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Abstract
In this paper, we study the Cauchy problem of a cubic autocatalytic chemical
reaction system

Ui =ty — ulul, Uy, = duy oy +uSul
with non-negative initial data, where the exponents «, 8 satisfy 1 < o, 8 < 2,
o+ B = 3 and the constant d > 0 is the Lewis number. Our purpose is to study
the global dynamics of solutions under mild decay of initial data as |x| — oo.
We show the exact large time behaviour of solutions which is universal.

Mathematics Subject Classification: 35K57, 35B40, 35Q99, 80A25

1. Introduction

In this paper, we study the Cauchy problem of the chemical reaction system

Uiy = Ulxx — u‘fug, (D

Uz = duy vy + u'fug )
with non-negative initial data
u(x,0) = ar(x), wuz(x,0) =ax(x), ai(x), ax(x) € L'(R) N L®(R) 3)

of arbitrary size, where the exponents «, 8 satisfy 1 < «, 8 < 2, « + 8 = 3 and the constant
d > 0 is the Lewis number. Our purpose is to study the global dynamics of solutions under
mild decay of initial data as |x| — oo.
The system (1)—(2) arises as a model for cubic autocatalytic chemical reactions of the type
aA+ BB — 3B

with isothermal reaction rate proportional to u‘i‘ug . Here, u, is the concentration of reactant
A, u; is the concentration of auto-catalyst B. The simple power rate is obtained by the usual
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assumption of exponential dependence on the temperature rise in flame systems. Such a system
is also used to model thermal-diffusive combustion problems (see [7]). For recent works on
similar systems with applications in mathematical biology (see [8]).

The system (1)—(2) on a bounded domain is well-studied in the literature, in particular, see
Alikakos [1], Hollis et al [10], Martin and Pierre [12] and Masuda [13]. Among other things,
the authors established boundedness, global existence and large time behaviour of solutions.
For homogeneous Dirichlet or Neumann boundary conditions, the large time behaviour is that
(u1, up) converges to a constant vector (ci, ¢z) such that ¢ - ¢; = 0 (see Masuda [13]).

More recently, Billingham and Needham [4, 5] showed the existence of a travelling front,
again for the case of « = 1, 8 = 2, using a shooting argument and phase plane methods. In
addition, the large time behaviour of solutions is also studied by formal methods and numerical
computation by the authors.

Most recently, motivated by thermal-diffusion models with Arrhenius reactions [2, 14],
Berlyand and Xin [3] and Bricmont et al [7] considered system (1)—(2) with initial data (3)
that have sufficient polynomial decay at infinity for the case of « = 1 and 8 = 2. The authors
of [7], in particular Bricmont and Kupiainen [6], along with Goldenfeld et al [9], pioneered the
application of the renormalization group (RG) to nonlinear parabolic equations. In[3,7], upper
and lower bounds by self-similar profiles were established and, more importantly, the exact
large time self-similarity of solutions with initial data decaying sufficiently fast as |x| — oo
was proved.

We will now give a very brief description of some underlying ideas on the application of
the RG to nonlinear parabolic equations. The RG was first developed in physics in the study
of quantum electrodynamics (QED) and quantum field theory (QFT) with an infinite number
of degrees of freedom in dealing with difficulties such as the infinite electromagnetic mass of
a point-like electron, the infinite energy density ground state (vacuum), etc. Its application
in nonlinear parabolic equations involves, e.g., the study of the global existence or blow-up,
asymptotic or spatial-temporal profiles of solutions when  — oo for

U = Uy, + F(u, uy, uxx)v M(X,1)=¢(.X) (4)

In many cases (4) exhibits some scaling laws and a certain universality, i.e. the existence
of solutions of the form

~ 2 (22
u(x,t) ~t f ( \/;>
where p and f* are independent of initial conditions or even the form of the equations. The
RG method transforms the problem of large time limit into an iteration of a fixed time problem
from 1 to a fixed time interval L > 1 followed by a suitable scaling that produces a new
problem similar to the original one. The scale-invariant solution emerges then as a fixed point
of a map in the space of initial data, the RG map and stability analysis becomes the analysis
of the stability of the fixed point under the RG. For example, the form of (5) suggests that

up(x,t) = LPu(Lx, L?1),

where u solves (4) with the initial data ¢. The RG map is then RG(¢)(x) = uy (x, 1) and uy,
satisfies

ast — 0o, (5)

up=up e+ Frup,up v up xx),
with Fy(a,b,c¢) = L*PF(L™Pa, L~'"Pb, L™>7Pc). Note that if F = a?, then F; =
L**P~P4q4, For the solutions that decay like the heat kernel, i.e. p = 1, g = 3 makes F, = F
while if ¢ > 3, F; is smaller than F with a fixed proportion. This makes the nonlinearity of
degree 3 critical (marginal in the RG literature) with respect to the heat equation. If we let
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RGy» ., ur» denote the nth iteration of the RG map and the nth iterated solution, then we
have

Wpng = Upn xx + Fpo(Upn, Upn o, Upn xx)
and the definition of RG maps implies

— /2 X

u(x,t) =1t""?RGpr p,, (§) (ﬁ) , (6)

by letting t = L*".
Now the key is of course to show that there exists p such that

FL” e F*, RGL”,FLn (¢) e f*, (7)
where RGy g« f* = f* is the fixed point of the RG, corresponding to the scale-invariant
equation

Up = U + F7 (0, 1y, ). ®)

That is the long-time behaviour is translated into a stability of the fixed point of RG map (more
can be learned in [16]).

