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1 Introduction

In this paper, we study the Cahn—Hilliard equation

% +div[m(u)(kVAu — VA(u)] =0, k>0 (1.1)

in a two-dimensional bounded domain 2 C R? with smooth boundary. On the basis of physical
consideration, the equation (1.1) is supplemented by the zero mass flux boundary condition,
the natural boundary condition

Oul  _0Au (12)
on|yq on |yq
and the initial value condition
u(z,0) = up(z), =z €. (1.3)

The Cahn-Hilliard equation was introduced to study several diffusive processes, such as
phase separation in binary alloys, growth and dispersal in population; see for example [1-3].
In particular, in the two-dimensional case, it can be used as a model describing the spreading
of an oil film over an solid surface; see [4]. In the past years, the Cahn—Hilliard equation with
constant mobility was intensively studied, and there are many outstanding results concerning
the existence, regularity and special properties of solutions; see for example [5-9]. In recent
years, the equation with concentration dependent mobility has also caused much attention. For
the one-dimensional case, results concerning the existence, regularity and other properties such
as the nonnegativity, finite speed of propagation, etc, have been obtained by several authors; see
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for example, [10-14]. However, only a few papers have been devoted to the multi-dimensional
case. It was Elliott and Garcke [15] who first studied the equation (1.1) in any space dimension,
in which the existence of *weak solutions is established; see also [16-19, 22, 23]. Recently, Yin
and Liu [20] discussed the regularity of solutions for the two-dimensional case with the rather
restrictive small initial energy assumption.

This paper is a step further in the study of the regularity. The purpose is to remove the
smallness restriction on the initial energy. The main result is as follows:

Theorem  Assume that m(s) € C'(R), A(s) € C*(R), [, uo(x)dz =0 and
0<mg<m(s) <my <+oo, |m'(s)] <M,

H(s) = / A(s)ds > C1|s|4 — Oy, |A(s)] < C'3,|s|2 + Oy,
0

where M's and C's are positive constants. Assume also that the initial data is smooth with
appropriate compatibility conditions. Then the problem (1.1)—(1.3) admits a unique classical
solution.

We note that a reasonable choice of A(s) is the cubic polynomial, namely,
A(s) = ms® + 728 + s + 91, N >0,
which corresponds to the so-called double-well potential
H(s) = 37184 + %’}/283 + %’7382 + 745.

As for the proof of the theorem, the key step is to get a priori estimates on the Holder norm
of solutions. In [20], two of the authors have applied the Campanato framework to obtain the
local Schauder type estimates, and finally obtain the Holder norm estimates. In that derivation,
the smallness of the initial energy is necessary. To drop out the smallness restriction, we first
establish the LP type estimates, which is much more complicated as can be seen from our proof.
Then we combine it with the technique used in [20] to obtain the Hélder norm estimates, and
finally complete the existence proof following a now standard approach.

2 [P-estimates

In this section, we establish the a priori LP-estimates for the solutions of the problem (1.1)-
(1.3). We begin with the interior LP-estimates. Let xg and to be fixed and denote by Br(xo)
the ball centers at the point xo with radius R, Sg = Br(xg) X (to — R*,to + R*). Let u be a
smooth solution. Denote also

(Vu)r Vudzdt.

1

Skl /) sy,
In addition, throughout this section, we set n = 2, just for the clarification of the dependence
of the Sobolev embedding exponent on the spatial dimension.

Lemma 2.1 Let u be a solution of the problem (1.1)—(1.3). If Br(xzo) C Q, then for some
p > 2, we have

1/p
(79[ (RYVAu|? + |Vu — (Vu)R/4|2)p/2da:dt>
SRy

1/2
<G (79[ (RYVAu|? + |Vu — (Vu)RQ)dxdt) + Oy,
Sr

where C, Cy are constants depending only on the known quantities, and the notationﬁt denotes

the average 'L‘nteg? CLZ, namely
G //

F(t) = /Q <];|Vu2 +H(u)> dz.

