2,
lim; 0 u” — u(,), where u” is the solution of (1.1) with initial value u"(-,0) = ¢-.
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Also, by comparison, we have u” (+,-) < u(+,-+7) in R" x (0, 00). It then follows that
ey (-, t) < u. Thus, every VSS of (1.1) is an upper bound of every FS. Consequently,
Uso 18 the minimal VSS.

Next we show that u., is self-similar. Since u(.) is unique, it must be radially
symmetric. As uy is the limit of u(., as ¢ — 00, 80 is Uco.-

Now, following the same proof for the self-similarity of «* in the proof of lemma
2.8, we can show that u is scaling invariant; namely, uo, = T*(us) for every £ > 0.
Thus, us is a self-similar solution of (1.1).

As u* is the maximal VSS and u, is the minimal VSS, we conclude that all VSS
coincide with u* = u, by the following theorem on the uniqueness of self-similar
VSS of (1.1), whose proof will be given in the next section. O

THEOREM 4.4. Assume (3.1). Then the ordinary differential equation (1.6) has a
unique non-trivial, non-negative solution w satisfying (1.7) and w'(0) = 0.

5. The self-similar solution

In this section we prove theorem 4.4. We need only to consider the initial-value
problem (1.6) with the initial value

w'(0) =0, w(0) = a. (5.1)

For each a > 0, (1.6), (5.1) has a unique solution w(r;a) (if we write w? = |w|9™ w
and w™ = |w|™ !w) and the solution is continuous differentiable in a. Since a > 1
implies that w’ > 0 in its existence interval, we need only consider the case a €
(0,1). For a € (0,1), if we denote by (0, R(a)) the maximal existence interval where
w > 0, then w’ < 0 in (0, R(a)) and either R(a) = oo and lim,_, . w(r;a) = 0 or
R(a) < oo and w(R(a);a) = 0. For more details, see [16], where Leoni proved by a
shooting argument that there exists at least an a* € (0, 1) such that the solution to
(1.6), (5.1) satisfies (1.7). In this section we shall prove that such an a* is unique.

5.1. A monotonicity lemma

Observe that w = w(r;a) satisfies
(w™) + Brw = rl_”/ p"HnB -1+ w Hwdp. (5.2)
0

It follows that, near the origin, the solution has the following expansion:
w™ =a™ — (a —a?)r?/(2n) + O(r*) asr \,0. (5.3)

To study the behaviour of the solution w(r; a), we introduce a function J, defined
by
J(r;a) == {rtw(r;a)}™.

A substitution of w™ = r~™*J into (1.6) gives

r2J" 4+ n—1=2mplr +mpu(p —n)J
+ [B/mlr ML — L (g — D] S — D Jam =0, (5.4)
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In addition, a differentiation in a gives, for J, := 0.J/da,
L(J) :=72J" +[n—1—=2mulrJ, + mu(p —n)J,
+ 601 —m)ym ™ 2rJY ™21 g, + Bm " e gL
— (g = Vp/2m)JYm=1 ], — gm~tpr(=0) jo/m=17 — (5.5)

LEMMA 5.1. If J' > 0 in a finite interval (0,r1), then pad, > rJ' in (0,r1] and
wg > 0 on [0,rq].

Proof. Applying the differential operator r(d/dr) to (5.4) and using the identity
r[r2J")" = r2[rJ']"”, one obtains

L(rJ") = p(l —q)rrt=DJ9/™ <0 in (0, R(a)).

In the interval (0,r;), write J, = C(r)rJ’. Using the expansion (5.3), we have,
for all r sufficiently small,

-1
C(r)= (,ua)l{l + (;Waquﬂ + O(r4)}.
It then follows that C(0) = (ua)~!, and C’ > 0 near the origin. Now, from the
differential equation for J, = C(r)rJ’, we have

r2C"[rJ |+ C'-- 1+ CL(rJ) = 0.