Now we give a detailed description of the main result of [7] in what follows. Suppose
(a1, ay) € B x B, where B is the Banach space of continuous functions on R with the norm

IFI=suplf I +1xDe, ¢ > L. ©)
xeR
Let ¢4 be the Gaussian
1 2
— —x%/4d
= ——¢ .
Y= Jira

For A > 0, let {4 be the normalized ( f 1//% (x)du(x) = 1, see below) first eigenfunction of
the differential operator

on L*(R,du), with du(x) = e*’/4dx and let E,, which is positive for A > 0, be the
corresponding eigenvalue, then the main result of [7] is as follows.

Theorem (Bricmont, Kupiainen and Xin). Suppose o = 1, f =2, (a1, a2) € B x B and
ai 20,a;, #0,i =1,2. Let A = fR ay(x) + ax(x) dx, which is conserved in time. Then
the system (1)—(2) has a unique global classical solution (u(x,t), u>(x,t)) € Bx BVt > 0.
Moreover, there exists a q(A), which is an increasing function of A and tending to oo as
A — 00, such that if g > q(A) in (9), there is a positive number B depending continuously
on (a1, ap) such that

e 54wy (Vi 1) = BYa ()l = 0,

It 2ur(Vi-, 1) = Ada ()] — 0
ast — oo.
Remark. As was pointed out in [7], the extra decay power E, in time is due to the critical
cubic nonlinearity of the system (1)—(2). In others word, the scaling law which works for

non-cubic nonlinearity no longer works for cubic nonlinearity, and thus the appearance of the
anomalous exponent E 4.

In this paper, following the work of [7] we continue to investigate the critical cubic
nonlinearity (i.e. « + 8 = 3) of the system (1)—(2). The main result of this work is the
following theorem.
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Theorem 1. Suppose 1 < «, B < 2anda+ = 3. Consider initial data (a;, ay) € Bx B and
a; 20, a; #£0,i =1,2, where g > 1 is fixed. Let A = fRal(x) +ay(x)dx > 0 be the total
mass, which is conserved in time. Then the system (1)—(2) has a unique global classical solution
(ui(x, 1), uy(x,t)) € B x BforVt > 0. Furthermore, there exists B = B(A,d,a, ) > 0
such that
1"/ Qog )" Vuy (V- 1) — B¢ ()] — O, (10)
" 2ur (V1. 1) = Aga ()| = 0O (11)

ast — oQ.

Remark. Unlike the case of « = 1 and 8 = 2, where the value of B is not explicit, we know
the precise value of B. The exact expression of the constant B is as follows:

ddP (o + B/d)" >\
B= :
( (a — AP )

(12)

Remark. The asymptotic of the solution is in a certain sense universal since the large time
spatial-temporal profile is independent of the decay rate at |[x| = oo and the size of the initial
data except for its apparent dependence on the total mass. In addition, the constant B depends
explicitly on the known parameters A, d, o and S.

Remark. The log¢ term in (10) is not out of a simple scaling argument, rather it is the
by-product of the critical cubic nonlinearity and competition between diffusion and mass
transfer. The power of log ¢ is an anomalous exponent.

Remark. In order to understand intuitively why the asymptotic stated in theorem 1 holds, let
us consider a more general case of @, 8 > 1. If « + 8 > 3, it can be shown as in [3] that
both u#; and u, go to zero like the solution of pure diffusion as t — oco. For o + B < 3, one
can apply the maximum principle and a simple a priori estimate to bound u,; by i, which is a

solution of
X
iy =l — O [ 17@P=D2gh (—))ﬁ.
o ( “\vi

Then, by applying the Feynman—Kac formula, one obtains
i < exp(=0 (PP (13)

for |x| < O(/1). For |x| > O(«/1), one gets diffusive behaviour, depending on the rate of
decay, as |x| — oo of the initial data. Next, by inserting the fast decay (13) for #; in (2), one
shows the nonlinear term is insignificant and that u, diffuses to zero. Clearly, the critical case
of o + B = 3 is the most delicate and interesting one. In particular, instead of (13), one gets
exp(—O (loglogt)), which, after detailed analysis, gives rise to (10).

Remark. In comparison of our result with that of Bricmont et al [7], it can be shown that

(i) For our case, only the minimum requirement on the decay of initial data as |x| — oo is
needed, the decay rate is independent of the total mass A, unlike the case in [7] where the
decay rate is related to A. We believe our result is optimal. But our method fails for their
case.