Proof First, we set
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A direct calculation shows that

F'(t) = /(A( ) — kAu)%dx = / m(u)(kVAu — VA(u))?dz < 0.
Q Q
It follows that F'(t) < F(0) and hence from our assumption on A(s) and m(s), we have
sup |Vu|?dx < C, (2.1)
0<t<T Jo
sup / lu[*de < C. (2.2)
0<t<T JQ

Next, We multiply the equation (1.1) by Aw and integrate the resulting relation over 2 to obtain
2d@ / |Vu|?dx + k/ m(u)|VAu|*dr = / m(u)VA(u)VAudx
Q

IN

E/m(u)|VAu|2—|—C’/ A () 2| Vul2de
2 Q Q

IN

k
—/m(u)|VAu|2+C/ lul*|Vu|?dx + C.
2 Ja Q

By g—ﬂag =0, [, uo(z)dr =0, and using the Gagliardo-Nirenberg inequality
1/10 1/5 1/4
sup |u| < Cy </ VAu|2dw) (/ |u|4d;v> + Cs (/ |u|4dm> ,
Q Q Q

2/5
/ Ju|*|Vu|*dz < C sup |u|4 < (/ |VAu|2dz> + Cs.
Q Q

therefore,

Summing up, we obtain

d
—/ |vu|2d:c+/ |VAu|?dr < C,
dt Jo Q

and hence,

// |V Au|?dzdt < C. (2.3)

Now, we choose a cut-off function X( ), with support in Br(zo) with x(z) = 1 in Bg/2(x0),
0<x(z) <1,and [Vx| < &, |D*x| < 5. Let g(t) be an arbitrary function in C'°°(—o0, +00)
with 0 < g(t) < 1, ogg()_ Lrog(t)=1for t > tg— (£)* and g(t) = 0 for t < to — R%.

Multiplying the equation (1.1) by g(t)V-[x*(Vu—(Vu)g)] and then integrating the resulting
relation over (tp — R4 ) X BR(:I:O) we have

/ / V- 4 (Vu — (V) g dadt
to—R* J Br(xo) at

+ / / g()div[m(u)(EVAu — VAW)|V - [x*(Vu — (Vu)g)]dzdt = 0.
to—R* J Br(zo

Integrating by parts, we obtain

t 1 d t
[ g0V~ (Va)pPdadt — [ g0 [ IVu~ (Tupedod
to—Rt 24t JBp () Ré Br(wo)
/ / () (kY Au — VAW VIV (Ve — (Va)r) + x* Auldzdt = 0,
to—R* BR(IO)
that is,

1
—/ g(t)x \Vu— (Vu)g| dm—i—/ / u)x \VAu|2dxdt
2 Br(xo) —R*JBg 930)

= —/ / 4kg(t)m(u)x*VAu - D*uV xdxdt
to—R* JBg o)
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t
- / / kg(t)m(u)V AuD* (Vu — (V) g)dudt
to—R* J Br(zo)

¢
+ / / g(t)ym(u) A (u)Vu - VAux*dadt
t Br(w0)

+
T

/ 4g(tym(u) A’ (u)x*Vu - D*uV ydxdt

7R4 BR(I(])
¢

+ / / g(t)ym(u)A'(u)VuD*x*(Vu — (Vu) g)dzdt
to— R4 BR(LEo)

t
+/ g'(t)/ X Vu — (Vu)g|2dadt.
to— R4 BR(afo)

Using the Holder inequality, we obtain
1

s soxwe- o [ (9 Aufdad
2 Br(zo) —R*JBgr 930)
t
S/ g/(t)/ X Vu — (Vu)g|*dxdt
Br(zo)

/ / (u)x*|V Aul?dzdt
to—R* BR(xU
/ [ kgom(CIOxp DA s
to—R* BR(CEo)
1 t
—/ / kg(t)m(u)x*|V Aul|*dzdt
8 to—R* BR(I())

t
/ / kg(t)ym(u)(4x|D?x| + 12|Vx|*)?|Vu — (Vu) z|*dzdt
to— R4 Br(zo)
1 t
—/ / kg(t)m(u)x*|VAu|*dzdt
8 Jto—R* J Br(xo)

t
[ somla P vePdd
to—R* J Br(zo)