As L(rJ") < 0 and rJ" > 0 in (0,r1), we know that C’ cannot attain its first zero
in (0,71). Thus, C’ > 0 in (0,71). Consequently, J, = CrJ’ > (pa)~'rJ’ > 0 in
(0, 7’1).

It remains to show that J, > 0 at ry. For a later application, here we provide an
elaborated proof.

Let ro = min{1,7 2} and let ¢ be the solution to £(¢) = 0 in (0, R(a)) with the
initial values ¥ (r¢) = 0 and ¢’(rg) = 1. Then ¢ > 0 in (rg, 7], since between any
two zeros of ¢ there is a zero of J,. Set kg = C'rJ'|,—=r, > 0 and cg = Cly—p,.-

Now consider the function ¢ = J, — kotp. We have L(¢) = 0 in (0, R(a)). In
addition, at r = ro, ¢ = J, = corJ’ and ¢’ = {C'rJ + C(rJ") — ko' }Hy=r, =
co(rJ’). Therefore, writing ¢ = C(r)rJ’, we have that C(rg) = co, C’(r) = 0, and
C satisfies the same equation as that for C. As C”(ro) > 0 (from the differential
equation), one sees that C’ > 0 in (rg,r1). Therefore, ¢ = C(r)rJ’ >0 in [rg,71).
Consequently, J, > koip > 0 in (79, r1]. This completes the proof of the lemma. O

For convenience, we define
A= {a € (0,1) | there exists Ry(a) € (0, R(a)) such that J'(Ry(a);a) = 0},
B= {a € (0,1) ‘ J'(-;a) >0 in (O,m),rlig)loJ(r;a) < oo}7
C= {a €(0,1) ‘ J'(:;a) > 0 in (O’OO)’TIEEO J(r;a) = oo}.

Since J’ > 0 near the origin, if a € (0,1) is not in A, then J’ > 0 in (0, R(a)), which
implies R(a) = oo, so that a € BUC. Thus, A, B and C are disjoint to each other
and AUBUC = (0,1).
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5.2. Characterization of the set A

LEMMA 5.2. Let a € (0,1). The following statements are equivalent:
(i) a € A;

(ii) there exists Ry € (0, R(a)) such that J" > 0 in (0, Ry(a)), J"(Ri(a);a) <0
and J' <0 in (R1(a), R(a));

(if) Sup (o, ray J < J* = [2m(n—n)/(q = DI/ O;
(iv) there exists r1 € (0, R(a)) such that [j* p" ' (Bn —1+w? Hwdp < 0;
(v) &(
(vi) R(a) <

a) < oo and (w™)'(R(a);a) < 0;

Proof. (i) = (ii). Let (0, R1(a)) be the maximal interval where J’ > 0. Since a € A,
Ri(a) < R(a) and J'(Ri(a);a) = 0. We claim that J”(Ri(a);a) < 0. In fact, if
J"(R1(a);a) = 0, then by differentiating (5.4) with respect to r and evaluating the
resulting equation at r = Ri(a), we obtain J"'(R1(a);a) < 0. This contradicts the
fact that J' > 0 in (0, Ry). Thus, J"(R1(a);a) < 0.

Next we show that J' < 0 in (Ry(a), R(a)). In fact, if this is not true, then
there exists Ra(a) € (Ri(a),R(a)) such that J'(Ra(a);a) = 0 and J' < 0 in
(R1(a), R2(a)). By evaluating (5.4) at r = Ry (a) with J'(Ry;a) =0, J”(Ry;a) <0,
and at r = Ry with J'(Rg;a) = 0 and J”(Rz;a) > 0, and using the definition

rmiw™ = J, we obtain
[(q - 1):“’/2 + wq_l)Jl/m_llr:Rl(a) < mM(M - n)
<[(g=Dp/2 4w IV gy (5.6)
But this is impossible, since J(Ry;a) > J(R2;a) and w(Ry;a) > w(Rse;a). Hence,
J' < 0in (Ry(a), R(a)).

(ii) = (iii). Note that the maximum of J is obtained at r = Ry (a), so the assertion
follows from the first inequality in (5.6).