(i) The appearance of log ¢ indicates the analysis is more involved and subtle. In particular, it
is well known in the scientific computation field that a scaling of log ¢ is hardly detectable
in computation.
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(iii)) The nonlinear dependence of 1, in addition to the cubic nonlinearity, is solely responsible
for the log ¢ term arising, the power of which tends to infinity as « — 1. This may explain
the appearance of the extra decay power of ¢ in the limiting case of « = 1.

Remark. To model chemical fronts (flames) propagating down a tube, one has to feed the
system at one end of the tube or in an idealized situation at spatial infinity by specifying a
non-zero value of u; or u,. But when the feeding is turned off at a later stage of the reaction
process and leaves the system to relax freely by itself, the decaying initial condition emerges.
Therefore, the dynamics of the present case is vastly different from the case where travelling
front solutions develop. In that case, the front solutions in general undergo transitions to chaos
as the Lewis number d is sufficiently large or the order of autocatalytic reactions is high enough
(see Sivashinsky [18] and Metcalf ef al [15]). For a more detailed description, see [7]. But
for the critical nonlinearity case studied in this work, we know the exact global dynamics of
the problem, a rare treat in nonlinear problems. Our result is in spirit similar to the decay of
turbulence results in fluid dynamics for the incompressible Navies—Stokes equations [11, 18].
However, for such problems, only decay rates of solutions in proper Sobolev norms are known.

The plan of the paper is as follows. In section 2, we derive a priori estimates on the
solutions of the system (1)—(2) which are similar to the case of « = 1, § = 2 as in [7] and that
of [13] for a bounded domain. But the extra freedom of choice for «, 8 means the estimates
are a bit more involved. These estimates directly imply the solution is a global, classical
solution. In section 3, we derive key decay estimates using the maximum principle and a
careful construction of a super-solution. In section 4, we use the RG method to find the exact
large time dynamics of the solution. In particular, we give a rigorous proof that the RG map
converges as is claimed.

Throughout the paper, || - ||, stands for the L”(R)-norm of a function and || - || the norm
defined in (9). Also, for simplicity of notation, we shall not distinguish generic constant C
from line to line.

2. A priori estimates

In this section, we show that there is a uniform bound in time of the L? (R)-norm, 1 < p < oo,
for both u; and u,. Then, it follows from the classical theory that the solutions (i, u;) are
smooth and exist globally in time.

First, we have the simple lemma as follows.

Lemma 1. The solutions (i1, u,) satisfy the following L' estimates:

</(u1+u2)dx> (t):f(a1+a2)dx, (/ uldx> (t)g/aldx fort >0,
R R R R
~ (14)
(/ Uy dx) @) > / a, dx fort >0, / / u‘;‘ug dx dt < +oo.
R R 0o JRr

Proof. By integrating (1)—(2) over R x [0, 7], we get

t
/ul(x,t)dx:/al(x)dx—f /u;’ugdxdr, (15)
R R 0 R

t
/ug(x,t)dxz/az(x)dx+/ /u‘fuzﬂdxdt. (16)
R R 0o Jr

Together, (15) and (16) give the result of lemma 1. QED
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Next, using the maximum principle directly, we have the following result.

Lemma 2.

0 <ui(x, 1) < llailloo, vt > 0,

0 <uy)(x,t) <up(x,t), vVt > 0,

where u, is a solution of
Uy, =duy s Uy =0 = ar(x),
up(x,t) <up(x,t), vt > 0,

where u; is a solution of
= i — W, =0 = a1 ().

The key estimates of this section are stated in the following lemma.

Lemma 3. The solutions (uy, uy) of (1)—(2) are uniformly bounded in time in L? (R) norm:

G Oller + luz(, Ol < Clar, az, p) < 00, 1< p<oo, a7

where c(ay, az, p) is a constant depending on the initial data and p is a positive integer.

Proof. It is clear by lemmas 1 and 2 that we only need to prove the bound for u,. By standard
local existence theory, all L”(R)-norm of (u, u,) and the L?(R)-norm of (u;, us,) are
finite and continuous in time. Therefore, we can freely integrate by parts in what follows. By
multiplying (2) by pu} ~! with p = 2, integrating over R x R*, we get

t t
/ uh dx = / ay dx — d/ / p(p — l)uixug_z dxdt +/ / pu‘i’ugw_l dxdz. (18)
R R 0 JR ’ 0o Jr

In addition, with the help of integration by parts, we have the identity
d
I '/R(u% +u1)u§ dx
= /(1 +2u1) (U xx — u‘fug)ug dx + / (uf + ul)pug_l(duz,xx + u‘fug) dx
R R
= —2/ u? uf dx — /(1 + 20 )uy cun  pul ! — /(1 +2u)uubul dx
R R R
~d [ 2™ = d [ e p( - Dud i ax
R R

+/(u% +u1)pu§_lu‘fu2ﬁ dx
R
=I+0+II+I1V+V+VI (19)

It is clear that

T+ +1V < (14 2]|ar]ls)(1 +d)/ |ul,xuz,x|pu§_l — 2/ ui ub dx
R R
< / u%xug dx + C(Jlai ]l co> p)/ u%xu§72 dx — 2/ u%xué7 dx
R R R

2 p-2 2
<C(||a1||oo,p)/u2,xug dx—/‘ul’xugdx.
R R
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Moreover,