1 t
f/ / g(t)x*| D?*u|*dzdt
8 Jto—R* J Br(0)

t
b oM A P T

Q

+

+

+
Q

_|_

+
Q

+

Q

v

to—

+C/ / XH|D*x| + [Vx[2)? | Vu — (Vu)R|2dxdt
—R4 BR(ID)

/ / (u)| A (w))?| Vu|2dadt,
to— R4 BR(QTU)

where D?u denotes the Hessian matrix of w.
Taking (2.1)—(2.3) into account, we have

/ 9(Ox*[Vu = (Vu)g| d:c+/ / (u)x*|V Aul?dzdt
Br(wo) —R4 BR(wo

< —4/ / X Vu — (Vu) p2dzdt + C,
R* Jio—rt JBp(xo)
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and consequently

sup / [Vu — (Vu)R/2|2dJ;
0—(R/2)*<t<to+(R/2)* J Br/s(z0)

< sup / |Vu — (Vu)g|*dx
to—(R/2)*<t<to+(R/2)* J Br,2(x0)
C t

<= / / |Vu — (Vu)g|*dzdt + C (2.4)
R Jiy—rt J Br(ao)

and
// |V Aul?dzdt < —/ / |Vu — (Vu)g|*dzdt + C. (2.5)
Sr/2(zo) —R* JBr(zo)

By a variant of the Sobolev—Poincaré inequality, Ve > 0, we have

// |Vu — (Vu)g|*dzdt
Sr

. 2/(n+2)+n/ (n+2)
_ / [/ Vu — (Vu)Rstc] dt
R* Br

2/(n+2) ot n/(n+2)
< C sup (/ [Vu — (Vu)dex> / [/ |[Vu — (Vu)R|2dx} dt
telr Br to—R* Br

n+2 t
< C sup (/ [Vu — (VU)RZCZZ‘) / / |V Au? "2 dydt + C
teIr \JBg to—R*JBRr

(n+2)/
<eR* sup / |Vu — (Vu)g|?dz + C(e)R™3/" (/ / |VAu|2"/(”+2)dxdt) +C.
Br —R*JBg

telp
By virtue of this inequality, (2.4) and (2.5), we have

// (R AP + [Vu — (Va) gyl dodt
SR/a
< / RYV Aul?dxdt + // |Vu — (V) g|*dxdt
Sr/a Sr/a
< // |Vu — (Vu) o> dzdt + Cs
SRr/2

< eR' sup / |Vu — (Vu)g|*dx
Br/2

telr /o

t (n+2)/
+C(e)R7S/" / / IV Au> ("2 dadt +C
to—(R/2)* J Br/2

<€// |Vu — (Vu)g|*dedt
Sr

(n+2)/n
+ C(e)R¥/m—4 ( / / [RYVAuf? + [Vu — (Vu) 2] d:z:dt) +C
to—R* J Bg

< 5// |Vu — (Vu)g|*dzdt
Sr

(n+2)/n
+C(e)R78/m4 (79[ [RAV AP + [Vu — (Va) 5] " dadt - R4+”) +C
Sr

< 5// |Vu — (Vu)g|*dedt
Sr
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(n+2)/
+ C(e)R™H (# [RYVAuf? + [Vu — (Vu) 2]/ d:z:dt) +c.
Sr

Then from a lemma of the Gehring type, Proposition 1.3 in [21], we see that for some p > 2,
there holds

1/p
<7§[ (R VAu? + |Vu — (Vu)3/4|2)p/2dxdt>
SR/

1/2
<C (79[ (R4|VAu2+Vu—(Vu)R|2)dxdt) + Cs.
Sr

The proof is complete.
Now, let us turn to the LP-estimates near the boundary. Let (zq,to) € 92 x (0,T) be fixed
and set (o) = Br(zo) N

Lemma 2.2  Let u be a solution of the problem (1.1)—(1.3). If (xo,to) € 9Q x (0,T), then we
have
1/2

1/p
(79[ (R'|V Aul? + |Vu2)p/2dxdt> <c (ﬁ[ (R |V Aul? + |Vu|2)dxdt) + 0,
QRry/a Qr

where Cy, Cy are constants depending only on the known quantities.