(ili) = (iv). Assume for the contrary that [ p"~'(8n — 1+ w? )wdp > 0 for
all » € (0, R(a)). Then from (5.2), for all » € (0, R(a)), (w™)" + Brw > 0. Upon
integrating this inequality over (0,r) we obtain

w(r;a) = {am_1 + ﬁr2/(mu)}_1/(l_m) vr € (0, R(a)).
It then follows that R(a) = co and that

J :=liminf J = lim inf(r#w)™ > 0.
T—00 r—00
Note that either J’ > 0 in (0, 00) or, if J' changes sign, then a € A, so that J' < 0
in (R1(a),00). In either case, we have lim,_,», J = J and liminf, o |rJ'| = 0.
Let {r]} 1 be a sequence such that lim;_,., r; = 0o and hm]_)oo(r.] Mr=r; = 0.
We claim that {r;} can be selected such that, in addition, lim;_, e (r*J")|,— —r; = 0.
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In fact, if |rJ’|, which is positive for all large r, oscillates infinitely many times,
then one can select {r;} to be local minimum points of |rJ’'| so that 0 = (rJ') =
rJ" +J on {r;}. That is, lim;_,o (r?J")|,—, = —lim(rJ’)|,—,, = 0.

If |rJ'| does not oscillate infinitely many times, then |rJ'| eventually monotoni-
cally decreases to zero, so that one can select {r;} along which r(r|J’|)" approaches
zero; namely, r2.J" = r(rJ')’ — r.J’ approaches zero along the sequence {r;}.

Now by evaluating (5.4) at r; and sending j — oo, we obtain J = J*, contradict-
ing the assumption that sup,.c gy J < J*

(iv) = (v). Since the function z = fn — 1+ w91 is strictly decreasing in (0, R(a)),
ol p 72w < 0 implies that z < 0 for all r € [r1, R(a)). It then follows that, for
some § > 0, [ p" " H(Bn — 14+ w? H)w < =§ in [r1, R(a)). Consequently, from (5.2),

(w™) < —frw — 6" Vr € [r1, R(a)). (5.7)

If n =1, then (w™)" < —¢ in (r1, R(a)) and assertion (v) is trivially true.
If n > 2, then 2/n € (0, 1], so by using the inequality

ﬂrw + 6T1_n > (ﬁrw)l_Q/"(rl_"(S)z/” — ﬁl—Q/n(SQ/nwl—2/nT—l’
we obtain from (5.7) that, for all r € (r1, R(a)),
_(wm)/ > 6172/7152/”?"7111)7“(17”), (58)

where v = 2(u — n)/(mnp) > 0. Multiplying both sides of (5.8) by w™*~1 and
integrating over [r1,7), 7 < R(a), one immediately concludes that R(a) < co. In
addition, it follows from (5.7) that (w™)'(R(a);a) < 0.

(v) = (vi) is trivially true.

(vi) = (i) is also trivially true since w(R(a);a) = 0 implies that J = (r#w)™ has
an interior maximum in (0, R(a)). This completes the proof of the lemma. O

THEOREM 5.3. There exists a, € ((1 — Bn)'/@=V 1] such that A = (0, a.).

Proof. When a € (0,(1 — 8n)Y/@=V] w(r;a) < a for all » € (0, R(a)), so that
lemma 5.2(iv) holds. It then follows that a € .A. Thus, (0, (1 — gn)'/(@=1] € A.
For any given a € A, since J”(R;(a);a) < 0, an implicit function theorem then
yields that the J'(Ri;a) = 0 has a local unique C! solution Ry = Ri(a) in a
neighbourhood of a. Thus, A is open and R;(a) is C! in A. Furthermore, defining
m(a) = J(R1(a);a), we have
d ,d
dam(a) =7 da
To finish the proof, we need only show that, if (a1,a2) € A and a; > 0, then
a € A.
In fact, by the continuous dependence of initial data,