N
o

I < —/ u‘i‘uzﬂug dx, Vv
R
and
—1
VI < (llar]loo + ||a1||§o)/ P”‘f”g”g dx.
R

Integrating (19) from O to ¢ yields

t
(/(u%+u1)u§dx> (1) < /(alz+a1)a§dx+C(p,al)/ /u%,xugfzdxdr
R R 0 JR

t
—1
+(||a1||oo+||611||§o)/ /u‘i‘ugpug dxdt
o JR

t t
—/ /uq'ugug dxdr—/ /u%yxugdxdr. (20)
0 JR 0 JR

The combination of (18) and (20) then gives

t
p 2 p-2 2 P o, B+p
/Ru2+/ A(uz,xuz +uyu; +ufu, )dxdr
0

t
< Clar, as, p) <1+f /uﬁu’j*?*ldx dr). 1)
0 JR

For p = 1, we will proceed as in lemma 2.3 of [7]. First, letting p = 1 in (19) we obtain

d 2 2 o, ptl
— | uy+upurdx = =2 | uy urdx — | (1+2up)uyuz, — [ (1+2upufu,  dx
dt Jr R R R
—d/(l+2u1)u1,xu2,xdx+/(u%+u|)u‘f‘ugdx
R R
< —2/ u%’xuzdx+C(a1,a2)/(|ulyxu2,x|+u‘i‘u§) —/u‘fugﬂ dx
R R R
< —2/Ru§,xu2dx+C(a1,a2)fR(e*1|ul,x|2+e|u2,x|2+u7u§)

- / WP dx (22)
R

for any € > 0. Now integrating the above inequality (22) from O to ¢ gives
t
/ (U3 +up)uy dx + / / Qut uy + u‘i‘u?“) dxdr
R 0o JR ’

t
< Clar, az) (1 +f /(e—1|u1,x|2+e|u2,x|2+u‘fu§)) dx dr. (23)
0 JR
With the help of (18) when p = 2 we obtain

t t
Zd/ /ug dxdr < / a? dx+2/ /uq‘ug“ dx dr. (24)
0 JR R 0 JR

Similarly by multiplying (1) by 2u, integrating over R x R*, we get

t t
/u%dx:/afdx—zf fuixdxdr—zf fu‘f“ugdxdr, (25)
R R o Jr 0o JR

which implies that

t
2/ /u%xdxdrgfafdx. (26)
0o Jr R
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Combining (23)—(25) with sufficiently small € gives

/ /(u“ I 4 u? up)dx dt < Clay, az) <1+/ fu ul dxdr) (27)

Clearly, a simple induction on p with the help of (18), (21), (27) and lemma 1 give the desired
uniform bound for u,. This completes the proof of the lemma. QED

Lemma 4. The following estimates for the derivative of (u1, uz) of (1)—(2) hold if t > ty > 0:
lur G Oll2 + a5 D2 < Clar, a2) < 00, (28)

where ty > 0 is arbitrary.

Proof. Once we have the L? estimates for u, u, the derivatives’ estimates follow by standard
techniques. For the sake of completeness we state the details here. First, multiplying (1) by
1 and integrating on R imply

d
—/ufdx+/ufxdx<0.
dr Jr R

Integrating the above inequality over [0, 7] gives

t
fu%dx+/ /u%xdxdrgfalzdx.
R 0o Jr R

Similarly, we have

t t
fu%dx+/ /u%xdxdrgf /u"‘u2ﬂ+ldxdr+/a§dxgC(al,az)
R o JR 7 0 R

by lemma 3. By Fubini’s theorem, there exists 0 < #; < #y such that

< / W, +ul) dx) (1) < M (29)
R

0
Next, multiplying (1) by u; ., and integrating over R yields

1d 2 a B
3% ||u1l||2 = Ru,,xxdx— Ruluzul,xxdx

:/u%xxdx+afu‘f lugu%xdx+ﬁ/u‘i‘ug_]ul,xuz,xdx. (30
R R R
Similarly, we have
||u2x||2—d/u2”dx ﬂ/u‘f‘ug luZde—oz/u‘f_lugulxugxdx. (31
2dl R ’ ’

Adding (30) and (31), and integrating from ¢, to ¢ then gives

2 2 2 2
(N lly + Nuax12) @) < (lwrxllz + [z 12) (1)

t
+Ot/ / o 1u§u%xdxdr+,3/ /‘u‘f‘ug_1|u1,xu2,x|dxdt
n JR
+B u“uﬂ "2 dxdr+a t ua_luﬂ|u dxd 32
2 2.x 1 2 1,xU2,c| dx dT. (32)

We now derive bounds for each of the last four terms on the right-hand side of (32).