Proof The main difference from interior estimates is that we cannot now take the average of
Vu in a ball. Choose a cut-off function x(z), defined for all z in Qg (z¢) with support contained
strictly in Br(xo), x(z) = 1 in Qg/a(20), 0 < x(z) < 1 and |[Vy| < C , |D?*x| < % Let
g(t) € C(—00,+00), 0 < g(t) < 1,0 < ¢'(t) < 4, g(t) = 1 for t > to — (—) and g(t) = 0 for
t <ty — R

Multiplying the equation (1.1) by g(t)V - (x*Vu) and then integrating over (to — R*,t) x
Bpg(zg), we have

4
X Vu]dzdt
-/to R4 -/QR(ID) ot [ ]

+ / / g(t)divim(u)(EVAu — VA())|V - [x*Vuldrdt = 0
to—R* JQR(20)

that is,

t 1d t
/ —— g(t)x4|Vu\2dzdtf/ g/(t)/ X Vul2dadt
—R4 2 dt QR(I()) to*R4 QR((EU)

/ / (u)(kVAu — VA())V[Vx*Vu + x*Auldzdt = 0.
to— R4 QR(I(])

It follows that

1
—/ d(EA |Vl da:—i—/ / ()| V Audzdt
2 Qr(z0) to—R* JQRr(z0)

/ / m(u)VAuD?u - 4x3V ydzdt

to— R4 QR

/ / m(u)VAuD*x*Vudzdt

to—R* JQRr a:o)

+ / / A'(w)Vu - VAux*drdt
to—R* JQgr a:o)

+ / / YA (u)VuD?u - 8x3V xdxdt
to—R* JQgr 320)
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/ / u) A’ (u)VuD?*x*Vudrdt
to—R* QR il?())
+/ g’(t)/ X} Vul?dzdt.
to—R* QR (o)
Therefore
1
—/ 9O |Vl d:c—i—/ / ()X |V Auf2dadt
2 Qr(wo) —R4 QR(TO)
t
< / g0 [ xVuldds
Qr(20)
/ / (u)x*|VAu|*dzdt
to— R4 QR(I(])
c/ / kg(t)m(u)x?|Vx|?| D*ul*dzdt
to—R* J QR (20)
1 t
+ —/ / kg(t)m(u)x*|VAu|*dzdt
8 Jto— Rt Jp(wo)
t
+c/ / kg(tym(u) (4x| D] + 12|V x[2)?| V> dudt
to—R* J QR (20)
1 t
+ —/ kg(t)m(u)x*|V Au|*dzdt
8 to— R4 SZR(I())
t
ve [ [ gom@la P Vil
to—R% QR(I())
1 t
+ = / / g(t)x*|D?u|dadt
8 Jto—Rt JQpn(wo)
t
ve [ glem A @Vl Ve
to—R* J QR (20)
t
+C g (ID*x| + [Vx[*)?| Vul*dzdt
to—R* J QR (20)
/ / ()| A () 2|V u|2dxdt.
to R4 QR il?())
By virtue of (2.1 , we have
/ gVl dx+/ / () 4|V Aul2dzdt
QR(CEo) —R* QR(IO)
< — X Vul2dzdt + C.
R4 /t0R4 /KZR(I(])
Therefore

C t
sup / [Vul?dx < —4/ / |Vu|*dzdt + C
to*(R/2)4<t<to+(R/2)4 SZR/Q(CE()) R to—R* QR(CEo)

// IV Au2dzdt < —/ / Vul2dzdt + C.
Qry2(x0) —R* JQR(x0)

By the Sobolev-Poincaré inequality,

¢ 2/(n+2)+n/(n+2)
// |Vu|*dxdt :/ [/ |Vu|2dm} dt
Qr to— R4 Qr

and

1145

(2.7)

(2.8)
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2/(n+2) t n/(n+2)
< C sup </ Vu|2dx> / {/ |Vu2dz] dt
teElr Bgr to—R* Qr