Ri+J,=J,>0 forallac A

sup  J(r;ay) < limsupm(a) < m(3 (a1 +a2)) < J*,
re(0,R(a1)) aN\a

so that, by lemma 5.2(iii), a; € A. This completes the proof of the theorem. O
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5.3. Characterization of the set C

LEMMA 5.4. Let a € (0,1). Then a € C if and only if sup,¢ (o ray) J > J*

Proof. The ‘only if” part follows from the definition of C. Now, if sup,¢ (o p(a)) 7/ >
J*, then, by lemma 5.2(iii), a € A, and so a € C U B. However, if J := lim,_, o J is
finite, then one can find a sequence {r;} along which rJ’ and r2.J" approach zero.
This implies, from equation (5.4), that J = J*. But this contradicts the assumption
that Supre(oﬂ(a)) J > J". O

THEOREM 5.5. There exists a* € (0,1) such that C = (a*,1). In addition, for every
a € C, there exists k(a) > 0 such that
lim r/Pw(r;a) = k(a).
700
Furthermore, k(a), as a function of a € (a*,1), is positive, continuous, strictly
increasing, and
lim k(a) =0, lim k(a) = co.
aN\a* a1
Proof.

STEP 1. We first show that C is open and non-empty. Since a € C if and only if
SUP,c(0,R(a)) J(T70) > J*, by the continuous dependence of initial data, C is open.
Also, as lim, ~ w(r;a) = w(r;1) = 1 uniformly in any compact subset of [0, c0),
limg 1 J((2J%)Y ()5 q) = 2J* so that (1 —¢,1) C C for some sufficiently small
positive .

As A= (0,a.), [ax, 1) € BUC, so that J' > 0 for all € (0,00) and all a € [a,,1).
Consequently, by lemma 5.1, J, > 0 for all » € (0,00) and all a € [as,1). This
implies that C = (a*, 1), where a* = inf{a > a, | lim, o J(r;a) > J*}.

As a by-product, B = [a.,a*]| = {a | J(r;a) S J* as r — oo}.

STEP 2. We now study the behaviour of the solution w(+; a) for a € C. For simplicity,
we write w(r;a) and J(r;a) as w(r) and J(r), respectively.
Let 7 = Inr. As w is positive, we can write

w(e™) = w(1) exp (- /O A(7) d%).

Since w’ < 0 and J' = r™*~Lr(w™) + mpw™) > 0 for all r > 0, we have 0 <
A(T) < p for all 7 € (—o0, 0).
By substituting this transformation into (1.6) and using the relations

d d 9 d2 d2 d Y i et
TE_E, r@—ﬁ_g and rTTw _J ,

we obtain, on denoting d/d7 by a superposed dot,
/i = F(A,T) = mA? + (2 — n)A + m_l[l — BA— wq—l]Jl/m_l.

Here we consider A as an unknown function whereas w = w(e”) and J = J(e")
as known functions of 7.
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Since a € C, as 7 /0o, w \(0 and J 7 co. It then follows that, for any € > 0,
there exists 7. > 0 such that F(A,7) > 0 for all A € (0,(1 —¢)/8], 7 > 7 and
F(A,7) < 0forall A € ((1+4¢)/6,u], 7 > 7. It then follows from an invariant
region argument that

1
lim A(r) = —.

T—00 3

STEP 3. Next, we show that, as 7 — 0o, A approaches 1/ exponentially fast, with

an exponent of at least
1 . [q—1 1— m}
vV = 5 min ,2— .
2 { B B

1 eV(T—T)
A () ==|1-
D=5 { 2 }
defined on [T',00). We want to show that A~ is a subsolution to A = F(A,7) in
[T, o) provided that T is sufficiently large.
First let T be large enough that w?=*(e’) < § and A(7) > 1/(23) for all 7 > T.
Then

wi™(e™) = wit(eT) exp <—(q - 1)/T A) < %e”(T_T) for all 7 > T.

Consider the function

Next, taking a larger 7T if necessary, we assume that A(7) < 1/8+ (u—1/8)
for all 7 > T. Then

st = gmtenenf [ 0 mn)

T
2 Jl/m—l(eT)el/(T—T) 7 2 T.