// e 1uz’gu%xd)cdr llai oy 1/ /uzulxdxdt
B-1 t 2-8
< lan 1% (/ /ugu%xdxdr) </ /uzufxdxdr> (33)
n JR ’ n JR '
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by Holder’s inequality. Similarly,

t t t 1/2
/ /u‘;’ug“ml,xuz,xmxdr < llarll%, (/ /ug(ﬂ_l)u%,x dxdr/ /ug dxdt) .
n JR n JR n JR

(34)
If0 < 2(B — 1) < 1, then by Holder’s inequality we find

t ' 2(8—1) P 3-28
/ f w577 Vu? dxdr < ( / / uru?  dx dr) ( f / u} dx dr) . (35)
n JR n JR n JR

If 1 =2(B — 1), the right-hand side of (34) is already bounded by C(ay, a,) by lemma 3.
If 1 <2(8 — 1) < 2, again by a simple application of Holder’s inequality, we get

. . 1/p ' (p=D/p
[ [t ava s ([ [t ana) ([ funtiaer)” T ao)
n JR ! n JR ’ n JR ’

where p = 1/(2(8 — 1) — 1). Continuing the procedure,

t t
/ /l;‘u‘f‘uzﬁ_lu;x dxdr < ||a1||g0/ /ﬂéu(zﬂ_l)u%x dxdr
I3 n
t B-1 t 2-p
< lay 1%, (/ /uzu;x dx dt) (f /ug dx dt) : (37)
n R n R

t t t 1/2
f /u‘:“luglul,xugqxldx dr < ||a1||fjo_l </ /ugufx dx dr/ fufu%x dx dt)
n JR n JR n JRr
t B-1/2 t (2-p)/2
< a1 (/ / usu3  dx dr> (/ / upul  dx d‘L’)
n JR ' n JR ’
t 1/20 t (c—1)/20
x (f /u%u%.x dxdr) (/ fuzu%xdxdr) , (38)
n JR n JR '

where 0 = 1/(8 — 1). Combining (32)—(38), and (21) and (27) in lemma 3, we obtain
13 + N2 1) @) < (ur 2l + luzx 13 (1) + Clar, a2).

Hence, by (29),
(13 + Nz 1)) < Clar, a2)

forallt > 1. QED

Proposition 1. The system (1)—(2) has a unique classical solution satisfying, for allt > 0,
lurlir + luzllLr < Clar, a2), 1< p<oo, (39)

where the constant depends only on the initial data (a1, a;) € (L'(R) N L®(R))>.

Proof. The bound for u, follows directly from lemmas 1 and 2. For u,, the classical theory of
local existence yields the bound for small 7, say ¢ < #, where ty > 0. For ¢ > 1y, we can use
the Sobolev imbedding, (21) for p = 2 and lemma 4 to get

luzlloe < Clay, az).

This completes the proof of the proposition. QED
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3. Sharp decay estimates

The purpose of this section is to prove sharp decay estimates for (i, u;) in time. We assume
from now on that the initial data (a;, az) € B x B with g > 1 being a fixed constant. To put
the solutions in the right scale we let

i (x, 1) = tu(Vix, 1), iy (x, 1) = Ntuy(Vix, 1).

Proposition 2. The solutions (uy, uy) of (1)—~(2) satisfies the bounds

i1 ](1) < Clay, a)llog(1+ 1))~/ @D, (40)
lz2]l(7) < Clar, a2), (41)
where || - || stands for the norm in (9).

Remark. We note that as a direct consequence of (40) and (41) we have
luilloe < Clar, ax)( + 1)~ [log(1 + )17/ @D,

42
lualloo < Clay, ax)(1+1)""/2. @)

We first prove a preliminary lemma for local time.

Lemma 5. For any a € B with q > 1, there exists a C = (a,t,d) < oo such that if u is a
solution of

Uy Zduxxv M|[=0=a()€),
then fort > 0
lull(t) < C(a,t,d).

Proof. Let
log(f + 1) al 1) = 209
s =lo , = , u(x,t) =
£ Y Vi+l es/?

Then, it is easy to verify that v satisfy, for s > 0,
Vs = Vyy + %v + %yvy.
Let w(y, s) = Be*/\/1+ y2 to have that
Wy — Wyy — %w — %ywy
_ B((A —1/24q/2)y*+ (=1 —q/2 — g> +2A)y*> + A — 1/2+Q)6As
(1 + y2)a/222

207

if A is so chosen say A = (1 +¢/2+¢?)/2. Since a € B with g > 1, if we let B = |a|
then we will have w(y, 0) > v(y, 0) and hence u(x, t) = v(y, s)/e*/> < w(y, 5)/e*/?, which
proves the lemma.

Lemma 6. The estimate (40) holds.

Proof. Again from the scaling properties of the linear parabolic equation and the fact that our
equations are critical nonlinear, we let

X
s =log(t+T), y = ,
s Nt+T
vy, ) v(y, )
nmx = < e ur(x, 1) = =~
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where T > 1 is fixed. Then, it is easy to verify that vy, v, satisfy, fors > sy =logT > 0,

1 v v‘l"vf
Vis =Vlyy+ U+ YV y+—m— — ——
) ) 2777 (= Ds s
d 1 v‘l"vf
Vs = vz,),y+§v2+§yv2,y+ sa/a—l'

According to lemma 5, we have ||u;||(¢) < C(ay,t,1). And by proposition 1 we have that
both #; and u, are bounded. Therefore u, is a sub-solution of

-1
U = ditr + [l |1 Nua 155, li=o = ax(x),
L ' .
which implies that w = e~ %Il "1y js a solution of
W = dwyy, W= = az(x).