2/(n+2) ot
< C sup </ Vu|2dsc> / / |V Au)? " +2) dydt
telr \JBg to—R* JQR

t (n+2)/n
< eR* sup / |Vul?dz + C(e)R™8/™ </ / |VAu2"/(”+2)dxdt> .
BR t07R4 QR

telr 3
Taking this into account and using (2.7) and (2.8), we have

// (RYVAu? + |Vu|?)dzdt
QRrya
< // R4|VAu\2d:cdt+// |Vu|*dedt
QRrya QRr/a
< 01// |Vul?dzdt + Co
Qr/2

t (n+2)/
< eR" sup / \Vu|?dx + C(E)RS/”</ / VAu|2"/(”+2)dxdt>
(R/2)* JQRy2

teIR/Q

< s// \Vu|?dxdt
Qr

t (n+2)/
+ C(e)RS/"4< / [RYVAuf? + |Vuf2] ™"+ dmdt)
to—R* J Bg

< e// |Vu|*dzdt
Qr

(n+2)/n
+C(e)R—8/"—4(7§[ [RYV AU + [Vaf?]" dmdt-R“*") +C
Qr

(n+2)/n
<e // \Vu|?dzdt + C ()R (# [RYVAu® + \vu|2]"/ (n+2) d:z:dt) +C
Q Qr

and hence as in the proof of Lemma 2.1, for some p > 2, there holds
1/2

1/p
(79[ (R4|VAu|2+|Vu|2)p/2dasdt> §01<7§[ (R4|VAu|2+|Vu|2)da:dt) + 0.
Qrya Qr

The proof is complete.

3 Holder Estimates
We establish the Holder norm estimates based on the LP-estimates obtained in the last section.

Lemma 3.1  Let u be a smooth solution of the problem (1.1)—(1.3). Then there exists a
constant C depending only on the bounds of A, m and the initial value ug, such that for any
(w1,t1), (v, t2) € Qr and some 0 < a < 1, |u(zy,t1) —u(ze,t2)| < C(|ts —t2|°‘/4 + |z — x2|).
Proof For simplicity, we only show the interior Holder norm estimates. The boundary esti-
mates are essentially the same with apparent modification. Choose a cut-off function n(x) with
support in B, (), such that n(z) = 1 on B,/3(xg), 0 < n(xz) < 1. Multiplying the equation
(1.1) by V - (x*Vu) and then 1ntegrat1ng over (0 t) x B,(xo), we have

/ / *Vul dxdt+/ / )(kVAu — VA)V[VXx*Vu + x*Auldzdt = 0.
24t /5, (a,) B (wo)

Using Holder inequality and Pomcare inequality, we have

1 t
—/ X4|Vu|2dx+/ / km(u)x*|VAul*dzdt
2 /B, (x0) 0 JB,(w0)



Regularity of Solutions of the Cahn—Hilliard Equation 1147

/ / u)x*|VAu| dxdt—i—C’/ / km(u)x*|V x| D?u|*dzdt
B (xo B, (zo)
// u)x* |V Au2dzdt
B (zo
+C/ / u)(4x|D?*x| + 12|Vx|H)?|Vu>dzdt
B (wo

/ / u)X \VAu|2dxdt+C/ / (u)x*|Vu|?dxdt
B (wo B (2?0)
/ / x| D?ul? da:dt—|—0/ / u)x?|Vul?|Vx|?dedt
B (1}0 10

+C/ / x*(ID*x| + |Vx|?) |Vu|2dxdt+/ / u)|Vu|2dadt.
B (IO z[})

Therefore

/ CIVu)| dx—/ Vol da:+/ / k() x|V Aul?
B (1}0 B (Io) 10
<C’1/ / \VAu|2dxdt+—/ / |Vu|*d.
B (IO w()

Then by the LP-estimates established in Section 2, we have

t
/ V() 2z + / / Fm () |V Aul?
By (o) 0 JB,(z0)
t C t
S/ X4|Vu0\2dz+C1/ / |VAu\2dzdt+—42/ / |Vu|*dz
By (zo) 0 JB,(zo) p 0 JB,(zo)

2/p t (p—2)/p
<Cp™+ C<7§[ (p*|VAu? + Vu|2)P/2dxdt) ( / / dmdt)
S, 0 JB,(zo)

< Cyp" + CQPR(p*Q)/p
< Cprte=2/p,
Due to the arbitrariness of ¢ and p, we obtain
sup |Vu(t)[2de < CprP=2/P,
0<t<T JB, s

The conclusion follows from the Morrey Theorem for the integral description of Holder contin-
uous functions, namely, for a = min{1,n(p — 2)/2p}, |u(z1,t1) — u(xs,t2)| < C(|t;1 — ta]*/* +
|x1 — x2|®). The proof is complete.