Thus, {1-BA~—wI~(e™)}J/m=1(e7) > LJV/m=1(eT) for all 7 > T. Consequently,
forall 7 > T,

d sv+n 1

AT — F(A™ < 1/m—-1,.T T
e (A7, 7) 5 o)) <0 ¥r>

if we take T large enough, since J(el) — oo as T — oo.
Comparing A(T) to A~ (7) in [T, 00), we find that

A(T) > A~ (1) = %(1 — 1= i [T, 0).

In a similar manner, we can show that

A(T) < At () = % {1 + ;<u — ;)e"(T_T)}

Therefore, |A —1/8] < pe’T=7). Consequently, as r — oo,

B (r) = w(l)exp{— /Olm </1 — ;)} — w(l)exp{— /000 (/1(7') - ;) dT}

=: k(a).
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Since (w™), = r~™*J, > 0in (0, 00), we then know that k(-) is positive, continuous
and non-decreasing on (a*, 1).

Since A(7) approaches 1/3 exponentially fast, we have, as r — oo, r(r'/fw)’ =
0(r—v).

Recall from lemma 5.1 that J, > 1/(ua)rJ’, which implies that

Wa > — [ + 1],

(
1
ua

ie.
() > ol = 18w+ (),

Hence, for any a* < a1 < as,

az

k(az) — k(a1) = lim /P, da

T—>00 a1
az _ 1
> lim / Mrl/ﬁw da
r—oo Jo. ua
1 az
= M/ k(a) da.
pna a

Thus, k(-) is strictly increasing.

Now if limg~ o+ k(a) > 0, we can derive that sup,-or™*w™(r;a*) > J*, which
would imply that a* € C, contradicting the definition of a*. Hence, limg\ o+ k(a) =
0.

Finally, one can show that, if K = r'/fw obtains a local maximum, say, at
r =17y, then at r =7y, K’ =0 and K” < 0 (if K” = 0 then one can get K" < 0,
which contradicts K’ > 0 in (0,71)), i.e. Brw’ +w = 0 and r2w” < (1 + 3)/(8*)w.
Substituting this information into (1.6) then yields

K(risa) < K* = {mp~(q —nf)}/ (7).

Hence, if the value of K exceeds K*, then K increases monotonically thereafter. It
then follows from w(r;1) = 1 that lim, ~ k(a) = co. This completes the proof of
the theorem. O

5.4. Characterization of the set B

THEOREM 5.6. B = {a.} = {a*} and J(r;a*) /' J* asr /0.

Proof. From the previous discussion, we know that B = [a.,a*], and that, for all
a€ B, J, >0forallr>0and J(r;a) S J* asr 7 oo. It remains to show that
ax, = a”*.

We claim that if a € B, then lim,_, Jo(r;a) = oo. _

To show this, we use the independent variable 7 = Inr. Note that rJ' = J van-
ishes as 7 — oo. The linear operator £ in (5.5) takes the form

L(§) = ¢+ [b+o(1)]d — [c+o(1)]9,
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for 7 sufficiently large, where o(1) — 0 as 7 — oo, b is a certain constant and
c=2(u—mn). As ¢ > 0, it is easy to see that the solution to L(¢1) = 0 in (7', 00)
with initial value ¢1(T) = 0, ¢1(T) = 1 with T large enough will have the property
that ¢; — oo exponentially fast as 7 — oo.

Note that the function 1 constructed in the proof of lemma 5.1 is positive in
(ro,00). As J, and 1 are linearly independent, one of them will be unbounded.
Since J, > kov, we then know that J, — oo as r — oo.

Finally, we show that a* = a,. In fact, if a* > a., then, by Fatou’s lemma,

0= TILHOIO(J(T; a*)—J(r;a.)) = Tl;rrgo ’ Jo(r;a)da > /a lirrgggf Jao(r;a) da = oo,
which is impossible. This completes the proof of the theorem. O
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