Hence we would have by lemma 5 that || || (1) +|lu2|| (1) < C(a;, a2) and clearly that u, (x, 1)
is strictly positive. Therefore, without loss of generality we may assume that a,(x) > 0 if
necessary shifting ¢ from O to 1.
Set
N 1 1 v v¥ vf

()= bs = oy = SV = o = T T
We now try to construct a super-solution for A and apply the maximum principle for parabolic
equations with Cauchy data. By the maximum principle if there exists a function v which has the
property that A/(v) = 0 on R x (sg, 00) and v(y, s0) = vi(y, so) on R, then v(y, s) = vi(y, 5)
on R x (s9, 00). In other words, such a v is a super-solution of v;. To construct such a
super-solution, we let

(1+y)~*"2

’

v=Ae "+ AB
N

where k > 1 is arbitrary and A, B > 0 are constants to be fixed later. Detailed calculations
show thatif k£ > 1,

2
Ae Y /4
N@)=———
(a—1)s
((k—1)/2) BAy*+(—k*—k/2—1)BAy*+(k—1/2) BA " —aBAy*/(@a—1)—2aBAy?/(a—1)—aBA/(a—1)
2
+ 5 S

(1+ yZ)(k/2)+2
—y? B
.\ (Ae™/* + AB/(1 + yHk/2s)%v)

N
A e /4
2 — —
s a—1
((k _ 1)/2)y4 + (—k2 _ k/2 _ 1)y2 + (k _ 1/2) + *Oty‘t/(l’l*1)*2"0’;/(0‘*1)*“/(“*1)
+B (1 + y2)(k/2)+2

+ A““e“"y2/4vf>

7 B
T + (1 + y2)k/2+2
Now for s > s1(k) =4a/(k — 1)(e — 1) > O since k > 1, we have

1+ 111) . (43)

k—1
k+DA+yH* =1 > Ty4+cl(k)y2 +cy(k),
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where c;(k), c2(k) are bounded constants. Therefore, there exists some y; (k) > 0 such that
k—1 )
> —(1 +y9)7, Iyl = yi (k). (44)
Hence for |y| > y; (k) s > s1(k) we have from (43) and (44) that

—y2/4 _ 222
N(v)??(—e TC L BU-DA+y) )

a—1  8(1+yn)ka+2
>0, 45)
provided that we choose B = B (k) large enough. For example, let
Qe /4(1 4 y2)k/2
Bi(k) = sup © a+y)
yizn (@ — Dk —=1)

Now with B = Bj(k) fixed and |y| < yi(k),s > s1(k) = logT we have from
uy(x,t) <up(x,t) vVt > 0in lemma 2 that

vy, s) = e uy(x, 1) = ePuy(x, 1),

_ g [ 9 = /D)

R J1dz
C‘Y/Z 2
_ —(x—z)* /4t
- e aZ (Z) dZv
VAt

m
/ —(VTH(T/0)y—/(1]1)2)* /4a2(Z) dz,

= lz(k, az), (46)
for a; > 0 and lim,, [p e WIHT/Dy=VU/D2 /4 g) (1) d7 = Je e /4ay(z)dz > 0 for
[y < yi(k).

Hence for |y| < y;(k), s > s;(k) = log T we have from (44) and (46) that
A A B+ 1)(1+y?)?
Noys A e _ Bk+ DA +y7)
a—1 (1 + y2)k/2+2

+ AY e A (k, az)ﬁ> :

207

provided that A is chosen sufficiently large.
It follows from our assumption on initial data that we can let k = ¢ and the above
construction that the estimate (40) holds by the choices of A, B, y; and s;. QED

To prove proposition 2, we only need to show the following lemma.
Lemma 7. There exists C = C(ay, ay) such that
lezlloe < Clar, a)(1+1)712.

Proof. Consider the equation for u,. Write the equation in integral form:

2
eV /@dn

ux(x,t) = ax(x — y)dy

1
a4r dr Jr
t

e Y/ (4ds) (u‘fuzﬂ)(x —y,t —s)dyds.

A

Taking the L*°-norm then yields

cllas|] ! §—12
2 ]loe < m +C ||M ||1(f —s)ds. 47
0
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Now,
lu§ublly < Nl b 1 < €2+ 07 ub ocllualli < C2+1)7/? (48)
and
/f sTV2Q2 41 —5)7%2ds < CQR+ 1)~ Mnh@=/2 — CQ 4 )~@=D/2
0
Thus,

lualloo < CQ2+1)~@D/2, (49)
We can use (49) to improve (48) into

luub|l, < C@2+1)~CV/2,
which, when inserted into (47), gives

luzlloo < CQ2+1)~ @D, (50)

We have now from ||us||c < C(aj, a) and (47) the improved estimate (49) and (50). And
a finite number of iterations of this process gives the desired estimate since each time the
nonlinear part would improve its decay rate by (o« — 1)/2 until it reaches % This completes
the proof of the lemma. QED

Proof of proposition 2. By the bound of u; and lemma 7, u; < u,, where i, is the solution
of the linear heat equation

iy, = dity o + C2+1)" og V(2 + t)iy,
Uzli=0 = as.
If we let w(x, t) = fot e=C@+) og /P4y dr ( 4) then w would be the solution of
Wy = dwyy,
W= = az.