4 Proof of the Main Result

In this section, we prove the theorem that there exists a classical solution of the problem (1.1)—
(1.3), under our assumptions on m and A. The proof is quite similar to the corresponding part
in [20]. However, for the convenience of readers, here we list the lemmas from [20], and show
the main idea of the existence proof by two propositions.

Proposition 4.1  If u is Holder continuous in the interior of Qr, then u is classical in the
interior of Q.

Proof We first change the equation (1.1) into the form

g—t + Va(t,z)VAY =V F, (4.1)
where a(t,z) = km(u(t, x)), F= m(u(t,z))VA(u(t,x)). We may think of a(t,z) and F (t,x)

as known functions and consider the reduced linear equation (4.1). Since w is locally Holder
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continuous, we see that a(t, z) is locally Holder continuous too. Without loss of generality, we
may assume that a(t, z) and F (¢, X) are sufficiently smooth; otherwise we replace them by their

approximation functions. According to the boundary value condition (1.2), ﬁ (t,X) -1 =0,
(t,z) € (0,T) x 9. The crucial step is to establish the estimates on the Holder norm of Vu.
Let (to,x0) € (0,T) x Q be fixed and define

:// (Vu — (Vu), 2 + p*[VAuP) dtde, (p > 0),
Sp

where S, = (to — p*, to + p*) x B,(20), (Vu), = ﬁ js,, Vudtdz and B,(xz¢) is the ball centred
at xo with radius p.

Let u be the solution of the problem (4.1), (1.2), (1.3). We split u on Sg into u = u; + ug,
where wu; is the solution of the problem

% + a(to, Z‘Q)AQ’U,l =0, (t, .Z‘) € Sp (42)
Ou;  Ou 0Au;  0Au 4 "
o =5 o = (t,x) € (to — R*, to + R*) x OBg(xo) (4.3)
up = u,t =tg— R, x € Bg(zo), (4.4)
and usg is the solution of the problem
a e d
% + alto, 7o) A%us = V[(a(to, zo) — alt,z))VAU + V F, (t,z) € Sg, (4.5)
ou 0Au
072 =0, 8n2 =0, (t,x)€ (to — R* to+ R*) x 0Br(w0), (4.6)
uy = 0,t =ty — R*, = € Bp(xo). (4.7)

By classical linear theory, the above decomposition is uniquely determined by wu.
We need several lemmas on u; and us.
Lemma 4.2 ([18]) Assume that
la(t, @) — alto, zo)| < aq ([t — to|/* + & — wo|7),t € (to — R*,to + RY), = € Br(w).
Then

sup / |V (t, 2)|* do + / (VAuy)? dtdx
(tO—R4,tU+R4) BR(wo) SR

< CR* / (VAw)? dtdx + C'sup | F 1> RS.
SR SR

Lemma 4.3 ([20]) For any (t1, 1), (t2,22) € S,
\Vul(tl,xl) — Vul(tg,x2)|2
[ty — ta|Y/4 4 |2y — 22

<C  sw / (03| Vus (£, %) — (V)2 + p|V Ay (1, 2)[2) d
(to—p*,to+p*) J By (x0)

+C // (p 3|V AU 4 p|VA?u, |?) dtde.
SP

Lemma 4.4 ([20]) (Caccioppoli type inequality)

sup / |Vuy(t, ) — (Vuy)r|* do + // |V Auy | dtdx
(to—(R/2)*,t0+(R/2)*) J Br2(z0) Skr/2
< R4// |V (t,z) — (Vup) g|? dtdz

sup / | Auy |2 d:r—i—// A2y |2 dtdx
(to— (R/2 )4 to+(R/2)*) J Brya(wo) SR/2

= R4 // |Auy [* dtdz < _// |Vuy (t,x) — (Vug)g|* dtds
Sa2r
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c
sup / |V Ay |?dr + // VA2, | dtde < =i // |V Auy |2 dtda.
(to—(R/2)% to+(R/2)*) ) BR /(x0) Sk R* JJsp

Lemma 4.5 ([20]) Assume that
la(t, z) — a(to, zo)| < a (|t — to|7/* + | — x0|7), te€ (to — R*,to+ R"), 2 € Br(xo).
Then for any p € (0, R),

1 C
o // (|IVur — (Vuy),|? + p* VA, |?) dtde < o // (|Vur — (Vuy)g|* + R VA, |?) dtdz.
S, Sk

Lemma 4.6 ([20]) For A € (6,7), ¢(p) < CA(1 +supg,, | P Np, p < Ry =
min(dist(zg, 09), t1/4), where C'y depends on \, Ry and the known quantities.

Proof of Proposition 4.1 Similarly to the discussion about the Campanato spaces in [21], we
first conclude from Lemma 4.6 that
[Vu(ts, z1) — Vul(ts, z2)|
|t1 — t2|()‘ 6)/8 4 |z — $2|()‘ 6)/2 =
By the interpolation inequality, we thus obtain
|Vu(t1,x1) — Vu(tg, $2)| < C(‘h — tgl(/\_ﬁ)/S + |$1 — .’1?2|(/\_6)/2>.
The conclusion follows immediately from the classical theory, since we can transform the equa-
tion (1.1) into the form
8 —
5 +ay(t, r)A%u+ 31 (t,z)VAu + ag(t,x)Au—i— By (t,z)Vu =0
where the Holder norms on a, (t,z) = km(u(t,x)), B (t,as) = km/(u(t, z))Vu(t,z), az(t,x) =
—m(u(t, z)) A (u(t, x)), Bg (t,x) = =V(m(u(t,z))A(u(t, z))) have been obtained from the pre-
ceding lemmas. The proof is complete.

C( —i—supF) SC(l—i—zl;](;:Wu\).

Proposition 4.7  If u is Hélder continuous in Qr, then u is classical in Q.

Proof Let (to,zo) € (0,T) x 92 be fixed, and assume that in some neighbourhood of zg, O is
explicitly expressed by a function y = ¢(z). We split u into u; +us in (tg— R*, to+R*) x Qg(z0)
with Qr(zo) = Br(zo) N, where

0

% +alte,z0)A%u; =0, in Sg,

Oup Ou  O0Au; OAu 4 4

— = =——, (t,x)e(to—R*to+R 0B )

on  On’  On on (t,2) € (to 0+ R) x 0Br(wo)

w =u,t=tg— R z€ Qr(zo),

and
8 —
% + a(to, 20)A%uy = V[(a(te, z0) — a(t,z))VAu] + V F, in S,
ou 0Au
a—; =0, anQ =0, (t,z)¢€ (to— R4,t0 + R4) x Op(x0),
us =0,t =to — R*, = € Qp(zg).
8w2

Define the normal and tangential derivatives as 9,, = ¢'(z) 621 Or = 5= +¢' (@ )52
Now, we modify the function ¢(p) as p(p) = jsp(|6nu|2 +|0-u—(0-u), |2 +p 4|V Aul?
Similarly to the proof of Proposition 1, we conclude that
|VU1 (tl, .’1?1) — VU1(t2, 56‘2)‘2
[ty — to| /4 4 |21 — o
<c 0 7o — 0 ) IV )
2, (xo

(to—p*,to+pt) JQ,

Oxo
) tdm.

+C // (p 2 |VAu1|* + p| VA% [?) dtda
Sp
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and

sup / 0nur|* + [0rur — (Orur)1 2| dz + // |V Auy |? dtdz
(to—(R/2)*,to+(R/2)*) J QR 2(x0) Sr/2

o
< i //S |0nu1 |2 + |0rur — (Oyuq) g|? dtdz
R

c 2 c 2
— — dtd — dtdzx.
+R6//3Ru ug| x+R4//SR|VuQ| Tz

The remaining part of the proof is similar to that of Proposition 4.1, and we omit the details.

Proof of Theorem It is a direct consequence of Lemmas 4.2-4.6 and Propositions 4.1 and 4.7.
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