The bound in (41) then follows from the classical theory since the integrating factor is
uniformly bounded from below and above. This ends the proof of proposition 2. QED

4. The RG method and asymptotics

In this section, we prove theorem 1. The method we use is the RG method. We refer the
reader to the pioneering work of Bricmont et al [6] and the references therein for a thorough
and stimulating discussion of its application to a wide range of PDE problems. Our approach
here is close in spirit to the one used in [7].

Define for n € N and for L > 1 large

u' = L"u;(L"x, L*"t), tell, L%, i=1,2. (51)
(u}, uy) satisfy the system (1)—(2) with initial data (when ¢t = 1):

a' = L"u;(L"x, L*"), i=1,2. (52)
The decay estimates we get in section 3 imply

lajll < C(Lyn="@=D and lai 1*lla5 1P < C(Lyn=/@=D. (53)

We shall consider the RG map (ay, a;) — (all, aé) defined in B x B with
a! = Lu;(Lx, L%, i =1,2 inductively, (54)
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where (11, u) solve (1)—(2) with initial data (a;, a,). That is,
a} = Lle® ~V2a (Lx)] — Lny (Lx, L?),
a? = L[e/®* D24, (Lx)] + Lny(Lx, L),

where A represents the differential operator d?/dx? and

t
ni(x,t) = / / Gix —y,t —s)uj(y, s)ug(y, s)dyds,
1 JR

t
n2<x,r>=f /Gd<x—y,t—s)u?(y,s)u§<y,s)dyds
1 R

with G and G, being corresponding Gaussians of u; = u,, and u, = du,,, respectively.

If we denote B* = {f € B| f > 0}. The map S, from B* — B* defined as
(S f)(x) = Lf(Lx)
is a bounded operator. In fact, we have the following result.
Lemma 8. Suppose L > 1. Then,

(@) ISLI<L,
(b) ||e"=98) < e forp =1, d, ¢ < o0.

(55)
(56)

(57

(58)

Proof. Since the above statements can be easily verified by the direct calculations, we omit

the proof here. For each step, we write
ai(x) = A1¢(x) + by,
ax(x) = Ay (x) + by.
where A; = [pa;(x)dx, i =1,2and [ bi(x)dx =0, i =1,2,¢(x) = ¢ (x).

In order to estimate the change of coefficients A; and b;, we make some preliminary

analyses. First, we look at the equation for u5,

ur(x, 1) = e V%, 4y (x, 1) = uno(x, 1) +na(x, 1).
Consider the ball
Bgr = {uz : ||luz2lll = sup |lu2(:, )| < Rllazll}.

re[1,L2]

Suppose u, € Bg. First, we have

luroC ) < fle""2ar | < C(L)la |
and

luzo (- ) < fle""2ay ] < C(L) ||
by lemma 8. Next, by lemma 2,

lu1 G5 oo < llarlloo < Cllanl]
and lemma 8(b), we find

t
imlll < sup / ds/G(x—y,r—s><c||a1||)“<R||az||>ﬂdy
11 R

te[l,L2
< C(LRP|lar]|*azll” < C(L, R)ellazl,
where € = ||la;||%|la2||#~". Similarly,

[[In2]ll < C(L, R))€llaz].

(59)
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In consequence,

ILni(L-, L) = ISeni (-, LD < C(L, R)ellaill, i=12.
Therefore, the right-hand side of (59) defines a map from By to By if R > 0 is sufficiently
large and € sufficiently small. A closer look reveals it is a contraction map. Hence, there is a

unique fixed point in Bg.
For the RG map, we have the relations

Al = A —/Lnl(Lx,L2)dx, A;=A2+/Ln2(Lx,L2)dx, (60)
R R

bl = e D2 — Lni(Lx, L?) + (A; — A,
bl =T =D2p) 4 Lny(Lx, L?) + (Ay — AD g,
where the major terms in ny, n, are given by
w(y, $) = uf (v, Dl (7, 5) = (A1 (1) (A2 ()"
= (w10 — )" (uz0 +1n2)” — (A19)* (A290)”
= (10 — n)* (20 +12)’ = (10 = n)*(A29p2)” + (1o — 1) (A2¢p)”
— (A1) (A2¢0)”
= (10 — n)*[(Asgpa + e V2by +1n2)P — (A200)°]
+ (A20) [(A1¢p + ¥~ V2by —n)® — (A19)°]
= (10 = nD*B(Argpa + 01"~ %by + 1n2))P 71 (/72 by 4+ 12)
+ (A2pa) @ (A1 + 62~V by —n)* (TP Aby — ),
where 0 < 6; < 1, i = 1, 2, such that by the help of estimates on n{, n, above
lw(., )1 < Bllur Iz (Azga + 601/~ 2bs +12) oo™V by +na) |
+al| (A20) 1P [[(A1¢ + 02(e™D2b1 — n1)* ool €™V 20y — ny)|
< Cllai]|“(Az + [[b2]| + C(L, R)ellaz )P~ - (IIb2]| + C(L, R)ellaz )
+CAS (A1 + b1l + C(L, R)ellaz)*™" - (11| + C(L, R)ellaz ). (61)
Now for any initial data (a;, a») € B x B, estimates in the previous section imply that if we
consider the solution (i, u,) after large enough time 7', then a; = u; (-, T) will be very small
while a, = u, (-, T')) is preserved in B x B and the iterated RG map will be contractive for some

R = R(ay, ay). Therefore, for the rest of this section, we will fix R and take € = ||a;||%||a||#~!
as small as necessary.

Lemma 9. Suppose L > 1. There exists (L) > 0 such that if ||a1||*laz||P~" < € < €o(L),
the following results hold:

(a) |A] — Ail < C(L)ellazll, i = 1,2,

(b) byl < L™2||bo|| + C(L)e|aal,

(c) |A} — Ay +y A% AB| < n, where

_ 2logL
 AndPl(a + B/d)' 2

14

and
n = n(laill, llazll, 161l, 1D21l, A1, Az, €)
= C(L)(la[1*(Az + b2l + €llazDP~" - (b2l + €llaall))
+ C(L)(A§(A1 +1b1ll +ella D" - (b1 + €llaall)),
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(d) byl < L=21by || + C(L)ellazl,
where § > 0 is independent of L.

Proof. (a) Follows directly from our previous analysis since |Al.1 — Al = fR Ln;(Lx, L?) dx.
For part (b), by our previous analysis on Lny(Lx, L), (a) on Aé — A, , and the classical
theory for heat equation u; = u,, of bounded initial data b,(x) with fR by(x)dx = 0, we
get (b).
(c) Follows from our estimates in (61) and some elementary calculation.
(d) Follows from the same argument as for (b). QED
Applying the lemma inductively, we have
|AsH — ALl < C(L)elas ],
AT — AT < C) a1 (ADP + 185177 + €~ as 1P~ b I + €nlla 1)
+C(LY(ADF(ADT + 1B + (eallaa D) - (BT + €nllas D,

1 25
155751 < L™ NIb3 || + C(L)enllaz I,

1 -2
671 < L2} ]| + C(L)en |5 |, n=12,...,
where €, = [lal||*|la}|P~!. We show A”, ||b?||,i = 1,2 converge as n — oo. Let
AT = AT 4 AL, a" =l + llad]l, b= B0 + 151, n=1.2 ...
Then,

0 <A™ < A"+ C(L)epa”,

b < L7b" + C(L)eya, n=12....
By using the fact that

C
_ no nyp—1 —a/(a—1)

& = 11 Nag1P < oy < O
and a” is uniformly bounded, we deduce that A" converges as n — oo. Since {A%} is an
increasing sequence, this means both A and A’ converge as n — oo. As a matter of fact, we
know from the evolution of the L'-norm, as deduced from (53) and lemma 1, of (u;, u») that
Al — Oand A — Aasn — oo.

As to b", we have

bn+l < L—Zébn +C(L)n—a/(ot—1)
LW 2y + C(L)(n — D@Dy C(Lyn@/ @D ...
n—1
< L72m3b1 +C(L) Z L7218(n _ l)fa/(afl)
1=0
< C(Ln~@b 50 asn — oo.

To calculate the exact limit of A”, we first note ||la}|| < C(L)n="©@=Y and therefore,
A" < C(L)n="@=D_ Then from (c) of lemma 9 and the above bound for b" we get

JAT — AT+ y (AD*(A5P] < CL) [~/ @™D x n=/@=D 4 (AN + n=*)n~/ @D}y
< C(L)(n72a/(ot71) + (A}it)otflnfa/(otfl) + nfotz/(otfl))
< C(L)n*(Zotfl)/(otfl)_

Here we use the fact that 1 < o < 2. Hence, the difference equation which A7 satisfies takes
the form

AT = AT — y (AN (ADP + O (n~ 2D/,
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Taking into account that A — A asn — 00, we can write it as

AT = AT — (AN (AP + 0((A1)*) + O (n~2*~ D/,
Using the fact that the difference equation of the form with I' > 0

yn+1 — yn _ F(yn)a + 0(n7(20¢71)/(a71))

has the maximum principle if the positive sequence {y,} is sufficiently small, and y, =
cn™ Y@= is a sub-solution if ['c®~! < 1/(a — 1) but a super-solution if 'c®™! > 1/(a — 1),
we get y,n'/®=D has a positive finite limit ¢ satisfying T'c*™! = 1/(@ — 1) as n — oc.
Therefore, it is also true for Af.

A'l'nl/(""l) — B asn — 00,

1 1/(a=1)
B, = — .
t ((a - 1)yAﬂ>

Proof of theorem 1. It is clear that theorem 1 follows directly from the limits
A"Q2nlog L)@V - B and Al > A asn — 0o. QED

where
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